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We develop a novel phase-wise sequential numerical approach based on the method of fundamental solutions
(MFS) for inverse two-phase nonlinear Stefan and Cauchy-Stefan problems in one dimension (1D). By treating
each phase independently, the inverse two-phase nonlinear Stefan problem splits into two single-phase inverse
problems: an inverse nonlinear boundary identification problem and an inverse linear one-phase Stefan problem.
Along with the reconstruction of boundary data, the simultaneous reconstruction of the boundary and initial
data is also considered. Numerical investigations show the robustness and efficiency of the proposed method in

1. Introduction

Stefan problems, in which a material solidifies or melts, occur in
many situations in science and engineering [1-5]. Mathematically,
these are particular cases of moving boundary problems, in which the
position of the phase-change front is not known a priori, but needs to be
determined simultaneously with the temperature field [6]. Such prob-
lems may themselves be categorized according to the number of distinct
phases in which the temperature field must be solved for; in this pa-
per, we are concerned with two-phase problems, as typically occur in
casting processes [7-14], where the initial temperature of the melt is
greater than the solidification temperature. Further recent examples of
two-phase Stefan problems can be found in [15-17].

The references given above all refer to direct problems. On the other
hand, in inverse two-phase Stefan problems, extra information, such as
partial measurement of the moving interface position [6,18] or the tem-
perature at selected interior points of the domain [19,20], is used to
determine thermal properties and/or the initial and/or boundary con-
ditions. Our interest is in a nonlinear variant of the Stefan problem that
has an unknown moving boundary and overspecified data at one of the
fixed boundaries. Such a problem has a unique solution; however, it is
still ill-posed, as it is sensitive to a perturbation of the data [19].

Both the direct and inverse Stefan problems have been solved
using different mesh-based numerical methods such as the finite-
element method, the finite-difference method and the boundary-
element method; for excellent expositions, we refer to [19]. However,
the implementation of mesh-based methods can be computationally
rather expensive, and a cheaper alternative is to use meshless methods,
such as the method of fundamental solutions (MFS). Nevertheless, de-
spite having a computational advantage over the classical mesh-based
methods [21], MFS has scarcely been applied to inverse two-phase Ste-
fan problems [22]; a possible reason for this is that it is difficult to
know how to choose the MFS parameters, i.e. the location and number
of source and collocation points and the regularization parameters, in
such a way as to ensure a solution of a desired accuracy. In [23,24],
an inverse two-phase linear Stefan problem was examined numerically
using the MFS in one- and two-dimensions, respectively. Subsequently,
the method was extended to a more complicated inverse two-phase non-
linear Stefan problem [22] in one dimension (1D). A common feature
is to adopt an optimization technique where a nonlinear functional is
minimized. In general, the functional is defined as the sum of squares of
the discrepancies between the computed and given conditions with sev-
eral regularization terms. One criticism of such an approach would be
choosing the initial parameters to start the optimization process. Fur-
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Fig. 1. Heat conduction domains, Q}, and Q2.

thermore, to obtain the regularization parameter, one has to rely on a
trial-and-error approach [22]. This was the motivation for us to look
for an alternative systematic strategy, as compared to the composite
method proposed in [22].

The primary intent of this work is to adopt a linear discretization
approach to solve the two-phase nonlinear inverse Stefan problem in
1D. We use the fact that the two-phase inverse Stefan problem [22]
can be split into two ill-posed single-phase problems: an inverse non-
linear boundary identification problem and an inverse linear Stefan
problem. The output of the boundary determination problem in one
phase is treated as the input for the inverse Stefan problem in the other.
Tikhonov regularization is used to counteract the high ill-conditioning
of the MFS systems arising from each phase. Benchmark examples are
tested to show the applicability of the proposed approach. To the best
of our knowledge, there is no article in the literature embracing such
a phase-wise approach to the inverse two-phase nonlinear Stefan prob-
lem, using the MFS or otherwise.

