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Uniform Pointwise Convergence of Difference
Schemes for Convection-Diffusion Problems

on Layer-Adapted Meshes™

N. Kopteva, Moscow

Abstract

We consider two convection-diffusion boundary value problems in conservative
form: for an ordinary differential equation and for a parabolic equation. Both the
problems are discretized using a four-point second-order upwind space difference
operator on arbitrary and layer-adapted space meshes. We give e-uniform maximum
norm error estimates O (N~2In* N (4 7)) and O (N~2 (+ 7)), respectively, for the
Shishkin and Bakhvalov space meshes, where N is the space meshnodes number,
7 is the time meshinterval. The smoothness condition for the Bakhvalov mesh is
replaced by a weaker condition.

AMS Subject Classifications: 65110, 65112, 65L70, 65M06, 656M12, 656M15.

Keywords: Convection-diffusion problems, four-point upwind difference scheme, sin-
gular perturbation, Shishkin mesh, Bakhvalov mesh.

1 Introduction

This paper is concerned with e-uniform numerical methods for the two model boundary
value problems: for an ordinary differential equation

Lu:=—e-—u— =—(p(z)u) = f(z) for 0 <z <1, u(0)=go, u(l)=gy, (11)
and for a parabolic equation

%quLu:f(x,t) for 0<z<1, 0<t<I,
u(z,0) = p(x) for 0<x <1, (1.2)
u(0,2) = go(t), u(l,t) = gi(t) for 0<t<1,

*This work was supported by the Russian Foundation for Basic Research under grant N 99-01-01056.



where
p(x) > = const >0 (1.3)

and ¢ € (0,1] is a small parameter. Note that the results given in this paper hold for
e € (0,e9], where ¢ is a positive constant depending on the data of the problems. We
assume that the data of (1.1) and (1.2) are smooth enough, particularly

P ()] < P. (1.4)

For (1.2) we also assume that ¢(0) = go(0), ¢(1) = ¢1(0) and the compatibility conditions
[11] are satisfied so that the solution has no internal layers.

It is well known [13, 15] that as e — 0, the solutions of (1.1) and (1.2) have an exponen-
tial boundary layer at x = 0 and, as a result, the accuracy of classical numerical methods
depends on ¢ as well as on the space meshnodes number N. One of the approaches to
constructing e-uniform numerical methods is combining classical discretizations of dif-
ferential equations with layer-adapted highly nonuniform meshes. Bakhvalov [3] was the
first to use the approach. The space mesh [3] for problems (1.1) and (1.2) is as follows:

z; = 2(i/N), i=0,1,...,N, (1.5)
where (&) is the continuous function defined by

{ eAln[b/(b—&)] for £ €0,0]

z(§) = 1—d(1-¢) for £ e [0,1]
¢ otherwise,

d=d(0) = (1—exln[b/(b—0)])/(1—0),

if ¢ < &
(1.6)

with constants A, 0 < 6 < b < 1, & < b/A. Note that the mesh [3] for problems like
(1.1) was considered in [12] and [1, 2|, e-uniform accuracy being obtained O(N~') and
O(N72) respectively. In the mentioned papers mesh (1.5),(1.6) is assumed to be smooth,
i.e. the function () is continuously differentiable and 6 = 6, defined implicitly by the
nonlinear equation

0=b—cecA/d(f), (1.7)
can be computed using the following iterations [3]

0O =0, 0% =b—c/dOF ), 1m0 =6, 0=00 <oV < ... <d. (1.8)

k—oo

Note that the impossibility of solving the nonlinear equation exactly, when constructing
the mesh, can be considered a certain drawback [19, 15]. As in [9], we replace the mesh
smoothness condition implying (1.7) by the following weaker condition

b—eC <0<b—eC (1.9)

with arbitrary positive constants Cy and C satisfying Cyp < C' < b. Here the right-hand
inequality implies max; h; = O(N~!) for mesh (1.5),(1.6), while the left-hand inequality
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provides e-uniform second-order consistency in the negative W discrete norm. We point
out that the choice # = 6 is a particular case of (1.9) as well as

0 =00 =b—c), (1.10)

which is the result of the first iteration (1.8), and both the choices generate the meshes
satisfying the reasonable condition h; < h;y; (which is provided by 6 < 0).

