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In this study, the new semilocal convergence for the family of Chebyshev Kurchatov type methods is proposed
under weaker conditions. The convergence analysis demands conditions on the initial approximation, auxiliary
point, and the underlying operator (Argyros et al. (2017) [10]). By utilizing the notion of auxiliary point in
convergence conditions, the convergence domains are obtained where the existing results are not applicable.
The theoretical results are validated using numerical examples, such as nonlinear PDE and mixed Hammerstein

type integral equations originating in biology, vehicular traffic theory, and queuing theory, to determine the
applicability of the proposed framework. The numerical testing shows that the new approach performed better
(accurately and converge faster) than Steffensen’s method, Chebyshev type methods and two step secant method.

1. Introduction

A challenging problem in Numerical Analysis is to locate the solution
of nonlinear equation given by

H(r)=0, (€8]

where, H : AC X — Y is a continuous nonlinear operator defined on
the Banach space X to Y (see [1-7]). The solution can be in the form
of a number (single equation with a single unknown), a vector (system
of linear or nonlinear equations) or a function (differential and integral
equation) but analytic solutions for such types of equations are rarely
found. To approximate the solution, the iterative methods are defined
as follows:

Py yygs sl EA
= k>0 @
Tirt =P _ys Thmyrts -5 Thm1: 7)) k20,
where, r_,,r_,,|,...,ry are initial approximations and ¢ is an itera-

tive function depending upon the choice of iterative method. Newton’s
method is the most basic iterative method (see [8,9]) defined by

rg € 4,
1o y=1 @)
Feg1 =T —H(r)7 " Hrg), k20,
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where, H’ is the first Fréchet derivative of the operator. This method
has a quadratic order of convergence, good accessibility and low opera-
tional cost because each iteration involves the evaluation of one function
and its derivative. The applicability of (3) fails for non-differentiable
operators because it requires a derivative of the function. So, iterative
methods free from derivatives are of special interest. Generally, divided
differences are used to approximate the derivatives of a function. The
first order divided difference at points r and s is [r,s; H] € L(X,)) de-
fined by

[r,s: H](r — 5) = H(r) — H(s).

If we approximate H'(r) in (3) by first order divided difference [r,r +
H(r); H], then we obtain quadratically convergent Steffensen’s method
[10] which is given by

"0 (S A,
] “4)
Fig1 =T = [ ri + Hrg s HI7 H(rg).

Iterative methods are modified to higher order methods for approximat-
ing the solution of nonlinear equations (see [11,12]). Chebyshev method
[13] is a third order iterative method but it is dependent on the eval-
uation of H"" which is computationally expensive or may not exist at
some point. Ezquerro and Herndndez [14] proposed the improvement
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of Chebyshev method that avoids the computation of H" (r) which is
known as Chebyshev Newton type method. Argyros et al. [15] approx-
imated H' by first order divided difference in Chebyshev Newton type
method which is known as Chebyshev secant type method given by

r_y,rg €4,
Sk =1 = [P rc s HIT H (),
%)

ty=r;+als, —r),

Fiest =k = [P rec s HIT BH () + Y H @),
where, @, f and y are non negative values to be chosen in such a way
that the sequence generated by (5) converges to a solution. For a« =0,
p=y= l, and s, =r;,; method (5) reduces to Secant method. Kumar

and Gupta [16] studied the convergence of the two-step secant method
(TSSM) defined as

So, g € 4,
Feet = 8k = [ ris HITVH (), (6)
Skat = it = [ rs HIT H(r)-

Its order of convergence is 1 + \/5 Using majorizing techniques [17],
the local and semi-local convergence of the method (6) has been
demonstrated under various continuity conditions. In [18], an im-
proved Chebyshev secant type method (ICSTM) is established for non-
differentiable operators given by

50,7 € 4,
Fep1 = = [re s HITVH(rp),
§ @

te=r+a(r —ry,

Skt =1 — [r s HITHBH () + yH(@)).
The semilocal convergence of (7) is discussed under a weaker continu-
ity condition on first order divided difference. For « = f =y = 1, ICSTM
becomes two step secant method. Argyros and Ren [19] introduced an-
other variant of method (5) known as Chebyshev Kurchatov type method
(CKTM) given by

r_1,rg € 4,

SE=Fr— A;lH(rk),
ty=r+als, —ry),
rest =1 — A BH () + Y M),

where, a,f and y are non negative values. Notice that method (8) re-
duces to two step Kurchatov method if a ==y =1 and for a =0,

