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In this study, the new semilocal convergence for the family of Chebyshev Kurchatov type methods is proposed 
under weaker conditions. The convergence analysis demands conditions on the initial approximation, auxiliary 
point, and the underlying operator (Argyros et al. (2017) [10]). By utilizing the notion of auxiliary point in 
convergence conditions, the convergence domains are obtained where the existing results are not applicable. 
The theoretical results are validated using numerical examples, such as nonlinear PDE and mixed Hammerstein 
type integral equations originating in biology, vehicular traffic theory, and queuing theory, to determine the 
applicability of the proposed framework. The numerical testing shows that the new approach performed better 
(accurately and converge faster) than Steffensen’s method, Chebyshev type methods and two step secant method.
1. Introduction

A challenging problem in Numerical Analysis is to locate the solution 
of nonlinear equation given by

(𝑟) = 0, (1)

where,  ∶ 𝛥 ⊂  →  is a continuous nonlinear operator defined on 
the Banach space  to  (see [1–7]). The solution can be in the form 
of a number (single equation with a single unknown), a vector (system 
of linear or nonlinear equations) or a function (differential and integral 
equation) but analytic solutions for such types of equations are rarely 
found. To approximate the solution, the iterative methods are defined 
as follows:{

𝑟−𝜈 , 𝑟−𝜈+1,… , 𝑟0 ∈ Δ
𝑟𝑘+1 = 𝜑(𝑟𝑘−𝜈 , 𝑟𝑘−𝜈+1,… , 𝑟𝑘−1, 𝑟𝑘), 𝑘 ≥ 0, (2)

where, 𝑟−𝜈 , 𝑟−𝜈+1, … , 𝑟0 are initial approximations and 𝜑 is an itera-

tive function depending upon the choice of iterative method. Newton’s 
method is the most basic iterative method (see [8,9]) defined by{

𝑟0 ∈ 𝛥,

𝑟𝑘+1 = 𝑟𝑘 −′(𝑟𝑘)−1(𝑟𝑘), 𝑘 ≥ 0,
(3)
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where, ′ is the first Fréchet derivative of the operator. This method 
has a quadratic order of convergence, good accessibility and low opera-

tional cost because each iteration involves the evaluation of one function 
and its derivative. The applicability of (3) fails for non-differentiable 
operators because it requires a derivative of the function. So, iterative 
methods free from derivatives are of special interest. Generally, divided 
differences are used to approximate the derivatives of a function. The 
first order divided difference at points 𝑟 and 𝑠 is [𝑟, 𝑠; ] ∈ ( , ) de-

fined by

[𝑟, 𝑠;](𝑟− 𝑠) =(𝑟) −(𝑠).

If we approximate ′(𝑟) in (3) by first order divided difference [𝑟, 𝑟 +
(𝑟); ], then we obtain quadratically convergent Steffensen’s method 
[10] which is given by{

𝑟0 ∈ 𝛥,

𝑟𝑘+1 = 𝑟𝑘 − [𝑟𝑘, 𝑟𝑘 +(𝑟𝑘);]−1(𝑟𝑘).
(4)

Iterative methods are modified to higher order methods for approximat-

ing the solution of nonlinear equations (see [11,12]). Chebyshev method 
[13] is a third order iterative method but it is dependent on the eval-

uation of ′′ which is computationally expensive or may not exist at 
some point. Ezquerro and Hernández [14] proposed the improvement 
https://doi.org/10.1016/j.camwa.2024.07.003
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of Chebyshev method that avoids the computation of ′′(𝑟) which is 
known as Chebyshev Newton type method. Argyros 𝑒𝑡 𝑎𝑙. [15] approx-

imated ′ by first order divided difference in Chebyshev Newton type 
method which is known as Chebyshev secant type method given by

⎧⎪⎪⎨⎪⎪⎩

𝑟−1, 𝑟0 ∈ 𝛥,

𝑠𝑘 = 𝑟𝑘 − [𝑟𝑘, 𝑟𝑘−1;]−1(𝑟𝑘),

𝑡𝑘 = 𝑟𝑘 + 𝛼(𝑠𝑘 − 𝑟𝑘),

𝑟𝑘+1 = 𝑟𝑘 − [𝑟𝑘, 𝑟𝑘−1;]−1(𝛽(𝑟𝑘) + 𝛾(𝑡𝑘)),

(5)

where, 𝛼, 𝛽 and 𝛾 are non negative values to be chosen in such a way 
that the sequence generated by (5) converges to a solution. For 𝛼 = 0, 
𝛽 = 𝛾 = 1

2
, and 𝑠𝑘 = 𝑟𝑘+1 method (5) reduces to Secant method. Kumar 

and Gupta [16] studied the convergence of the two-step secant method 
(TSSM) defined as

⎧⎪⎨⎪⎩
𝑠0, 𝑟0 ∈ 𝛥,

𝑟𝑘+1 = 𝑠𝑘 − [𝑠𝑘, 𝑟𝑘;]−1(𝑟𝑘),

𝑠𝑘+1 = 𝑟𝑘+1 − [𝑠𝑘, 𝑟𝑘;]−1(𝑟𝑘+1).

(6)

Its order of convergence is 1 +
√
2. Using majorizing techniques [17], 

the local and semi-local convergence of the method (6) has been 
demonstrated under various continuity conditions. In [18], an im-

proved Chebyshev secant type method (ICSTM) is established for non-

differentiable operators given by

⎧⎪⎪⎨⎪⎪⎩

𝑠0, 𝑟0 ∈ 𝛥,

𝑟𝑘+1 = 𝑟𝑘 − [𝑟𝑘, 𝑠𝑘;]−1(𝑟𝑘),

𝑡𝑘 = 𝑟𝑘 + 𝛼(𝑟𝑘+1 − 𝑟𝑘),

𝑠𝑘+1 = 𝑟𝑘 − [𝑟𝑘, 𝑠𝑘;]−1(𝛽(𝑟𝑘) + 𝛾(𝑡𝑘)).