The article is organized as follows. The mathematical formulation
of the two-phase nonlinear inverse Stefan problem is introduced in
Section 2. Section 3 deals with the split methodology and the MFS
discretizations. Section 4 is devoted to the numerical results and dis-
cussions. Finally, we draw conclusions in Section 5.

2. Problem statement

We begin this section by introducing the problem. As per the
schematic in Fig. 1, let the heat conduction domain in the 1D setting
be Q; ={(x,1) : 0<x <1,0 <t < T}, which is partitioned by the moving
interface x = s(r) (0 < s(t) <1, €[0,T]) into the liquid and solid phases
given by

QL ={(x,H:0<x<s(),0<t<T}, and
Q2 ={(x0):s()<x<Il,0<t<T},

respectively, where T is the final time of interest. The fixed boundaries
of QIT and Q% are represented as

M={0.n:0<t<T} and I?={(1N:0<1<T}, 1)

respectively, and the respective initial bases as

I={(x,0):0<x<s0)}, and I} ={(x,0): s(0) <x<I}.

I', denotes the free boundary that separates the liquid and the solid
phases, where

[ ={(s(t),1) : 0<t<T}.

Note that the initial position of the moving boundary, s(0), is assumed
to be known.

Let oy, k = 1,2, denote the thermal diffusivities, assumed constant, of
the heat-conducting regions QX k = 1,2, respectively. Then, the direct
two-phase nonlinear Stefan problem comprises of obtaining the triplet
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()., 5) € CH1(@Q1) x C21(Q2) x (C[0,T1N C (0, T])

satisfying the governing equations,

ouy ?uy, k
5 =t (RNEQL k=12, @)
subject to: the initial conditions,
uy(x,0)=¢(x), x€[0,s0)], 3)
uy(x,0) = @y(x), x €[s(0),1]; (C)]
on F}, the Dirichlet condition,
u (0,0 =¢,@), 1€(0,7T], ()
or the Neumann condition

duy
—k) E(O’ =y (), t€(0,T], (6)

where k, is a positive constant; Dirichlet conditions on the moving in-
terface Iy,

ur(s(M, ) =uy(s(), ) =u*®), 1€, T]; )
the Stefan condition on the moving interface I',,

ouy ouy _ds
Kzg(s(l),f)—Klg(S(T)J)— Pl te(0,T], 8

where K| and K, are positive constants; and, on l“f, the Dirichlet con-
dition,

wy (1) = dy(0), (1) ETY, 9
or the Neumann condition,

du, 5
kzg(l,l)=u/z(f), (,nery, (10)

where k, is a positive constant. In addition, we require the following
conditions so as to ensure compatibility between the initial and bound-
ary conditions at  =0:

¢1(0)=¢,(0), an
v1(0) =—k, dd%(o), 12)
u*(0) = @;(s(0)) = @, (s(0)), a3
$2(0) =, (), as
vy (0) = kz%(l). 1s)

For the direct problem, depending upon the prescribed boundary condi-
tions, we assume the compatibility conditions either (11) or (12), (13),
and either (14) or (15). For the well-posedness of these problems, we re-
fer to [19]. In this article, we are interested in investigating a standard
inverse two-phase nonlinear Stefan problem, where the boundary con-
ditions on F} are not prescribed and must be reconstructed, along with
the temperature distributions and the location of the moving boundary
using some overspecified data at x = /. Precisely, we are interested in
solving the inverse problem satisfying equations (2)-(4) and (7)-(10),
assuming that the compatibility conditions (11)-(15) are satisfied.
Although the topic of interest may be considered as a continuation
problem of the solution to the parabolic equation from the bound-
ary x =1/ into the domain Q, it is much more complicated than the
non-characteristic Cauchy problem due to the unknown moving phase
transition boundary in Q; [19]. This inverse problem has a unique so-
lution; however, it is sensitive to the perturbations in the input data
[25]. Further, since the initial conditions (3) and (4) are not necessary
for the inverse problem to have a unique solution [22,26], we also try
to retrieve the boundary as well as the initial data simultaneously by
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solving the inverse problem given by equations (2), (7)-(10) and re-
spective compatibility conditions; this is commonly referred to as an
inverse Cauchy-Stefan problem. As in [22], noise will be induced only
in the Dirichlet condition (9). Thus, in the inverse formulation, we pre-
scribe the following Dirichlet data:

wy(l,0)=5(0), (L) eT?, (16)

where § denotes the percentage of added noise.
3. Methodology

We begin this section by introducing the fundamental solutions.
3.1. The MFS

The fundamental solutions for the heat equations governing the tem-
perature distribution on the two phases can be expressed as

