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High levels of strength- and stiffness-to-mass ratio can be achieved in slender structures by lengthwise tailoring of
their cross-sectional areas. During use, a non-prismatic beam element can be subject to surface forces or loads
acting on only a part of their cross-section. Practical examples involve tapered aircraft wings, wind turbine and
helicopter rotor blades under fluid pressure and shear forces; arched beams in bridges subject to vehicular
traction forces and tensile stresses in tendons of prestressed concrete. Presently, beam theories generalise the
external loads to the entire cross-sectional area. However, this technique does not accurately describe surface-
load boundary conditions and beams under partial cross-sectional loads. Hence, an efficient analytical plane-
stress recovery methodology is introduced in the present study that generalises the external load to a specific
sub-area of the cross-section of homogeneous non-prismatic beams with one plane of symmetry. As a result, the
transverse stress components become piecewise distributions, i.e. non-smooth but continuous in the thickness
direction. Additional novelties include the boundary equilibrium recovered considering applied surface loads
and terms up to second-order derivatives of the internal forces to define the transverse stress field. Closed-form
solutions for the specific case of non-prismatic beams with a rectangular cross-section loaded both on top and
bottom surfaces are presented. For validation purposes, different numerical examples are modelled with results
compared to solid-like finite element analyses as well with relevant analytical theories. The results show that the
developed formulation predicts the stress field in non-prismatic beams under surface forces and non-uniform
loads applied to a part of the cross-sectional area with goods levels of accuracy. The error associated with the
proposed method escalates with the taper angle, such that a 10° taper angle could result in a 6% error at the
surfaces and reduced values for interior zones, while the analytical state-of-the-art models were not able to
predict the transverse stresses correctly.

subject to pressure loads. Consequently, for such loading conditions,
engineers tend to discretise the structure with two-dimensional finite

1. Introduction

Non-prismatic beam structures, also referred to tapered and variable
cross-section beams, are employed in several engineering applications
due to their excellent structural efficiency. Practical examples include
aircraft wings, helicopter and wind turbine blades, bridge girders, and
double-pitched roof supports [1-5]. To perform stress analysis in such
slender structures using beam theories, practitioners tend to assume that
the external load is uniformly distributed through the entire beam cross-
section [4-25]. This hypothesis, however, is unrealistic for beams with
surface and body forces acting over only partial cross-sectional areas,
which represents practical problems in applications, such as beams

* Corresponding author.

elements to obtain greater accuracy than one-dimensional beam the-
ories, thereby increasing computational effort. Hence, an efficient and
simple analytical stress-recovery procedure is necessary for non-
prismatic beam shapes with the external load acting on only part of
their cross-section.

It has been noted in the literature that stresses in non-prismatic
beams differ substantially from those of prismatic geometry. Boley
[26] investigated the classical assumption of the linear longitudinal
stress distribution in non-prismatic beams via Airy’s stress potential, to
conclude that this simplification (known as Navier’s hypothesis) results
in an error that escalates with the taper angle. According to Boley [26],
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Nomenclature

Alphanumeric characters

a(x),b(x) z-coordinate of the upper and lower beam surfaces,
respectively (m)

cz(x) z-direction distance between the reference system and
centroidal position (m)

h(x) Beam height (m)

ho,hm,hs Height of the beam at one end, midspan, and the other end,
respectively (m)

m(x) In-plane bending load with respect to the beam centroid
(Nm/m)

w Beam width (m)

A(x) Cross-sectional area (m?)

A(x),A"(x) Lower and upper sub-domains of the cross-sectional area
(m?)

Fi(x,y,z) Body force in the i-direction (N/m®)

F?,F(x,y) Surface forces in the i-direction acting on the bottom and
top surfaces, respectively, for rectangular cross-section
beams (N/m?)

Fi,F; (x,y,2) Body force in the i-direction acting on S;(x) and S; (x),
respectively (N/m®)

I (x) Second moment of cross-sectional area A(x) with respect to
the centroid (m*)

L Beam length (m)

M(x) Internal bending moment (Nm)

N(x) Internal normal force (N)

Oxyz Cartesian coordinate system (-)

Si(x) Cross-sectional area subgroup in which the external load is

applied to (m?)

Q(x) First moment of area A(x) with respect to the centroid (m®)
Si(x),S; (x) Lower and upper sub-domains of area S;(x) (m?)
T;(x) Resultant of the body force F; for a given cross-section

(N/m)

T?(x),T%(x) Resultants of the surface loads F? and F¢ for a given
cross-section, respectively (N/m)

Ti(x),T; (x) Resultants of the external loads F; and F;, respectively,
for a given cross-section (N/m)

V(x) Internal shear force (N)

Greek characters

Yijk Geometric coefficients necessary to describe the stress
tensor (See Appendix)

5%(x),8°(x) Upper and lower z-coordinate limits of the external load
on a rectangular cross-section (m)

€ Discrepancy between results of different formulations (%)
¢ Isoparametric coordinate in the z-direction (-)

v Poisson’s ratio (-)

i Stress tensor (Pa)

Gy Normalised stress tensor (-)

¢(x) Ratio between first moment of area A(x) and the second

moment of cross-sectional area (m!)

y(x) Rate of change of A/A discounted by the rate of change of

5¢/8x ()

E Young’s modulus (Pa)

o(x) Coefficient necessary to define the transverse direct stress
(m2)

I; Vector containing terms of the equilibrium of internal
forces (N (j <2) -N/m (j = 3,4,5,7,9) - N/m? (j = 6,8))

A Vertical distance of the lower surface of the arched beam
example at the midsection (m)

®(x) Ratio between the second moment of areas A(x) and A(x)
Q)

¥(x) Integration of coefficient y(x) through the area A(x) (m)

Qp Beam domain (-)

Navier’s hypothesis applied to a 10° taper angle cross-section could
result in 7.5% error in the stress field prediction, hence providing a
reasonable approximation for beams with small to moderate taper an-
gles. Further studies show the shear stress is coupled with all internal
forces and cross-sectional variation coefficients
[4-7,11,21-23,27-29,30-32]. Regarding the transverse direct stress,
related research [5,30] note that this stress component could be pro-
nounced in specific beam applications, especially for those with more
significant spanwise cross-sectional variations. Furthermore, Vilar et al.
[30] deduced that the transverse direct stress in non-prismatic beams
depends on the internal forces and their derivatives.

Relevant analytical formulations that investigated stresses in non-
prismatic beams include the work of Bleich [28], who presented a
generalisation of the classical Jourawski’s solution [33] to account for
symmetrically tapered beams. Subsequently, Timoshenko and Gere [34]
and Krahula [35] used theory of elasticity to predict the shear stress in
an infinite wedge with an applied force at its vertex. Later, Hodges et al.
[36,37] derived a variational asymptotic method to model linearly
tapered beams subject to axial and shear forces and in-plane bending.
Concurrently, Gimena et al. [20] developed a 3D analytical formulation
for curved beam elements. Beltempo et al. [38] proposed an energy
based approach combined with the Hellinger-Reissner principle for
general shape non-prismatic beams, and Mercuri et al. [23] obtained the
transverse direct stress also via the Hellinger—Reissner principle. Bal-
duzzi et al. [5] reconstructed the shear stress for Timoshenko non-
prismatic beams by superposing through-the-depth defined functions
that satisfy traction-free boundary conditions with the classical

Jourawski’s formulation. Later, this methodology was extended and
applied to laminated media [8]. Zhou et al. [24,32] recovered the shear
stress for asymmetric linearly tapered beams with box-girder and rect-
angular cross-sections. Ai and Weaver [25] combined the Ritz method
and the potential energy principle to model linearly tapered sandwich
beams with variable elastic properties based on a layer-wise displace-
ment field. Taglialegne [4] and Bertolini et al. [21] developed an
analytical solution for stresses to symmetric, linearly tapered thin-
walled beams, and the same formulation was extended to include
taper in the width direction [22]. More recently, Vilar et al. [30]
deduced the 2D stress field in non-prismatic beams subject to general
loading conditions, and Chockalingam et al. [39] derived closed form
expressions for the shear stress distribution of I-beams tapered in the
height and width directions on both web and flanges.