(7)

The semilocal convergence of (7) is discussed under a weaker continu-

ity condition on first order divided difference. For 𝛼 = 𝛽 = 𝛾 = 1, ICSTM 
becomes two step secant method. Argyros and Ren [19] introduced an-

other variant of method (5) known as Chebyshev Kurchatov type method 
(CKTM) given by

⎧⎪⎪⎨⎪⎪⎩

𝑟−1, 𝑟0 ∈ 𝛥,

𝑠𝑘 = 𝑟𝑘 −−1
𝑘
(𝑟𝑘), 𝑘 = [2𝑟𝑘 − 𝑟𝑘−1, 𝑟𝑘−1;]

𝑡𝑘 = 𝑟𝑘 + 𝛼(𝑠𝑘 − 𝑟𝑘),

𝑟𝑘+1 = 𝑟𝑘 −−1
𝑘
(𝛽(𝑟𝑘) + 𝛾(𝑡𝑘)),

(8)

where, 𝛼, 𝛽 and 𝛾 are non negative values. Notice that method (8) re-

duces to two step Kurchatov method if 𝛼 = 𝛽 = 𝛾 = 1 and for 𝛼 = 0, 
𝛽 = 𝛾 = 1

2
, 𝑠𝑘 = 𝑟𝑘+1, method (8) reduces to Kurchatov method. Argy-

ros and Ren [19] established the semilocal convergence of (8) under the 
Lipschitz condition on the first order divided difference given by

‖[𝑟, 𝑠;] − [𝑝, 𝑞;]‖ ≤𝐿(‖𝑟− 𝑝‖+ ‖𝑠− 𝑞‖), 𝐿 ≥ 0. (9)

For condition (9), the operator  must be differentiable. The condition

(9) is extended for the non-differentiable operator given by

‖[𝑟, 𝑠;] − [𝑝, 𝑞;]‖ ≤ 𝜔(‖𝑟− 𝑝‖,‖𝑠− 𝑞‖), (10)

for all 𝑟, 𝑠, 𝑝, 𝑞 ∈ Δ and 𝜔 ∶ + × + → + is a non-decreasing and 
continuous function in both arguments. If  is 𝜔- continuous, then it is 
𝜔0-centre continuous for all 𝑟, 𝑠 ∈ Δ given by

‖[𝑟, 𝑠;] − [𝑝0, 𝑞0;]‖ ≤ 𝜔0(‖𝑟− 𝑝0‖,‖𝑠− 𝑞0‖), (11)

where, 𝜔0 ∶+×+ →+ is a non-decreasing and continuous function 
in both arguments. Notice that 𝜔0(𝑟, 𝑠) ≤ 𝜔(𝑟, 𝑠) for all 𝑟, 𝑠 ∈+ and 𝜔

𝜔0
might be arbitrary large.
276
In the literature, authors have discussed the convergence of CKTM 
family under Lipschitz condition (see [19])) which is not applicable 
for non-differentiable operators. In [20], the accessibility of the Secant 
method is improved by using (10) and (11). The convergence analysis 
of Steffensen’s and Secant like methods have been discussed by using 
conditions (10), (11) and the auxiliary points (see [10,21]) to obtain 
the improved convergence domains. Motivated by these aspects, we es-

tablish the convergence domains of CKTM family for non-differentiable 
operators under weaker conditions (𝜔 and 𝜔0) and using auxiliary points 
where the existing studies are not applicable.

The rest of the paper is organized as follows: In Section 2, the re-

currence relations are derived to analyse the semilocal convergence of 
CKTM (8) for the non-differentiable operator, further supported by prov-

ing the existence and uniqueness theorem to obtain the convergence 
domains. In Section 3, the theoretical results are tested using numerical 
examples including nonlinear mixed Hammerstein type integral equa-

tion and partial differential equation.

2. Semilocal convergence of Chebyshev Kurchatov type method

In this section, we consider the semilocal convergence of (8) using 
recurrence relations under the following conditions:

(𝐵1) (1 − 𝛼)𝛾 = (1 − 𝛽) and 𝛼 ∈ [0, 1].
(𝐵2) For 𝑟0, ̃𝑟 ∈ 𝛥, there exist 𝑎 > 0 such that ‖𝑟0 − 𝑟‖ ≤ 𝑎.

(𝐵3) For all 𝑟, 𝑠, 𝑝, 𝑞 ∈ 𝛥, ‖[𝑟, 𝑟0; ]−1([𝑟, 𝑠; ] − [𝑝, 𝑞; ])‖ ≤ 𝜔(‖𝑟 −
𝑝‖, ‖𝑠 − 𝑞‖), where 𝜔 ∶+ ×+ →+ is non decreasing and con-

tinuous function in the both argument.

(𝐵4) It follows from (𝐵3) that ‖[𝑟, 𝑟0; ]−1([𝑟, 𝑠; ] − [𝑟, 𝑟0; ])‖ ≤
𝜔0(‖𝑟 −𝑟‖, ‖𝑠 −𝑟0‖), where 𝜔0 ∶+ ×+ →+ is non decreasing 
and continuous function in the both argument.

Lemma 1. Assume that (𝐵1) − (𝐵4) hold and there exists 𝜚 ∈+ such that 
𝜔0(𝑎 + 2𝜚, 𝜚) < 1 and 𝐵(𝑟0, 𝜚) ⊆ 𝛥 are satisfied, then −1

𝑘
∈ ( , ) for 

all 𝑟𝑘, 𝑟𝑘−1 ∈𝐵(𝑟0, 𝜚) with ‖𝑟𝑘 − 𝑟𝑘−1‖ ≤ 𝜚 and

‖−1
𝑘
[𝑟, 𝑟0;]‖ ≤ 1

1 −𝜔0(𝑎+ 2𝜚, 𝜚)
, 𝑘 = 0,1,2,… (12)

Proof. From (𝐵3), we have

‖[𝑟, 𝑟0,]−1([𝑟, 𝑟0,] −𝑘)‖
≤ 𝜔0(‖𝑟− 2𝑟𝑘 + 𝑟𝑘−1‖,‖𝑟0 − 𝑟𝑘−1‖)
≤ 𝜔0(‖𝑟− 𝑟𝑘‖+ ‖𝑟𝑘−1 − 𝑟𝑘‖,‖𝑟0 − 𝑟𝑘−1‖)
≤ 𝜔0(𝑎+ 2𝜚, 𝜚) < 1.

Then, by Banach Lemma on invertible operator, −1
𝑘

exists and

‖([𝑟, 𝑟0,]−1𝑘)−1‖ = ‖−1
𝑘
[𝑟, 𝑟0;]‖ ≤ 1

1 −𝜔0(𝑎+ 2𝜚, 𝜚)
. □

Let 𝑟−1 ∈ 𝐵(𝑟0, 𝜚) with ‖𝑟−1 − 𝑟0‖ ≤ 𝜎, and 𝜎 > 0, then 2𝑟0 − 𝑟−1 ≠ 𝑟−1
and by Lemma 1, −1

0 ∈ ( , ) exists. Now, we assume the following 
conditions to prove the convergence analysis of CKTM defined by (8).

(𝐵5) ‖−1
0 (𝑟0)‖ ≤ 𝜂.

