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Abstract A recent asymptotic model for the operation of a vanadiuroxdtbw bat-
tery (VRFB) is extended to include the dissociation of sulfphacid - a bulk chem-
ical reaction that occurs in the battery’s porous flow-tlgtoelectrodes, but which
is often omitted from VRFB models. Using asymptotic methadd time-dependent
two-dimensional numerical simulations, we show that thergb-discharge curve for
the model with the dissociation reaction is almost ideht¢hat for the model with-
out, even though the concentrations of the ionic speciebarrécirculating tanks,
although not the state of charge, are considerably différethe two models. The
ability of the asymptotic model to extract both the qualtatand quantitative be-
haviour of the considerably more time-consuming numemgalulations correctly
indicates that it should be possible to add further phygibainomena to the model
without incurring significant computational expense.

Keywords Vanadium redox flow batteryElectrochemistry Asymptotic analysis

1 Introduction

Current demand for increasingly efficient renewable enelgivery has generated
substantial interest in vanadium redox flow batteries (VBF& an energy storage
technology. VRFBs have numerous potential applicatiooad llevelling and peak
shaving, uninterruptible power supplies, emergency bpaad facilitation of wind
and photovoltaic energy delivery.

M. Vynnycky (Corresponding author)
Department of Mathematics and Statistics, University ahéfick, Limerick, V94 T9PX, Ireland,
E-mail: michael.vynnycky@ul.ie

M. Assunc¢ao

Department of Applied Mathematics and Statistics, Insitof Mathematical and Computer Sciences,
University of Sao Paulo at Sao Carlos, 13560-970 Sam€a8ao Paulo, Brazil,

E-mail: assuncao@icmc.usp.br



2 M. Vynnycky, M. Assuncao

A VRFB consists of an assembly of cells, typically referreds a stack; one such
cell is shown in Fig. 1. It is composed of positive and negaflew-through elec-
trodes, typically made of porous carbon felt, that are s&pdrby a proton exchange
membrane that consists of charged molecules: the mobitenqsdhat pass through
it and fixed sites of negative charge. During operation, dama-based electrolytes
are pumped through the electrodes; the electrolyte in tk#ip® electrode, vanadyl
sulphate (VOS®), contains Vg and V&' ions, whilst that in the negative elec-
trode, vanadium sulphate §Y/SQs)5), contains \#+ and \B* ions. In addition, both
electrodes are connected to pumps and storage tanks, meahatnery large elec-
trolyte volumes can be circulated through the cell. Durihgrging, the V&' ions
in the positive electrode are reduced to §/@ns, and electrons exit from the posi-
tive terminal of the cell via a current collector that boutigls electrode on the side
opposite to that of the membrane. Similarly, in the negatleetrode, electrons enter
via another current collector, reducing thé*ions to V2t ions; during discharge,
the reverse process, also known as oxidation, occurs. @igaagd discharging can
be written as

charge
V¥ 1e = V2 atthe negative electrode, (1.1)
discharge
charge
VO*" +H,0 = VOJ +e +2H" atthe positive electrode. (1.2)
discharge

Typically, each cell in a VRFB operates at a nominal voltagehe interval 1.15-1.55
V and at a temperature of around®80
Mathematical modelling and numerical simulation have ndgecome to play

an increasingly important role in VRFB research and devaleqt. In general, the
models in question consist of a system of partial diffeldr@guations that describe
the transient mass, momentum and charge transport that indtwe processes men-
tioned above [1-15], and invariably require numerical solu However, recent work
by Vynnycky and Assuncao [16] demonstrated that a stahadad often-used VRFB
model could be reduced asymptotically to give a much singgdeof equations which
had a quasi-analytical solution; moreover, the reducedainwds found to require
around 250 times less computational time than the original blaving said that, the
model considered only the global mechanism described hfioes (1.1) and (1.2),
which makes sense in light of the uncertainty in the kineditd a lack of characteri-
zation of material parameters. Nevertheless, other phenarare also believed to be
at play: oxygen and hydrogen evolution via the gas-evolgidg-reactions [4,5,17]

2H,0+2e” = Hy+20H (hydrogen evolutiop,

2H,0 = O, +4€ +4H" (oxygen evolutioi;

thermal effects [2,10-13]; acid dissociation [9,18,18h&dium crossover [9], whereby
V2t and VBt ions are transported from the negative electrode acrosmémebrane
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Fig. 1 A schematic of the overall operation of a vanadium redox flettdry

to the positive electrode, and Gand VG ions are transported the other way; and
a further positive-electrode side-reaction [1,17]

VO? 4+ 2H,0 = HVO3+ 3Ht +e™.

Thus, it would be of interest to see if any or all of these, agsbrothers, can be
incorporated into the asymptotic framework of [16], espégin view of the compu-
tational advantage of doing so. In this light, we focus i1s théiper on the dissociation
of sulphuric acid(H,SQy), as this is the mechanism that is included in the VRFB
starting model available in the commercially availabletéirélement software Com-
sol Multiphysics [20]. This is normally treated as a twogsteaction in which the
first dissociation step,

HoSOy — HY + HSQy, (1.3)

is assumed to be complete, whereas the second, given by
HSO, — H" +S0;, (1.4)

is not.

The layout of the paper is as follows. In Sect. 2, we formutateansient two-
dimensional (2D) model for VRFB operation, extending theadiption in [16] to
include the dissociation of sulphuric acid; in Sect. 3, tliwegning equations are
nondimensionalized. In Sect. 4, we carry out an asymptoiidyais of the problem,
and present the results in Sect. 5, with conclusions beiagmlin Sect. 6.
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Fig. 2 A schematic of a VRFB during chargintylll represent the components of the cell, wherkea®
represent internal interfaces or external boundaries.