Shishkin [17] suggested piecewise uniform layer-adapted meshes, in particular, for
problems (1.1) and (1.2) the space mesh [17] is as follows:

Q—{ ‘ o ih for i:O,...,n,
TV g+ (—n)H for i=n+1,...,N, (1.11)
h=d0/n, H=(1-0)/(N—n), n/N=>b, 0=min(ecAlnN,a)}

with constants a, b € (0,1) and A, and the results from [17, 13] lead to e-uniform er-
ror estimate O(N~'In N). Recently (see, e.g., the survey [14]) on mesh (1.11) other

schemes for problems like (1.1) are studied, e-uniform accuracy being obtained of order
O(N~2In® N).

It should be remarked that still other layer-adapted meshes were suggested to provide
e-uniform convergence [15].

We shall study difference schemes, using a four-point upwind space difference operator
6] (see also [15, 1.2.1.2]), that are second-order consistent and, though do not yield M-
matrices, but enjoy certain stability on arbitrary meshes unlike the second-order central-
difference scheme. These schemes can be easily extended into two dimensions (unlike,
e.g., three-point second-order schemes like [2, 18]). Note also that a similar many-point
regularization idea leads, e.g., to the Gontcharov-Frjasinov five-point scheme [5], which
works well for the Navier-Stokes equations at high Reynolds numbers.

Thus problem (1.1) is discretized as follows:

ANuN | — ANyN

N, N ._ i+1 - _
L7 u; = I fi for 1=1,....,N—1, (1.12)
ué\/ = 9o, U’% = g1,
where A" is defined by
AN’U' — €D_UZ‘ + Pi—1/2 (U’i — O5]’LZD+’UZ) for 7= 1, cee N — 17 (113)
! SD_UN —FpN,l/g (UN — 0.5hND+UN,1) for i=N.

Note that this scheme preserves the conservative form of the differential equation. Here
and throughout the paper we use the notation

Dy, = —2=1 DWZM’ DU@.:M’
h; hiy1 R
hi =x; —xi_1, hi = (hi +hiy1)/2,

and w; = w(x;), wi—1/2 = w(x; —h;/2), w! = w(x;, t;), wi(t) = w(w,t) for any continuous

function w(x) or w(x,t). Thus u; (or u!) denotes the exact solution at the meshnodes,
while uN (or u)'”7) is the computed solution.
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Clearly, (1.13) implies

ANU' . ED_UZ‘ + pi,1/2 [('Ui—l + U,)/Q — (hZhZ/Q)DD_UZ] for 7= 1, ey N — 1,
" eDon + py_1j2(un—1 +uN)/2 for i= N,
(1.14)
i.e. AV is a second-order approximation of the differential operator A defined by
0
Av(z) = e + p(z)v(z). (1.15)
x

If p(z) =1 and the mesh is uniform, (1.12) turns into the well-known discretization
—eDD ul + (3ul —4dul, +ul,)/(2h) = f; for i=1,...,N -2, (1.16)

with the first-order upwind discretization —eDD~ud | — DTul |, = fy_q fori =N —1.
Solving (1.16) exactly, it can be easily checked that ul¥ = ¢y + ¢;7} + cory with some
constants ¢y, ¢, ¢z, where the roots rg = 1, ry, ro are positive, i.e. the solution u¥ of
(1.16) never oscillates (regarding inverse-monotonicity, see Remark 2).

Note also that in [8] this scheme is studied on the Shishkin mesh (1.11) and proved to
converge e-uniformly in the discrete maximum norm, the accuracy being O(N~21n* N).
In this paper we extend the analysis to more general meshes and our parabolic equation.

Problem (1.2) is discretized using the same four-point space operator LY, as in (1.12):

uN’j—uN’jfl . .
- 4NN = for i=1,...,N-1, j=1,...,K,
-
U;N’OISOZN for i=1,...,N —1, (1.17)

wp? = go(ty), uy’ =galty) for j=0,.. K.

To our knowledge the first result of e-uniform convergence for problems like (1.2) is by
Shishkin [17] for the difference scheme with the first-order upwind space operator on the
Shishkin space mesh, e-uniform accuracy being proved O(N~'1In* N +7). We also refer to
[7], where a time defect-correction approach for (1.2) is considered on the Shishkin mesh,
with e-uniform error bound O(N~'In* N +7%), k& > 2; and [10], where (1.2) is discretized
using the central-difference space operator, with e-uniform accuracy O(N 2 In? N + 7).

The main results of this paper (Theorems 1, 2) are e-uniform maximum norm error
estimates O (N"2In* N (+ 7)) and O (N~? (+ 7)) for schemes (1.12) and (1.17) on the
Shishkin and Bakhvalov space meshes respectively.