In many applications, structural elements are designed to carry loads
directly applied to the outer surfaces. As an example, lift and drag forces
act on the surface of aircraft wings, wind turbine airfoils and helicopter
rotor blades. Arched beams can be designed as structural elements of
bridges, whose upper surface is under tangential traction forces due to
vehicle acceleration. At the nanoscale, surface stress can be induced in
nanobeams due to bonding interactions between fibres and bulk media
[40-45]. Conversely, only a few works focus on stress analysis of non-
prismatic beams under surface loads. For instance, Li and Peng [45]
proposed a Taylor series expansion to solve cantilever beams with var-
iable width basing on Zhang et al.’s [42] methodology, where traction
forces are modelled as a couple of uniform bending load and axial force.
Subsequently, Ansari and Cho [46] investigated the stress behaviour in
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wedges with a flat surface. More recently, Peng et al. [47] used a Taylor
series considering Euler-Bernoulli beam equilibrium equations to solve
functionally graded micro-cantilever variable width beams loaded on
the top surface. Another deficiency in the literature is the modelling of
beam elements loaded on a sub-section of the beam cross-section, which
occurs in slender prestressed concrete structures, for instance.

In all aforementioned references, the external load is uniformly
generalised through the entire cross-sectional area, resulting in the point
of application of the resultant of the applied load coinciding with the
geometric centroid. Although this technique is pervasively used for
beam theories, it does not best describe certain load cases, such as body
forces acting on only a part of the cross-sectional area and surface forces
distributed through beam surfaces, regardless of the beam geometry. For
the specific case of beams subject to partial cross-sectional loads, there is
no analytical beam theory available in the literature to predict trans-
verse stress distributions, prismatic beams included. Up-to-date studies
concerning non-prismatic beams subject to surface forces are limited to
specific taper shape or taper only in the width direction [42,45-48].
These shortcomings encourage engineers to model such problems using
solid-like finite element analysis to obtain desired levels of accuracy. To
remedy this drawback, we consider the external load to be generalised
through an arbitrary portion of the cross-section. Consequently, an
efficient and accurate stress-recovery procedure is derived for non-
prismatic beams loaded on a sub-area of the cross-section. As a nov-
elty, the adopted methodology includes the transverse stress compo-
nents being non-smooth but continuous functions through the beam
height, which is referred in this document as piecewise distribution.
Another novelty is the recovery of the appropriate non-traction free
equilibrium over the beam surfaces.

We introduce an analytical 2D stress analysis, with the transverse
direct stress component included, for untwisted, generally asymmetric,
non-prismatic beams. Furthermore, the current formulation requires
that internal forces, external load and geometric properties are known
and be smooth variables with respect to the cross-section in analysis, not
necessarily over the entire beam domain. The material is considered to
be homogeneous, linear-elastic undergoing small strains under a state of
plane stress. Furthermore, a plane of symmetry formed by the longitu-
dinal and transverse axes is imposed to avoid warping effects. The lon-
gitudinal stress follows Navier’s linear distribution through-the-beam-
depth, and transverse stresses are deduced according to Jourawski’s
methodology. It is assumed that the beam is subject to body forces
uniformly distributed through a specific portion of the cross-section, and
can vary spanwise. Hence, the point of application of the resultant of the
external load at a given cross-section may not coincide with the cen-
troidal position, resulting in an offset which gives rise to a distributed
bending load included in the equilibrium equations. Additionally, the
zone in which the external load is applied is considered for the recovery

F, V+dv
T\M+dM
c;dlx ‘ /N+dN
N
z
dx l—
x

(a)
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of the transverse stresses, leading to a piecewise distribution of the stress
field through the cross-section. The adopted methodology benefits from
a simple 1D beam formulation and accurately predicts the stress field of
reasonably complex loading conditions. To give insight into particular
applications, closed-form solutions are presented for asymmetric in-
plane non-prismatic beams with rectangular cross-section tapered in
the thickness direction subject to surface forces.

The outline of this paper follows: The equilibrium equations and
problem idealisation are defined in Section 2. The stress-recovery pro-
cedure is introduced and discussed in Section 3. Section 4 derives closed-
formed solutions for the analytical stress field for rectangular cross-
section tapered beams subject to surface forces at both top and bottom
surfaces. Four different sets of numerical examples are solved in Section
5 to validate the developed model. Finally, Section 6 provides
concluding remarks to the investigation and outlines potential future
developments.

2. Equilibrium equations

Consider an infinitesimal length of a non-prismatic beam transversely
symmetric in equilibrium as shown in Fig. 1(a), with smooth and
continuous lateral surfaces and cross-sectional area A(x) (in the yz-
plane). The beam is subject to body forces F;(x,y, z) (i = x,z, force/vol-
ume). For a given cross-section, the external load is applied to the area
Si(x), which is a sub-domain of A(x) depicted in Fig. 1(b). It is assumed
that F;(x,y, z) are constant in the yz-plane and non-uniform through the
x-direction. To avoid stress concentrations due to localised deformation,
the lateral surface to which the load is applied should be sufficiently
large, or the cross-section in analysis sufficiently distant from the applied
load, following Saint-Venant’s Principle considerations.

Because A(x) lies in the yz-plane, the cross-section is non-orthogonal
to the centreline c,(x), which is given by

L
///\<x)dA

Instead, orthogonality is preserved with respect to the global coordinate
system, the same convention adopted in related works
[5,6,8,20,23,29,49]. To conserve the generality of the current method-
ology, cross-sectional shape is deliberately left undefined for the
moment, but restricted to being symmetric with respect to the xz-plane
to avoid torsional and out-of-plane bending moments. During deduction
of closed-form solutions in Section 4, specific definitions of cross-
sectional properties are presented for the particular case of rectan-
gular cross-sections.

(2.1)

Symmetry axis

(b)

Fig. 1. (a) Internal and body forces acting on an infinitesimal non-prismatic beam element. (b) Transversely symmetric cross-section.
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In conventional beam theories, the external load is uniformly
generalised throughout the entire cross-section. Although this technique
is an exact representation of body forces uniformly distributed to the
entire cross-section, it is an unrealistic idealisation of beams subject to
loads concentrated to a specific part of the cross-section, as occurs in
beams under surface forces. Also, for prestressed concrete structures
employed in building constructions, the steel tendons carry axial forces
that could be regarded as body forces acting on a sub-area of the cross-
section. As such, the method developed herein becomes increasingly
important, noting that concrete design codes [50,51] permit stiffening
effects of the reinforcements to be ignored, assuming that the ratio of the
area of longitudinal reinforcements to the gross concrete cross-sectional
area follows the design codes recommendation.

The xz-plane is under a state of plane stress, with warping effects
neglected. The material is homogeneous, linear elastic, and the cross-
section remains plane after small-strain deformations, but not neces-
sarily without first order shear deformation. To be consistent with the
plane stress hypothesis, we assume that the cross-sectional dimension in
the z-direction is significantly greater than that of that in the y-direction,
noting that the optimised aspect ratio of cross-sectional dimensions
depends on its shape [52]. This condition is necessary to minimise po-
tential out-of-plane shear stress 7,, [53,54]. Furthermore, the current
formulation is effective for cross-sections where the geometrical prop-
erties, external load and internal forces are continuous and smooth
variables. This limitation does not invalidate the proposed theory for
non-smooth beams as long as these variables and their derivatives are
defined in the analysed cross-section. Section 5.1 details a numerical
example where this matter is further discussed.

The normal and shear internal forces, N(x) and V(x) respectively,
and the bending moment M(x), are known variables varying linearly
along the infinitesimal beam element

= / / 0xdA
A(x)

:// szdA
A(x)

:// on(c, — z)dA 2.2)
A()

The Timoshenko equilibrium equations adapted to non-prismatic
beams, i.e. considering the centroidal coordinate varying in space, are
given by [5,6,30]

dN

Pl T.(x) (2.3a)
dv

5= = —T.(x) (2.3b)
dm de;

e +V(x)— N(x)a = —m(x) (2.30)

where T;(x) is the resultant of F;(x,y, z) acting on a given cross-section,

and m(x) the resultant bending load, given by
// (49,2)dS5 0= (x,2) (2.42)
Six
m(x —// c. F.(x,y,2)dS, (2.4b)
Se(x)

Egs. (2.3a) and (2.3b) represent the classical equilibrium of resultant in-
plane forces of beam theories in the longitudinal and transverse di-
rections. Two non-classical terms arise in the equilibrium of bending
moment described in Eq. (2.3c) due to:
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1. the non-orthogonality between cross-sectional area and centre-line,
which generates the bending moment N(x)c,(x) as a result of beam
eccentricity, an effect already discussed [5,6,8,29,30];

2. the point of application of Tx(x) not coinciding with the centroidal
position, giving rise to the bending load m(x).