(𝐵6) Let the equation

(1 +𝜓(𝜃))𝜂 = 𝜃

(
1 −𝜓(𝜃)

(
1 + 1

𝛼𝛾
(1 +𝜓(𝜃))

))
, (13)

where, 𝜓(𝜃) = 𝑛

1 −𝜔0(2𝜃 + 𝑎, 𝜃)
and 𝑛 = max{𝛼𝛾𝜔(2𝜂 + 𝜎,𝜎),

𝛼𝛾𝜔(3𝜂,2𝜂)} has atleast one positive root and the smallest root 
is denoted by 𝜚.

(𝐵7) Let (1 +𝑁)𝑁(1 + 1
𝛼𝛾

(1 +𝑁)) < 1, where 𝑁 = 𝑛

1 −𝜔0(2𝜚+ 𝑎, 𝜚)
>

0.
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Lemma 2. Suppose sequence {𝑟𝑘} defined by (8) is well defined, then the 
following equalities are true for 𝑘 ≥ 0.

(i) (𝑡𝑘) = (1 − 𝛼)(𝑟𝑘) + 𝛼([𝑡𝑘, 𝑟𝑘; ] −𝑘)(𝑠𝑘 − 𝑟𝑘).
(ii) (𝑟𝑘+1) = ([𝑟𝑘+1, 𝑟𝑘; ] −𝑘)(𝑟𝑘+1 − 𝑟𝑘) +𝛼𝛾(𝑘−[𝑡𝑘, 𝑟𝑘; ])(𝑠𝑘−

𝑟𝑘).
(iii) 𝑟𝑘+1 = 𝑠𝑘 + 𝛼𝛾−1

𝑘
(𝑘 − [𝑡𝑘, 𝑟𝑘; ])(𝑠𝑘 − 𝑟𝑘).

Proof. The proof of Lemma is immediate by using (8) and divided dif-

ference properties, hence details are omitted. □

2.1. Recurrence relations

Now, we analyze the semilocal convergence for the method (8) under 
the condition (𝐵1) − (𝐵7) in the following theorem.

Theorem 1. Suppose that the assumptions (𝐵1) − (𝐵7) hold, then sequence 
{𝑟𝑘} generated by (8) is well defined, remains in 𝐵(𝑟0, 𝜚) for all 𝑘 ∈ ℕ, and 
converges to a solution 𝑟∗ ∈ 𝐵(𝑟0, 𝜚) of the equation (𝑟) = 0 and 𝑟∗ is 
unique in 𝐵(𝑟0, 𝜚1) ⊂Δ if there exist 𝜚1 such that 𝜔0(𝜚 + 𝑎, 𝜚1) < 1.

Proof. Using (8), we have ‖𝑠0 − 𝑟0‖ = ‖−1
0 (𝑟0)‖ ≤ 𝜂 < 𝜚 and ‖𝑡0 −

𝑟0‖ ≤ 𝛼‖𝑠0 − 𝑟0‖ ≤ 𝛼𝜂 < 𝜚. Now, from Lemma 1 and item (iii) of 
Lemma 2, we have

‖𝑟1 − 𝑠0‖ ≤ ‖𝛼𝛾−1
0 (0 − [𝑡0, 𝑟0;])(𝑠0 − 𝑟0)‖

≤ 𝛼𝛾

1 −𝜔0(𝑎+ 2𝜚, 𝜚)
𝜔(‖2𝑟0 − 𝑟−1 − 𝑡0‖,‖𝑟−1 − 𝑟0‖)‖𝑠0 − 𝑟0‖

≤ 𝛼𝛾𝜔(𝜎 + 𝛼𝜂, 𝜎)
1 −𝜔0(𝑎+ 2𝜚, 𝜚)

‖𝑠0 − 𝑟0‖ ≤𝑁‖𝑠0 − 𝑟0‖ < ‖𝑠0 − 𝑟0‖ ≤ 𝜚.

In addition, ‖𝑟1 − 𝑟0‖ ≤ ‖𝑟1 − 𝑠0‖ + ‖𝑠0 − 𝑟0‖ ≤ (𝑁 + 1)‖𝑠0 − 𝑟0‖ < 𝜚.

It follows that 𝑠0, 𝑡0, 𝑟1 ∈𝐵(𝑟0, 𝜚) and from Lemma 1, −1
1 exists and

‖−1
1 [𝑟, 𝑟0;]‖ ≤ 1

1 −𝜔0(𝑎+ 2𝜚, 𝜚)
.

Now, from method (8) and item (ii) of Lemma 2, we have

‖𝑠1 − 𝑟1‖ = ‖−1
1 (𝑟1)‖ ≤ ‖−1

1 [𝑟, 𝑟0;]‖‖[𝑟, 𝑟0;]−1(𝑟1)‖
≤ 1
1 −𝜔0(𝑎+ 2𝜚, 𝜚)

‖[𝑟, 𝑟0;]−1{([𝑟1, 𝑟0;] − [2𝑟0 − 𝑟−1, 𝑟−1;])

(𝑟1 − 𝑟0) + 𝛼𝛾([2𝑟0 − 𝑟−1, 𝑟−1;] − [𝑡0, 𝑟0;])(𝑠0 − 𝑟0)}‖
≤{𝜔(2𝜂 + 𝜎,𝜎)(1 +𝑁) + 𝛼𝛾𝜔(𝜎 + 𝛼𝜂, 𝜎)}

1 −𝜔0(𝑎+ 2𝜚, 𝜚)
‖𝑠0 − 𝑟0‖

≤𝑁
(
1 + (1 +𝑁)

𝛼𝛾

)‖𝑠0 − 𝑟0‖ < 𝜂.

Furthermore,

‖𝑠1 − 𝑟0‖ ≤ ‖𝑠1 − 𝑟1‖+ ‖𝑟1 − 𝑟0‖
≤𝑁

(
1 + (1 +𝑁)

𝛼𝛾

)‖𝑠0 − 𝑟0‖+ (1 +𝑁)‖𝑠0 − 𝑟0‖
≤ (1 +𝑁)

(
1 +𝑁

(
1 + (1 +𝑁)

𝛼𝛾

))
<

(1 +𝑁)𝜂

1 −𝑁
(
1 + 1 +𝑁

𝛼𝛾

) = 𝜚.

It follows that, ‖𝑡1 −𝑟0‖ ≤ ‖𝑡1 −𝑟1‖ +‖𝑟1 −𝑟0‖ ≤ 𝛼‖𝑠1 −𝑟1‖ +‖𝑟1 −𝑟0‖ ≤
𝜚.