Notation: Throughout the paper, C', sometimes subscripted, will denote a generic
positive constant that is independent of ¢ and of the mesh.

Remark 1. All the results given in this paper hold for difference schemes (1.12) and
(1.17) with AN := AN defined by

ANy, — eD~v; + pv; — 0.5h; DT (pv); for i=1,...,N—1,
"7\ eD oy +pyun — 0.5y DT (pv)y_y for i=N

(compare with (1.13)).



2 Two point boundary value problem

2.1 Hybrid stability inequality

Let w={z;|0=129 <z <...<xn_1 <2xy =1} be an arbitrary nonuniform mesh on
[0, 1]. Throughout the paper we assume that

h:= max hz S CN_l, H = hN—l = h'N- (21)

For any mesh functions v; and w;, we assume that vg = vy = wg = wy = 0, when these
values are not defined explicitly, and use the scalar product

N-1
(v,w) = Z h;v;w; (2.2)
i=1

and the discrete Lo, Ly and W' norms defined, respectively, by

N-1
olloo = max[vil, [Jolla = [loll = V/(v,v), o]l = max| Y Ayv;-
j=i

Note that for any discrete function v; on an arbitrary nonuniform mesh, we have
[oll < flvllz < ([l 1DVl < 20| (2.3)
The key to our analysis of schemes (1.12) and (1.17) is the hybrid stability inequality
given by

Lemma 1. Suppose p(x) satisfies (1.3),(1.4), and ¢ < gy = 0.13%/P. Then for any
solution v; of the discrete problem LNv; = f; fori =1,....N —1, v9g = vx = 0 on an
arbitrary nonuniform mesh satisfying (2.1), so that h < hg := 0.15/P, we have

1]l < Collf]s- (2:4)

Proof. First note that, by (1.13), we have

€ € h; h;
— U= - 1 ! >i— i|i_—zz'— i f iz].,...,N—l,
ANU' — hiv 1+ [hz +( + 2]12 1 Pim1/2 ]V 2hl+ Pim1/2Vie1 20T 0
' _<£_pN_1/2>U +(3+p1\7—1/2>v for i =N
H 2 ) VU \H 2 )N ‘
Since LY = —DAX | the discrete function v; admits the representation
WxV; .
v; =W, — —21 for 1=0,...,N, (2.5)
VN

where V; and W; are the solutions of the following discrete problems

ANV, =1 for i=1,2,...,N, V,=0, (2.6)
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AW =n; for i=1,2,...,N, Wy=0 (2.7)
with

N-1
m= Y hify for i=12. N—1, ny=0.
j=i

Thus it suffices to prove that ||v||ec < Col|n||co- Further, we consider the two cases.

(i) If e/H > pn_12/2, it can easily verified that A" yields an M-matrix. Now, using
the barrier functions V! = 0, V* = 1/8, and W"" = £V;|||s, We get the bounds
0<Vi<1/B, |Wil<Villolo < Inllc/B for i=1,....N,

which, combined with (2.5), yield (2.4) with the stability constant Cy = 2/5.

(ii) If e/H < pn_1/2/2, we set p := pn_1/2 and, by (2.6),(2.7), have
_ (P e p_ ¢ _ (PP s
V= (2 - H> [1 (2 H)VN_l]’ W = (2 - H) <2 H)WN_l'
Now, eliminating Vy and Wy from (2.5),(2.6) and (2.7), we obtain

G- 5)er

(-

where V; and W, for i = 0,..., N — 1, are the solutions of the slightly modified problems

’UZ:Wz"_

for i =0,...,N —1, (2.8)

AVV,=1 fori=1,2,...,N—2, ANVN1:1+ZM<I—3+£)_1, Vo =0,
2 2 H
AW, =mn; for i=1,2,... N—1, Wy=0
with the slightly modified operator AN defined by
ANV .= ANV, for i=1,...,N —2,

- 3o _ D -1 /5
AN Vyy = = Vg | 5 22 DYy (D 2 (B_i)}vm

H H 2 2 \2 H 2 H

Since it can be easily verified that AN yields an M-matrix, we shall use the barrier
functions V! = 0, V* = (5/3) /pi, and W/ = £V;||n]|o to get the bounds

0<V;<(5/3)/pi;, Wil <Villnlleo for i=1,...,N —1. (2.9)
Here, in particular, we used (1.4) implying [p(&1)/p(&2) — 1| < |61 — &|P/B, and also the
conditions of the Lemma e < g5 and h < hg implying 5|D‘(1/p)i‘ < 0.1, and ANVy_; <
L+ pn_32/Pp < 2.1, and ANVY_| > (5/3)[—eD~(1/p)n-1+ 1.5pn_3/2/pn-1]. Combining
bounds (2.9) with (2.8), we derive |v;| < Vi[|n|ls[1 — (prlval)(p/prl)/z}‘l, which
yields (2.4) with Cy = (40/3)/8.

u

Remark 2. Our analysis for the case (ii) implies that, if e < Hpn_1/2/2, the difference
operator LY is inverse-monotone.