2 Mathematical model

As in [16], we consider a model geometry consisting of pesitind negative porous
flow-through electrodes and a proton exchange membrandéosmsn Fig. 2. As
well as the presence of& and \B* ions at the negative electrode and ¥/Cand
VO3 ions at the positive electrode, owing to reactions (1.1)(@n#), it is natural to
assume the presence of HHSO; and S ions in both electrodes, as a result of
the partial dissociation of dilute sulphuric acid. In adait we assume that: the ge-
ometry is two-dimensional; the cell is isothermal; the meamie is fully humidified;
H™ ions can cross over the membrane, but all other ions carlrogitute-solution
approximation is valid; the porosities of each electrode @nstant and identical.
The rationale behind these assumptions is given at lendtt6in and therefore not
repeated here.
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2.1 Governing equations
2.1.1 Porous carbon electrodes (1,111)

The molar flux,Ng, of ionic speciek in a porous medium of porositg, can be
expressed via a modified Nernst-Planck equation as

z.cDEMF
RT

wherec, denotes the concentration of spedies™ is the velocity of the electrolyte
at the inlet,g, is the unit vector in thg-direction, @ is the electric potential in the
electrolyte,z is the charge number for speciesand DE“ is the effective diffusion
coefficient for speciek, which is related to the usual diffusion coefficieDt, by the
Bruggeman relation,

Nk = ccuey — D — DEM ey, (2.1)

D = 3/2Dy; (2.2)

in addition, the quantities,R andT are Faraday’s constant, the universal gas con-
stant and the absolute temperature, respectively. The threns on the right-hand
side of Eq. (2.1) represent ionic transport due to convactiagration and diffusion.
The form used for the convection term already supposesiaéipiug flows in each
porous electrode [16, 21, 22]. The volume-averaged difigbmaterial balance in
the porous carbon electrodes for speéiésthen expressed as

Jg

e+ 0-Nie=—(Sc+ Ry, (2.3)

wheret is time, S is the electrochemical reaction source term for spdcasdR is
the source term associated with homogeneous chemicaiaesiahe explicit forms
for these will be given shortly. Also, assuming that the &tdgte is electroneutral
gives

szck =0. (2.4)

Also, since the charge entering the electrolyte must benbath by that which
leaves the solid phase of the electrode, we have
O-ie+0-is=0, (2.5)

whereie andig are the ionic and electronic current densities, respdgtiMoreover,
ie is given by

ie= ZZKFNka (2.6)
whereass is given by Ohm’s law, i.e.

is = —0g" D, 2.7)

whereg is the electronic potential araf™ is the effective electronic conductivity of
the porous electrode, which is related to the electroniciootivity of solid material,
Os, by a further Bruggeman relation,

off = (1-¢)%?0s (2.8)
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More particularly, (2.5) is rewritten as

O e=j_, O-ig=—j_ (2.9)
for the negative electrode, regibin Fig. 2, and

Oe=jr, O-ig=—j4 (2.10)

for the positive electrode (regidH ), wherej_ andj, are transfer current densities
for the electrochemical reactions that occur at the susfaf¢he porous electrodes.
Asin[1,9], j- and], are expressed via the Butler-Volmer relations,

. s \O_c/s \O_a —aFn- —cFn-
jo =AFK (2 )" (cPar) {exp(%)—exp(—%)},

(2.11)
. aic( s O+.a aF cF
j+ = AFky (02 ) (Cvo;) {exp<%> eXp<%>}v
(2.12)

whereA is the specific electroactive arda, andk, are reaction rate constants, ,
anda. ¢ are the anodic and cathodic apparent transfer coefficientséctions (1.1)
and (1.2), respectively, angl. andn_ are the overpotentials, given by

N:=¢—@—Es, (2.13)

with E_ andE, as, respectively, the equilibrium potentials for reaci¢h.1) and
(1.2), which are in turn given by

E = Ep- — hin((oye )V (oye) V), (2.14)

E.=Eo— RF—T In ((cvoz+)SV°2+ (cvo;)%f (cH+)‘°H+) : (2.15)

respectively; in additiorEy — andEp 1 denote the equilibrium potentials at standard
conditions for reactions (1.1) and (1.2), respectivelyElys. (2.11) and (2.12), the
quantitiescy s, , €z, , cfloz+ andc\slO+ represent the concentrations of these species at
2

the electrode/electrolyte interface; this value usuaifiiets from that within the bulk
of the electrolyte due to the additional resistance to thegport of species from the
interior bulk to the interfaces [1, 11], and is given by

s C+ek e @ FN-/RT(c o /s +0Cyar /Yo )

= . i=VZ Vet (216
' 14k (e*"*‘CF”*/RT/WH + ea"aFn*/RT/K/%) ( )

G+ £k+efa+‘cF’7+/RT (C\/Osz/yVOZ + CVO;/K/02+)
=
B ngr(efol+,<;F’7+/RT/yvoZ + ea+.aF’7+/RT/yVO2+) )

i = VO3, VO,
(2.17)

wherey = Dy/d¢, with df as the average distance between the fibres of the carbon
felt. Furthermore, Egs. (2.11) and (2.12), together with thecktometric coefficients
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Source term | Positive electrode | Negative electrode

S+ S+ J+/F 0
Sﬁso; 0 0

Ssq- 0 0

sz+ - Sy2+ j, /F

Sy3+ - Sy3+ j-/F
Svo2+ Svoz+ J+/F .

Svo} Svoy i+/F -

Table 1 Source and sink terms for electrochemical reactions intezué2.3)

Source term | Positive electrode | Negative electrode

R+ —rqg —rqg
RHso; fd fd
RSQZf —Ig —Ig

Ry2+ - 0

Rya+ - 0
RV02+ 0 -

Ros 0 -

Table 2 Source and sink terms for homogeneous chemical reacticeguiation (2.3)

Parameter Value Units Reference
Crcs 1990 mol m—3 [23]
Eo+ 1.004 Y, [24]
Eo,— -0.255 \% [24]
K, 2.5x10°8 ms! [17]
ko 7x1078 ms! [1]

kq 1x104 mol m3s1 [9]
S+ -2 - -
Sy2+ 1 - -
Sya+ -1 - -
Svoz+ 1 N -
Svoy -1 - -
Zics -1 - -
Zy+ 1 - -

Zisoy 1 - -
s 2 - -
22+ 2 - -
43+ 3 - -
Zyp2+ 2 - -
Zvog 1 - -
O 0.45 - [9]
a4 a 0.55 - [9]
B 0.25 - [25]

Table 3 Default values of chemical and electrochemical constants



8 M. Vynnycky, M. Assuncao

Parameter Value Units
¢ .Cy | 4447.3,5097.8 | molm3
Caso; 2668.5, 3058.5 | molm3
cg & 2371.5,1981.5 | molm2
0, 156 mol m—3
Cyar 884 mol m3
oz 884 mol m~3
C?/O; 156 mol m~3

Table 4 Default initial values {(negative electrodepositive electrode). All parameter values are taken
from [9].

Parameter Value Units
A 3.5x10° m-T
" 1x10°3 m
he 4x10°3 m
hm 2.03x104 m
L 0.035 m
un 47x10% | ms!
\Y; 5.6x10°5 m3
w 2.85x10°2 m
€ 0.93 -

Table 5 Default geometry-related parameters, as in [9].