A, =12r, —ri_y,ri_1; H]
k k ~ Tk=1>Tk=1 ®

p=y= l, Sy = r41, method (8) reduces to Kurchatov method. Argy-
ros and Ren [19] established the semilocal convergence of (8) under the

Lipschitz condition on the first order divided difference given by
Ilr, s;H] = [p, s HIIl < L(lr = pll + II's = qlD), )

For condition (9), the operator H must be differentiable. The condition
(9) is extended for the non-differentiable operator given by

L>0.

ILr, s: H] = [p. s HIIl < (llr = plI. Is = qlD),

for all r,5,p,g € A and w : R, X R, — R, is a non-decreasing and
continuous function in both arguments. If H is w- continuous, then it is
wy-centre continuous for all r, s € A given by

(10)

[, 5311 = [po- 405 HIIl < wo(llr = poll, IIs = go D), an

where, @, : R, XR, — R, isanon-decreasing and continuous function

in both arguments. Notice that wy(r, s) < w(r, s) forall r,s € R and @
@y
might be arbitrary large.
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In the literature, authors have discussed the convergence of CKTM
family under Lipschitz condition (see [19])) which is not applicable
for non-differentiable operators. In [20], the accessibility of the Secant
method is improved by using (10) and (11). The convergence analysis
of Steffensen’s and Secant like methods have been discussed by using
conditions (10), (11) and the auxiliary points (see [10,21]) to obtain
the improved convergence domains. Motivated by these aspects, we es-
tablish the convergence domains of CKTM family for non-differentiable
operators under weaker conditions (@ and w)) and using auxiliary points
where the existing studies are not applicable.

The rest of the paper is organized as follows: In Section 2, the re-
currence relations are derived to analyse the semilocal convergence of
CKTM (8) for the non-differentiable operator, further supported by prov-
ing the existence and uniqueness theorem to obtain the convergence
domains. In Section 3, the theoretical results are tested using numerical
examples including nonlinear mixed Hammerstein type integral equa-
tion and partial differential equation.

2. Semilocal convergence of Chebyshev Kurchatov type method

In this section, we consider the semilocal convergence of (8) using
recurrence relations under the following conditions:

(B) (1-a)y=(1-p)and a €[0,1].

(B,) For ry, 7 € 4, there exist a > 0 such that ||r, — || < a.

(B3) For all r,s,p,q € 4, |[[F,ro; HI7'([r, s; H] = [p,q; HDI| < w(||r —
pll, lls—ql), where @ : R xR, — R, is non decreasing and con-
tinuous function in the both argument.

(By) 1t follows from (Bj) that ||[F,re; H]™\([r,s;H] — [F.ro; H))|| <
wo(|lr =7, lls =ryll), where wy : R, xR, — R, is non decreasing
and continuous function in the both argument.

Lemma 1. Assume that (B) — (B,) hold and there exists ¢ € R, such that
wg(a+20,0) <1 and B(ry,0) C A are satisfied, then A;l e L(Y,X) for
all ry,ry_y € B(rg,0) with ||r, —r_1ll <o and

. 1
A3 17 ros I < 5

—_— k=0,1,2,...
—wy(a+20,0)

12

Proof. From (Bj;), we have

L7, ro, HI™ (I, ro, H1 = Al

Loo(IF =2r, +ri_yll, llrg = i1 D)

SagIF = rill + llr—y = el llro = re—1 1D

<wgla+20,0) < 1.

A;l exists and

1
1 —wy(a+20,0)

Then, by Banach Lemma on invertible operator,

(7, 7o HIT A = 1A [F g HIl < O

Let r_; € B(ry,0) with ||r_; —ryll <o, and 6 > 0, then 2ry —r_; #r_;

and by Lemma 1, Ag' € L(Y, X) exists. Now, we assume the following
conditions to prove the convergence analysis of CKTM defined by (8).

(Bs) IAG H(rg)ll <.
(Bg) Let the equation

(1+W(9))n=9<1—w(9)(1+aiy(1+w(9)))), a3

n
1 —wy(20 +a,0)
ayw(3n,2n)} has atleast one positive root and the smallest root
is denoted by ¢.