2.2 Truncation error and convergence

Lemma 2. Let u(x) be the solution of (1.1) with sufficiently smooth p(x) and f(z), and
u be the solution of (1.12),(1.13) on an arbitrary nonuniform mesh. Then, under the
conditions of Lemma 1, we have

[ —u(z)le < C| max, {hih _max[(pu)' ()]} + N2, (2.10)
ul — u(z)|oe < C L:r{laxN(mm {hih;/e*, 1} exp {—yzi1/e}) + N‘Q} (2.11)

with an arbitrary positive constant -y, satisfying v < p(0), and the notation hy = hy.

Proof. Let z; := u) — u(x;) be the error and v; := f; — LNu; be the truncation error.

Then LYz = ¢ fori=1,...,N—1, 29 = 2y = 0, and Lemma 1 implies ||u} —u(z;)||o0 <
Col|[©||«. Further, ||1||. is estimated as in [2, 9] to derive (2.10),(2.11). n

Our main result regarding problem (1.1) is given by

Theorem 1. Let u(x) be the solution of (1.1),(1.3) with sufficiently smooth p(x)
and f(x), and ul¥ be the solution of (1.12). Let also our meshnodes be x; = x(&)
with {&} satisfying 0 = & < & < ... < &y <& =1, & — &1 = ON™Y), and
Env —En_1 = En_1 — En_2, where the function x(§) is defined by a) (1.6),(1.9) or

J
¢ for €08, |

b) x(&) = 1-56 with 6 = min(eAIn N, a)
5+ 10—ty for £,

1-0b
and some constants a, b € (0,1), A\. Then, provided that X > 2/p(0), we have

a) ||ufv —u(2) oo < CN~2 b) ||us —u(z;) oo < CN~2In%N.

Proof. These estimates are derived from bound (2.11) of Lemma 2. The right-hand terms
in (2.11) for our two meshes are estimated using a slightly modified analysis [2, 9]. |

Remark 3. If § = i/N fori = 0,1,..., N, the meshes a) and b) of Theorem 1 turn
into (1.5),(1.6),(1.9) and (1.11) respectively, i.e. the meshes a) and b) of Theorem 1 are
nonuniform generalizations of the Bakhvalov [3] and Shishkin [17] meshes.

3 Parabolic problem

3.1 Truncation error

Let K, our time discretization parameter, be a positive integer, and 7 = 1/K. We define
the tensor-product mesh on [0, 1] x [0, 7]

wwaZ{(ZL‘z‘,tj)7 with tj:j7—7 fOIi:O)‘-'7N7 ij?""K}’
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which is uniform in time. It is assumed for the space mesh w, in addition to (2.1), that
hiéhi+1 fOI'izl,Q,...,N—l. (31)

which is reasonable for problem (1.2), since its solution has a boundary layer at z = 0.
On w x w, we shall study difference scheme (1.17). For the time difference derivatives we
shall use the notation

vl — vt , i ol —oplTh ol — 2 4l

5’Uj _ i % 52 J o % % _ 3
t
’ T oot T T2

Let 2/ := u)? — u(x;,t;) be the error and 7 := f/ — 6zl — LNu! be the truncation

1
error. Then

0z + LNz =l fori=1,... N—-1, j=1..K,

2
B=24=0 for j=0,....K, z)=¢) —p(x;) for i=0,...,N. (3:2)

It is easy to check that zﬁ can be splitted as
Ol =W+ W, = W (t) + Wa(t), (3.3)

where
N a
0

Uy (t) == — |0fu;(t) — au(:ﬁl, t)| for 7<t<1, (3.4)

and the obvious notation ézv(t) = [v(t) — v(t — 7)] /7 is used. Note that the corresponding
discrete functions W1, and Wi, are defined for i = 1,...,N =1 and j = 0,..., K or
7 =1,..., K respectively.