Parameter Value Units Reference
Dy+ 9.31x107° m?s T [26]
Dr+.m 3.35x10°° m?s1 [9]
Dhsoy 1.39x10°° més—t [27]
DSOE, 1.07x10°° més—t [27]
Dy2+ 2.4x10°10 més—t [28]
Dys+ 2.4x10°10 m2s1 [28]
Dyoz+ 3.9x10°10 més—t [28]
Dyoy 3.9x10°10 m2s1 [28]
F 96485 Cmol?! -
iapp 400 Am2 [9]
R 8.314 Jmol 1k -1 -
T 300 K [
Om 24.9 Smt *
offf 66.7 Smt [9]

Table 6 Default values for constants related to transport of charg mass*(based on the values of
Dy+ m andcy+ in [9] and [23], respectively)
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in (1.1) and (1.2), are used to constitute the termsfan Eq. (2.3), which are given
in Tables 1 and 3.
As for the dissociation of sulphuric acid, this is descriligdneans of a source

term,rg, given by
Cy+ — G
rg = kg wfﬁ 7 (2.18)
CH+ +CHS(T4

whereky is a rate parameter aiftithe degree of dissociation; typically used values for
these are given in Table 3, and Table 2 shows hpenters the governing equations.
Note, however, that [9, 18, 19] document this reaction irexdty in different ways;

in [9], the conservation equation the sulphate ion in theided is not explicitly given,

as this ion is removed via the electroneutrality equatiagreas [18,19] include the
sulphate ion, but do not indicate that they include homogaeseeaction term for this
ion in the conservation equation.

2.1.2 Membrane (111)

First of all, unlike the electrolyte in the porous electredée liquid in the membrane,
which is assumed to consist of water and protons, is notreleetitral. However,

electroneutrality can be assumed to hold when the fixed ivegaitarge sites in the
membrane structure are taken into account; hence,

Zy+ Cpy+ + ZiesCics = 0, (2.19)

wherezcs is the charge of the fixed sites aaqg is their concentration, which is here
assumed to be constant.
Current conservation gives

O-im=0, (2.20)
wherein, is the ionic current densifyand is given by
im = Zy+ FNy+, (2.21)
with
Ny = 7%5% (2.22)

whereDy+ , is the proton diffusion coefficient in the membrane; howesigrce Eq.
(2.19) implies that,+ is constant in the membrane, this results in

0 @n = 0. (2.23)

Note that combining (2.21) and (2.22) gives, in effect, Ohtaw for the membrane,
and we can therefore identify the electrical conductivityttee membranegy,, as
being given by

Om = F2Cy+ Dyy+ 1 /RT. (2.24)
Moreover, the above description, which considers protagration as the only trans-

port process in the membrane, is perhaps one of the simplaialzle [23], but it
suffices for present purposes.
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2.2 Boundary and interfacial conditions
2.2.1 Current collector/porous felt interface in the negative electrode (1)

At this boundary, which corresponds xc= — (hs + hm/2), the electronic potential
is assigned a zero reference value and all of the ionic spéeiee zero normal flux;
thus,

@ =0, (2.25)
Nx-n=0, k=H" HSO,,SO; V2" V3. (2.26)
In Eg. (2.26) and belowy denotes the unit outward normal vector at the boundary

under discussion.

2.2.2 Porous felt/membrane interface in the negative electrode (2)

Here, corresponding to= —hn,/2, there is zero electronic current density and zero
normal flux for all of the ionic species, other thar Hthese are expressed by
is-n=0, (2.27)
Nk-n=0, k=HSQ,,SC; V3 V3 (2.28)
respectively. A further two conditions are required. Thasecontinuity for the ionic

current density, i.e.
im'n:ie'n, (229)

which is a consequence of Eq. (2.28) and the continuity afoprélux, and
RT
=@~ = [~Incy: ], (2.30)

where[ ]* denotes the difference in the value of a function to the rightand

the left (-) ofx = —hm/2; Eq. (2.30) takes into account the Donnan potential which
represents the potential jump at the membrane/electriviigeface for a system in
equilibrium [9].

2.2.3 Porous felt/membrane interface in the positive electrode (3)

Here, wherex = hy,/2, the interfacial conditions are similar to thosexat —hm/2;
hence,

is-n=0, (2.31)

Nx-n=0, k=HSQ;,SO; ,VO;,VO*". (2.32)

[Ng+ -n)= =0, (2.33)
RT

n=¢— Incy+ ], (2.34)

with the notatior{ ]+ now being applied at = hny /2.
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2.2.4 Current collector/porous felt interface in the positive electrode (4)

Here, atx = hm/2+ hy, the interfacial conditions are similar to (2.25) and (2;26)
hence,
@ = Ecen, ie'n=0, (2.35)
Nx-n=0, fork=H" HSQ;,SC; VO VO*", (2.36)

whereEg is the cell potential and is such that

Ecel <E, —E_ (discharge}

Ecel > E. —E_ (charge) (2.37)

If Ecenr is constant, then the VRFB is said to be in potentiostaticatpmn; however,
here, as in [16], we consider galvanostatic operation, abEh. (2.35) is replaced by

whereiapp is the applied constant current density. Moreover, in teofrigpp, (2.37)
corresponds to

iapp< O (discharge} (2.39)
iapp> 0 (charge) '
Mathematically, this means th&tg is a function ofy andt which has to be de-
termined as part of the solution to the overall problem; h@wesince the electrical
conductivity of the current collectors is typically muchegter than that of all other
components; g is practically a function of alone. For generality, however, we keep
iapp s a function of, as allow us to derive a stronger result without any significa
additional algebra, although the results in Sect. 5 willdresf constant value dfpp.