H(t-1) Xp{ (x—2)2}

e _
Véra (t —1) 4oy (1 —7)
where k = 1,2, x,z € R. Thus, the analytic solutions u;, k =1,2 to the

heat equations can be approximated by the linear combinations of the
respective fundamental solutions and are given by

a7

Fi(x,t;z,7) =

2 N

Uepps (60 = D D el F(x, 1525, 7)), (x,NE€Q, k=12,
i=1 j=1

18)

where (zf.‘,rj) eR?,i=1,2,j=1,2,...,N, k=1,2, for some N €N, are
the source points arranged on pseudo-boundaries on both sides of the
respective phases. The problem on each phase now boils down to find-
ing the unknown coefficients Cil,j’ and cfj, i=12,j=12,...,N, by
solving a linear system of equations arising as a result of collocating
the boundary and initial conditions with some suitable arrangement of
source points.

3.2. A phase-wise split approach

In this work, we adopt a two-step strategy that enables us to consider
the two phases separately. In the first step, it is required to solve a
nonlinear inverse boundary identification problem, involving equation
(2) for the second phase, (4), (16), (10), compatibility conditions (14)
and (15), and u,(s(1),1) = u*(¢),t € (0, T] with u*(0) = ¢,(s(0)), in order to
obtain the temperature distribution in the solid region, u,, along with
the location of the moving boundary, s. This problem has a unique
solution [27], even if the initial data is not specified; see [28,29]. The
second step uses the obtained approximate for s to solve a one-phase
linear inverse Stefan problem that satisfies equation (2) for the first
phase, (3), (7), (8), and u*(0) = ¢,(s(0)). Also, this problem has a unique
solution [26], even in the absence of the initial data [30,31]. Both of
these problems are ill-posed, as they are sensitive to input data, and
hence we use Tikhonov regularization to restore stability.

For a given amount of noise induced in the boundary data on x =1/,
we first obtain the approximations ugMFS and s?w s to the solid tem-
perature distribution and the moving interface, respectively. Here, 0
is an indication of the deviation of the approximations from the exact

solutions. For the estimated sﬁ/[ Fs» We are going to solve a linear in-

verse problem on a perturbed domain QIT’H instead of the actual domain
QI . A likely scenario is ul(s‘?WFS(t),t) #0, 1 € (0,T]. Thus, imposing the
conditions (7) and (8) on s essentially induces noise into the com-

0
MFS

putation of the liquid temperature distribution ufMFS with an error e.

)

Thus, an initial attempt would be to make s, .. ¢ as accurate as possible,
and it is expected that as  — 0, we have ¢ — 0. So, the computations on
the liquid phase are performed, taking the best possible approximations
from the solid phase. The systems of equations resulting from the collo-
cation of given data on both phases are ill-conditioned. Hence, instead
of solving the original systems of equations, we solve the regularized
ones.
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3.3. Source and collocation points

To begin with, we discuss the schemes for arranging the source and
collocation points when the initial conditions are provided. For a given
M € N, the number of source points for any phase is 4M. To this end,
the time axis has been discretized as

2 -M)-1
ST

Then, the source points sandwiching the solid phase are at

T, j

(s0)=h,z;), j=1,....2M and (+h,7;), j=1,....2M;

similarly, for the liquid phase, the source points are placed at

(=h,7;), j=1,....2M and O +h), j=1,....2M.
For collocating the given conditions, the temporal discretization is

i
v

on both the phases, whilst the spatial discretization is, for the liquid
phase,

T,i=1,....M,

k
x, = 52750 k=1,....2M,

and, for the solid phase,

k(l = s5(0)) k=

1,...
2M

x2=5(0) + 2M.