Integrating (1.2) w.r.t. o over [z;_1/2, Tiy1/2] We get
Tit1/2 a Tit1/2
/ au(m,t) dr = [(Au) (Zig1/2,t) — (Au) (xi_l/g,t)] —i—/ f(z,t)dx,
Ti—1/2 Ti—1/2

which, combined with LY = —DAY implies

N 1 Tit1/2
a 9011'111/22 a
[au(xi,t) - /OEH/2 au(x,t) d.CE}
Now it can be easily verified that
Uii(t) = Dnilt) + [Dit) + fu(t)] + Wi(t), (3.5)

8



where

8
ni(t) := AN — (Au) (z5-1/2, 1) mi(t) : f(xica/2,t)

u;(t
/fo/ dsl 7 ffd“/ o, ds/ aRrend]

Bi(t) = [ Sl t) — 7 / i au(:c 1) de].

Ti—1/2

Thus we proved

Lemma 3. For the truncation error V!, we have (3.3)-(3.5), where n;(t), 7:(t), f:(t) and
U, (t) are defined in (3.6). Also V;(t) can be represented as

@Z(t) = — [Di;(t) + fui(t)] , (3.7)
where
2
~( 8 xz 1/27
1+1/2 i+1/2 3
/x l/jz:c/ ds/m » 28t gtd§+/ /ds/ ol gt)dg]
(3.8)

3.2 Stability inequalities

Note that our four-point space difference operator L" does not yield an M-matrix, which
makes our stability analysis more difficult (we shall follow, partly, the analysis [10]). The
main result of this Subsection is the hybrid stability inequality given by Lemma 5. But
to prove it, we need a weaker Lo stability stated in

Lemma 4. Suppose p(x) satisfies (1.3),(1.4), and our mesh w x w, satisfies (2.1),(3.1)
and T < 19 := 0.5/(1 + 3P); then for the discrete function y;, satisfying

(5gyf—|—LNyf:ff fori=1,....N—1, j=jo+1,..., K, (3.9a)
yg:yf\,:O for 7 =7o,..., K, (3.9b)
we have

J
> TlfIR) for G= o K.

l=jo+1

Il < ¢ (lly” | +

This Lemma is proved in Appendix A.
Lemma 5. Let yf satisfy (3.9) with jo = 0, and let fij be splitted arbitrarily as fz-j =
i+ fori=1,...,N—1,j=1,...,K with f{; also defined (arbitrarily) for i =

1,...,N — 1, then, under the conditions of Lemma 4, we have

.....

(3.10)



Remark 4. Though floZ 1s defined arbitrarily, since there is 5gf11ﬂ- on the right-hand side
of (3.10), we need fRZ- close to fiz- to get a sharp estimate. Note that we prove this Lemma

to estimate the error z) satisfying (3.2), where f! := 1! implies, by Lemma 3, the natural

definition of flol = \I/(fz

Proof. Tt follows from (3.9) with f/ = ffz + fgz that 4/ admits the representation
i = vl

where v/ and w? are the solutions of the following discrete problems:

LVl =fl, fori=1,...,N—-1, vj=vk=0 for j=0,... K, (3.11)

LNw] = f3, — 6] —opw] for i=1,... . N—1, j=1,... K, (3.12)

w) =y —v) for i=0,...,N, w)=wy=0 for j=0,..., K. '
Then, applying Lemma 1 to (3.12) and recalling (2.3), we have

15 lloe < 197 [loc + C (1057 [loo + W7l + 1 f3lloc)  for j=1,..., K, (3.13)

where Wij = 55@0?, defined for ¢ =0,...,N, j =1,..., K, is the solution of the problem

SGW! + LNWY = 6¢fs, — 0fv] for i=1,....N—1, j=2,... K, (3.14a)
Wi+ 7 LYW = (f) = L)) + fo, — 0} for i=1,...,N —1, (3.14b)
W =W} =0 for j=1,..., K. (3.14c)

Note that (3.14b), which serves as an initial condition here, is derived from (3.12) for
j=1.

We claim that
IWH < R = LY + foi = 0rvi | < CULA = V1P + 16z | + (1 £211)- (3.15)
This claim is proved in Appendix B.
Further, it follows from (3.11), by Lemma 1, that
17 loe < Cll Al for j >0, |07 < Cllozf]|l. for j > 1, [|877[| < Cll 6. for j > 2.

