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Abstract. The work in this paper concerns the axisymmetric pipe flow of a Herschel-Bulkley
fluid, with the aim of determining a relation between the critical velocity (defining the transition
between laminar and turbulent flow) and the pipe diameter in terms of the Reynolds number
Re3. The asymptotic behaviour for large and small pipes is examined and simple expressions
for the leading order terms are presented. Results are then compared with experimental data.
A nonlinear regression analysis shows that for the tested fluids the transition occurs at similar
values to the Newtonian case, namely in the range 2100 < Re3 < 2500.

1. Introduction
Yield stress fluids are transported through pipes in a number of different industries and scenarios,
such as the transport of crude oil, mining slurries, liquid food, concrete, bio-fluids and drilling
fluids or sewage sludge, see [6, 10, 12] for example. In certain cases, many mining slurries for
example, the yield stress behaviour is due to a high concentration of particles suspended in the
carrier fluid. To prevent blockage of the pipe a sufficiently high velocity must be maintained,
so that the flow remains turbulent, which prevents the particles from settling. However, the
larger the velocity, the more expensive the operation and consequently designers and operators
attempt to restrict the flow to a level only slightly above the laminar-turbulent transition point.
Obviously this is a risky strategy, since errors can lead to expensive pipe blockage, and so it is
critical that this transition point is accurately identified. In the following work we will focus on
the flow of suspensions using the Herschel-Bulkley model. Although the Herschel-Bulkley model
is not appropriate for the laminar flow of suspensions (even in the turbulent transition region
most particles will settle) we will still employ it in order to derive the appropriate mathematical
model. The expression for the Reynolds number in terms of the flow parameters will then be
compared to experimental data to identify the laminar-turbulent transition.
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The laminar-turbulent transition point for Newtonian fluids is well known and defined in
terms of the Reynolds number

Re =
ρV D

η
, (1)

where ρ is the density, V the average velocity, D the pipe diameter and η the dynamic viscosity.
Transition typically occurs for Re ∼ 2300, although values between 1760 and 2300 are quoted in
Kerswell [7]. This issue is discussed in great detail in the survey of Eckhardt et al. [3]. For yield
stress fluids the matter is even less clear; one problem being that there is not a unique definition
of the Reynolds number. Metzner & Reed [8] proposed a generalised Reynolds number

ReMR =
8ρV 2

τ0l
, (2)

where τ0l is the shear stress at the wall under laminar flow conditions. Wasp et al. [21] define
a Reynolds number for a Bingham fluid (i.e. n = 1) based on the Hedström number

ReW = 1500

1 +

√
1 +

ρD2τy
4500K2

 , (3)

where τy is the yield stress and K the consistency index. A common generalisation of the
Newtonian Reynolds number, Rew, involves defining the viscosity at the wall, so η = ηw in (1),
where ηw is the ratio of the shear stress and shear rate at the wall, see [2, 11, 19] for example.
For a yield stress fluid flowing in a pipe, Slatter [1, 15] proposes a formulation that takes this
concept even further. Instead of focussing on the flow solely at the pipe wall they include the
flow in the annular region surrounding the central plug. The plug flow is neglected based on the
premise that this does not form part of the sheared region, and is not behaving as a fluid. The
analysis leads to what is termed Re3

Re3 =
8ρV 2

a

τy +K
(
8Va
Da

)n , (4)

where Va is the average fluid velocity in the sheared annulus and Da is the difference between
the pipe diameter and the plug diameter.

Not only is the appropriate form of the Reynolds number subject to debate, there is also
confusion over the value at which the transition occurs; although this is most likely fluid
dependent. In [4] the flow of a Laponite fluid is investigated, using a Herschel-Bulkley model, and
their experiments indicate a transition to turbulence for Rew ∼ 3400. Rudman et al. [11] suggest
that as the power law exponent decreases, so the flow moves further away from Newtonian, and
the transitional value of Rew increases. Their experiments indicate that transition occurs for
Rew ∈ [1300, 3000].