Now, from Lemma 1 and item (iii) of Lemma 2, we have

‖𝑟2 − 𝑠1‖ = ‖𝛼𝛾−1
1 (1 − [𝑡1, 𝑟1;])(𝑠1 − 𝑟1)‖

≤ 𝛼𝛾‖−1
1 [𝑟, 𝑟0;]‖‖[𝑟, 𝑟0;]−1(1 − [𝑡1, 𝑟1;])‖‖𝑠1 − 𝑟1‖

≤ 𝛼𝛾𝜔(2𝜂 + 𝛼𝜂,2𝜂)
1 −𝜔0(𝑎+ 2𝜚, 𝜚)

‖𝑠1 − 𝑟1‖ <𝑁‖𝑠1 − 𝑟1‖.
Thus,
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‖𝑟2 − 𝑟1‖ ≤ ‖𝑟2 − 𝑠1‖+ ‖𝑠1 − 𝑟1‖ ≤ (1 +𝑁)‖𝑠1 − 𝑟1‖
≤ (1 +𝑁)𝑁

(
1 + (1 +𝑁)

𝛼𝛾

)‖𝑠0 − 𝑟0‖ < 𝜂.

It follows that,

‖𝑟2 − 𝑟0‖ ≤ ‖𝑟2 − 𝑟1‖+ ‖𝑟1 − 𝑟0‖
≤
(
(1 +𝑁)𝑁

(
1 + (1 +𝑁)

𝛼𝛾

)
+ (1 +𝑁)

)‖𝑠0 − 𝑟0‖
<

(1 +𝑁)𝜂

1 −𝑁
(
1 + 1 +𝑁

𝛼𝛾

) = 𝜚.

Thus, 𝑠1, 𝑡1, 𝑟2 ∈𝐵(𝑟0, 𝜚) and from Lemma 1, −1
2 exists and

‖−1
2 [𝑟, 𝑟0;]‖ ≤ 1

1 −𝜔0(𝑎+ 2𝜚, 𝜚)
.

Now, from method (8) and item (ii) of Lemma 2, we have

‖𝑠2 − 𝑟2‖ =‖−1
2 (𝑟2)‖ ≤ ‖−1

2 [𝑟, 𝑟0;]‖‖[𝑟, 𝑟0;]−1(𝑟2)‖
≤ 1
1 −𝜔0(𝑎+ 2𝜚, 𝜚)

‖[𝑟, 𝑟0;]−1{([𝑟2, 𝑟1;] −1)(𝑟2 − 𝑟1)

+ 𝛼𝛾(1 − [𝑡1, 𝑟1;])(𝑠1 − 𝑟1)}‖
≤{𝜔(3𝜂,2𝜂)(1 +𝑁) + 𝛼𝛾𝜔((2 + 𝛼)𝜂,2𝜂)}

1 −𝜔0(𝑎+ 2𝜚, 𝜚)
‖𝑠1 − 𝑟1‖

≤𝑁
(
1 + (1 +𝑁)

𝛼𝛾

)‖𝑠1 − 𝑟1‖
≤𝑁2

(
1 + (1 +𝑁)

𝛼𝛾

)2‖𝑠0 − 𝑟0‖ < 𝜂.

In a similar manner, we can establish the following recurrence relations 
for 𝑘 ≥ 3, by using mathematical induction.

(i) ‖−1
𝑘
[𝑟, 𝑟0; ]‖ ≤ 1

1 −𝜔0(𝑎+ 2𝜚, 𝜚)
.

(ii) ‖𝑠𝑘 − 𝑟𝑘‖ ≤ ‖−1
𝑘
(𝑟𝑘)‖ ≤ 𝑁

(
1 + (1 +𝑁)

𝛼𝛾

)‖𝑠𝑘−1 − 𝑟𝑘−1‖ ≤
𝑁𝑘

(
1 + (1 +𝑁)

𝛼𝛾

)𝑘‖𝑠0 − 𝑟0‖.

(iii) ‖𝑠𝑘 − 𝑟0‖ ≤ (1 +𝑁) 
𝑘∑
𝑗=0

𝑁𝑗

(
1 + (1 +𝑁)

𝛼𝛾

)𝑗‖𝑠0 − 𝑟0‖.

(iv) ‖𝑡𝑘 − 𝑟0‖ ≤ ‖𝑡𝑘 − 𝑟𝑘‖ + ‖𝑟𝑘 − 𝑟0‖ ≤ 𝛼‖𝑠𝑘 − 𝑟𝑘‖ + ‖𝑟𝑘 − 𝑟0‖ ≤ 𝜚.

(v) ‖𝑟𝑘+1 − 𝑟𝑘‖ ≤ (1 +𝑁)‖𝑠𝑘 − 𝑟𝑘‖ ≤ (1 +𝑁)𝑁𝑘

(
1 + (1 +𝑁)

𝛼𝛾

)𝑘‖𝑠0 −
𝑟0‖ < 𝜚.

Now, we have to prove that the sequence {𝑟𝑘} is a Cauchy sequence. 
For this, we consider

‖𝑟𝑘+𝑗 − 𝑟𝑘‖ ≤ ‖𝑟𝑘+𝑗 − 𝑟𝑘+𝑗−1‖+ ‖𝑟𝑘+𝑗−1 − 𝑟𝑘+𝑗−2‖+…+ ‖𝑟𝑘+1 − 𝑟𝑘‖
≤(1 +𝑁)(‖𝑠𝑘+𝑗−1 − 𝑟𝑘+𝑗−1‖+ ‖𝑠𝑘+𝑗−2 − 𝑟𝑘+𝑗−2‖+…+ ‖𝑠𝑘 − 𝑟𝑘‖)
≤(1 +𝑁)

𝑘+𝑗−1∑
𝑖=𝑘

𝑁𝑖

(
1 + (1 +𝑁)

𝛼𝛾

)𝑖‖𝑠0 − 𝑟0‖
≤(1 +𝑁)𝑁𝑘

(
1 + (1 +𝑁)

𝛼𝛾

)𝑘(1 −𝑁𝑗
(
1 + (1 +𝑁)

𝛼𝛾

)𝑗
1 −𝑁

(
1 + (1 +𝑁)

𝛼𝛾

) )
𝜂 < 𝜚.

Therefore, the sequence {𝑟𝑘} is convergent. Furthermore, by continuity 
of , we get (𝑟∗) = 0. The fact 𝑟∗ is solution of (𝑟) = 0 follows from 
the following inequality

‖[𝑟, 𝑟0;]−1(𝑟𝑘+1)‖
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≤ ‖[𝑟, 𝑟0;]−1
{(

[𝑟𝑘+1, 𝑟𝑘;] − [2𝑟𝑘 − 𝑟𝑘−1, 𝑟𝑘−1;]
)
(𝑟𝑘+1 − 𝑟𝑘)

+ 𝛼𝛾
(
[2𝑟𝑘 − 𝑟𝑘−1, 𝑟𝑘−1;] − [𝑡𝑘, 𝑟𝑘;]

)
(𝑠𝑘 − 𝑟𝑘)

}‖
≤𝜔(‖𝑟𝑘+1 − 𝑟𝑘‖+ ‖𝑟𝑘 − 𝑟𝑘−1‖,‖𝑟𝑘 − 𝑟𝑘−1‖)‖𝑟𝑘+1 − 𝑟𝑘‖
+ 𝛼𝛾𝜔(‖𝑟𝑘 − 𝑟𝑘−1‖+ ‖𝑡𝑘 − 𝑟𝑘‖,‖𝑟𝑘−1 − 𝑟𝑘‖)‖𝑠𝑘 − 𝑟𝑘‖.