Although the equilibrium equations presented have been derived
previously [5,8,30], the definitions of the adopted distributed loads
Ti(x) and m(x) are different. Conventional beam theories assume that
the external load is uniformly distributed across the entire cross-section.
Instead, we consider the external load to be generalised through only a
portion of cross-sectional area (S;(x)). It is noteworthy that, for cases
where F; is applied to the entire cross-sectional area (i.e. Si(x) = A(x)),
the introduced methodology coincides with that of conventional beam
theory [12-15,21,22,5,6,29,7,8,11,19,20,4,36,37]. Torsion and out-of-
plane bending moments are disregarded.

It is essential to account for the offset between the point of appli-
cation of Tx(x) and the centroidal position to represent beams subject to
eccentric longitudinal loads, which is considered by m(x) in the current
formulation. Examples in engineering applications of such cases include
bridges under friction on the top surface due to vehicle acceleration,
fluid-structure interaction of immersed beam-like structures and the
longitudinal component of the axial force acting on prestressed concrete
beam tendons.

It is assumed that the longitudinal stress varies linearly through the
beam depth, according to Navier’s hypothesis

N(x) | M(x)(c:(x) —2)

0u(x,2) = Tx) + 1;(4)() (2.5)

where I, (x) is the second moment of cross-sectional area with respect to
the centroid

wo=[ [ e = 2aa 26)

Application of Navier’s hypothesis leads to an error in the longitudinal
stress field in non-prismatic beams, which is proportional to the
magnitude of the taper angle [26]. Higher-order cross-sectional varia-
tions may result in excessive shear distortion, an effect not captured by
the current methodology. However, Eq. (2.5) offers a reasonable
approximation of the longitudinal stress component in beams with small
cross-sectional variations, noting a 7.5% error is associated with taper
angles of 10° [26]. It is relevant to mention that, in practical applica-
tions, taper angles in beam-like structures are usually small as is
imposed by the slenderness requirement of beam theory. For instance,
the 10 MW wind turbine blade modelled by Taglialegne [4], which at
first sight appears to have a rapidly varying cross-section near the root,
has a maximum taper angle of 5.96°, thus lies within the limits of
application of the current methodology.

3. Stress distribution

In this section, new expressions for shear and transverse direct stress
profiles are derived for generally asymmetric non-prismatic beams
loaded on a part of the cross-sectional area. The methodology follows
Vilar et al. [30], but proceeds with the definitions introduced in the
previous section.

3.1. Shear stress

Consider equilibrium of forces in the longitudinal direction of an
infinitesimal non-prismatic beam of length dx, with ends x and x +dx
depicted in Fig. 2. The beam element is sectioned by an arbitrary plane z,
parallel to the xy-plane, forming the chord w = (y, —y1) in the y-direc-
tion. It is assumed that the taper angle varies only in the z-direction.
Additionally, the z-plane separates the cross-section into two sub-
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Fig. 2. Stresses in the longitudinal direction acting on an infinitesimal length of non-prismatic beam sectioned by an arbitrary plane 2: (a) Side perspective (b)

Transversely symmetric cross-section.

domains: the lower, of area A(x), and the upper, of area A" (x). Similarly,
the area S;(x), the external load Fi(x,y,z) and its resultant T;(x) are
subdivided using the same notation. The distances in the z-direction
between the reference system and the upper and lower limits of S;(x) are
defined as ¢ (x) and 5? (x), respectively.

It is assumed that the longitudinal stress varies linearly along an
infinitesimal beam element. The shear stress profile is obtained by
enforcing equilibrium of resultants in the longitudinal direction

(xkdy) - ey2 9 etdy)
/ / Ty (x, 2)dydx + — (// O, z)dA) + / T,(x)dx=0
x B 0x Ax) x

where T;(x) is the resultant of F;(x,y, ) at a given cross-section
Ti(x) = / / Fi(x,y,2)ds; (3.2)
Si(x)

Note that the integration domains of Egs. (2.4a) and (3.2) are related by
Si(x) = Si(x) + S; (x). Eq. (3.1) can be interpreted as the Cauchy stress
equilibrium integrated through the cross-sectional area A(x), with
consideration that the external load is applied to S, (x).

Eq. (3.1) is also valid for a general state of stress with arbitrary taper
shape. However, the plane stress assumption is adopted to neglect
variation of stresses in the y-direction, enabling direct integration of the
shear stress profile. This assumption is not accurate for beams tapered in
the y-direction. Nevertheless, the plane stress hypothesis is a reasonable
assumption for many applications in engineering structures.

Substituting Egs. (2.3) and (2.5) into Eq. (3.1), as well as neglecting
higher-order infinitesimal terms arising from a linear variation of the
longitudinal stress within the incremental area, yields

1(. [d (A de dgp dN

with

_2. 5 e =A%
1= 0= [ [ cmoum v= |35 (3.0

dropping the subscript for axial variation for reasons of clarity.

This novel expression for shear stress is capable of modelling non-
prismatic beams loaded on a part of the cross-section, such as traction
forces, noting limitations discussed in Section 2 (i.e. smooth and
continuous geometry with small-moderate taper angle). Additionally,
the non-triviality of the shear stress is notable, as 7,, depends on all
internal forces and cross-sectional variation.

Conversely to similar beam theories [5,8,23,30], the shear stress
given by Eq. (3.3) includes N (x)y(x). This new term represents the
shear stress produced by the spanwise variation of N(x) discounted by
the resultant of Fy(x,y,z). In conventional beam theories, however, the
contribution of N'(x) to the shear stress is zero because both the internal
forces and external load are uniformly distributed over the entire cross-
section, leading to the term involving N’ (x) being cancelled by T (x) via
Eq. (2.3a), as explained previously [4,21]. In the current work, this
cancellation only occurs if the area in which the external load is applied
corresponds to the entire cross-sectional area (A(x) = Sx(x)—>w(x) = 0).

It is relevant to highlight that the z-plane intersects A(x), but not
necessarily S.(x). More specifically, three different scenarios can
happen:

1. The z-plane could be located below Sy (x) (Z < &2(x)) leading to S,/
Sx = 0, which means that Ty(x) does not contribute to the equilib-
rium of forces given by Eq. (3.1);

2. an intersection between the z-plane and S, (x) occurs if z lies between
82(x) and 8%(x), leading to S, varying linearly along the z-direction.
This circumstance implies that part of the external load is being
equilibrated in the longitudinal direction;

3. Z could be situated above S(x) (Z > §%(x)), which causes Sy = Sy,
meaning that the contribution of the external load to the equilibrium
expressed in Eq. (3.1) is totally accounted for.

The three possibilities discussed suggest that y/(x) assumes a piece-
wise distribution along the z-direction, comprising three distinct sub-
domains:

w(x) = (E - E) &(x) €7 < 8(x) (3.5)

remarkably, y(x) corresponds to the net value between the ratios A/A
and S, /Sx. Also, y(x) is continuous but non-smooth in the z-direction,
hence a sharp change in y(x) linear coefficient at z = &%(x) and z =
5%(x), is expected.

It is noteworthy that variable ¢(x), the ratio between first and second
moments of area, is independent of cross-sectional variation, and, its
product with shear force V(x) is equivalent to the well known Jour-
awski’s solution for prismatic beams. This observation also holds for
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beam models based on the conventional generalisation of external load
[30].

An important feature of Eq. (3.3) is the ability to recover natural
boundary equilibrium in the longitudinal direction considering the
applied load. As previously reported [7-8,23,30,37,38], the taper angle
induces non-negligible shear stress at the boundary. Hence, 7,, balances
the product between oy, and the gradient of the lower surface in
traction-free beam models. Conversely, when a traction force is applied
to the beam surface, consideration of boundary equilibrium in the lon-
gitudinal direction requires o, and 7, to balance the traction force.