(B;) Let (1+ N)N(1 + L 4+N) <1, where N =
ay
0.

where, w(0) = and n = max{ayw(2y + o0,0),

n
_— >
1 —wy(20+ a,0)
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Lemma 2. Suppose sequence {r,} defined by (8) is well defined, then the
following equalities are true for k > 0.

@ M) =0 —a)H(r) +allty, r Hl = A (s — re)-
(i) Hrp) =Urggrsris H1= A (e —r) +ay (A = [t ris HD (s —
)
(i) ryyy =g +ay AN (A = (1 r HD (s, — ).

Proof. The proof of Lemma is immediate by using (8) and divided dif-
ference properties, hence details are omitted. []

2.1. Recurrence relations

Now, we analyze the semilocal convergence for the method (8) under
the condition (B,) — (B;) in the following theorem.

Theorem 1. Suppose that the assumptions (B,) — (B;) hold, then sequence
{ry } generated by (8) is well defined, remains in B(r, o) for all k €N, and

converges to a solution r* € B(r(, o) of the equation H(r) =0 and r* is
unique in B(ry, 01) C A if there exist o, such that wy(0+a,01) < 1.

Proof. Using (8), we have ||s) — ryll = ||A61H(r0)|| <n<oand |t;—
roll < allsg — rgll < an < 0. Now, from Lemma 1 and item (iii) of
Lemma 2, we have

7y = soll < llayAg" (Ag = [tg. ro: HD)(sg — o)l
ay
S _—
1 —wgy(a+20,0)
ayw(o + an,o)
~ 1-wy(a+20,0)

@(|2rg —r_; = toll, llr_y —rolDllso — roll
llso = roll < Nllsg —roll < llso = roll <o

In addition, ||ry —roll < llry = soll + llso = roll (N + Dllsg — roll <o
It follows that sy, 4,7 € B(ry,0) and from Lemma 1, .Al" exists and
AT g M € ——————

1 —wy(a+20,0)

Now, from method (8) and item (ii) of Lemma 2, we have
sy = rill = 1A HEDN < WA ros HNEE, ros HIT HGr |

1 | 1 _ )
Sl—a)o(a+20,o)”[r’r0’H] {(ry,rgs HI = [2rg —r_q,r_1; H])
(ry —ro)+ay((2rg—r_,r_1; H] = [tg, ro; HD(sg — ro) }I
<{w(2n+6,a)(1+N)+ayw(a+ar],6)}

- 1 —wy(a+20,0)
(1+N)
N(1+ >||so—r0||<n.
ay

Furthermore,

llso = roll

llsy = roll <llsy = ryll +llry = roll

1+ N
§N<l+( + )>||s0—r0||+(1+N)||So—r0||
5(1+N)<1+N(1+(1+N))>< (1+N1)’1 N =
ay 1-N(1+ 28

It follows that, ||t} —roll < |1ty —ry [l +1lry —roll S allsy —rill +lrp —roll <
0.

Now, from Lemma 1 and item (iii) of Lemma 2, we have

llry = sill = lar AT (Ay = [ty rs HDGsy =)l

<ay || AT TF ros HNF, ros H17H Ay = [r rs HDsy = 7yl

< y@n + an,2n)
~ 1 -wy(a+20,0)
Thus,

lsy = rill < Nllsy —ryll.
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lry =rill <l = sl + sy —r I <A+ N)llsy =yl

(1+N)
Isg = roll <n.

<(1+N)N (1 +
It follows that,

llry = roll S llro =7y Il + llry = rol

< ((1+N)N(1+ “:yN))+(1+N)>||s0—r0||
(1 + Ny
<—""7 -y
1o N(1+ 12
ay

Thus, s,t1,7, € B(ry, 0) and from Lemma 1, A; I exists and

- 1
AR g M| € ——————.
A5 7 HI <

Now, from method (8) and item (ii) of Lemma 2, we have

llsy = ryll =IAS H ()N < 1A T, ro: HINNIF, ro: HIT H ()
R S
“1-wyla+20,0)
+ay(Ay = [ty rs HD(sp =}
< {@@Bn,2n)(1 + N) + ayw((2 + a)n,2n)}
- 1 — wy(a+20,0)

(1+N)
N<1+ >||s1 —rll
ay

2
1+N
SN2<1+((X—J/)> [Isg = roll <m.