Draad et al. investigate polymer solutions which are modelled well by the Carreau viscosity
relation (i.e. there is no yield stress). They conclude that for flow in relatively large pipes
(compared to the polymer length-scale) the transition will occur around the same value as for a
Newtonian solution, Rew ∼ 2300. This result may be related to Re3 via the following argument.
In the limit τy → 0 the annular velocity and diameter reduce to the average velocity and pipe
diameter, Va → V , Da → D and

Re3 →
81−nρV 2−nDn

K
, (5)
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where n is the exponent in the fluid viscosity definition. The viscosity at the wall ηw is

ηw =
K1/nτ0

(τ0 − τy)1/n
.

(Note, this may be calculated using the expression for velocity given in the following section).
Combining this with the expression for V (also given in the following section) and setting τy = 0,
we determine

Rew =

(
6n+ 2

n

)1−n ρV 2−nDn

K
. (6)

The expressions for Rew and Re3 only differ by a factor f(n) = (8n/(6n+2))1−n. For n ∈ [0.5, 1]
the factor f ∈ [0.9, 1] and consequently we expect that, provided τy ∼ 0 and n ∈ [0.5, 1], the
transition value for Re3 should also be close to 2300. The experimental results of Slatter [16]
confirm this by showing that a choice of Re3 anywhere in the range [2100, 2400] provides accurate
results for the transition. Observe that the experimental data quoted in Table 1 in the appendix
have n > 0.59, whereas the results of Draad et al. [2] have n > 0.61.

The principal objective of Slatter’s work [12, 13, 14, 15, 16] was to establish a simple, single
criterion for transition such as exists for Newtonian pipe flow, e.g. Re = 2300 [16]. This
obviously requires an appropriate definition of the Reynolds number. In §4 we show that
Re3 ∈ [2100, 2500] provides good agreement with experimental data and consequently is an
appropriate non-dimensional parameter to categorize the behaviour of a Herschel-Bulkley fluid.

The Reynolds number depends on both the velocity and pipe diameter. To maintain turbulent
flow, for a given pipe diameter, the mean fluid velocity must be kept above a critical value Vc.
One focus of this work is to find a simple relation between the critical mean velocity, Vc, and
the pipe diameter, D, for large pipes. For sufficiently large pipes, D = O(1) m, experimental
observations indicate that the critical velocity becomes independent of the pipe diameter [12].
In this limit, dimensional analysis shows that the dependence of Vc then takes the form

Vc = C(n)

√
τy
ρ
. (7)

However, the dimensional analysis cannot determine the form of the coefficient C(n), which
must at present be approximated numerically for a given fluid. One of our goals is therefore to
find an analytical expression for C(n). Our other goal is to show that Re3 is an appropriate non-
dimensional number to characterize the flow of a yield-stress fluid. Once this has been established
we can then determine the correct value of Re3 that predicts the transition to turbulence.

The structure of the paper is as follows. In §2 we quote standard results to describe the flow
of a Herschel-Bulkley fluid in a pipe and consequently determine Va and Da which are required in
the expression for Re3 in (4). These results are then used in §3 to determine different asymptotes
for the ratio of yield stress to wall shear stress: these can then be translated onto the critical
velocity-pipe diameter diagram. In particular we find an analytical expression for C(n). In §4
we compare our analytical model with the experimental data of Slatter [16] and use a nonlinear
regression analysis to determine the best choice of Re3.

2. Governing equations for the flow
Under conditions of fully developed, steady-state, one dimensional laminar pipe flow, a yield-
stress fluid will shear in the annular region next to the pipe wall. Near the centre of the pipe,
where the applied shear stresses are less than the yield stress, there will be a solid, unsheared
plug which is carried along by the applied pressure gradient at the maximum fluid velocity: this
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Figure 1. Steady, unidirectional flow geometry.

is depicted in Figure 1. The velocity is given by u = (0, w(r)), where w is the velocity along the
axis.