Now, applying Lemma 4 to problem (3.14a),(3.14c) for W7 with jo = 1 and recalling
(3.13),(3.15), we derive

I lloe < € (149 = LY + masx (A1 + 16091+ 1821 + 1 e + 06 e} )-

Since for any discrete function Y7 and any norm ||-|| we have ||Y7|| < ||Y7|| +max ||67Y7 |
J>Jo

for j > jo, we get (3.10). n
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3.3 Convergence

Theorem 2. Let u(w,t) be the solution of (1.2) with sufficiently smooth p(x), f(z,t)
and p(x), and u)”’ be the solution of (1.17) with the initial condition N defined by the
solution of

LN = (Ly) (x;) for i=1,....N—=1, ¢ =¢(0), oN=ep(1), (3.16)

on the mesh w X w,, where the space meshnodes x; = x(&;) are defined by a) (1.5),(1.6)
and (1.7) or (1.10); b) (1.11). Then, provided that the mesh parameter A > 2/, we have
a) max [[u; 7 —u(zs,t;)], < C(N7? +7);

J

; NI
b) max||ud — (e, t;)]. < C(N I N + 7). (3.17)
J

Remark 5. Our initial condition oY defined by (3.16) is artificial and caused by our
analysis. On the other hand, since the analysis of Section 1 applied to problem (3.16)
implies | — ;| < CN72, our initial condition is only slightly different from the natural
initial condition ¢V = ;.

Remark 6. Theorem 2 also holds for the space meshes defined as in Theorem 1 and
satisfying (3.1), i.e. for meshes that can, in general, be essentially nonuniform.

Proof. Applying Lemma 5 to problem (3.2) and recalling Lemma 3, we get

17e < € (I8 = ¥(62 = @)l + 181 + 16003 . + 23] +
max {197 + 6:93)1 } ).

j: 7777
The first right-hand term, by (3.16) and (1.1) at ¢ = 0, vanishes:

ou
Y, — LN (o) — ;) = [_LN(Pi‘i‘fi(O)_E(xivO)} —[LYeN —LNp;] = (L), — LV} = 0.

Further, using the Mean Value Theorem, we obtain

82

; 0
17llee < Cmax{ [ T2l + 15, V1O + 11 55

‘Ifl(t)H*Jr!I‘Ifz(t)llooJrH%‘PQ(t)Hoo}- (3.18)

To estimate this, we shall use the following decomposition of u(x,t) [17, p. 221]

k+1

Okx 0t

8k+l

u(e,t) = Uz, t) + V (1), ke It

U‘ <C, ‘ V‘ < Ce"exp (—yx/e), (3.19)

for k,1 =0,1,2,3, with any positive constant v satisfying v < /3. Then, by (3.4), Taylor
series expansions yield

max {H\Ilg(t)Hoo + H%%(t)uoo} <cr. (3.20)

te(r,1]

11



The terms with Wy ;(¢) in (3.18) are estimated, by (3.5), (2.3) as

120l < € [l gm0l + IOl + | sl 1Bl | 20

te[o 1]

for I = 0,1,2. Now we shall split T,(t) as W;(t) = WV(t) + WY (t), where the right-
hand terms are defined as ¥;(t) in (3.6) and admit the representations as (3.7),(3.8) with
Uz, t), 7Y (t), @Y (t) and V(z,t), 5/ (t), @} (t) instead of u(x,t), 7;(t), fu;(t) respectively.
By (2.3), this yields
o -
=, -
I WOl < 21 Ol + 13 7

o o
2mas{ | 2l ()] + [t (]} + meas | 20 (1),

with the number 7 defined by the condition h; < ¢ < hgy;. Further, combining (3.21)
with (3.22), recalling (3.19) and using a slightly modified analysis [2, 9], we derive, by
Taylor series expansions, that

il +
(3.22)

selon) Hatz 1) <C [m;ax (min { A7 /e?, 1} exp (—y@i_1/e)) + N*Q] (3.23)
for [ = 0,1, 2. Finally, combining (3.18),(3.20) and (3.23), we get the bound
max [|u;" — u(wi, t;)]|e < C [max (min {r2/%, 1} exp (—ya;1/e)) + N2+ T} ’
J (]

which, as in the proof of Theorem 1, yields (3.17). n

4 Numerical results

Table 1: Two point boundary value problem, maximum nodal error and com-
putational rate of convergence