In a similar manner, we can establish the following recurrence relations
for k > 3, by using mathematical induction.

NEF, ros HI™ {7y, rys HI = A — 1y)

sy —rill

1
1 —wy(a+ 20,0)"

@) llsg — rell < IAZ G < N<1 '
k
(1+N)
Nk(14 — —roll.
<+ o >||So roll

k J

. (A+N)

(iii) ||sk—r0||£(1+N)ZN1<1+ [Isg = roll-
j=0 ay

V) |l —roll SNt = rell + llrg = roll S alls = rill + 1l —roll < 0.

@ 1A Fro: M <
(14+N)

)||5k—1 -l <

k
1+N
) Wi =l <1+ Wl =l < 0 NN (1 D) g -

roll <o.

Now, we have to prove that the sequence {r,} is a Cauchy sequence.
For this, we consider

N7 = rll S Mreq = Prgjmt D+ rejoy = Frgjall + oo+ gy — 7l

<A+ N)Usgqjmt = Fpjmt T+ Wsgqjmo = Fegjall + oo+ llse = 1D

k+j—1 i
; (1+N)
<(1+N N'l1 -
<(1+N) Z < + ay )”So roll

i=k
; (I+N)\j
K, I=NI(14—=)
S(1+N)Nk<1+(1+N)>< (lin) >n<a.
o =N+ =)

Therefore, the sequence {r, } is convergent. Furthermore, by continuity
of H, we get H(r*) =0. The fact r* is solution of H(r) =0 follows from
the following inequality

N7, s HI7 M Gy D
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< ||[’7570§H]71{([”k+1v”k§H] —[2r = re s e HY) gy — 1)
+ ay([Zrk — > -y Hl = [tk,rk;H])(sk - rk)}ll

So([rqr = rell + e = rii s e = ri g IDNrgr = el
+ayo(llr, —re_g |+ Nt = rell ey = reDIEsg = rill-

Now, from item (ii) of Lemma 2 and recurrence relations, we get ||s; —
rell = 0, lrgeq —rill = 0 as k = co. Hence H(r*) = 0. Finally, to prove
the uniqueness of r*, assume that #* is another solution of H(r) =0 in
B(ry,0;) and consider the operator M = [F,ry; H]. Since M(r* —t*) =
H(r*) — H(t*), if the operator M is invertible, then r* = t*. Indeed

M %5 H = [F, g HDIL < gl = FIIL NI = rolD)
<oyl = roll + llrg = Fll II7* = ro D)
<wylo+a,0) <1

Hence, by Banach lemma M~! exists and we can easily conclude that

|

r* is unique in B(ry, 0).
3. Application

In this section, we present two numerical examples involving nonlin-
ear integral equation with a non-differentiable operator and nonlinear
elliptic partial differential equation to show the efficacy of CKTM over
Steffensen’s method, Chebyshev secant type method, two step secant
method and Improved Chebyshev secant type method (ICSTM). All the
calculations are worked out on an Intel Core i7-1255U CPU at 1.70 GHz
with 16.00 GB of RAM using MATLAB R2019a software. Note that we
use max-norm throughout this article.

Example 1. Consider the Hammerstein type integral equation given by

1
r(0) =q(9)+/§(0, x)F(x,r(x))dx, (14
0

where, g, F are known functions and G is Green function defined in
[0,1] %[0, 1]. We have to determine the solution r(6).

The problem (14) is equivalent to solve the H(r) =0, where H : A C
C[0,1] = C[0,1] and

1
[(H()1(0) =r(0) — q(6) — / G(8. x)F (x,r(x))dx. s
0

Consider F(x, r(x)) = ér(x)® + |r(x)|, where 6,7 € R,z # 0. Now, we
can discretize the problem by Gauss-Legendre quadrature formula with
4 nodes:

1

/

"
p(x)dx = Z w;p(x;),
0 =l

where, w; and x; are the weights and nodes to be determined. If we
denote r(x ) and q(x ) by r . and ¢ ; respectively, then (15) is transformed

into the following system of nonlinear equations:

H
r=gpt Y b Fgr),  j=12 16)
k=1
1-x; . k<),
where, bjk _ Wkg(xj’Xk) _ wk( xj)(xk) J
wi (1= x)(x)), k>j.
Thus, we can write equation (16) as
H(r)=r—q—Bu=0, H : R} > RH, a7

where, r=(r.r3.....r,), 4= (@1.02. --.q,) s B= (b)), _,
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u=Fx1,r), F(x,15), ..., P(x”,r”))'.