Velocity and shear stress relations for axisymmetric pipe flow are well known. For
unidirectional flow, the shear stress in the annular region for a Herschel-Bulkley fluid is defined
by

τ = −τy −K
(
−∂w
∂r

)n
, |τ | > τy , (8)

where K is the consistency index and τy the yield stress. In the plug region 0 ≤ r ≤ rp, where
|τ | < τy, the velocity is constant wr = 0. In the annular region rp ≤ r ≤ R the velocity profile is

w =
2n

(n+ 1)pzK1/n

[(
−pzr

2
− τy

)(n+1)/n

−
(
−pzR

2
− τy

)(n+1)/n
]
, (9)

where pz is the pressure gradient. Since τ = −τy at r = rp the plug radius can be expressed as

rp = −2τy
pz

. (10)

Substituting for r = rp in (9) determines the plug velocity

wp = − 2n

(n+ 1)pzK1/n

(
−pzR

2
− τy

)(n+1)/n

. (11)

Equation (4) for Re3 requires expressions for the annular velocity Va and the diameter of the
annular region Da. The latter quantity is simply

Da = 2(R− rp) , (12)

where rp is defined by equation (10). The annular velocity Va = Qa/Aa requires an expression
for the annular flux which is the difference between the total flux and the flux of the plug region

Qa = Q−Qp = Q− wpπr2p , (13)

MURPHYS2016                                                                                                                                   IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 811 (2017) 012007          doi:10.1088/1742-6596/811/1/012007

4



and so

Va =
Q− wpπr2p
π(R2 − r2p)

. (14)

The total flux is Q = V A = V πR2 where V is the mean velocity in the pipe:

V =
2π

πR2

[∫ rp

0
rwp dr +

∫ R

rp
rw dr

]
(15)

=
Dn

2K1/nτ30
(τ0 − τy)(n+1)/n

[
(τ0 − τy)2

3n+ 1
+

2τy(τ0 − τy)
2n+ 1

+
τ2y

n+ 1

]
. (16)

From the definition of the stress we find the ratio rp/R = τy/τ0. Using this and the definitions
of V and wp we may write Va in (14) as

Va =
V πR2 − wpπr2p
π(R2 − r2p)

=
V τ20 − wpτ2y
τ20 − τ2y

=
Dn

2K1/n

(τ0 − τy)(n+1)/n

τ0(τ0 + τy)

[
τ0 − τy
3n+ 1

+
2τy

2n+ 1

]
. (17)

Similarly Da from (12) becomes

Da =
D(τ0 − τy)

τ0
. (18)

Substitution of the above expressions for Va and Da, equations (17, 18), into the definition of
Re3 (4) therefore gives

Re3 =
ρD2

8K2/n

(τ0 − τy)2(n+1)/nτ−2
0 (τ0 + τy)

−2[a(τ0 − τy) + 2bτy]
2

τy + (τ0 − τy)(τ0 + τy)−n[a(τ0 − τy) + 2bτy]
n , (19)

while the expression for V in (16) becomes

V =
D

8K1/n
(τ0 − τy)(n+1)/nτ−3

0

[
a(τ0 − τy)2 + 2bτy(τ0 − τy) + cτ2y

]
, (20)

where, to simplify notation, we set

a =
4n

3n+ 1
, b =

4n

2n+ 1
, c =

4n

n+ 1
. (21)

3. Asymptotic analysis
Now that Re3 and the average velocity (19, 20) have been calculated we can determine the
relation between the Reynolds number, the mean velocity V and the pipe diameter D. The aim
of this work is to find the critical velocity, V = Vc, above which the flow is turbulent. This
should occur at a specific value of Re3. The following analysis leads to a relation of the form
V = f(Re3, D) and by choosing a specific value of Re3 we determine the relation between Vc
and D. We can then show, from a nonlinear regression analysis using experimental data [12, 16],
that the transition to turbulent flow occurs in the range 2100 < Re3 < 2500.