2.2.5 Remaining two sides of the membrane (5,6)

For these boundaries, which are locateg at0 andL for —hy/2 < x < hy/2, there
is electrical insulation, so that
im-n=0. (2.40)

2.2.6 Negative electrode inlet (7)

At this boundary, which is located gt= 0 for — (hf+hm/2) < x < —hny/2, we
assume no outflow of either ionic or electronic current; thus

In addition, all of the concentrations of the ionic species@escribed, so that
c=a'(t), k=H" HSQ;,SC; V3 V3 (2.42)

wherec]! is the negative electrode inlet ionic concentration forcsgek. The func-
tions ¢ (t), which must be solved for as part of the solution to the problara
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determined using a mass balance that assumes instantanedus and negligible
reaction in the tanks and relates the change of concentiatihe tanks to the prod-
uct of the flow rate and difference between the inlet and bat@centrations [1];
hence,
di(”
dt

whereV is the tank volumew is the volumetric flow rate and?! is the average
outlet concentration of speci&swhich is in turn given by

= w(c‘k’”t(t)—cik” (t)), (2.43)

1 r—hm/2
U (t) = h_f/(h /2+h)(Ck)y:LdX for the negative electrode; (2.44)
—(Nm i

note thatw is related ta” by w =hWeu™, whereW denotes the width of the inlet in
the direction perpendicular toandy. Moreover, the inlet concentrations are used to
constitute the state of charge of the system, SOC. Howevdisaussed in [16], there
are at least three possible definitions of this, dependinglmther one considers the
negative electrode, the positive electrode or both eldespto limit the discussion,
we will consider the first two, giving the expressions

in Cin
CV2+ VO3
in in ’ SOQ = Jin in
Cy2+ T Cat Cyoz+ T CV02+

soc. = , (2.45)

respectively. Furthermoreg“!(t) is not knowna priori, but must also be solved for
as part of the problem; for this, we need boundary conditags= L, which we turn
to next.

2.2.7 Negative electrode outlet (8)

At this boundary, which is located gt= L, — (h; + hm/2) < x < —hm/2, we assume
no outflow of electronic current; thus,

is-n=0. (2.46)

Also, assuming that for all ionic species the convective ftuthe axial direction of
the felt is dominant, the sum of the migrative and diffusivxés is set to zero, i.e.

F
—Dgf (% D@+ Dck) ‘n=0, k=H'" HSO,,SC; V2" V3.  (2.47)

Combining (2.47) with the electroneutrality condition4pgives
—Df"0ck-n=0, k=H" HSO;,SO}, Vv v3, (2.48)

O@-n=0. (2.49)
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2.2.8 Positive electrode inlet (9)
Here, aty=0,hn/2 <x < hi+ hm/2,

is-n=0, (2.50)
a«=a'(t), k=H' HSQ;,SCG,VO; VO, (2.51)
wherec!! is the positive electrode inlet ionic concentration forapek, and is given

by (2.43), whereed!(t) is given by (2.44), but with the upper and lower limits re-
placed byhm/2+ hs andhm /2, respectively.

2.2.9 Positive electrode outlet (10)

Here aty=L,hm/2 < x < ht+hm/2,

is-n=0, (2.52)
—Df"de-n=0, k=H" HSQ;,SC;,VO; VO, (2.53)
O@-n=0. (2.54)

2.3 Initial conditions
At t = 0: for the negative electrode, i.e. regign
ck = ¢ for k= H" HSO, ,SO;~, V2T, v3F; (2.55)
for the positive electrode, i.e. regidih ,
o = ¢ fori =H",HSO,,SO;~,VO; ,VO**. (2.56)

It is convenient to associate the vanadium-related questiv the initial concentra-
tions of the electrolytes in the positive electrode and tiegalectrode tanksr,?,oso4

andc{’,z(soél)3 respectively, and the initially prescribed state of chag@C. In par-
ticular, for the negative electrode,

Y2 =800, (sq,,: e = (1-S0C) ¢}, sq), (2.57)
whereas at the positive electrode,
CS/O; = 50@030504, CS/OZ+ = (1 - SOC)) C\O/OSO4' (258)

Furthermore, whilst? can be determined fdc= V2+, V3 VO ,VO?* by consid-

ering the concentrations of the electrolytes, it is alscessary to prescribe] for

k=H",HSO;,SO;; for thesecl , should be specified, whereefy, andc?
A

HSO,
must satisfyrg = 0.
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2.4 Summary
At this stage, the model equations are as follows:
- (2.3),(2.4),(2.9),(2.10) and (2.23) as the governing &quoa for

Cy+s CHSOZ ) CSO%* ) CV2+ ) CV3+ ) C\/05r ) CV02+!%5 O, @,

— (2.25)-(2.34),(2.36),(2.38),(2.40)-(2.43) and (2.4B)54) as the boundary condi-
tions;
— (2.55)-(2.58) as the initial conditions.

3 Nondimensionalization

To nondimensionalize, we set

X y t @ @
X==, Y=2, 1= , Be=rr, Bg= >,
hy L VioA” TF (g T [g)
is ie iapp J+
ls=—= ) |e:.—, |app: . ) Ji =+ ) (3-1)
[iapp] [iapp) [iapp) iapp] /i
where
L [i iappl N
/\ - 0 7|: épp} 9 [(p] = [ apglf ! )
. uheF Os
and, fork = H",HSO, , S0, V2+,V3+ VO?+ VO3,
Ck 2 S A R«
C=—- S=7—— R=—55——7, (3.2)

Wherec&j is the initial H" concentration at the negative electrode dhgy =
max (iapp(t)). Since typicallyhs/L <« 1, Eq. (2.3) becomes
0Cc dC 9 0 (anckd% 0Cx

X1 TN~ Peax X +W)_AS‘_@R“ (3:3)

where
po_ MW" g _Flol D Ul o Lk
LDgf RT’ peft” LR o uin’
(3.4)

whereas (2.43) becomes

d in 1 .

S_ 2 (@ -ahm). 35)
Of all of the governing equations, boundary conditions amtai conditions,

we have only focused here on (3.3) and (3.5), as they are tlgeonas that contain

dimensionless parameters whose values are key for the@oriing analysis. Instead,
we note that, on using the data in Tables 3-6, we have

Pe~230, M~09 A~15x103 x~11x10% ©~166 (3.6)
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Fig. 3 A schematic for the overall asymptotic structure for the sladth H,SO, dissociation

4 Analysis

4.1 Overview

At this point, we indicate in general terms how the analysispoceed. As in [16],
the whole problem can be decomposed hierarchically, gitiedollowing sequence:

1.

g b~rw N

C,'j,L,Ci” CiSnOf( ,C{;‘2+,C{;‘3+ for the negative electrode, and hence for the bulk;

HSO, ’
in in in in in [ .
. CH+7CHso;’ sc- Cvoz- ’Cvo; for the positive electrode, and hence for the bulk;

. @, @5 in the negative electrode;

. @, @5 in the positive electrode;

. CH+,CHSOZ,CSOZ,,CV2+,CV3+ in a reaction layer of WidttheO)’l/2 nearX =
A

—J¢ in the negative electrode;

- Ci+,Cuysoy +Cscp-»Cva+,Cyas in a boundary layer of widtiPe /2 nearX =

—J¢ in the negative electrode;

- G5 Cysoy - Csep- - Cvozt - Cvog in a reaction layer of widtiiPe®) /% nearx =

Z in the positive electrode;

: CH*vCHso;aCsoff 'Cvo2+ Cvoy in a boundary layer of widtiPe~1/? nearX =

Z in the positive electrode.