Now, from item (ii) of Lemma 2 and recurrence relations, we get ‖𝑠𝑘 −
𝑟𝑘‖ → 0, ‖𝑟𝑘+1 − 𝑟𝑘‖ → 0 as 𝑘 →∞. Hence (𝑟∗) = 0. Finally, to prove 
the uniqueness of 𝑟∗, assume that 𝑡∗ is another solution of (𝑟) = 0 in 
𝐵(𝑟0, 𝜚1) and consider the operator  = [𝑟, 𝑟0; ]. Since (𝑟∗ − 𝑡∗) =
(𝑟∗) −(𝑡∗), if the operator  is invertible, then 𝑟∗ = 𝑡∗. Indeed

‖−1([𝑟∗, 𝑡∗;] − [𝑟, 𝑟0;])‖ ≤ 𝜔0(‖𝑟∗ − 𝑟‖,‖𝑡∗ − 𝑟0‖)
≤ 𝜔0(‖𝑟∗ − 𝑟0‖+ ‖𝑟0 − 𝑟‖,‖𝑡∗ − 𝑟0‖)
≤ 𝜔0(𝜚+ 𝑎, 𝜚1) < 1.

Hence, by Banach lemma −1 exists and we can easily conclude that 
𝑟∗ is unique in 𝐵(𝑟0, 𝜚1). □

3. Application

In this section, we present two numerical examples involving nonlin-

ear integral equation with a non-differentiable operator and nonlinear 
elliptic partial differential equation to show the efficacy of CKTM over 
Steffensen’s method, Chebyshev secant type method, two step secant 
method and Improved Chebyshev secant type method (ICSTM). All the 
calculations are worked out on an Intel Core i7-1255U CPU at 1.70 GHz 
with 16.00 GB of RAM using MATLAB R2019a software. Note that we 
use max-norm throughout this article.

Example 1. Consider the Hammerstein type integral equation given by

𝑟(𝜃) = 𝑞(𝜃) +

1

∫
0

(𝜃, 𝑥) (𝑥, 𝑟(𝑥))𝑑𝑥, (14)

where, 𝑞,  are known functions and  is Green function defined in 
[0, 1] × [0, 1]. We have to determine the solution 𝑟(𝜃).

The problem (14) is equivalent to solve the (𝑟) = 0, where  ∶ Δ ⊂
[0, 1] → [0, 1] and

[(𝑟)](𝜃) = 𝑟(𝜃) − 𝑞(𝜃) −

1

∫
0

(𝜃, 𝑥) (𝑥, 𝑟(𝑥))𝑑𝑥. (15)

Consider  (𝑥, 𝑟(𝑥)) = 𝛿𝑟(𝑥)3 + 𝜏|𝑟(𝑥)|, where 𝛿, 𝜏 ∈ , 𝜏 ≠ 0. Now, we 
can discretize the problem by Gauss-Legendre quadrature formula with 
𝜇 nodes:

1

∫
0

𝑝(𝑥)𝑑𝑥 =
𝜇∑
𝑗=1

𝑤𝑗𝑝(𝑥𝑗 ),

where, 𝑤𝑗 and 𝑥𝑗 are the weights and nodes to be determined. If we 
denote 𝑟(𝑥𝑗 ) and 𝑞(𝑥𝑗 ) by 𝑟𝑗 and 𝑞𝑗 respectively, then (15) is transformed 
into the following system of nonlinear equations:

𝑟𝑗 = 𝑞𝑗 +
𝜇∑

𝑘=1
𝑏𝑗𝑘 (𝑥𝑗 , 𝑟𝑗 ), 𝑗 = 1,2, ..., 𝜇, (16)

where, 𝑏𝑗𝑘 =𝑤𝑘(𝑥𝑗 , 𝑥𝑘) =
{
𝑤𝑘(1 − 𝑥𝑗 )(𝑥𝑘), 𝑘 ≤ 𝑗,

𝑤𝑘(1 − 𝑥𝑘)(𝑥𝑗 ), 𝑘 > 𝑗.

Thus, we can write equation (16) as

𝐻(𝑟) ≡ 𝑟− 𝑞 −𝐵𝑢 = 0, 𝐻 ∶𝜇 →𝜇, (17)

where, 𝑟 = (𝑟1, 𝑟2, … , 𝑟𝜇)′, 𝑞 = (𝑞1, 𝑞2, … , 𝑞𝜇)′, 𝐵 = (𝑏𝑗𝑘)
𝜇

𝑗,𝑘=1
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𝑢 = ( (𝑥1, 𝑟1), (𝑥2, 𝑟2),… , (𝑥𝜇, 𝑟𝜇))′.

We consider the first order divided difference given by [𝑣, 𝑤; ] =
([𝑣, 𝑤; ]𝑗𝑘)

𝜇

𝑗,𝑘=1 ∈ (𝜇, 𝜇), where

[𝑣,𝑤;]𝑗𝑘 =
1

𝑣𝑘 −𝑤𝑘

(𝑗 (𝑣1,…𝑣𝑘,𝑤𝑘+1,… ,𝑤𝜇)

−𝑗 (𝑣1,…𝑣𝑘−1,𝑤𝑘,… ,𝑤𝜇)),

𝑣 = (𝑣1, 𝑣2, … , 𝑣𝜇) and 𝑤 = (𝑤1, 𝑤2, … , 𝑤𝜇). Then, (17) become

𝐻(𝑟) ≡ 𝑟− 𝑞 −𝐵(𝛿𝑙𝑟 + 𝜏𝑚𝑟) = 0, 𝐻 ∶𝜇 →𝜇, (18)

𝑙𝑟 = (𝑟31, 𝑟
3
2,… , 𝑟3

𝜇
)′, 𝑚𝑟 = (|𝑟1|, |𝑟2|,… , |𝑟𝜇|)𝑇 .