To confirm the capability of Eq. (3.3) in recovering non-traction-free
boundary equilibrium, the z-plane is set to intersect the beam surface at
an infinitesimal distance from the bottom of a generic cross-section,
resulting in a wedge, infinitesimal in its height and longitudinal di-
rections, illustrated in Fig. 3 (width variation is merely illustrative). It is
assumed that the external load is completely within the infinitesimal
wedge (Sx = Sy), leading to the following expressions for the geometric
properties given in Eq. (3.4)

_ V2 Z
dA = / / dzdy;
n (3-dz)

a0, = [ [ (e azty~ (e - 9
i (z—dz)

40,

dg = 5

dy = {% - 1} (3.6)

where higher-order infinitesimal terms have been neglected. The first
derivatives of the geometric properties are defined as

do, _dA  dgp 1do,

~e,—7)—= . P 3.7
el Z)dx7dxlydx 3.7)

Boundary equilibrium is recovered by considering the geometric prop-
erties of the infinitesimal wedge to define the shear stress given in Eq.
(3.3) and disregarding infinitesimal terms

Wi (%,2) = —{N{%T l} +M[(C" —7) Q} +d—N( - 1)}

dx A I, dr] ' dx
N M dA dN
o I EMTECY ORI [ (3.8)
Wi (x,2) + {A + L (c, z)} o= &
W6+ 0u(rD) = ()

noting that Navier’s hypothesis for longitudinal stress arises in the
derivation of boundary equilibrium and Eq. (2.3a) is invoked (T = Ty

X

Fig. 3. Equilibrium in the longitudinal direction of an infinitesimal wedge
located at the lower boundary of a non-prismatic beam.
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since it is assumed that F, is entirely within the infinitesimal wedge).
The same procedure can be applied to the upper boundary by letting the
z-plane intersect the beam at an infinitesimal distance from the upper
surface, resulting in

dA” . (3.9)
Wiy, (%,2) + 0. (x,2) = — T, (x)

dx
The shear stress profile provided by Eq. (3.3) naturally recovers the
boundary equilibrium in the x-direction, with traction forces included. It
is noteworthy that the right-hand side of Egs. (3.8) and (3.9) are zero for
traction-free based models, meaning that both expressions become
equivalent to the boundary equilibrium relations reported in related
research [30,7,5,6,23,8,38] for regions with no traction force.

3.2. Transverse direct stress

A new expression for the transverse direct stress is derived in this
section. The methodology follows that presented in Section 3.1, but the
equilibrium of forces depicted in Fig. 4 is enforced in the z-direction,
assuming a linear variation of the shear stress along dx.

Consideration of equilibrium of forces in the z-direction gives

(x+dx) V2 9 (vtdx)
/ / 0 (x,z)dydx +— (// rxz(x,z)dA> + / T (x)dx =0
x i ox Alx) x

(3.10)

Transverse direct stress is obtained by substituting Eqgs. (2.3) and (3.3)
into (3.10) and neglecting higher-order infinitesimal terms arising from
the linear variation of shear stress within the incremental area dA

o — 1{N[d2m+2 do  d'o
@z Wz dxz

de, d®  d’c,
[ + dxz

dx dx

dN dw+dczq>+d¥’ +dV S. ® qu)+d2N¥,
dr |dx T e ax | v e
(3.11)
with
A
w:// (—)dA;
(3.12)

<I>:// ¢dA;

A(x) _

e
5. \Sx

The limitations of transverse direct stress introduced in Eq. (3.11) fol-
lows the restrictions of 7, i.e. smoothness and continuity of the beam
surface and a small/moderate spanwise variation to preserve Navier’s
hypothesis. Moreover, Eq. (3.11) suggests that ¢,, depends on the in-
ternal forces and their derivatives (up to second-order for the general-
ised normal stress). Key novelties of the proposed transverse direct stress
field include:

1. The generalised normal stress second-order derivative N (x);

2. the additional term ¥'(x) incorporated into the coefficient that
multiplies N'(x) as a result of the longitudinal load generalised to
part of the cross-sectional area;

3. introduction of the ratio S,/S, multiplying V'(x) due to the adopted
generalisation methodology.

The transverse direct stress is a piecewise cubic function of the z-
coordinate, and the piecewise terms are derived from the integration of
w(x) (see Eq. (3.5)), hence resulting in the second-order function ¥(x).
Because o, requires both S, and S, the piecewise nature of this stress
component exists for load cases in both x- and z-directions (see Section 5
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Fig. 4. Stresses in the z-direction acting on an infinitesimal length of non-prismatic beam sectioned by an arbitrary plane z: (a) Side perspective (b) Transversely

symmetric cross-section.

for further discussion). Note that the product V' (x)®(x) is equivalent to
the Cauchy-stress equilibrium of prismatic beams.

Analogous to the shear stress, the novel transverse direct stress re-
covers natural boundary equilibrium in the transverse direction, i.e.
balances the z-component of surface loads. To prove this remark,
consider the resultant of forces acting on the transverse direction of the
infinitesimal wedge located at the lower boundary depicted in Fig. 5.

The geometric properties of the wedge necessary for the boundary
equilibrium in the transverse direction are expressed as follows

(Cz - Z) v

dw = ; dd = 7 (dA)* ; d¥ = —dA (3.13)
y

=] 8
&g
N =

and their non-infinitesimal terms relevant for this deduction are

dszl de.
a2 " Aa\dx)

£o_teod (@)’

a2 T dx

dv dA

—=_= 1

] ] (3.14)

Application of Eq. (3.11) with the defined geometric properties and by
considering the body force F, is uniformly distributed in the infinites-
imal wedge domain (S,(x) = S;(x)), yields

y

X

Fig. 5. Equilibrium in the transverse direction of an infinitesimal wedge
located at the lower boundary of a non-prismatic beam.

et = ) (S
_ {(g)z <>gga}
O ey o] - o)
wou(63) + O ule?) = T

(3.15)

The same procedure can be applied to the upper boundary by posi-
tioning the z-plane at an infinitesimal distance from the upper surface as
follows

da” . (3.16)
—wo..(x,2) +E T.(x,2) = =T,

It has been demonstrated that, the transverse direct stress naturally re-
covers the boundary equilibrium in the z-direction. Note that transverse
boundary equilibrium may be expressed in terms of longitudinal or
shear stress. For regions free of forces, Eq. (3.15) reduces to the traction-
free boundary conditions reported in related research
[5,6,21,22,26,30,38].

4. Closed-form solutions

To give insight into the merits of the derived analytical stress field,
closed-form solutions are derived for non-prismatic beams with a rect-
angular cross-section loaded on both top and bottom surfaces.

Consider the in-plane asymmetric, non-prismatic beam of Fig. 6, with
a rectangular cross-section and upper and lower surfaces defined by the
smooth and continuous functions a(x) and b(x), respectively. To meet
slenderness requirements of beam theory, the beam length L is assumed
to be one order magnitude greater than the width w and height h(x).
Moreover, Timoshenko and Goodier [52] conclude that h(x)/w > 2 is a
reasonable cross-sectional aspect ratio to minimise out-of-plane shear
stress. Conversely, a square cross-section could lead to an error of 10% in
evaluating maximum 7, if the plane stress condition is assumed.

The geometric properties of the beam element are defined as

4.1




M.M.S. Vilar et al.

PRV )
a(x)/ L/
GOF—"~ T

/
/ / / /L / / /Fb(x,y)

zZ

b(x)

(a)

Engineering Structures 252 (2022) 113169

Fa
Zza(x)m\ —
— ca
QS
o he)y st
N 4
z=b(x)®p ® ® ® ® & g ' Z

il

W

(b)

Fig. 6. (a) Side view of an asymmetric non-prismatic beam. (b) Rectangular cross-section loaded both on bottom and top surfaces.

noting z was defined in Section 3. (a constant value independent of (x,y,
z) coordinates, but is a plane parallel to the xy-plane).
The beam domain Q3 is defined as follows

Qp :={(x,y,2)|Vx €L,y € w, b(x) <z<a(x)} (4.2)
The beam element is subject to the surface forces F%(x,y) and F’(x,y),

which are disaggregated in x- and z-direction, resulting in F{(x,y) and
F’(x,y) (force/area). For a given cross-section, the upper and lower
external loads are uniform through S} and S?, respectively, noting that
both variables are equivalent to the width w. Compared to the analytical
solution derived in Section 3, the external load considered for the closed-
form solution is a distributed surface load, whose resultant acting on an
arbitrary cross-section is defined as

To(x) = / Fe(x,y)dy;
w (4.3)
T (x) = / Fo(xy)dy: i = (x,2)

It is convenient to include the surface load in the transverse stress field
as follows

Ty = —l{N{d <A) +E¢} (V+m)¢+Md¢+d—Né+Tf};

: w dr \A dr dx A
(4.4)

1 . do  d’c. do o

6., =— 2(V —tM—

. W{[ dxdx](+)dx+dx2

dN [ dw dV dm &N ar- dA
—|2— D+ — A+ TP— —wI?
+dx[dx ( >+@z+m+me}
(4.5)

Note, that only the bottom surface load and its derivative directly
contribute to Egs. (4.4) and (4.5). The upper load is not explicitly shown
in both equations because the z-plane intersects the cross-section be-
tween S%(x) and S?(x). However, these variables implicitly affect Egs.
(4.4) and (4.5) since evaluation of internal forces considers T{(x).