However, the introduction of the dissociation reaction ptioates the items that

were presentin [16] - 1,2,3,4,6 and 8 - as well as introdutimgnew items - 5 and
7. To understand how these steps are linked, it is instreitbiconsider the schematic
shown in Fig. 3, which depicts the bulk regions and the boonidgers. Moreover, in
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order to determine the cell potenti&e, during charging and discharging, it proves
to be only necessary to calculate steps 1-4, as was the cflg]jirfor this reason,
in what follows, we will not perform any computations reldte steps 5-8, although
we will indicate how they are related asymptotically to stép4.

Item 1 is dealt with in Sects. 4.2 and 4.3, item 2 in Sect. 4cbisams 3 and 4 in
Sect. 4.4.

4.2 Negative electrode (1)

Here, as governing equations, we have (3.3xferH*,HSO, ,SC2~, V2t V3+,

0C, dC« D 0 dd. IC A
EXgr tay PedX( MGy +—) ~A&—OR,, (4.1)

oX = oX
and the electroneutrality condition,

3 2Cyx = 0. (4.2)

k=H* HSO; ,SCZ ™,
V2+,V3+

Also, we note from (2.9) and (2.10) that
— (Isx +lex)+ 0= (Isy +1ley) =0 (4.3)
X sX T leX Y sy Tley) =Y, .

whered = h/L andlex/ Isx andley/ Isy are theX- andY-components, respectively,
of l¢/ls. Now, becausé < 1, (4.3) reduces to

a
a_X(Ie7X+IS’X) %0, (44)
as discussed previously in [16]. Next, using (2.38) and)(4vé have

wheres# = hm/2hs. Also, since (2.27) implies thdtx = 0 atX = —7#, we must
also havde x = lapp(T) . Hence, the boundary conditionsXit= —7 are

dcbe oG\ [0, k=HSO,,SC;, V2, v3+
(chk X ) = {Qlapp(r), k= H", (49
whereQ = [iapp] ht /240, DT F and, atX = — (1+2¢),
c:krl‘me ‘;f(k =0 fork=H?' HSO,,SC;,Vv2F V3t 4.7)

From (3.6), we have th&e > 1,0 > 1A < 1,x < 1, so that (4.1) reduces, at
leading order, to

9C
aY
R~ 0, k=H" HSO,,SO;; (4.9)

~0, k=V2 V3, (4.8)
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thenceCy = Cy (X, T) for k = V2*,Vv3* and hence
CG=Cd (1), k=VZ Ve (4.10)
in view of the nondimensional version of (2.42), whereaS)#nplies that

Chso;
% 3

where# = (1—- )/ (14 B). From electroneutrality, we now have

Ciy+ ~ (4.11)

(24 + P, ) O +Csp = 22 Gy (1) ~2a:Cyar (1), (412)

which indicates that the linear combination@f+ a”dcsoff on the left-hand side
should be a function of. Whilst this still leaves the possibility th&+ andcsolz(

can both be functions of,Y andrt, the simpler alternative, which is borne out by the
later computations, is that they are just functions,cdind thence

Cc=CM"(1), k=HT,HSQO,;,SC, (4.13)

as fork = V2, V3+. Now, multiplying (4.1) byz, summing, using electroneutrality,
Eq. (4.10) and
> aRke=0. (4.14)
k=HT HSO, SO},
V2+,V3+
we obtain ,
0°Pe
r—(m) X2 -J_,

(4.15)
where we use the fact thgt = sJ_, and with

r(1)=2 > ZAC (1), (4.16)

k=H* HSO; ,SC; ™,
v2+ 7V?Hr

whereA :=I1/APe~ O(1). Note also at this point that we have, from the dimen-
sionless form of the second equation in (2.9), Ohm’s lawHc (2.7), and the nondi-
mensional electronic current density in Eq. (3.2),

2
‘;)ZS =J_. (4.17)

Recall also thatl_ is a function of®;, and @, so that (4.15) and (4.17) will be
coupled.
As regards boundary conditions for (4.15) and (4.17), weshfor @,

0D
oxX

=0 atX=-47, (4.18)
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As for @, we can use (4.7) and electroneutrality to obtain

0®e
oX

=0 atX=—(1+.2). (4.20)

However, we still need a boundary condition fbg at X = —J7; this is not entirely
straightforward to derive, since we cannot simply repl@eey C' (1) in Egs. (4.6)
and (4.7) without justification, in view of the nested boumndkyer structure that
was indicated in Fig. 3. Presently, in Sect. 4.4, the reguiendition will be shown
to be Eq. (4.53), which in fact has the same form as that in, [@&n though the
boundary-layer structure there was not of nested type.

Since the right-hand side of (4.15) dependsand®s,Cl",, andCl’;, , and since
the latter two are functions afonly, it is clear that there is a self-consistent solution
structure for whichde and @s are functions only oK andt, and not ofy.

4.3Cu+,Cysq, :Cyz+ 1 Cyas ,Cgp- inthe bulk

Integrating (4.1) over- (1+.5#) < X < —s and applying boundary conditions
(4.6) and (4.7), we obtain

g 0 — -
<gx—+—) </ deX) _ —Ask/ J_dX, fork=V2* V3,
at oY —(1452) J—(14.52)
(4.21)
Integrating (4.21) over & Y < 1 and using the result from the supplementary mate-

rial in [16] that

-
J_dX = — 24+ lapp(T), 4.22
/7<1+m Zy+ lapp(T) (4.22)

we see that

1 et .
SX% (/0 /7 )deXdY) +CM O = Az Slapp(T),  fork=V2F V3

(1+s
(4.23)
where we have used
- .
/7 o Y =3 X = cout—gin, (4.24)
Also, from (35), we have
1 ,—# in
end / / caxay ) + 9 7 s (4.25)
dr \Jo J-(1+.7) dr

whereA = x /A (< 1). Note that althouglt, for all k, as proposed in (4.10), ark,
as proposed in (4.15), would satisfy all of the boundary @t atX = — (14 7)),
they would not be able to satisfy all of the boundary cond#iatX = —.77. Thus,
a boundary-layer structure is necessary near —7’; we give the details of this in
Sect. 4.4.
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Equation (4.25) identified as a small parameter, and it is appropriate at this
juncture to introduce a regular perturbation expansiofer (Cy,C;") in the form

¢ = po+A¢1+0(4%). (4.26)
Thus, we obtain, from (4.25) and the dimensionless form d&ffpatO (1),