Thus, for the solid phase, the Dirichlet and Neumann data on the
boundary x =1 are prescribed at the points (/,¢;), i =1,..., M, and the
initial condition at (xi,O), k=1,...,2M. For the liquid phase, the in-
terface temperature and flux conditions are collocated at (sy,ps(;).?,),
i=1,...,M, and the initial condition (3) at (x}{,O), k=1,...,2M, where
sy rs is the MFS approximation of the moving interface. A schematic is
shown in Fig. 2.

When the initial conditions are not provided, in which case we have
an inverse Cauchy-Stefan problem, the scheme of placing the source
points has not been altered. However, changes have been made to the
arrangement of collocation points. The boundary data (10) and (16) are
collocated at the points (1), j=1,....2M, where t;=jT/2M +1),
j=1,...,2M. Analogously, the interface conditions are collocated at
the points (s pg(t )st;), j=1,...,2M. We note that the discretizations
are such that for a given M € N, the number of collocation points is the
same as that of the source points for each phase. The schematic for this
case is shown in Fig. 3.

3.4. MFS systems of equations

The collocation of the given boundary data on Ff and the initial
condition on 1“(2) generates the following system of equations:

gy ps (1) = B0, i=1,..., M, (19)
duy

kzﬁ(l,z,.):y/z(r[), i=1,...,M, (20)
Uy, (X3, 0) = @5 (x7), k=1,...,2M. 21)

In the computations, for a given M, the noisy data (16) have been syn-
thesized in the following manner:

950 = ot + (X maxy(i) X NO. D), i=1,.... M, 22)
where 6 denotes the relative percentage of noise and N (0, 1) denotes a
random number drawn from the standard Gaussian distribution. This
(4M x 4M) system of equations can be rewritten as A,c, =f,, where
A, is the matrix containing the values of the fundamental solution F,
evaluated for all possible combinations of the source and collocation
points, ¢, = {cfyj.} and f, is the vector of collocated boundary data and
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Fig. 2. Distribution of source (—o—) and collocation (—e—) points for the inverse Stefan problem for: (a) the liquid region; (b) the solid region.
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Fig. 3. Distribution of source (—o—) and collocation (—e—) points for the inverse Cauchy-Stefan problem for: (a) the liquid region; (b) the solid region.

initial condition. The above ill-conditioned system is transformed using
Tikhonov regularization into

(ALA, + AoDe, = Alf, (23)

where the superscript ‘¢’ denotes the transpose and A, is the regu-
larization parameter. Subsequently, the MFS approximation, s,,rg, of
the moving interface at each time level #; is determined by solving
Upyps ot =0 for x =53, ps@t), i=1,..., M. Next, the interface condi-
tions are collocated at the points (s, rs(7;),7;) and the initial condition
at (x}(, 0), as a result of which we have the following system of equations
for the liquid phase:

up, o cGmrs@) 1) =0, i=1,....M, 24)
o ! 9z dsprrs
o Cmpsit) = X {Kz S (s () 1) = — 3 (t;)},
i=1...M, (25)
ulMFs(xllc’O)z(/’l(x}c)’ k=1,....,2M. (26)

Again, we have a (4M x 4M) system of equations which can be repre-
sented as A,¢; =f,, and be further regularized to yield

(A'A| + 4 De; =Alfy, 27)

where A, ¢;, and f; are the analogous versions of A,, ¢,, and f,, re-
spectively, in the liquid phase. The regularized systems (23) and (27)
are solved using the Gaussian elimination method. The solution proce-
dure remains the same for the case when we are not provided with the
initial conditions, i.e. the inverse Cauchy-Stefan problem. However, the
systems of equations will change according to the collocated data in the
two phases.
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4. Numerical investigation

This section investigates two of the benchmark problems that were
considered in [22]. Before that, we discuss a sequential optimization
algorithm that facilitates the computation of the optimal MFS approxi-
mations, as well our experience of the computational cost in using it. All
computations were carried out using an Intel(R) Core(TM) i5-10210U
CPU @ 1.60 GHz 2.10 GHz processor and 8.00 GB of RAM.