N | e=1|e=102%|ec=10"*]|e=10"°%|e=10""° max
16 | 4.96e-3 2.82e-2 3.11e-2 3.12e-2 3.12e-2 | 3.12e-2
2.00 1.86 1.88 1.88 1.88 1.88
32 | 1.24e-3 7.78e-3 8.42e-3 8.44e-3 8.44e-3 | 8.44e-3
2.00 1.94 1.94 1.94 1.94 1.94
64 | 3.09e-4 2.02e-3 2.19e-3 2.20e-3 2.20e-3 | 2.20e-3
2.00 1.99 1.97 1.97 1.97 1.97
128 | 7.71e-5 5.10e-4 5.59e-4 5.60e-4 5.60e-4 | 5.60e-4
2.00 2.01 1.99 1.99 1.99 1.99
256 | 1.92e-5 1.26e-4 1.41e-4 1.41e-4 1.41e-4 | 1.41e-4
2.00 2.04 1.99 1.99 1.99 1.99
512 | 4.80e-6 3.07e-5 3.54e-5 3.95e-5 3.95e-5 | 3.55e-5

We consider test problems (1.1) and (1.2) with p(x) = (z + 1)® and the other data
such that their solutions are

w(z) = —— exp ( 1 /0 “b(s) ds) + exp(—z/2)

p(x) £

12



(this example is from [4]) and

(1) = ﬁexp < - é/oxp(s) ds) §in 2 + exp(—z/2) sint,

respectively.

The problems were solved numerically on the Bakhvalov space mesh (1.5),(1.6),(1.10)
with C' = 2.3, b= 0.5, & = b/\.

In table 1 for test problem (1.1), solved using difference scheme (1.12),(1.13), we give
the error in the discrete L., norm in the odd lines and the numerical rate of convergence,
computed by the formula log, (||[u?y — u(z;)|| / ||ul¥ —u(z;)||), in the even lines. The
numerical tests confirm e-uniform second-order convergence claimed by Theorem 1. Note
that similar results for a steady problem on the Shishkin mesh are given in [§].

Table 2: Parabolic problem, maximum nodal error
1| N e=1e=102]e=10*|e=10°%|ec=10""°
16 16 | 9.28¢e-4 1.40e-2 1.54e-2 1.54e-2 1.54e-2
32 | 4.48e-3 1.04e-2 1.41e-2 1.43e-2 1.43e-2
64 | 5.39e-3 1.30e-2 1.58e-2 1.59e-2 1.59¢e-2
128 | 5.61e-3 1.42e-2 1.62e-2 1.63e-2 1.63e-2
256 | 5.67e-3 1.45e-2 1.63e-2 1.64e-2 1.64e-2
512 | 5.68e-3 1.46e-2 1.64e-2 1.64e-2 1.64e-2
1024 | 16 | 4.79¢-3 2.40e-2 2.54e-2 2.55e-2 2.55e-2
32 | 1.14e-3 6.60e-3 6.88¢-3 6.89¢-3 6.89¢-3
64 | 2.21e-4 1.59e-3 1.65e-3 1.66e-3 1.66e-3
128 | 1.55e-5 2.77e-4 2.95¢-4 2.96¢e-4 2.96e-4
256 | 7.13e-5 1.75e-4 2.41e-4 2.43e-4 2.43e-4
512 | 8.52e-5 2.10e-4 2.55e-4 2.57e-4 2.57e-4

Table 2 shows the maximum nodal error max; ||u) ” —u(z;, t;)|| s for test problem (1.2)
solved by (1.17). The numerical results correspond with the e-uniform error estimate
given by Theorem 2.
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A Appendix: Proof of Lemma 4

Without loss of generality we shall only prove the Lemma for j, = 0. Multiplying (3.9a)
by o’ as in (2.2), by simple calculations, we get

17117 = (v, ) +7 [— (LYY, 07) + (F7,07)] = (v /) +7 [S7+ L5P1Y |12 + (7, )]
with

N
S = — (LNyj,yj) — 15P||y’|* = —Zhi (ANZ/Z) (D—l/zj) — 15P||y’|%.
i=1

Here we used LY = —DAY. Further, by the Schwarz inequality for the terms (yj, yjfl)
and (7,49), we have 492 < (1 7)7 [/~ | + 7 (289 + | 2]1)] with 7 = (14 3P)7,
and consequently

;
I/l < (= 2)7 [yl + 7 OISR+ 28] for j=1... K, (A1)
=1
where
S=(1-7)718 4 (1 —7)y287 4 485N (A.2)
Note that 7 < 75 = 0.5/(1 + 3P), i.e. 7 <0.5, implies
1<1-77<Q-7YV<1-7"Y"<1/C with C=1/4. (A.3)