It is noteworthy that the shear stress resultant at an arbitrary cross-
section agrees with the definition of V(x) expressed in Eq. (2.2), as

//Am%dA :7{N{<7i§) +iﬂ *(V+m)+M(O)+%§+ThA}

__J) _v_ é b __ a _ a hé b
= { 1% (2(@_ TX)) (TX+TX)2+TXA}

(4.6)

Of particular interest from Eq. (4.6) is that the bending load m(x) and the
last two terms of 7,, expressed in Eq. (4.4) are self-balancing.

The analytical transverse stress field can be expressed compactly
using indicial notation by

o =ruli[2* V], i=(x2), = (1,2,.,8,9), k= (1,2,3,4) 4.7)

where y;; corresponds to the geometric coefficients considering

1. index “i” refers to the stress component: x and 2 return 7,, and o,
respectively;

2. index “k” concerns the k-th power of the z-coordinate: 1 for constant,
2 for linear, 3 for parabolic and 4 cubic (third-orders terms only exist
for 0,;). This feature is useful to acknowledge separate polynomial
contributions to the geometric properties in the stress field in the z-
direction;

3. index “j” corresponds to terms of the equilibrium equations given by

& dr

2 b
dN (dV dm) MT dr?; 4.8)

r=INnv+mmZ
(Vi) M5 KTCERE

The expanded form of yy coefficients, given in the Appendix, are purely
geometrical; their physical meaning can be associated with the geo-
metric properties of the analytical stress field introduced in Section 3.

5. Numerical examples

This section presents practical examples to highlight the differences
between state-of-the-art solutions and those derived in this work, noting
that models (2) and (3) are also solved by Ojo and Weaver [55].

(1) A simply supported double-tapered beam under three different
loading conditions:
(1.1) a transverse body force applied to the entire beam;
(1.2) a transverse body force applied to a part of the beam
cross-section;
(1.3) a longitudinal body force applied to a part of the beam
cross-section.
(2) atapered cantilever beam subject to pressure loads on both upper
and lower surfaces;
(3) an arched beam under a linearly spanwise traction force on the
upper surface;
(4) a cantilever beam with trapezoidal cross-section and a concen-
trated force at the tip.

The results are compared to an appropriate analytical method based
on the classical generalisation of the external load and Abaqus finite
element analysis. The plots labelled “Model” refer to the closed-form
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solutions of the current formulation. Plots labelled “Model (S; = A)”
concern the developed theory but with the classical assumption of uni-
form distribution of the external load across the entire cross-sectional
area. The results of plots “Mercuri” denote the analytical stress field
derived by Mercuri et al. [23], and “FEA” indicates the finite element
analysis. In the graphs presenting the results, the abscissa is a local
isoparametric non-dimensional coordinate of the z-direction, i.e., { =
—1 and ¢ = 1 refer to lower and upper surfaces of a given cross-section,
respectively.

For the models with rectangular cross-section, the finite element
models were discretised as being 2D isotropic and homogeneous with 8-
and 4-node plane stress quadrilateral elements (CPS8R and CPS4R in
Abaqus terminology, respectively). With regards to the trapezoidal
beam case, a 3D solid finite element analysis with 10-node quadratic
tetrahedron elements (C3D10) with a traction force at the tip was
modelled. In all cases, the material properties are the same: Young’s
modulus E = 210 GPa and Poisson’s ratio v = 0.3. A mesh refinement
analysis was performed to ensure the convergence of finite element
analysis. Values for stress components normalised by the external load, i.
e. 0;j = |w/Tk|oy, at a specific location for each numerical example were
determined. Subsequently, the relative error (¢ = (60 —65")/5\)
was calculated between mesh configurations, where “i” refers to the i-th
mesh result. Furthermore, the relative difference between the finite
element analysis and the developed model (epoq = (67 —6.))/5™) has
been calculated, where the superscript “m” concerns the current
formulation.

5.1. Double-tapered beam

Consider the simply supported double-tapered beam illustrated in

{ F, S,
e e
z | vy &A
L w
y

f
, Mo, ===
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Fig. 7 of length L = 10 m and width w = 1 m. The beam height varies
linearly spanwise, being hy = hy = 0.2 m at the ends and h;, = 1 m at the
midspan (taper angle a = 9.09°). This geometry is of interest because of
its employment in structural elements supporting double-pitched
rooves. The values for a(x) and b(x) are defined as

a(x) = %(4}6 +5), b(x)=0; x< %
1 . (5.1)
a(x) = EMS —4x), b(x)=0; x > b

noting that the reference system is fixed at the lower surface of the beam
left end.

The analytical Egs. (3.3) and (3.11) were used to solve for three
different load cases:

(1.1) A uniform transverse body force distributed to the beam domain
illustrated in Fig. 7(a) (S:(x) = A(x));

(1.2) a uniform transverse load applied to a thin layer near the bottom
surface depicted in Fig. 7(b) (S;(x) # A(x));

(1.3) a uniform longitudinal load, piecewise in the x-direction, applied
to a thin layer near the bottom surface shown in Fig. 7(c)

(Sx(x) # A(x)).

Likewise in classical beam theories, the load distribution of the case
(1.1) is uniformly distributed through the entire cross-sectional area,
while cases (1.2) and (1.3) concern body forces applied to a thin slice of
the cross-section. For more discussion of load cases where S;(x) # A(x),
two different cross-sections are selected for comparison of results for
cases (1.2) and (1.3) (x = 0.25L and x = 0.60L), while only x = 0.25L is
evaluated for case (1.1). The choice of the selected cross-sections was

Cross-section

h(x)

d g™ 4
——
y
(b)

N\
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Cross-section

h(x)

zZ ] grbé{aMFx
]
y

Fig. 7. Geometry and boundary conditions of the double-tapered beam cases: (a), (b) and (c) illustrate cases (1.1), (1.2) and (1.3), respectively.



M.M.S. Vilar et al.

made due to their distances from the essential finite-element boundary
conditions. Note that the current formulation is unable to recover
stresses at x = 0.50L because the derivatives of the geometric properties
do not exist at this cross-section, resulting in violation of the smooth
requirement remarked in Section 2. The values for non-vanishing in-
ternal forces are detailed in Table 1.

5.1.1. Case (1.1)

Consider a double-tapered beam under the uniform load F, =
—1N/m? distributed spanwise, a practical example of a beam bending
under self-weight. The purpose of this problem is to demonstrate the
current methodology’s ability to recover the stress field for the classical
case of uniform distributed load.

Finite element analysis was conducted using the 8-node plane stress
element (CPS8R). A mesh convergence study is reported in Table 2, with
values of 6., at the upper boundary selected for comparison of mesh
results.

Because the load is uniform through the cross-section, the outputs of
“Model” coincide with those of “Model (S; = A)”, thus, only results for
“Model” are presented.

Fig. 8(a) depicts the results for 6. Notably, the longitudinal stress
field follows Navier’s linear hypothesis. This evidence supports the
linear idealisation of the longitudinal stress for cross-sections non-
orthogonal to its centre-line with taper angles up to 9°.

The shear stress profile of all models converge to the parabolic dis-
tribution presented in Fig. 8(b). It is relevant to highlight that the
maximum absolute shear stress occurs at position a(x) instead of being
located at the centroid, a common behaviour in non-prismatic beams
already discussed in several investigations [4,5,8,21-23,30]. Also, all
methodologies successfully capture the equilibrium of forces at the
boundaries, with zero value at the flat surface and 7, = —28.70 at the
top due to the presence of the taper angle.

The results for 6,, are presented in Fig. 8(c). The developed formu-
lation converges to the same output as the finite element analysis.
Conversely, the results of “Mercuri” slightly deviate from the current
formulation. This difference occurs due to the neglect of derivatives of
the internal forces by Mercuri et al.’s [23] methodology. Nevertheless,
the contribution of V'(x) to the transverse direct stress is negligible for
this particular numerical example. More information on this comparison
can be found in Vilar et al. [30]. Additionally, both analytical methods
recover the traction-free boundary condition in the transverse direction
at a(x) (6, = —4.59).