We consider the first order divided difference given by [v,w;H] =
([v,w; H]jk)’.’ € L(R*,R*), where

J.k=1
H) = ! H
[v, w; ]jk_m( j(Uls"'Ukswk+]v'~~sw”)
—H; 01, Uy, Wi oo, W),
v=(0y,0,,...,0,) and W= (W, wy, ..., w,). Then, (17) become
H(r)=r—q—- Bl +tm,)=0, H : RF - RH, 18)
L= ) me=(rl el DT.

In addition,

[vy] = w|
2 2 v — W
v+ vywy + w
it I BT RN
U3+ vywy + w _=
[v,w; Hl=1I—- B.Diag|s| 2" 272" 2 |+7| v,-w, .
2 ) 2 :
Uy T U, Wy, lv,| = w,|
Uy =Wy

Thus, [v,w; H] =1 —(6C+1D), where C = (cjk)j.’k=1 with Cik = bjk(vi+

(|Uk| - |wk|)

2 - H i -
vy + wy) and D = (djk)j’k:1 with dj = by, o=, Further-
more, we get
lr,s; H] = [v,w; HIIl < P+ O(llr = oll + l|s — wlD), 19

where, P,Q > 0;r,s,0,w € A;r # s; v # w. Notice that if the operator H
is differentiable then the first order divided difference satisfies the Lips-
chitz or Holder’s continuity condition in A but here it satisfy condition
(19) which is a w condition.

To analyze the convergence of CKTM, let y =8, and g =1 =
(1,1,...,1)Y, then equation (18) becomes

H(r)=r—-1- Bu, uk=5ri+r|rk|, k=1,2,...,8.

Let r, 5,0, w € B(rg,0) C A, then we get

[I[r,s; H] = [v,w; H]|| < P+ O(|lr = vl| + [|s — wl)),
where, P =2|z|||B] and Q = 3(o + |Iro[DI5] Bl
In addition, ||[r,s; H] = [F,ro; H]|| < P+ Qy(llr = 7|l + ||s — o) with

Qo = (20 +3lIrpIDI8]11 Bl
Thus, we get the following function

(20)

(0, x) = ¢l BII2|z| +3(0 + llrolN(O + X)),
(0, x) =E||BII2]z] + (20 + 31Iro (6 + X)),

with & = ||[F,rg; H]7!||. Let a = f =y = 1, thus family (8) becomes
two step Kurchatov method. If we choose r_; =(0.9,0.9,...,0.9), ry =
1,1,...,1), 7= (0.76,0.76, ...,0.76), 6 = 1/3, T = 1/4 and ¢ = 1, then,
a=024,0=0.1, =0.083115, n=0.18795.

Kumar and Parida [22] have discussed the convergence of two step
Kurchatov method for the non-differentiable operator. One of the suf-
ficient condition for the convergence of two step Kurchatov method
is (1 + P)be < ¢ where b= ||[2rg — r_y,r_; HI7'l, e = [H@)ll, P =

Ci(1-G5(0)

Cy = b(P + Q(be + 20)), Cy(0) = b(P + Q(o + be +

1 —(Cy(0) + C3(0))’
20)), C5(0) = b(P +2Q(0 + 6)). Here

(1 4+ P)be =0.10349 £ 6 =0.1.

Thus, the existing theoretical results are not applicable in this case. Thus,
we need to improve the convergence conditions. Now, we apply the
theoretical results discussed in Section 2 under the same assumptions.
The equation (13) has the smallest positive root given by ¢ = 0.32443
and
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Table 1
Numerical solution r* of equation (14).
k ri k rz
1 1.006545665815048 5  1.083878251114222
2 1.031067160303208 6 1.062307689506363
3 1.062307689506363 7 1.031067160303208
4 1.083878251114222 8 1.006545665815048
1.09
1.08 [ 1
1.07 - b
1.06 [ 1
1.05 1
r
1.04 - 4
1.03 1
1.02 1
1.01 1
1 | | | |
0 0.2 0.4 0.6 0.8 1
0

Fig. 1. Numerical solution by Chebyshev Kurchatov type method.