4.1. Set-up for numerical experiments

We extend the algorithms in [32-34] to optimize W rs and then
u,, e Sequentially. Let N, h, and 4 denote the number of source points,
the distance of the pseudo-boundaries, and the regularization param-
eter, respectively. Further, let N,,;,, h,.,, and 4, denote minimum
values of N, h, and A, respectively. Similarly, N,,.c; Aoy, and A, de-
note the corresponding maximum values for these parameters. Within
the respective ranges, the parameters N, h, and A take on values with
increments N, e, and Ag,,, respectively. In the computations,
these variables have been chosen as: N, = 12, N, =80, N, =4,
Popin = 1.0, By =2.5, B =0.1, Ay, = 10716, 4, =101, and A, = 10
(multiplicative increment). In order to disambiguate when comparing
our results with those in [22], (N',"h;" A, i=1,2 will denote the op-
timized parameters in phase i using our method, whereas (N}, h;, 4;),
i =1,2 will denote the parameters used to generate the results in [22].

The optimization process essentially follows two steps. The first step
determines the optimal values of the MFS parameters for the solid phase
by optimizing u, . over the specified range of parameters. The op-
timized u,, . will then be used to trace the location of the moving
interface, sy, rg. In the next step, optimizing Ui, pg OVEr the specified

min max min

)
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Fig. 4. Approximations obtained for Example 1 and 6 =0, when the initial conditions (3) and (4) are prescribed. .N'z* =76, h; =2.1, ;= 10710, W, =60, hy =2.1,
A7 =107"". The approximations in [22] were obtained with N} = N, =80, h, = h, =3, A, = 4, =0. The total number of collocation points therein is 224.

Algorithm 1 A phase-wise optimization algorithm for the nonlinear in-
verse two-phase Stefan problem.
Noins Noteps Nonaxs Banins Pszeps Prases Amigs A

Input: N, Neps Nyaxs step> tmax> Amin>
Output: N7, A%, A7, Ny b3, A5
1: for N « N, Ny, © N,por do

min step max

step? Amax>

2: for h < h,,, : hy,, by, do

3: for A < Ayt Agep * Ay dO

4: Compute u, (x,t; N, h, 4) by solving equation (23)
5: e, (N, h,2) < lluy,,, . (x, N b A) — uy (. Dllgz

6: end for

7: end for

8: end for

9: euz(.A/;,h;,A;) “« E%euz (N, h,2)

10: Solve uy (x,t; N7 k3, A43) =0 for x = sy s (5N 1), 25)

11: for N < N, : Ny, 0 N,y do

12: for h < h,;, @ hye, & Ry do

13: for A< Ay * Agep * Ay dO

14: Compute u; (x,t; N, h, 1) using sMFs(t;.A/Z*, h3, 23) in equation (27).
15: €, (N A = Ny, (et NS D) =y (6 Dy

16: end for

17: end for

18: end for

19:

e, (Nl*,hT,iT) < min e, (N, 7, 1)
! Noha !

range of the MFS parameters gives the estimated optimal values for the
liquid phase.

4.2. Computational cost

With respect to N, in the computations for either of the two
phases, the value of N' was incremented by four. These four points
are uniformly distributed around the solution domain for the particular
phase: one in each of the four quadrants. We experimented with differ-
ent kinds of distributions/increments of the source points, and came to
the conclusion that a uniform distribution/increment scheme is more
likely to give better accuracy. Thus, adding fewer than four source
points at each iteration is less likely to produce a better reconstruc-
tion. However, if we add eight new points at each iteration, i.e. two in
each quadrant, then the jump in the N value is greater, and hence the
algorithm may skip optimal values of M.