. T
Cio :C'SHH*S“/ lapp(T') dT’,  fork=VZ*,v3*. (4.27)
’ 0

For later use, we will also nee.(d('fl, which satisfies, on considering Eq. (4.25) at
O(4), |

ochy ooy
subject to _
C1=0 att=0, (4.29)

which comes from the dimensionless form of (2.55J0é1 ); thence,C{{,‘1 is easily
found to be

. T

Note that the expressions in (4.27) and (4.30) have turnétbdee identical to the
corresponding ones in [16], meaning that SO Eq. (2.45) will also be identical.
Similarly, integrating (4.1) fok = HT, HSQ,SO}F*, we obtain

6_ 9 X)) =—o [ Adx 431
(Xdr dY) (/(H%ﬂ)ck )__ -/f(l+ff)Rk , (431

integrating over X Y < 1, we obtain

EX5r < / / e deXdY) oG = @ /0 ' /7 (fﬂ)ﬁkdxw (4.32)

From (35), we have

eA— < / / o deXdY) dc;n = / / L REXAn (439

We can now note that
in
( / / deXdY> L & } —o, (4.34)
(1+27) dr

k= Hso4 o7 {

whereupon we obtain
i 0 0

Chisoy oD +C8z- o(D) = Clis, +Co- (4.35)

and _
Cll-Tscr l( )+ goﬁ*,l(r) =0. (4.36)
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With (4.11) implying that

cin (T) cin (T)
i HSGO, .0 i HSO, 1
CII—TﬂO (T) = % 9 C|I-r|]+,1 (T) = 1 ) (437)

B
we find from electroneutrality that

4+ I (1)

Ii-r|1+,0 (1)=1- g (4.38)
Zy+ +F (ZHSO; - Zsof;)
. (1) = £/ (1) , (4.39)
Zye + % (ZHso; - Zso};)
where .
I (1) = (2y2+ Sy2r +2y3:531) /0 lapp(T') dT’,
and thence
Cmso;,o(r) =% (1_ 44+ /- (1) ) , (4.40)
Zy+ + (ZHso; - Zsof()
; PBe I
Cliso; 1 (T) = P 27 (1) ; (4.41)
Zyr +# (ZHso; - Zsof;)
. + I
Clg o(1)=Chso; +Cz —# (1 2z S~ (1) ) . (4.42)
Zyt + % (ZHso; - Zsof()
Clg 4(0=- #es (1) (4.43)

i+ 8 (fus; ~%sp- )

Observe also that the corresponding equations in [16] {884(4.43) were

Clio(1) =1-zp.5 (1), (4.44)
Ch (1) =ez4+ (1), (4.45)
Cli-r:so;,o (1) = Cglso;’ (4.46)
cj;‘SOZ,1 () =0, (4.47)
Cis”ogao(ﬂ = cgoi,, (4.48)
Cis”ogal(ﬂ =0. (4.49)

Thus, there is no single substitution that can be used ir8]44843) so as to obtain
(4.44)-(4.49); the closest rule that can be arrived at igtazsto zero if itis in aterm

that contains#_ (1), but to use (4.11) and sef = Cgso* otherwise.
4
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4.4 lonic potential@®e, and electronic potentiatps

Having determined" (1) to O(A), we return to the problem of determining,
recalling that this satisfies (4.15), subject to (4.20) andradition atX = —.# which
we have yet to establish. To determine this, we need to centi@ boundary-layer
structure neak = —J7’; this has already been signposted in Fig. 3, although we give
the analytical justification here.

As in [16], we set

X =— (%+ Pe’l/z)?) . @e= Bo(Y,— 1) + T 20 (XY, 1),

Cc=C, k=H?' HSO,, SO, V2 V3 (4.50)
wherelT was defined in Eq. (3.4Egs. (4.1) gives, at leading order, fokOX < oo,
aC 0 ( A 0P 9C

oy~ 7o \ 3% T ok

> ~AS—0OR, k=H' HSO;, SO,V V3T,

(4.51)
observe thatbe (Y, —.7,T) is not yet known at this stage, but there is no need to
know it yet either, since it does not appear in (4.51). RemthatA <« 1 and® > 1
suggests that we can neglect the next to last term on thehiyid side of (4.51), but
must retain the last one. However, multiplying (4.51)AQysumming and applying
electroneutrality, we obtain

d . 0P  dC
> Zk@kax (chk 3% ax) ) (4.52)
k=H* HSO; ,SC; ™,
V2+,V3+

since/A < 1 and in view of (4.14); then, integrating (4.52) with resgtecX indicates
that

L 00 3G
> aa(a6Gg Gy
k=HT ,HSO; SO,
V2+,V3+

is a function ofY andt. We observe that the above expression istheomponent of
the nondimensional ionic current density, which was defined in (3.2); this result
indicates that is conserved across the boundary layer. This is sufficienagato
be able to use the boundary conditionXat —5#, which is clearly well inside the
boundary layer, as a boundary condition for the ionic curdemsity in the bulk of
the electrolyte; as a consequence,

However, notice that prior to summing (4.51) okewe have

Rq~0 fork=H" HSQO;,SO;,
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at leading order, sinc® > 1. This would simply lead mﬁm = éHso; /%, anditis
impossible that a solution based around this identity ceatisfy all of the bound-
ary conditions given in (4.6). Consequently, there has ta hested boundary layer
for which X ~ ©%/2, in which the diffusion term in (4.51) balances the chemical
reaction term; thus, overall, we have that- (Pe@)’l/2 in this layer, as shown in
Fig. 3. We do not document the resulting equations for thisilaas there is no need
to solve them, as far as the leading-order problem is coedephysically, the ionic
species that participate in the chemical reaction, i.b,H’rSOZ,SOi*, vary rapidly
across this layer, but with advection playing a negligitdker With hindsight, the
mathematical similarities between the VRFB model with arithewt acid dissoci-
ation follow very closely those in multi-ion models for thieetrolytic pickling of
steel with and without bulk chemical reactions [29-32],retteough the two situa-
tions are very different. First of all, it should be recallindt in the earlier models
for electrolytic pickling, it is only the ionic current thé solved for, whereas here,
for a porous electrode, we solve for both ionic and electrenirents; thus, there is
an additional field equation, i.e. for the electronic pagntvhich is not present in
the pickling models. Second, in electrolytic pickling, thaic current at leading or-
der is a constant across the entire domain between two @liestywhereas here, it is
only constant across the concentration boundary layerdTthie electrolytic pickling
models were for a steady state, whereas the current VRFBInsaitee-dependent.