1+ N)N(1 + L(1 + N))=0.86415< 1.
ay
Thus, the domain of existence and uniqueness of solution are

(reER® . r—ryl| <0.32443)  {reR®: |Ir—ry| <3.301257}.

All the required hypotheses of Theorem 1 are satisfied and hence
the existence and uniqueness of the solution are insured in the ball
B(ry,0.32442) and B(rj,3.301257) respectively. Using stopping crite-
ria ||req —rell < 107190 after five iterations, we get the approximated
solution r* of H(r) =0, given in Table 1 and shown in Fig. 1. We
have also presented the error bounds ||r* —r;|| in Table 2 for the Stef-
fensen’s method [10], Chebyshev secant type method [23], two step
secant method [24], Improved Chebyshev secant type method [18] and
Chebyshev Kurchatov type method. It has been observed that CKTM
converges more rapidly than other mentioned methods.

Example 2. Consider the nonlinear elliptic partial differential equation
given by

Uyt U =), @1

defined in the rectangular domain {(y,z) € R? : y,z € [0, 1]} with the
following boundary conditions

v(3,0)=2y*—y+1, v 1)=2, (22)

v(1,2)=2,

0<y<1,

U(O,Z)=222—Z+1, 0<z<I.

In order to simplify the problem (21), we first applying the method
of central finite difference approximation and obtain the system of non-

linear equations. Now, we employ a grid having step size g = % along y

and h = 1 along z to divide the rectangular domain into (/ + 1) X (m+1)

m
rectangles with sides g and s and the mesh points (y;, z;) are
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v;=ig ze=kh,  j=01,..0+1,  k=01,..m+1.

From finite difference, we approximate problem (21) at each interior
mesh point (y;, z) as
V(Yjp1s2) = 2005, 25) + 0(y -1, Z¢)
g2
U(y]', Zy1) = 2U(yja Zi)+ U(y]', Zx_1)
+ n
for j=1,2,...,/ and k=1,2,...,m and the boundary conditions are

(23)

= U(.Vj»zk)3,

V2 =2 =y + L 0L z) =20 =120

V0.2 =220 =z + 1, vz =2, k=0,1,....m+1.

(24

If we denote v(y;, z;) by v; , equation (23) given by

2<1+(

8 2.3
- <ﬁ> Wjp1+Vj44) =—8 Ul o

forj=1,2,...,land k=1,2,...,m with

2.2
%) )Uj,k —Wj_1k + Vjg1k)
2

(25)

V=20 =i+l v =2 =121

vk =222 -z +1,  v=2 k=0,1...m+1 (26)

It is important to note that equation (25) and boundary conditions (26)
together constitute a nonlinear system of size /m X Im. The nonlinear
system

Lu+ g*9(u) = x, 27)

is then obtained by labelling the inner grid points row by row from u;
to u,, starting from the left-bottom corner point, where b = Im,

(R T 0 0
T R T - :
0T R T :
L_ . . . . 0 i
: “w . T
K 0 T R,
[24+1) -1 0 0
-1 200+1) -1 0 0
R= (_) -1 200+1) -1 . ’
._. ..' . 0
: -1
| 0 0 -1 2+D) ],

3y —
), x =

T =i, A= (%)2, U= (gt OW) = (3,08, .
(#2328 87 23

be expressed as

28 87 ’
2, — 2,—,2,2,4) . Th 2
0,0, ,25,0,0, 155052 ) e system (27) can

Hw) = Lu+g>9u)—x, where H:ACR!-RL

Thus,
7, s H1 = [p.q. HIl < &2k (I = P21l + IIs* = %1l + Ilrs — pal )
<3g%x(o+ lIroID(Ilr = pll + lls — qll).

and

Tr, 511 = [ro, , H1Il < 8720 + 3lirg D (Ilr = pll + lls — gl

So, we get the following functions

(28)

w(r,s) =g k30 + IrgDr+5),  wy(r, s) = g2k(20 + 3|lrolN(r + 5),
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Table 2
Errors bounds ||r* — r.|| for different iterative methods.