5.1.2. Case (1.2)

The loading case (1.2) illustrated in Fig. 7(b) is the double-tapered
beam of the former example subject to a transverse load, uniformly
distributed through a constant thin layer of 30 mm-thickness, with upper
and lower bounds §%(x) and &°(x) defined by the following expression,
respectively (in metres)

1 (16,
5(x)71000<5x 32x+85>
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Table 2
Mesh convergence of the finite element analysis of case (1.1) for 6., evaluated at
a(0.25L).

Number Av. aspect Oy € €mod

elements ratio ) (%) (%)
9,240 1.08 —4.5020 - -1.97
31,680 1.07 —4.5058 0.085 -1.89
50,500 1.05 —4.5064 0.013 —-1.88

noting S;(x) = w(5%(x) —6°(x)) = 0.03 m? for the entire beam domain.

A practical application of case (1.2) is the vertical component of the
axial force acting on tendons of prestressed concrete structures. A
widespread technique in building construction is to design highly
tensioned curved shape steel tendons to reinforce concrete structural
elements [56]. The axial force acting on the tendons, when combined
with its eccentricity to the beam centroid, reduces the shear force and
bending moment experienced by the structure, thus increasing the beam
performance. Because of the curved shape, the axial force acting on the
tendons can be disaggregated into longitudinal and vertical components.
As such, the external load for case (1.2) is set to F, = 22.963 N/m5,
which is the vertical component of the axial force acting in the tendons
that balances the bending moment of the former load case (1.1) at x =
0.25L. It is important to mention that during an early design stage
practitioners tend to model prestressed concrete beams as homogeneous
materials and consider the external load to be uniformly distributed
through the entire cross-sectional area, while the current formulation
captures the influence of the in-plane tendon geometry on the stress
field.

The finite element mesh comprises 4-node quadrilateral plane stress
elements (CPS4R), with mesh convergence analysis presented in Table 3.
Values of 6., at a(0.25L) are selected for the mesh convergence study,
resulting in a discrepancy between the final mesh and the current
formulation of —2.63%.

The results for 6, for both cross-sections are shown in Fig. 9. All the
solutions converged to a linear distribution of Navier’s hypothesis.
However, discrepancies of —3.05% at x = 0.25L, and —2.4% at x =
0.60L, are observed.

The results for 7y, are shown in Fig. 10. No difference is observed
between analytical models, as expected, because the unique term of the
proposed shear stress is N'(x)y/(x), which vanishes due to the absence of
longitudinal forces for this load case. Of interest, is that by comparing
Fig. 10(a) and (b), the distribution’s curvature reverses from being up-
wards at x = 0.25L to downwards at x = 0.60L, a transition attributed to
the rate of change of A(x) and c,(x) from being positive to negative at the
midspan. This transition affects the sign of the term involving the
bending moment of Eq. (3.3) (M(x)¢'(x)). Moreover, the analytical
formulations converge to the traction-free boundary condition on both
upper and lower surfaces, 7, = 28.704 for a(0.25L) and 7,, = —18.745
for a(0.60L), differing from the finite element analysis by 2.56% and
3.25%, respectively.

1 /16 (5.2) The distributions of the normalised transverse direct stress given in
& (x) = I <?x2 —32x+ 115) Fig. 11 are different from case (1.1). The proposed formulation is in good
agreement with the finite element analysis, while methodologies “Model
Table 1
Internal forces and their derivatives of the double-tapered beam.
Load x/L N(x) (V(x) + m(x)) M(x) N'(x) V'(x) m'(x)
case “) N N Nm N/m N/m N/m
1.1) 0.25 0 -2 6.458 0 0.6 0
(1.2) 0.25 0 1.722 —6.458 0 —0.689 0
(1.2) 0.60 0 —0.689 —8.267 0 —0.689 0
1.3) 0.25 107.648 -11.195 25.118 43.059 0 —-4.134
(1.3) 0.60 172.236 17.086 63.199 —43.059 0 —3.720

10
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Fig. 8. Results for the double-tapered beam example case (1.1): (2) Gxx; (b) Tuz; (C) G-

Table 3
Mesh convergence of the finite element analysis of case (1.2) for 6., values
evaluated at a(0.25L).

Number Av. aspect O € €mod
elements ratio (] (%) (%)
27,000 3.39 4.2882 - —6.63
102,000 2.06 4.4110 2.784 -3.95
355,342 2.15 4.4429 0.718 —-3.26
1,384,000 2.20 4.4671 0.543 -2.73
1,784,748 2.20 4.4717 0.103 —2.63

(Si = A)” and “Mercuri” fail to predict the piecewise distribution of 6,,
and overall underestimate the stress magnitude. As explained in Section
3, the piecewise behaviour of the transverse stress field occurs due to the
contribution S, /S; as indicated in Eq. (3.11). More precisely, S, /S, = 0
for ¢ < 8°(x), and is a linear function through-the-depth direction for
8 (x)<¢ < 8%(x) and S, /S, = 1 for {>6%(x). Hence, Fig. 11 illustrates the
abrupt change of the linear variation of o, for ¢ = 6°(x) and ¢ = 5%(x)
(x = 0.25L,0.60L). The physical meaning for the piecewise distribution
of o,, is that the equilibrium of resultant of stresses of Eq. (3.11) ac-
counts for the contribution of the external load only from &°(x), and is
totally included for ¢ > §%(x). For methodology “Model (S; = A)”, the

200 T L
,‘\
=0
«
— Model
o Model (S; = A)
O FEA
G v Mercuri
-200 :
-1 0 1
¢
(a)

piecewise nature of the transverse direct stress is not captured, resulting
in close agreement with the “Mercuri” formulation. Moreover, a larger
difference is observed when comparing “Model” and “FEA” results be-
tween &°(x) and 6%(x) at x = 0.25L. At the upper boundaries, where the
magnitude of o, is the largest, the discrepancy between finite element
analysis and the current model is 2.70% for x = 0.25L and 3.45% for x =
0.60L. Additionally, results from the proposed method indicate a larger
error between the current formulation and finite element analysis at &
for cross-section x = 0.25L compared to x = 0.60L. This difference is
explained by the lower height-to-width aspect ratio h(0.25L)/w = 0.6
against h(0.60L)/w = 0.84, hence the neglect of 7,, induces a greater
error for the lower height-to-width ratio, thus agreeing with Timo-
shenko and Goodier [52] expectations.

5.1.3. Case (1.3)

The load case (1.3) presented in Fig. 7(c) is similar to case (1.2),
except that the external load is a longitudinal piecewise body force
applied to the volume Lw(5% —5%), of magnitude F,, = —1.4353 kN/m? for
x < 0.50L and Fy = 1.4353 kN/m® for x>0.50L. This load magnitude
corresponds to the longitudinal component associated with case (1.2)
due to traction of tendons in a prestressed concrete application, stati-
cally calculated according to methods described by Gilbert and Mick-
leburgh [56].
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Fig. 9. Results for 6y, of the double-tapered beam example case (1.2): (a) x = 0.25L; (b) x = 0.60L.
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Fig. 10. Results for 7y, of the double-tapered beam example case (1.2): (a) x = 0.25L; (b) x = 0.60L.
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Fig. 11. Results for 6., of the double-tapered beam example case (1.2): (a) x = 0.25L; (b) x = 0.60L.

The specifications for the finite element analysis were the same as in
case (1.2), and the mesh converged with a similar number of elements.
Differences in values of o, evaluated at the upper surface of the
converged mesh in comparison to the current formulation were €,y =
6.12% for x = 0.25L and €;,oqg = 4.29% for x = 0.60L.

The results for 6, are depicted in Fig. 12. All models result in a linear
distribution of the longitudinal stress. For cross-section x = 0.25L, the
linear coefficient of 6, according to finite element analysis is slightly
different from that of the analytical formulations (discrepancy of
4.28%).

The shear stress distributions for both cross-sections are shown in
Fig. 13, with results for the current formulation converging to the finite
element analysis, while the other methodologies could not reproduce
the correct shear stress distribution. Remarkably, the 7., profile is
piecewise along the transverse direction, as expected, due to y/(x) being
piecewise (see Eq. (3.3)). Although the shear stress distribution appears
to be linearly distributed through-the-depth direction, it is in fact,
parabolic. The reason that 7,, appears linear is because all the parabolic

15 T
B [—Model
<<<<<<<< & Model (S; = A)
-@-FEA
¥ Mercuri
0
— 5 1
5
<
-5t s
1 0 1
¢
(a)

terms of Eq. (3.3) (the first three terms) are not as strongly influencing as
the linear term N'(x)y(x) for this specific numerical example.