As regards hy,,, we noted that taking &, < 0.1 greatly increased
the computational cost. However, the numerical experiments did not
show any significant improvement in the reconstructed data if hy,,
were taken to be very small, as the desired results are already of the
order of the noise. To reduce the computational time of the algorithm,
one may take a small risk and go with &, = 0.2; however, increasing
hg,, further may skip optimal values of 4. Therefore, taking h,, = 0.1
seemed reasonable.

As for Ag,,, the value used is quite a standard one that has been
used in our own earlier work, as well as in that of others. Moreover,
computations with a smaller value of 4,, tend to be computationally
expensive without any appreciable improvement in the results.

step
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4.3. Examples

4.3.1. Example 1

The coefficients in the heat equations are given as ¢y =2 and a, =1,
and those in the interface-flux condition as K; =2 and K, = 1. The final
time level and the fixed boundary of the solid phase areat 7 =1 and / =
2, respectively. In addition, the coefficients in the Neumann conditions
(6) and (10) are taken as k; =1 and k, = 2, respectively. The exact
temperature distribution in the liquid phase is determined by

= 1405-x) I
ul(x,t)—Z(exp( - ) 1), (x.neql, (28)
and that in the solid phase by
uy(x,t)=exp(t+05-x)—1, (x,1) € Q;. (29)

The exact location of the moving interface that separates the two phases
can be expressed as

s()=t+0.5, t€[0,T]. (30)

The boundary conditions to be reconstructed are derived from equation
(28) as

t+0.5
2

To synthesize the boundary data d)i(t), u,(1,1) has been contaminated
with random noise as shown in equation (22).

For § =0, Figs. 4a, 4b, and 4c present, respectively, the MFS ap-
proximations (indicated in red) to the moving interface, the Dirichlet
condition (5), and the Neumann condition (6). For the purposes of
comparison, approximations from [22] are included in the plots, and
indicated in blue. Optimized (N, h, 1)-combinations determined by the
proposed algorithm, along with the MFS parameters chosen in [22], are
listed in the captions to each figure. The aforementioned reconstruc-
tions are presented in Figs. 5 and 6 in the case of noisy data.

As discussed in Section 2, the initial conditions (3) and (4) are un-
necessary for the inverse problem to have a unique solution. Thus, in
the next step, we solved the inverse problem given by (2), (7), (8), (10),
(16), i.e., when the initial conditions (3) and (4) are not prescribed. We
recovered the initial data on l"(l) U Fg, along with the boundary data on
x =0 and the estimated location of the moving boundary. These recon-
structed data (in red) are compared with the corresponding ones from
[22] (in blue) in Figs. 7, 8, and 9 for the cases of § =0, § = 1%, and
& = 5%, respectively. Note that for both of the test problems, the MFS
approximation to the initial data has been plotted over the complete
range (0,/) instead of over (0,s(0)) and (s(0),/) separately. Therefore,
instead of using separate notation for the two phases, we indicate the
exact and reconstructed initial data by u(x,0) and uy,rg(x,0), respec-
tively.

Finally, we point out that it appears that the approximations for the
heat flux obtained in [22] were made using k; =2, instead of k; =1,
which was the original authors’ intended value. Thus, in plotting the
blue curves in Figs. 4c-9c, we have made the requisite adjustment, in
order to allow a fair comparison.

u1(0,1)=2<exp( )—1), —kl‘zixl(o,t) =klexp(t+20'5). (31)
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4.3.2. Example 2

The parameters for this benchmark are given as /=1, a; =0.5, a, =
1, k, =05, k, =1, K; =0.5, and K, = 1. The analytical solution for this
set of parameters is given by

erf <;>
2/ (1+19)
y
erf (2\/071)

u(x,t)=1- L (x,neql, (32)

erfc <;
2\ar o)

221

uy(x,t)=—1+

4
erfc<2 a2>

s(t) =y/t+1y, t€[0,T],

)