In addition,

[𝑣,𝑤;𝐻] = 𝐼 −𝐵.𝐷𝑖𝑎𝑔

⎛⎜⎜⎜⎜⎜⎜⎜⎝
𝛿

⎛⎜⎜⎜⎜⎝
𝑣21 + 𝑣1𝑤1 +𝑤2

1
𝑣22 + 𝑣2𝑤2 +𝑤2

2
⋮

𝑣2
𝜇
+ 𝑣𝜇𝑤𝜇 +𝑤2

𝜇

⎞⎟⎟⎟⎟⎠
+ 𝜏

⎛⎜⎜⎜⎜⎜⎜⎜⎝

|𝑣1|− |𝑤1|
𝑣1 −𝑤1|𝑣2|− |𝑤2|
𝑣2 −𝑤2

⋮|𝑣𝜇|− |𝑤𝜇|
𝑣𝜇 −𝑤𝜇

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

Thus, [𝑣, 𝑤; 𝐻] = 𝐼−(𝛿𝐶+𝜏𝐷), where 𝐶 = (𝑐𝑗𝑘)
𝜇

𝑗,𝑘=1 with 𝑐𝑗𝑘 = 𝑏𝑗𝑘(𝑣2𝑘+

𝑣𝑘𝑤𝑘 + 𝑤2
𝑘
) and 𝐷 = (𝑑𝑗𝑘)

𝜇

𝑗,𝑘=1 with 𝑑𝑗𝑘 = 𝑏𝑗𝑘
( |𝑣𝑘|− |𝑤𝑘|

𝑣𝑘 −𝑤𝑘

)
. Further-

more, we get

‖[𝑟, 𝑠;𝐻] − [𝑣,𝑤;𝐻]‖ ≤ 𝑃 +𝑄(‖𝑟− 𝑣‖+ ‖𝑠−𝑤‖), (19)

where, 𝑃 , 𝑄 ≥ 0; 𝑟, 𝑠, 𝑣, 𝑤 ∈ Δ; 𝑟 ≠ 𝑠; 𝑣 ≠𝑤. Notice that if the operator 𝐻
is differentiable then the first order divided difference satisfies the Lips-

chitz or Holder’s continuity condition in Δ but here it satisfy condition 
(19) which is a 𝜔 condition.

To analyze the convergence of CKTM, let 𝜇 = 8, and 𝑞 = 1 =
(1, 1, … , 1)′, then equation (18) becomes

𝐻(𝑟) ≡ 𝑟− 1 −𝐵𝑢, 𝑢𝑘 = 𝛿𝑟3
𝑘
+ 𝜏|𝑟𝑘|, 𝑘 = 1,2,… ,8.

Let 𝑟, 𝑠, 𝑣, 𝑤 ∈ 𝐵(𝑟0, 𝜚) ⊂Δ, then we get

‖[𝑟, 𝑠;𝐻] − [𝑣,𝑤;𝐻]‖ ≤ 𝑃 +𝑄(‖𝑟− 𝑣‖+ ‖𝑠−𝑤‖), (20)

where, 𝑃 = 2|𝜏|‖𝐵‖ and 𝑄 = 3(𝜚 + ‖𝑟0‖)|𝛿|‖𝐵‖.

In addition, ‖[𝑟, 𝑠; 𝐻] − [𝑟, 𝑟0; 𝐻]‖ ≤ 𝑃 +𝑄0(‖𝑟 − 𝑟‖ + ‖𝑠 − 𝑟0‖) with 
𝑄0 = (2𝜚 + 3‖𝑟0‖)|𝛿|‖𝐵‖.

Thus, we get the following function

𝜔(𝜃, 𝑥) = 𝜉‖𝐵‖(2|𝜏|+ 3(𝜚+ ‖𝑟0‖)(𝜃 + 𝑥)),

𝜔0(𝜃, 𝑥) = 𝜉‖𝐵‖(2|𝜏|+ (2𝜚+ 3‖𝑟0‖)(𝜃 + 𝑥)),

with 𝜉 = ‖[𝑟, 𝑟0; 𝐻]−1‖. Let 𝛼 = 𝛽 = 𝛾 = 1, thus family (8) becomes 
two step Kurchatov method. If we choose 𝑟−1 = (0.9, 0.9, … , 0.9), 𝑟0 =
(1, 1, … , 1), 𝑟 = (0.76, 0.76, … , 0.76), 𝛿 = 1∕3, 𝜏 = 1∕4 and 𝜚 = 1, then, 
𝑎 = 0.24, 𝜎 = 0.1, 𝜂 = 0.083115, 𝑛 = 0.18795.

Kumar and Parida [22] have discussed the convergence of two step 
Kurchatov method for the non-differentiable operator. One of the suf-

ficient condition for the convergence of two step Kurchatov method 
is (1 + )𝑏𝑒 < 𝜎 where 𝑏 = ‖[2𝑟0 − 𝑟−1, 𝑟−1; ]−1‖, 𝑒 = ‖(𝑟0)‖,  =

𝐶1(1 −𝐶3(𝜚))
1 − (𝐶2(𝜚) +𝐶3(𝜚))

, 𝐶1 = 𝑏(𝑃 +𝑄(𝑏𝑒 + 2𝜎)), 𝐶2(𝜚) = 𝑏(𝑃 +𝑄(𝜚 + 𝑏𝑒 +

2𝜎)), 𝐶3(𝜚) = 𝑏(𝑃 + 2𝑄(𝜚 + 𝜎)). Here

(1 +)𝑏𝑒 = 0.10349≮ 𝜎 = 0.1.

Thus, the existing theoretical results are not applicable in this case. Thus, 
we need to improve the convergence conditions. Now, we apply the 
theoretical results discussed in Section 2 under the same assumptions. 
The equation (13) has the smallest positive root given by 𝜚 = 0.32443
and
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Table 1

Numerical solution 𝑟∗ of equation (14).

𝑘 𝑟∗
𝑘

𝑘 𝑟∗
𝑘

1 1.006545665815048 5 1.083878251114222

2 1.031067160303208 6 1.062307689506363

3 1.062307689506363 7 1.031067160303208

4 1.083878251114222 8 1.006545665815048

Fig. 1. Numerical solution by Chebyshev Kurchatov type method.

(1 +𝑁)𝑁(1 + 1
𝛼𝛾

(1 +𝑁)) = 0.86415< 1.

Thus, the domain of existence and uniqueness of solution are

{𝑟 ∈8 ∶ ‖𝑟− 𝑟0‖ ≤ 0.32443} {𝑟 ∈8 ∶ ‖𝑟− 𝑟0‖ ≤ 3.301257}.