The results for the transverse direct stress are depicted in Fig. 14. The
current formulation converges to the finite element analysis, with a
greater discrepancy between both methodologies at the upper surface,
especially at x = 0.25L. As shown by Eq. (3.11), 6,, assumes a piecewise
distribution in the transverse direction, even though the applied load is
in the longitudinal direction. This piecewise distribution occurs because
0, is recovered from the shear stress component, which also shows
piecewise response. The abrupt change in the first derivative of o,
through the thickness is more evident at x = 0.25L, which occurs at { =
8(0.25L) and ¢ = §%0.25L). It is noteworthy that methodologies
“Model (S; =A)” and “Mercuri” could not predict the correct transverse
direct stress distribution, with both formulations underestimating the
magnitude of this stress component.

20 I —Nodel
g & Model (S, = A)
@ FEA
v Mercuri
1ot
|
0 L
10 I
-1 0 1
¢
(b)

Fig. 12. Results for 64, of the double-tapered beam example case (1.3): (a) x = 0.25L; (b) x = 0.60L.
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Fig. 13. Results for 7, of the double-tapered beam example case (1.3): (a) x = 0.25L; (b) x = 0.60L.
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Fig. 14. Results for 6., of the double-tapered beam example case (1.3): (a) x = 0.25L; (b) x = 0.60L.

5.2. Linearly tapered beam

In this section, the results for the linearly tapered beam case (con-
stant taper angle 2.862°) illustrated in Fig. 15 are shown. This problem
resembles a beam immersed in a fluid under the action of pressure loads,
a practical example of a simplified load case of an aircraft wing spar
[40].

The dimensions for this example are L. =10 m,hp = 1 m,hf = 0.5m,
and constant width w = 1 m. The beam is subject to a constant pressure
acting on the lower and upper surfaces distributed spanwise (F¢ = F2 =
1 Pa). The reference system is fixed at the centroid of the cross-section at
the fixed end, resulting in the following functions describing the upper
and lower surfaces, respectively

(5.3)
Stresses are compared at the midspan, with the non-vanishing values of

I" shown in Table 4
The finite element analysis used an 8-node quadrilateral plane-stress

Fig. 15. Geometry and boundary conditions of the linearly tapered beam case.

Table 4
Non-vanishing values of I" at x = 0.50L of the linearly tapered beam example.
V(x) M(x) V() T8 (x)
N Nm N/m N/m
10 25 -2 1
Table 5

Mesh convergence of the finite element analysis of the linearly tapered beam
case for 6, evaluated at a(0.50L).

Number

Av. aspect O € €mod

elements ratio ) (%) (%)
8,100 1.07 0.16555 - —-0.67
14,388 1.06 0.16575 0.120 —-0.55
33,850 1.03 0.16588 0.080 —0.47
61,707 1.02 0.16604 0.093 —0.38
139,800 1.02 0.16617 0.082 —-0.30

element (CPS8R), and the mesh convergence analysis is shown in
Table 5, where values for o, are evaluated on the upper surface at x =
0.50L.

The results of the stress field of the linearly tapered beam are dis-
played in Fig. 16. All solutions suggest that the longitudinal stress fol-
lows Navier’s idealisation, despite the presence of a taper angle. No
significant difference is observed between formulations.

All methodologies converge to the same parabolic distribution
describing the shear stress shown in Fig. 16(b). As no traction force is
present, equilibrium at the boundaries requires both surfaces to be free
of traction, resulting in 7., vanishing at the bottom surface and
following Eq. (3.9) at the upper surface (T = @'0xx =
(—0.05)( —133.333) ~ 6.667). The discrepancy between analytical
models and the finite element analysis is negligible (0.365% at { = 1).
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Fig. 16. Results for the linearly tapered beam example: (a) Gxy; (b) Txz; (€) Gzz-
Regarding the transverse direct stress, the proposed formulation 1 9 9 I
converges to the finite element analysis solution, with insignificant a(x) = 3 b(x) = — ﬁxz +Ex -3 5.4

discrepancy (0.387% at { = 1). The results from “Model (S; = A)” and
“Mercuri”, however, fail to capture the appropriate stress distribution,
meaning that the classical generalisation of the external load is a poor
assumption to model this specific problem. Also, there is a slight devi-
ation between “Model (S; = A)” and “Mercuri” results, for reasons
already explained in the previous numerical example. It is notable that
the current methodology successfully recovers the equilibrium condi-
tions at the boundary. At the flat surface, the boundary equilibrium
requires 6,; = —(1/T,)T2 = —0.5, whilst the other analytical theories
consider a traction-free condition. At the upper surface, the transverse
stresses balance the surface load according to Eq. (3.16)
(6az = ATz +(1/T,)TE = (—0.05)(6.667) +(1/2)(1) ~ 0.1667 at { = 1)).

5.3. Arched beam

Here the cantilever arched beam illustrated in Fig. 17 is considered.
This numerical example reflects a slender bridge subject to traction
forces at the upper surface due to frictional vehicle forces.

The beam has dimensions of L =10m,hy =hf=1m,A=09m
with constant width w = 1 m and is subject to a traction load linearly
distributed on the upper surface with a peak magnitude of 10 Pa at the
free end and zero at the reference origin located at the centroid of the
fixed end. The following functions describe the upper and lower sur-
faces, respectively

The stress field is recovered at x = 0.75L, a cross-section of interest
because of the larger taper angle (10.204°) and the reasonable distance
to the beam ends to avoid potential spurious effects in the finite element
analysis. Non-vanishing values of vector I are given in Table 6.

The finite element analysis used an 8-node quadrilateral plane-stress
element (CPS8R), and the mesh convergence analysis is shown in
Table 7. The value for 6,, at the lower surface of cross-section x = 0.75L
is selected for this study.

The results of the normalised stress field of the arched beam are
displayed in Fig. 18. Navier’s hypothesis gives a reasonable approxi-
mation of the longitudinal stress component. However, the non-linear
behaviour captured by the finite element analysis increases closer to
b(0.75L), resulting in a discrepancy of 4.22% between the finite element
analysis and the analytical models. The reason for this inconsistency is
attributed to transverse shear distortion effects not captured by Navier’s
hypothesis. Thus, an error of the same magnitude is anticipated for the
other stress components at b(0.75L), as is discussed in the following
paragraph.

The shear stress predicted by the current model agrees with the finite
element analysis results, with a discrepancy between the two method-
ologies observed at the lower boundary (4.37%) due to shear distortion
disregarded in the proposed formulation. Nevertheless, the error is
negligible throughout the beam’s depth. Results from “Model (S; = A)”
and “Mercuri” diverge from that of finite element analysis and the
current formulation. Moreover, boundary equilibrium at the lower
surface requires a traction-free condition, which is successfully captured
by all models (Ty; = b'6xx = (—0.18)(—17.9511) = 3.2312). At the

a
Fy — upper surface, however, only the proposed method converges to the

Z finite element analysis (Ty; = (1/Tx)T% = 1).
ho — Tl hf Table 6

AN A Non-vanishing values of I' on x = 0.75L of the arched tapered beam example.

N
L R J N(x) m(x) M(x) N'(x) m'(x) N'(x)

\ L | N Nm/m Nm N/m Nm/m? N/m?
21.875 -1.219 —3.555 -7.5 -0.838 -1

Fig. 17. Geometry and boundary conditions of the arched beam case.
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Table 7
Mesh convergence of the finite element analysis of the arched beam case for 5,
evaluated at b(075L).

Number Av. aspect Oz & €mod
elements ratio ) (%) (%)
22,412 1.29 —0.55712 - —4.21
33,664 1.28 —0.55757 0.080 —4.13
65,600 1.06 —0.55770 0.023 —-4.11
102,100 1.06 —0.55789 0.034 —4.08

The prediction of transverse direct stress in the current formulation
converges to that of “FEA”, with a discrepancy between models evalu-
ated at b(x) of 4.45%, where boundary equilibrium satisfies the traction-
free condition according to analytical formulations (6., = b7y =
(—0.18)(3.2312) ~—0.5816). Notably, the analytical solutions of
methodologies “Model (S; = A)” and “Mercuri” do not predict the
transverse direct stress accurately, with a small discrepancy noted be-
tween these two formulations. The source for the divergence between

Engineering Structures 252 (2022) 113169

“Model” and the other analytical formulations is due to the term
involving the second derivative of the normal internal force, which is not
accounted for in theories based on the classical generalisation of the
external load. Conversely, the developed theory agrees well with finite
element analysis. The maximum magnitude of &, is 0.1116 and is
located at the centroid, which was accurately predicted by the current
methodology.