Now, by (1.14), we get

=1

N N

S ==y D7yl =05 hipiapa(yl +yl) (D7yl) +
=1
N—-1

0.5 " hipicie (D yly — D7yl) (D7yl) — LEP|y|I”.

i=1
The second term on the right, by (1.4), is estimated as

N N-1

> hipica (g + 4] (D7ul)| = 1D icrye — pisae) ()] < Pl 1>

i=1 i=1
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Now, noting that (a — b)b = [(a® — b*) — (a — b)?] /2, with a = D*yf-;rl and b= D™y, we
get
LN
S < —shN|D_yfV|2 Zh Di—1/2 (|D y1+1| —|D~ Z/z| )
N K (A4)
< Z B2piaye | D7yl — Dy = Plly |

Setting v; = D’ylﬂj, we observe, by (3.1), that

N

Z h?pi—l/z(vz-2+1—vz'2) < h?Vprl/ZU]QV_I'Z h?—l(pi—S/Q—pi—l/z)U? < h%vafl/zv?V+4P||yj||2.
; i=2

Further, combining this with (A.4), omitting some of the nonpositive terms and recalling
(2.1), we derive

PN-1/2
4

PN-1/2

§ < —eH|D yy P + .

— - H*|D~ N|2 H4‘DD yN 1} (A.5)

If £ > py_1/2H/4, then S7 < 0, which implies S < 0. Combining this with (A.1) and
(A.3), we complete the proof.

Otherwise, if ¢ < py_1/2H /4, omitting the first term on the right in (A.5) and com-
bining (A.5) with (A.2),(A.3), we obtain that
PN-1/2 d = 2
§ < PN (v = CHY DD Y [*). (A.6)
=1

Here we also used that y, = 0 implies D~y% = —v&_,/H. It follows from (3.9a) for
t =N —1 that

Vhoos| < (L4 7/ H) ™ (1 |+ 71 DDy | + 715 )

with the notation p := 1.5pn_3/2 — 0.5py_1/2. Set 6 :=7p/H, ¢q:=(1+0)"*. Then, by
(a+b+c) < (140)a*+ (1+1/0)(b+c)* < (1+6) [@®+ (2/6)(b* + F)],

we have
Wl S alyh AP+ a@/0) R with B = 2DD gl B+ P (AT)

Further, using that ¢ + ¢> + ... + ¢ < q/(1 —q) = 1/5 = H/(73), we derive that
J q q 9 J ‘
Sl < TP 3 SR = P2 ZRJ
=1 I—q 1-q¢ 03
Combining this with (A.6) and (A.7), we get

Hpn_1/2 pN_12 (2H?E* d - 2 :
S§T25/|9?V—1|2+ 4/ P? —CH") Y |DD 7y | +CH? Y | fy
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Now we recall that C' = 1/4 and, by (1.4), (pn—1/2/p) < 4/3, which implies that
e < (pH/4)(pn-1/2/P) < pH/3. Then the second right-hand term is negative and conse-
quently

2 012 ! 112
28 < SO+ CrH S 7R

=1

Combining this with (A.1) and (A.3), we complete the proof.

B Appendix: Proof of (3.15)

Setting F; := (f{; — LNy?) + f2; — 67v}, we prove that, under the conditions of Lemma 5,
(3.14¢),(3.14b) imply ||[W]|* < C||F||?. Multiplying (3.14b) by W', we have

W = (F, WY — 7 (LYW W)

The similar argument, as used in the proof of Lemma 4 (Appendix A) to derive (A.5),
gives

Si=— (LYWt wh) <

—cH|D WL + pN41/2

HQ‘D WN‘Q pN41/2

H*|DD~Wh_\|* + L5P|W!|2.

If ¢ > pn_1j2H/4, then S < 0, and (3.15) is obvious. Otherwise, if ¢ < py_1/2H/4,
ie., by (1.4), e < pH/2 with p := 1.5pN_3/2 — 0.5pN_1/2, omitting the first term on the
right and taking into consideration that Wy = 0 implies D~W\ = —W},_,/H, and that
(3.14b) for i = N — 1 yields Wy_y = [H/(H + 7p)| [eTDD~ W} _, + Fy_1], we get

PN-1/2

rS<7 (|W}V_1|2 — HY\DD Wi, ) + 7C W' <

pN—1/2 (26 H2 H4> Dwal 2 pN—1/2 2H2 F 2 C Wl 2
G DD Wi+ T B W <

C(H|Fy|* + r[WH*) < CIFI* + 7[[WH?),

which again yields (3.15).
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