To re-cap, solving (4.15), (4.17)-(4.20) and (4.53) wiltetenine @, and @s in
the negative electrode, and in particuibg at X = —57. We can then findp,,, i.e.
@y, atX = —s7, from the nondimensional version of (2.30), that is

O = Pe— % [—INCy+]T. (4.54)

Next, denoting the value @&+ inside the membrane:fcs/c&j, asCy+ m, We see
from (2.23) that

Foc.
PO Dy G (05— B) ~laplD). (459
m

which gives®n, at X = 2#; denoting this byd7,, we have
OF = o % (INCy-]* . (4.56)

i.e. this will give @, at X = J# also. Note that, by this stage, we have determined
the potentials for the negative electrode and the membréheuwt having to deter-
mine those in the positive electrode; however, we need tatfiach there in order to
determine the cell potential, and we thus turn to the pasitectrode.

4.5 Positive electrode (lIl)

Here, as governing equations, we have (3.3kferH", HS(X,SOE(,VO”,VOQ,

0C  0C« % 0 9P 9C\ ,a -
fXW*a—Ypeax< ”%x*ax) AS—ORe (4.57)
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and the electroneutrality condition,

z zCy =0. (4.58)
k=H* HSO; ,SCZ ™,
VOt VoS

The boundary conditions &t = 77 are

aqae dC; 0 k=HSO,,SO:,VO?+ VO
I—I — 9 4 4 > 9 2 4
(Zk G5 ax) {Qlapp(r), K= H*, .+ (4.59)
and, atX = 1+ 77,
nck‘m’e ‘Zf(k 0 fork=H" HSO,,S0O; ,VO*" VOJ. (4.60)

For this electrode also, the solution can be determineaidkically. We skip the
majority of the details, which are similar to those for thgatgve electrode. Fo®.
and ®s, we have

2o,
(1) Sz = (4.61)
02,

respectively, where we have used the fact fhat sJ., and where

I (1) =2 > 2L (1) (4.63)
k=H* HSO;,SC; ™,
VOt voJ

Egs. (4.61) and (4.62) are subject to the boundary condition

0®e 0®s _
axX O, d—X = |app(T) atX =1+ 7. (465)
Also, we have, fok = VO?* VO,
1 1A in 1+
enl / Cedxay ) + 9% = g / 3,dX, (4.66)
ot Jor dr H

and, fork = HSO, ,SC;

0 1 fl+o7 den
- < / deXdY> —_ / / RaAXdY,  (4.67)
ot \Jo Jor dr A (14+2)
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whence

n o(m=chf - — S @ (4.68)
Zyr + (ZHso; - Zsof()
C:Sso oD=2 (Cﬂ’f— ZieF4 (1) ) : (4.69)
Zyr +F (ZHso; - Zsof()
- S
Co- o(D=Ciis, +Cogz- 7 (Cﬂ’f - s (D) ) . (4.70)
e +2 (uso; %)
Cl o(T) = Clos + Sy | lapp(1)) O (a.71)
Ci?o;,o (1) = C\O/o; JrZFHS\/O,;/O lapp(T') AT, (4.72)

WhereCO++ = c /cH+, with c T as the initial H concentration at the positive
electrode and

£5, (1)

.40 - , @)
Zye + 5 (ZHso; - Zso};)
Cloy 1 (1) = #e s+ (1) , (4.74)
10+ (%us0, ;)
s ()= #es: (1) , (4.75)
. 21+ (Zso, ~%q-)
Cv02+ 2(0)= —ZH+S\,02+£/‘ lapp(T') dT’, (4.76)
C{?O;l(r) = —zH+s\,02+e/0 lapp(T') dT’, (4.77)

with
T / /
I (1) = (Sx/ogzvog +S\/02+Zv02+) ./0 lapp(7') dT'.

Again, note that the expressions in (4.71),(4.72),(4.%6)@.77) have turned out to
be the same as the corresponding ones in [16], meaning that 8CEq. (2.45) will
also be identical; this was perhaps not to have been expesitet H™ participates
both in the electrochemical reaction and in acid dissamiateaction. Observe also
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that the corresponding equations in [16] for (4.68)-(4 %) (4.73)-(4.75) were

Cllo(1)  =CYF —z7 (1), (4.78)

Cli-r:so;,o (1) = Cglso;’ (4.79)

isnoi,’o(r) = Cgog;’ (4.80)

) = D (4.81)
Zy+ +F (ZHso; - Zsof;)

Chso, 11 =0, (4.82)

isnoi,’l(r) =0, (4.83)

respectively. As for the negative electrode, there is ngleigubstitution that can be
used in (4.38)-(4.43) so as to obtain (4.44)-(4.49). Thiseti settingZ to zero if
it is in a term that containg”, (1) ,but using (4.11) and setting = CSSO, /CSIL
4
otherwise, will reduce (4.68)-(4.70) and (4.73)-(4.75J4/ 8)-(4.83), respectively.

5 Results

Two numerical tasks remain:

A) the solution of the transient 2D model, consisting of H3s3),(2.4),(2.9),(2.10),
and (2.23), subject to Egs. (2.25)-(2.34),(2.36),(2(28)0)-(2.43) and (2.46)-
(2.58);

B) the solution of the asymptotic problem derived in Sect®:45, which consists
of Eqgs. (4.15),(4.17),(4.61),and (4.62), subject to E44.8)-(4.20),(4.53),(4.64)
and (4.65), with input fof 1. (1) andJ.. (1) coming from Egs. (4.27),(4.30),(4.38)-
(4.43) and (4.68)-(4.77).

These are tackled are in the same way as given in the suppiamenaterial
of [16], and the details are therefore not presented henspbher, we mention in
passing that the 250-fold saving in computational time wigng the asymptotically
reduced model, as compared to the original formulatedi#ahD model, was again
noted. Instead, we move on towards a presentation of thégelsuwhat follows, we
consider solutions for the galvanostatic case, soitgis constant during charging
and discharging, giving

/OT lapp(T') dT’ = 7. (5.1)

Also, to enable a fair comparison between the results of thdets with and with-
out dissociation, we have taken the same criterion forragttie charge time in the
current model as was used in the 2D transient model in [18hiagnables us to use
those results directly. In turn, the criterion used in [1@sathat the state of charge,
SOC, should reach 0.95. Thanks to the asymptotic analydqit6j; it was found
that the two expressions for SOC given in Eq. (2.45) colldps#o each for the re-
sults presented there; indeed, from Eqs. (4.27),(4.30)J44.72),(4.76) and (4.77),
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it is clear that this will also be the case here. Moreovehalgh nondimensional
variables have served their purpose in helping to idengfding-order asymptotic
simplifications, we return to dimensional variables, far thost part, for considering
actual model results.
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5.1 Model with acid dissociation