, (N EQ2,

(33

(34)

where y =0.479611 and ¢, = 0.695571; in addition, erf denotes the error

function and is given by
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z
erf(z):%/e_zzdz,
P
0

and erfc denotes the complementary error function and is given by
erfc(z) = 1 —erf (z). The boundary conditions to be reconstructed are
derived from equation (32) as

ouy ky
u(0,n=1, —kla(o,t) =

Vmay(t+1g)
With known initial data, the reconstructed results corresponding to
§=0,6=1%, and 6 = 5% are shown in Figs. 10, 11, and 12, respectively,
whereas Figs. 13, 14, and 15, respectively, represent the same in the

(35)

222

10-°. The total number of collocation points therein is 114.

case of unknown initial data. To the best of our knowledge, the task
of simultaneous reconstruction of the boundary and initial data for this
benchmark has not been considered in the MFS literature, which is why
we do not provide a comparison against other literature data.

4.4. Summary of observations for Examples 1 and 2

The noise in the Dirichlet data (16) induces more noise in the com-
putations in the liquid phase, as the Stefan conditions (7) and (8) are
collocated on the approximated free boundary. Despite this, the accu-
racy in the retrieved boundary and initial data appears to be quite good
for both of the test problems. More importantly, the order of error is the
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same as that of the noise that is input into the computations. However,
it is noteworthy that the heat flux data on 1"%, which is quite challeng-
ing to reconstruct, has been recovered with reasonable accuracy, even
with high noise levels. A further observation is that the approximations
improve as the noise level is reduced, as expected.

Through comparison in Figs. 4-12, we observe that the adopted
method reconstructs the data better than the composite optimization
[22]. Furthermore, for the same noise level, the proposed method seems
to be computationally competitive, in terms of the numbers of source
and collocation points alone, with the composite one based on nonlin-
ear optimization that was developed in [22]. However, we believe that
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the advantage of our method is that it finds the optimal MFS and reg-
ularization parameters in a systematic and efficient way; being able to
do this eliminates any trial-and-error attempt to find these parameters,
and therefore ultimately reduces computation time.

For the second example, the behaviour of error with respect to the
number of source points or, in other words, the number of basis func-
tions in the MFS approximation is also studied. For § = 0 with known
initial data (3) and (4), we plot in Fig. 16 the root-mean-square error
in u;, denoted by RM SEu,, against the number of source points, M.
The values of N are chosen between 16 and 56, inclusively, in incre-
ments of 8. Note that the error in u; shown herein is monotonically
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Fig. 16. Root-mean-square error in u,;, RM S Eu,, for Example 2 without noise.

decreasing. We may also observe similar patterns in error computed in
the supremum norm and the inverse problem with unknown initial data
(3) and (4). However, we would like to point out that such behaviour in
the error might be merely due to a particular placement of the source
and collocation points. We may not expect such monotonic behaviour
for a different arrangement of points with noisy data. The curve for
RM S Eu; may shift either upwards or downwards while preserving its
current shape based upon the accuracy of the obtained s, ¢ from the
solid phase.

Finally, we point out that, although it may appear from Figs. 10-15
easier to reconstruct Neumann data than Dirichlet data in Example 2,
this is not actually the case; it only appears to be so because of the scales
in the plots, since the Dirichlet data that we are trying to reconstruct is
a constant.

5. Conclusion

In this article, a phase-wise split approach was proposed to solve
an inverse two-phase nonlinear Stefan problem for the first time in
the MFS literature or otherwise. Moreover, numerical investigation for
two benchmark examples demonstrated the robustness and efficiency of
the adopted method. Furthermore, this method opens up the possibility
of linear MFS discretizations and, therefore, a more systematic way to
choose the parameters required for MFS, i.e. the locations of the source
and collocation points.

A number of future research directions are now possible. One in-
volves three-phase problems [35-37], which also arise in casting pro-
cesses; in addition to the solid and melt phases, there is a mushy zone lo-
cated between them in which solid and melt phases can coexist [38,39].
An alternative direction would be higher-dimensional two-phase non-
linear inverse Stefan and Cauchy-Stefan problems; as mentioned earlier,
a two-dimensional problem of this kind was considered in [24], al-
though this was of design-type, in which the location of the moving
boundary is prescribed.
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