We find it convenient to introduce the parameter A = τ0/τy = R/rp, which is the ratio
of wall shear stress to yield stress or equivalently the pipe radius to the plug radius. In the
following we will assume that the fluid properties are fixed and so control A by varying the pipe
diameter. In the small D limit the high shear rates required to move the fluid will confine the
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plug to a small region near r = 0. This means that A = R/rp � 1 as D → 0. Experimental
results, see [12] for example, show that for large D the critical velocity approaches a constant
value. This is confirmed by dimensional analysis in [12] for the case n < 1. For the large D
limit, letting D → ∞ in equation (20) shows that to prevent V → ∞ then τ0 → τy (in fact

τo − τy ∝ D−n/(n+1)) and hence A → 1+.
In the following analysis it is convenient to set τ0 = Aτy, for A > 1, and then the large D

limit corresponds to A ≈ 1, whereas the small D limit corresponds to A � 1. Substitution of
τ0 = Aτy into (19) and (20) gives

Re3 =
ρD2τ

2/n−1
y

8K2/n

(A− 1)2(n+1)/nA−2(A+ 1)−2[a(A− 1) + 2b]2

1 + (A− 1)(A+ 1)−n[a(A− 1) + 2b]n
, (22)

V =
Dτ

1/n
y

8K1/n
(A− 1)(n+1)/nA−3

[
a(A− 1)2 + 2b(A− 1) + c

]
. (23)

We now consider the cases A ≈ 1 and A � 1 separately.

3.1. The A ≈ 1 (large D) asymptote
Since A ≈ 1 (but strictly A > 1 to allow some flow) we write A as the following expansion:

A− 1 = α0ε+ α1ε
2 + α2ε

3 + ... , (24)

where αi = O(1), α0 > 0 and 0 < ε� 1. Substitution of (24) into (22) leads to

Re3 =
ρD2τ

2/n−1
y

8K2/n
b2(α0ε)

2(n+1)/n

[
1 +

{
a

b
− 3− bn +

2(n+ 1)

n

α1

α2
0

}
α0ε

+

{
a2

4b2
+

23

4
− 3a

b
+
nbn

2

(
1− a

b

)
−
(

3n+ 2

n

(
3− a

b

)
+ bn

)
α1

α2
0

+
(n+ 1)(n+ 2)

n2
α2
1

α4
0

+
2(n+ 1)

n

α2

α3
0

}
(α0ε)

2 + ...

]
, (25)

and in (23) we now have

V =
Dτ

1/n
y

8K1/n
c(α0ε)

(n+1)/n

[
1 +

(
2b

c
− 3 +

n+ 1

n

α1

α2
0

)
α0ε

+

{
6 +

a

c
− 6b

c
+

2n+ 1

n

(
2b

c
− 3

)
α1

α2
0

+
n+ 1

2n2
α2
1

α4
0

+
n+ 1

n

α2

α3
0

}
(α0ε)

2 + ...

]
. (26)

The expression for α0ε is found from the leading order term in (25) and so

α0ε =

(
8Re3K

2/n

ρτ
(2−n)/n
y

)n/2(n+1)

(bD)−n/(n+1) . (27)

Setting the higher order correction terms to zero determines α1, α2. Substitution of α0, α1, α2

into (26) gives V as a function of D.
If we simply consider the leading order term and substitute for α0ε, via (27), into (26) then

V becomes

V ∼ c

b

√
Re3τy

8ρ
= C(n)

√
τy
ρ
, C(n) =

2n+ 1

n+ 1

√
Re3

8
. (28)
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As discussed in the introduction, finding the expression in (28) was one of the main goals of
the original analysis [9]. This equation identifies the asymptote as D →∞ and the form of the
fluid constant C(n). However, including the correction terms O[ε] and O[ε2] in (26) means that
we can find the form of the curve for smaller D and so get closer to the transition between the
small and large D asymptotes. This can be seen in more detail in the Results section below.
Note that the condition α0ε� 1 provides a limit for the pipe diameter