Fig. 4(a)-(e) show the inlet concentration for the varigpscies at the negative elec-
trode as functions of time, for the 2D transient and two-term asymptotic models.
For all species, it is evident that both models predict adlire/olution, and that the
agreement between the two models is very good. We point atitvith do not plot
the solutions from the one-term asymptotic model, as this aleeady found to be
not accurate enough for the model without acid dissociadtigh6]. Essentially, this
is becaus& (~ 0.1), although being treated as asymptotically small, is not mume
ically small enough; in fact, the results were found to bersxcurate in [16] as to
predict near total depletion of % and VO ions during charging. Similarly, Fig.
5(a)-(e) shows a comparison of the the inlet concentratiotihfe various species at
the positive electrode. Moreover, if we focus on the (a) d)@lots in Figs. 4 and 5
and use the equations in (2.45) for the state of charge, werabthat SOC=SOC _,
as was also the case in [16].

Fig. 6 shows the charge-discharge curve at a current demis#@0 A m2 for
2D transient and two-term asymptotic model prediction$n§$6], the agreement is
very good, even though we have appended an additional baditios to the model.

5.2 Comparison with the no-dissociation model

It is of interest to compare the results of the models with aitout dissociation.

We do not do this for all inlet profiles this time, but just SH|G‘:+ for both electrodes.
The comparison of the two-term asymptotic profiles is shawiig. 7. Thus, we see
that during charging/discharging]ﬂ;+ for the negative electrode increases/decreases
more slowly if dissociation is taken into account, whdﬁn for the positive electrode
increases/decreases more quickly if dissociation is takeraccount. As regards the
other ions:

— thecl,, ,cls, , Qo andc‘\’/‘02+ profiles are unaffected:;

- whereasx:iljl‘Scr and cigoz, remain constant when dissociation is neglected, they
. 4 . 4 . . . . .
increase/decrease linearly during charging, and dedieasase linearly during

discharging.

In addition, in Fig. 8, we compare the charge-dischargeefrom the asymptotic
model in [16] with the curve from the asymptotic model in F&.here also, we
find the two curves to be more or less identical, meaning thatrclusion of the
dissociation reaction appears to have no net effect on theses.

To understand why the charge-discharge curves in Fig. aappée so similar, it
suffices to considel. andl in the two asymptotic models; thus, for this, we return
to nondimensional variables. First of all, referring baglegs. (2.11), (2.13), (2.14)
and (2.16), we can note that is identical in the two models, sin«n@2+ andci\;‘3+ are,
as seen in Fig. 4(a) and (b). On the other hand, referring tzaEkjs. (2.12), (2.13),
(2.15) and (2.17), we can expect that there should be a élifterind,., becaus«a‘,ﬂ+
in the positive electrodes is different in the two modelseen in Fig. 5(a). Similarly,
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whose profiles change significantly when dissociation ituied.",. are plotted as
functions oft in Fig. 9, and it is clear that, although each profile is slighffected by
the dissociation reaction, the effect is insignificant amrds generating a substantial
enough difference in the charge-discharge curve is coedern
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Fig. 6 Charge-discharge curve at a current density of 4007 mas predicted by the 2D transient and
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Fig. 7 Comparison ofc}j+ for the asymptotic models with and without acid dissociati¢a) negative
electrode; (b) positive electrode

Lastly, we consider a comparison of the model results wittilalle experimental
data, which would normally be done via charge-dischargeecdata. As seen in
Fig. 8, the results we have obtained for the cell potentia &snction of time are
more or less identical to those in [16], where a comparisdh kperimental data
obtained wheriapp, = 400 Am 2 was made; see Fig. 4 therein. As the agreement
was reasonable but not perfect, it was suggested that a vianptove it would be to
adjust the value dE.q| upwards by 0.04V, as had been done previously in [18], where
the required adjustment, of 0.072 V, had been even grehterationale for this was
that because open circuit voltages are not able to behava@medard Butler-Volmer-
type way, this may have a large impact Bgy,. These comments notwithstanding,
the model in [9] gave much better agreement than either theeiio [16] or that
in [18]; it was suggested in [16] that this may have been duthédfact that extra
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physics, in the form of acid dissociation and vanadium @esg had been included,
although it would have been difficult to tell whether thesetdas are decisive since
no attempt was made in [9] to compare against a model thatatidgholude these

effects. In consequence, the current work at least ruleagddissociation as a factor
in the discrepancy. Here, however, we expand the discussgarding experimental
validation a little further, by considering comparison imgaa different data set and
at two differing applied current densities [3]; the detaife given in appendix A.

6 Conclusions

This paper has used asymptotic and numerical methods todeateecent 2D tran-
sient model for the operation of a vanadium redox flow batf&@§, so as to include
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the dissociation of sulphuric acid in the battery’s poroawfthrough electrodes. As
in the earlier model, it was found that asymptotic analysis &ble to recover the
solution structure that is present in the full model. In &ddi the analysis was able
to explain why the charge-discharge curve remains unaifidzy whether acid disso-
ciation is included or not, even though the concentratidrie@ionic species in the
recirculating tanks, although not the state of charge, ansiderably differentin the
two models.

Moreover, the fact that it has been possible to add extraiphgmto the base
model, whilst still making use of the original asymptotiarinework, provides hope
that further phenomena that are believed to be of importan®RFB modelling -
oxygen and hydrogen evolution, thermal effects, vanaditgssover - can be accom-
modated in the same way.
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Appendix A: Model validation against experimental data from [3]

For the purposes of validating our model, we use experinhgatizm from You et
al. [3], who provide the cell potential as a function of stafecharge for charging
and discharging at 400 and 800 Af) the comparison is shown in Fig. A.1. The
agreement is very good for the charging phase, althougtste$sr the discharging
phase, where it is in line with the comparison against thieexental data made by
Chen et al. [11], albeit it only at 400 Am. It can be noted that You et al. [3] also
presented a model which gave the best agreement of all a#b6étand 800 Am?,
although a shift in cell potential of 140 mV was required tbiaee it; here, we have
not employed any shift. Note also that we have used the sardelrdata as in [3],
although with the value for active surface areA in equations (2.11) and (2.12) -
givenin [9].

Lastly, we point out that, even though the model is now beisgedufor a com-
pletely different set of parameter values, and in particidaa much higher applied
current density, the agreement between the results of thea?Bient model and the
reduced asymptotic model remains very good.
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