k SM CSTM TSSM ICSTM CKTM

2 8.24396 x 1072 8.38255 x 1072 x1072 8.38255 x 102 8.38642 x 102

3 1.43818 x 1073 5.26602 x 107> 5.26650 x 107> 1.76354 x 1073 1.39829 x 107>

4 4.45968 x 1077 4.87153x10~° 2.29596 x 10712 1.08623 x 1078 7.97308 x 1013

5 425914 x 10714 1.82299 x 10712 3.61399 x 10730 2.88124 x 1072 3.20815x 1075

6 3.87939 x 10-28 5.78164 x 10~38 3.98917 x 10~73 1.20076 x 10731 1.39897 x 10-%¢

7 321766107 2.55710x 1077 - -

Table 3
Numerical solution r* of (27) by using CKTM.
k e k re
1 0.967514648571 9 1.255308661675
2 1.073142808305 10 1.359712017969
3 1.255308661675 11 1.481965315289
4 1.547504427760 12 1.669313085344
5 1.073142808305 13 1.547504427760
6 1.199182696602 14 1.602945733655
7 1.359712017969 15 1.669313085344
8 1.602945733655 16 1.778410018624
Table 4
Errors bounds ||r* — r.|| for different iterative methods.
SM CSTM TSSM ICSTM CKTM
7.50198 x 102 7.31382x 1072 1.73138 x 107! 7.31382 x 1072 7.31418 x 1072

4.56946 x 1076

4.04460 x 107!
2.92962 x 1072+
1.69193 x 10~
1.23345 x 107%

1.87634 x 1073
7.28299 x 1077
1.27885x 10713
3.91743 x 1077
3.49558 x 1074

NO U~ WN | >

4.56950 x 107°
1.89031 x 107'5
7.89750 x 10~
6.32757 x 107

4.13440 x 10~
9.87769 x 107!
1.08347 x 10726
7.21353 x 10765

2.36166 x 107°
3.19112x 10713
6.26872 % 1074

Fig. 2. Numerical solution by Chebyshev Kurchatov type method.

where, x = ||[F,rg; H]7! .

Now, if we choose r_; =[0.9,0.9,1.2,1.5,0.9,1.1,1.3,1.5,1.2,1.3,1.4,
1.6,1.5,1.5,1.6,1.7],rg=r_; +0.1, 7=1.08x[1,1,1,1,1,1,1,1,1,1,1,1,
1,1,1,1], « = f =y = 1 (Two step Kurchatov method) and ¢ = 4.9, we
get
a=0.72, 6=0.1,

n=0.07348, n=0.13576.

In [22], Kumar and Parida discussed the convergence of two step Kur-
chatov method for the non-differentiable operator and one of the suffi-
cient condition is that there exist a positive real root of the

1+ Pbe—0+06=0, (29)

280

- _ U e = _ _GU-Gio)
where, b= [[[2rg — r_p.r i HI7, e = [H(ro)ll, P = o ne Gy

C, = b(P + Q(be + 20)), Cy(0) = b(P + Q0 + be + 25)), C5(0) = b(P +
2Q(¢ + 0)). But there does not exist any positive real root of (29) for
the above problem. So, we cannot use Theorem 2.1 (see [22]) to ensure
the convergence of (8) for approximating a solution of (27) but we can
apply our theoretical results derived in Section 2. In this case, equation
(13) has the smallest positive root given by ¢ = 0.22586 and

1+ N)N( + L(1 + N))=0.74359 < 1.
ay
Thus, the domain of existence and uniqueness of solution are

(reR®: Ir—ryll <0.22586)  {reR®: |r—ryll < 1.96852},

respectively. Now, using stopping criteria ||r.; — r;|l < 10719, after
four iteration, we get the approximated solution r* of H(r) =0 given in
Table 3 and shown in Fig. 2. We have also presented the error bounds
|| —r; || in Table 4 for different iterative methods and CKTM converges
more rapidly than other mentioned methods.

4. Conclusions

The semilocal convergence of the Chebyshev Kurchatov type meth-
ods is established to approximate the solution of nonlinear equations.
Recurrence relations are presented under the weaker continuity condi-
tion on the first order divided difference. The sufficient convergence
conditions involving auxiliary points are weaker than the state of the
art studies. Convergence theorems are established for the existence and
uniqueness of the solution. The theoretical results are tested on nu-
merical examples including nonlinear mixed Hammerstein type integral
equation and partial differential equation. The inclusion of auxiliary
points in convergence conditions enables the establishment of conver-
gence domains, where the existing theoretical results are not applicable.
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