D � 1

b

(
8Re3K

2/n

ρτ
(2−n)/n
y

)1/2

. (29)

The large D expansion can also be derived by considering the expressions for Re3 and V in
(19) and (20) directly. Since τ0 → τy in this limit, a high proportion of the slurry will be at the
yield stress and consequently the plug occupies most of the pipe. Experiments also show that
the transition velocity Vc becomes independent of D as D → ∞ [12]. From examining (20) it
is clear that this can only occur if (τ0 − τy)(n+1)/n = O[D−1]. We could therefore look for an

expansion of τ0 − τy in terms of the small parameter ε = D−n/(n+1), namely

τ0 − τy = α0D
−n/(n+1) + α1D

−2n/(n+1) +O((D−n/(n+1))3) = α0ε+ α1ε
2 +O(ε3) .

This method yields the same expansions for Re3 and V and is discussed in more detail in [9].

3.2. The large A (small D) asymptote
In this case A � 1 and so we consider an expansion in terms of the small parameter B = 1/A.
Rewriting Re3 and V from (22) and (23) in terms of B gives

Re3 =
ρD2τ

2/n−1
y

8K2/n

(1− B)2(n+1)/nB1−2/n(1 + B)−2[a(1− B) + 2bB]2

B + (1− B)(1 + B)−n[a(1− B) + 2bB]n
, (30)

V =
Dτ

1/n
y

8K1/n
B−1/n(1− B)(n+1)/n

[
a(1− B)2 + 2bB(1− B) + cB2

]
. (31)

Suppose B is expanded as

B = β0ε+ β1ε
2 + β2ε

3 + ... , (32)

where βi = O(1), β0 > 0 and 0 < ε� 1. Substitution into (30) and (31) leads to expansions

Re3 =
ρD2τ

2/n−1
y

8K2/n
a2−n(β0ε)

1−2/n

[
1 +

{
2b(2− n)

a
− 5n+ 2− 2n2

n
− a−n +

n− 2

n

β1
β20

}
β0ε{

n− n2 + 2

2

(
− 1 +

2b

a

)2

+
n3 + n2 − 8n− 4

n

(
− 1 +

2b

a

)

+

(
2b(4n− n2 − 4

an
+

2n3 − 11n2 + 8n+ 4

n2
− a−n

)
β1
β20

−3n3 + n4 − 16n2 − 14n− 4

2n2
− n− 2

n2
β21
β40

+
n− 2

n

β1
β20

}
(β0ε)

2 + ...

]
, (33)

and

V =
Dτ

1/n
y

8K1/n
a(β0ε)

−1/n

[
1 +

(
2b

a
− 2− n+ 1

n
− 1

n

β1
β20

)
β0ε
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+

{
1 +

c

a
− 2b

a
+
n− 1

2n2
− 2(n+ 1)

n

(
− 1 +

b

a

)

+

(
2b

a
− 2 +

1− n2

n
− 2

n

(
− 1 +

b

a

))
β1
β20

+
n+ 1

2n2
β21
β40
− 1

n

β2
β30

}
(β0ε)

2 + ...

]
. (34)

From the leading order term in (33) we obtain an expression for β0ε

β0ε = τy

(
8Re3K

2/n

ρ

)n/(n−2)

anD2n/(2−n) , (35)

with expressions for β1ε
2 and β2ε

3 found by setting theO[ε] andO[ε2] terms to zero. Substituting
β0ε into the dominant term in (34) gives

V ∼
(

8n−1KRe3
ρDn

)1/(2−n)

, (36)

as the leading order term for the velocity in the small D limit. Note that V ∼ D−n/(2−n) and so
in the Bingham limit n = 1, this implies that V ∼ 1/D as D → 0. So, for small D the critical
velocity (to leading order) is independent of the yield stress τy.