5.4. Trapezoidal cross-section beam

Consider the cantilever with trapezoidal cross-section beam illus-
trated in Fig. 19 of length L = 10 m, with height varying linearly from
ho = 1 m at the fixed end to hy = 0.5 m at the free one (taper angle 1.41°
on b(x) and —1.41° on a(x)). The cross-sectional shape is trapezoidal
such that the lower and top surface widths have constant dimensions
wp, = 0.45m and w, = 0.35 m, respectively. A concentrated force of
10 kN is applied to the cross-section at the free end. The aim of this
model is to demonstrate the capability of the current formulation in
modelling asymmetric cross-sectional shapes.

40 Close to b(x) T P 4 a2 Close to b(x) (—Model
43 &, -0-Model (S; = A)
5 . 04 .0 FEA
. 20+ e . 2+ - Mercuri H
| B 09 L
s o
0 =—Model H or
¢ Model (S; = A)
.6 FEA
4 v Mercuri
-20 : -2 .
-1 0 1 -1 0 1
¢ ¢
(a) (b)
o1f ‘ 1
.____Y:-;6:V:'.:.":'$-_—-=»—_-V_.,_°__ >
T
— &
L.zt s .
N P Close to b(x)
®© 7 03
Al —Model
5 04 6-Model (S; = A)
) / 057 .o FEA
i ) 09 0.8 - Mercuri
-0.6 -
-1 0 1
¢
(c)
Fig. 18. Results for the arched beam example: (a) Gxx; (b) Txz; (C) G-
wa
Z
h(x)
c(x
L
w b
(a) (b)

Fig. 19. Beam model for Section 5.4: (a) Side perspective; (b) Generic cross-section.
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The functions describing the upper and lower surfaces are given by

_ ooy

=i (5.5)

a(x) = —— (x —2L); b(x)

4L
noting that the coordinate system is set at the midpoint of the fixed end,
which does not coincide with the centroidal position due to the trape-
zoidal cross-sectional shape.

The stress field is evaluated at x = 0.25L and x = 0.75L. These
choices for cross-sections considered potential Saint Venant’s distortions
at the beam ends, an effect not captured by classical 1D beam analyses.
Height-to-width ratio and the internal forces acting on the selected
cross-section are given in Table 8.

The analytical solution to predict the stress field for the specific case
of trapezoidal cross-sectional shape is developed by appropriately
defining the integrals of Eqgs. (3.4) and (3.12). More specifically, these
integrals are solved by expressing the infinitesimal area as follows

/zm(')dA = /hm (w(x,z)dz;

i) = (M5 ) = b)) 4wy

(5.6)

where argument (.) could be substituted by the expressions integrated in
Egs. (3.4) and (3.12).

The results are compared to a 3D finite element analysis with model
idealisation illustrated in Fig. 20. The applied load is defined as a trac-
tion force equivalent to F,(L,y,z) = 50 kPa, resulting in T,(L) = 10 kN.
A mesh refinement procedure is detailed in Table 9, with values for o, at
b(0.25L) used for convergence analysis.

The results of the normalised stress field of the trapezoidal beam are
depicted in Fig. 21, considering a straight path from b(x) to a(x) inter-
secting the centroid. For both cross-sections, the longitudinal stress field
distribution from both methodologies are identical.

The shear stress distribution from the current model agrees well with
that from finite element analysis (Fig. 21(b)), but a larger discrepancy
between results is observed when compared to the previous numerical
cases. The maximum relative error for cross-section x = 0.25L is €09 ~
4% at { = —0.53, and €pq = 6.62% for x =0.75L at { = —1. The
reason for the greater difference observed at (x,2) = (0.75L,b(x)) is due
to the lower height-to-width ratio (1.39), resulting in a non-negligible
value for 7y, a stress component disregarded in the current formula-
tion. As such, to address beam models with larger values of 7, the
proposed model requires further refinement. It is noteworthy that the
agreement between models is excellent at a(x), as explained by the
larger height-to-width ratio at the top surface when compared to the
lower one. Additionally, the curvature of the parabolic shear stress
distribution changes from being positive to negative between the ana-
lysed cross-sections, resulting in a maximum magnitude of z,, at the
boundaries for x = 0.25L and at the midpoint of the cross-section for
x = 0.75L.

The 6,, values shown in Fig. 21(c) from the current methodology
match closely those from finite element analysis. The largest relative
erTor €09 = 4.58% was observed at a(0.75L), which is smaller than that

Table 8
Cross-secton aspect ratio and internal forces of the trapezoidal beam case.
x/L h(x)/wy h(x)/wa V(x) M(x)
©) ©) (O] kN kNm
0.25 1.94 2.50 10 75
0.75 1.39 1.79 10 25
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VA

Fig. 20. 3D solid idealisation of finite element analysis of the trapezoidal
beam case.

Table 9
Mesh convergence of the finite element analysis of the trapezoidal beam case for
0, evaluated at b(0.25L).

Number Av. aspect G € €mod
elements ratio (x 1073) (%) (%)
645,661 1.57 1.0142 - —3.41
1,006,278 1.57 1.0135 -0.07 —3.48
1,477,876 1.57 1.0144 0.09 -3.39

for the shear stress. Hence, it is possible to conclude that neglecting 7, is
less significant in predicting the transverse direct stress than the in-plane
shear component. This observation only holds for cases where the
lengthwise variation of 7., is small, which occurs in this numerical
model because of the no-width variation assumption adopted in the
current methodology. Nevertheless, the relative error is negligible
across the beam height.

6. Conclusion

A stress-recovery procedure to predict the stress field of homoge-
neous, untwisted non-prismatic beams that are symmetric about a plane
formed by the longitudinal and transverse axes, has been derived. A
state of plane stress together with Navier’s hypothesis is assumed for the
longitudinal stress with linear-elastic material properties and small
strains, and where internal forces are known variables. The equilibrium
equations of the current methodology consider the external body force
to be concentrated to a specific area of the cross-section. The novelties of
this work include:

(i) The concept of recovering the stress field considering that
external load is applied to a portion of the cross-sectional area
within the realms of a beam theory;

(ii) derivation of the 2D analytical stress field of non-prismatic beams
accounting for a smooth and continuous taper shape in the height
direction able to recover non-traction-free boundary equilibrium;

(iii) closed-form solutions for stresses in non-prismatic beams with
rectangular cross-sections under traction forces and pressure
loads applied to the upper and lower surfaces.

As a result of the application of the external load to a slice of the
cross-sectional area, the analytical stress field derived is more complex
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Fig. 21. Results for the trapezoidal beam example: (a) Gxx; (b) Txz; (C) Gz

than in related state-of-the-art beam theories. More variables are
required to define the non-trivial stress field, including the first and
second normal internal force derivatives to define shear and transverse
direct stresses, respectively. Furthermore, the transverse stress is
distributed piecewise throughout the cross-section for beams loaded on
a part of their cross-sectional area.

The numerical examples solved in Section 5 confirm the proposed
stress field’s validity. The output of the developed theory has been
compared with state-of-the-art analytical solutions based on the con-
ventional generalisation of the external load procedure, and to 2D-solid
finite element analysis. Results show an error of roughly 6% for rect-
angular cross-section non-prismatic beams with a taper angle of 10° at
the beam surfaces and excellent accuracy in the interior of the cross-
section, while the analytical formulations compared were not able to
predict the transverse stresses appropriately. With regards to the trap-
ezoidal cross-section beam case, the same magnitude of error was
observed for a shallower taper angle (1.41°).

The developed theory can be used to represent more realistic loading
conditions than existing state-of-the-art models, such as cases where the

Appendix A

load is concentrated to a portion of the cross-sectional area, as occurs in
beam elements under surface forces. Yet, and notably, the proposed
method benefits from a simple and effective one-dimensional beam
theory. Potential further developments involve extending this study to
different materials, such as composite laminates, anisotropic media and
functionally graded material, as well for thin-walled structures.
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The non-vanishing coefficients y;; of Eqs. (4.4) and (4.5) necessary to define the transverse stress components in non-prismatic beams with
rectangular cross-section loaded on the upper and lower surfaces are presented.

A.1. Coefficients of the shear stress

ForI; =N
6 dc,
V13 - W]’l3 dx
1 dh dc,
Va2 = m {ha - lzcza}
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A.2. Coefficients of the transverse direct stress
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