All the required hypotheses of Theorem 1 are satisfied and hence 
the existence and uniqueness of the solution are insured in the ball 
(𝑟0, 0.32442) and (𝑟0, 3.301257) respectively. Using stopping crite-

ria ‖𝑟𝑘+1 − 𝑟𝑘‖ < 10−100, after five iterations, we get the approximated 
solution 𝑟∗ of 𝐻(𝑟) = 0, given in Table 1 and shown in Fig. 1. We 
have also presented the error bounds ‖𝑟∗ − 𝑟𝑘‖ in Table 2 for the Stef-

fensen’s method [10], Chebyshev secant type method [23], two step 
secant method [24], Improved Chebyshev secant type method [18] and 
Chebyshev Kurchatov type method. It has been observed that CKTM 
converges more rapidly than other mentioned methods.

Example 2. Consider the nonlinear elliptic partial differential equation 
given by

𝑣𝑦𝑦 + 𝑣𝑧𝑧 = 𝑦3, (21)

defined in the rectangular domain {(𝑦, 𝑧) ∈2 ∶ 𝑦, 𝑧 ∈ [0, 1]} with the 
following boundary conditions

𝑣(𝑦,0) = 2𝑦2 − 𝑦+ 1, 𝑣(𝑦,1) = 2, 0 ≤ 𝑦 ≤ 1, (22)

𝑣(0, 𝑧) = 2𝑧2 − 𝑧+ 1, 𝑣(1, 𝑧) = 2, 0 ≤ 𝑧 ≤ 1.

In order to simplify the problem (21), we first applying the method 
of central finite difference approximation and obtain the system of non-

linear equations. Now, we employ a grid having step size 𝑔 = 1
𝑙

along y 

and ℎ = 1
𝑚

along 𝑧 to divide the rectangular domain into (𝑙+1) ×(𝑚 +1)
rectangles with sides 𝑔 and ℎ and the mesh points (𝑦𝑗 , 𝑧𝑘) are
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𝑦𝑗 = 𝑗𝑔, 𝑧𝑘 = 𝑘ℎ, 𝑗 = 0,1,… , 𝑙 + 1, 𝑘 = 0,1,… ,𝑚+ 1.

From finite difference, we approximate problem (21) at each interior 
mesh point (𝑦𝑗 , 𝑧𝑘) as

𝑣(𝑦𝑗+1, 𝑧𝑘) − 2𝑣(𝑦𝑗 , 𝑧𝑘) + 𝑣(𝑦𝑗−1, 𝑧𝑘)
𝑔2

+
𝑣(𝑦𝑗 , 𝑧𝑘+1) − 2𝑣(𝑦𝑗 , 𝑧𝑘) + 𝑣(𝑦𝑗 , 𝑧𝑘−1)

ℎ2
= 𝑣(𝑦𝑗 , 𝑧𝑘)3, (23)

for 𝑗 = 1, 2, … , 𝑙 and 𝑘 = 1, 2, … , 𝑚 and the boundary conditions are

𝑣(𝑦𝑗 , 𝑧0) = 2𝑦2
𝑗
− 𝑦𝑗 + 1, 𝑣(𝑦𝑗 , 𝑧𝑚+1) = 2, 𝑗 = 1,2,… , 𝑙,

𝑣(𝑦0, 𝑧𝑘) = 2𝑧2
𝑘
− 𝑧𝑘 + 1, 𝑣(𝑦𝑙+1, 𝑧𝑘) = 2, 𝑘 = 0,1,… ,𝑚+ 1.

(24)

If we denote 𝑣(𝑦𝑗 , 𝑧𝑘) by 𝑣𝑗,𝑘, equation (23) given by

2
(
1 +

( 𝑔
ℎ

)2)
𝑣𝑗,𝑘 − (𝑣𝑗−1,𝑘 + 𝑣𝑗+1,𝑘)

−
(
𝑔

ℎ

)2
(𝑣𝑗,𝑘−1 + 𝑣𝑗,𝑘+1) = −𝑔2𝑣3

𝑗,𝑘
, (25)

for 𝑗 = 1, 2, … , 𝑙 and 𝑘 = 1, 2, … , 𝑚 with

𝑣𝑗,0 = 2𝑦2
𝑗
− 𝑦𝑗 + 1, 𝑣𝑗,𝑚+1 = 2, 𝑗 = 1,2,… , 𝑙,

𝑣0,𝑘 = 2𝑧2
𝑘
− 𝑧𝑘 + 1, 𝑣𝑙+1,𝑘 = 2, 𝑘 = 0,1,… ,𝑚+ 1. (26)

It is important to note that equation (25) and boundary conditions (26)

together constitute a nonlinear system of size 𝑙𝑚 × 𝑙𝑚. The nonlinear 
system

𝐿𝑢+ 𝑔2𝜗(𝑢) = 𝑥, (27)

is then obtained by labelling the inner grid points row by row from 𝑢1
to 𝑢𝑏 starting from the left-bottom corner point, where 𝑏 = 𝑙𝑚,

𝐿 =

⎡⎢⎢⎢⎢⎢⎢⎣

𝑅 𝑇 0 ⋯ ⋯ 0
𝑇 𝑅 𝑇 ⋱ ⋮
0 𝑇 𝑅 𝑇 ⋱ ⋮
⋮ ⋱ ⋱ ⋱ ⋱ 0
⋮ ⋱ ⋱ ⋱ 𝑇

0 ⋯ ⋯ 0 𝑇 𝑅

⎤⎥⎥⎥⎥⎥⎥⎦
𝑏×𝑏

,

𝑅 =

⎡⎢⎢⎢⎢⎢⎢⎣

2(𝜆+ 1) −1 0 ⋯ ⋯ 0
−1 2(𝜆+ 1) −1 0 ⋯ 0
0 −1 2(𝜆+ 1) −1 ⋱ ⋯
⋮ ⋱ ⋱ ⋱ ⋱ 0
⋮ ⋱ −1
0 ⋯ ⋯ 0 −1 2(𝜆+ 1)

⎤⎥⎥⎥⎥⎥⎥⎦
𝑚×𝑚

,

𝑇 = −𝜆𝐼 , 𝜆 =
( 𝑔
ℎ

)2
, u = (𝑢1, 𝑢2, ..., 𝑢𝑏)′, 𝜗(u) = (𝑢31, 𝑢

3
2, … , 𝑢3

𝑏
)′, 𝑥 =(44

25
, 23
25

, 28
25

, 87
25

, 23
25

, 0, 0, 2, 28
25

, 0, 0, 2, 87
25

, 2, 2, 4
)′

. The system (27) can 
be expressed as

(𝑢) =𝐿𝑢+ 𝑔2𝜗(𝑢) − 𝑥, where  ∶ Δ ⊆𝑏 →𝑏.

Thus,

‖[𝑟, 𝑠;] − [𝑝, 𝑞,]‖ ≤ 𝑔2𝜅
(‖𝑟2 − 𝑝2‖+ ‖𝑠2 − 𝑞2‖+ ‖𝑟𝑠− 𝑝𝑞||)

≤ 3𝑔2𝜅(𝜚+ ‖𝑟0‖)(‖𝑟− 𝑝‖+ ‖𝑠− 𝑞‖),
and

‖[𝑟, 𝑠;] − [𝑟0, 𝑟,]‖ ≤ 𝑔2(2𝜚+ 3‖𝑟0‖)(‖𝑟− 𝑝‖+ ‖𝑠− 𝑞‖). (28)

So, we get the following functions

𝜔(𝑟, 𝑠) = 𝑔2𝜅3(𝜚+ ‖𝑟0‖)(𝑟+ 𝑠), 𝜔0(𝑟, 𝑠) = 𝑔2𝜅(2𝜚+ 3‖𝑟0‖)(𝑟+ 𝑠),
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Table 2

Errors bounds ‖𝑟∗ − 𝑟𝑘‖ for different iterative methods.

𝑘 SM CSTM TSSM ICSTM CKTM

2 8.24396 × 10−2 8.38255 × 10−2 ×10−2 8.38255 × 10−2 8.38642 × 10−2
3 1.43818 × 10−3 5.26602 × 10−5 5.26650 × 10−5 1.76354 × 10−3 1.39829 × 10−5
4 4.45968 × 10−7 4.87153 × 10−9 2.29596 × 10−12 1.08623 × 10−8 7.97308 × 10−13
5 4.25914 × 10−14 1.82299 × 10−19 3.61399 × 10−30 2.88124 × 10−21 3.20815 × 10−35
6 3.87939 × 10−28 5.78164 × 10−38 3.98917 × 10−73 1.20076 × 10−51 1.39897 × 10−86
7 3.21766 × 10−56 2.55710 × 10−77 - -

Table 3

Numerical solution 𝑟∗ of (27) by using CKTM.

𝑘 𝑟∗
𝑘

𝑘 𝑟∗
𝑘

1 0.967514648571 9 1.255308661675

2 1.073142808305 10 1.359712017969

3 1.255308661675 11 1.481965315289

4 1.547504427760 12 1.669313085344

5 1.073142808305 13 1.547504427760

6 1.199182696602 14 1.602945733655

7 1.359712017969 15 1.669313085344

8 1.602945733655 16 1.778410018624

Table 4

Errors bounds ‖𝑟∗ − 𝑟𝑘‖ for different iterative methods.

𝑘 SM CSTM TSSM ICSTM CKTM

2 7.50198 × 10−2 7.31382 × 10−2 1.73138 × 10−1 7.31382 × 10−2 7.31418 × 10−2
3 1.87634 × 10−3 4.56946 × 10−6 4.56950 × 10−6 4.13440 × 10−4 2.36166 × 10−6
4 7.28299 × 10−7 4.04460 × 10−11 1.89031 × 10−15 9.87769 × 10−11 3.19112 × 10−15
5 1.27885 × 10−13 2.92962 × 10−24 7.89750 × 10−38 1.08347 × 10−26 6.26872 × 10−41
6 3.91743 × 10−27 1.69193 × 10−47 6.32757 × 10−96 7.21353 × 10−65 −
7 3.49558 × 10−54 1.23345 × 10−96 − − −
Fig. 2. Numerical solution by Chebyshev Kurchatov type method.

where, 𝜅 = ‖[𝑟, 𝑟0; ]−1‖.

Now, if we choose 𝑟−1 = [0.9, 0.9, 1.2, 1.5, 0.9, 1.1, 1.3, 1.5, 1.2, 1.3,1.4,
1.6,1.5,1.5, 1.6, 1.7], 𝑟0 = 𝑟−1 + 0.1, 𝑟= 1.08 × [1,1,1,1,1,1,1,1,1,1,1,1,
1,1,1,1], 𝛼 = 𝛽 = 𝛾 = 1 (Two step Kurchatov method) and 𝜚 = 4.9, we 
get

𝑎 = 0.72, 𝜎 = 0.1, 𝜂 = 0.07348, 𝑛 = 0.13576.

In [22], Kumar and Parida discussed the convergence of two step Kur-

chatov method for the non-differentiable operator and one of the suffi-

cient condition is that there exist a positive real root of the

(1 + 𝑃 )𝑏𝑒− 𝜚+ 𝜎 = 0, (29)
280
where, 𝑏 = ‖[2𝑟0 − 𝑟−1, 𝑟−1; ]−1‖, 𝑒 = ‖(𝑟0)‖,  = 𝐶1(1−𝐶3(𝜚))
1−(𝐶2(𝜚)+𝐶3(𝜚))

, 
𝐶1 = 𝑏(𝑃 +𝑄(𝑏𝑒 + 2𝜎)), 𝐶2(𝜚) = 𝑏(𝑃 +𝑄(𝜚 + 𝑏𝑒 + 2𝜎)), 𝐶3(𝜚) = 𝑏(𝑃 +
2𝑄(𝜚 + 𝜎)). But there does not exist any positive real root of (29) for 
the above problem. So, we cannot use Theorem 2.1 (see [22]) to ensure 
the convergence of (8) for approximating a solution of (27) but we can 
apply our theoretical results derived in Section 2. In this case, equation 
(13) has the smallest positive root given by 𝜚 = 0.22586 and

(1 +𝑁)𝑁(1 + 1
𝛼𝛾

(1 +𝑁)) = 0.74359< 1.

Thus, the domain of existence and uniqueness of solution are

{𝑟 ∈8 ∶ ‖𝑟− 𝑟0‖ ≤ 0.22586} {𝑟 ∈8 ∶ ‖𝑟− 𝑟0‖ ≤ 1.96852},

respectively. Now, using stopping criteria ‖𝑟𝑘+1 − 𝑟𝑘‖ < 10−100, after 
four iteration, we get the approximated solution 𝑟∗ of 𝐻(𝑟) = 0 given in 
Table 3 and shown in Fig. 2. We have also presented the error bounds ‖𝑟∗ − 𝑟𝑘‖ in Table 4 for different iterative methods and CKTM converges 
more rapidly than other mentioned methods.

4. Conclusions

The semilocal convergence of the Chebyshev Kurchatov type meth-

ods is established to approximate the solution of nonlinear equations. 
Recurrence relations are presented under the weaker continuity condi-

tion on the first order divided difference. The sufficient convergence 
conditions involving auxiliary points are weaker than the state of the 
art studies. Convergence theorems are established for the existence and 
uniqueness of the solution. The theoretical results are tested on nu-

merical examples including nonlinear mixed Hammerstein type integral 
equation and partial differential equation. The inclusion of auxiliary 
points in convergence conditions enables the establishment of conver-

gence domains, where the existing theoretical results are not applicable.
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