The condition β0ε� 1 indicates that the analysis is valid for

D � a−1+n/2

(
8Re3K

2/n

ρτ
(2−n)/n
y

)1/2

. (37)

As discussed in [9], an alternative way to derive (36) is to note that, since rp � R in the limit

D → 0, then Da ≈ D and Va ≈ V =
Dτ

1/n
0 a

8K1/n to leading order in τy/τ0. Then Re3 in (4) becomes

Re3 ≈
8ρV 2

K

(
D

8V

)n
, (38)

where the τy term in the denominator has been neglected since τy � K
(
8Va
Da

)n
for τ0 � τy.

Rearranging (38) then gives (36) directly. Although this might seem like a more direct way to
find an expression for the velocity, the analysis in terms of parameters A and B allows us to
obtain the higher order corrections in a systematic way.

We now compare the large and small D asymptotic solutions with the exact solution and
experimental data.

4. Results
The results are taken from a series of experiments described in [12, 16]: a number of fluids were
pumped through a pipe test rig, over a range of flow rates, and the average velocity measured
for a prescribed pressure gradient. The data points and fluid properties are provided in Table
1. Note that some obvious outliers in the data sets were omitted from our calculations. In
laminar flow, the measured velocity agrees closely with that predicted by equation (16). When
the flow becomes turbulent there is a marked departure between the measured and predicted
values. This behaviour is depicted (in an idealised fashion) in Figure 2. The data points for Vc
shown in Table 1 were extracted from pipe flow curves of the form shown in the figure using a
normalised adherence function, see [17]. Note, transition phenomena, such as puffs, streaks etc.,
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Data Set ρ τy K n Data values (Di, Vci)

A 1061.264 1.04 0.0136 0.8031 (0.005623, 1.458), (0.013214, 1.0725),
(0.0216, 0.945)

B 1071.234 1.88 0.0102 0.8428 (0.005623, 1.4), (0.013214, 1.32), (0.0216, 1.134),
(0.140512, 1.05), (0.207, 1.035)

C 1099.2 5.8 0.0176 0.8154 (0.079, 1.95), (0.140512, 1.875),
(0.207, 1.87)

D 1105.034 4.18 0.0351 0.719 (0.005623, 2.11), (0.013214, 1.98), (0.0216, 1.62),
(0.140512, 1.5152), (0.207, 1.55)

E 1176 3.91 0.0105 0.972 (0.0216, 1.935), (0.140512, 1.655),
(0.207, 1.61)

F 1320.1 5.48 0.1239 0.6363 (0.0216, 1.79), (0.079, 1.74),
(0.207, 1.553)

G 1394.35 8.02 0.135 0.5911 (0.079, 1.93), (0.140512, 1.94),
(0.207, 1.87)

H 1501.276 8.0 0.03708 0.87907 (0.01337, 3.29), (0.02838, 2.33),
(0.0042, 5.68)

Table 1. Experimental data values [12, 16].
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Figure 2. Schematic of velocity against pressure gradient for water and slurry flows.

are observed at values below Vc but these do not cause the pipe flow data to deviate from the
laminar curve.

In the previous section we determined expressions for Vc in both the large and small D limits.
To enable a comparison with the exact relation (20), with τ0 found by solving the nonlinear
expression in (19), we must obtain a value for Re3 which gives the best fit to the experimental
data. Equations (19) and (20) provide a relation between V (or Vc), Re3 and D, where we
must eliminate the unknown τ0. One goal of this work is to determine the value for Re3 that
best predicts the transition. We calculate this using a nonlinear regression package provided on
StatsPages.net [20]. For each given data point (Di, Vi) we can determine a value for τ0i using
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(20). Then, re-writing (19) as

y =
τy + (τ0 − τy)(τ0 + τy)

−n[a(τ0 − τy) + 2bτy]
n

(τ0 − τy)2(n+1)/nτ−2
0 (τ0 + τy)−2[a(τ0 − τy) + 2bτy]

2 =
ρD2

8K2/nRe3
,

we can determine a value for the unknown parameter Re3 using the points (Di, yi). These values
and the restrictions on D for the small and large diameter limits are given in Table 2 for each
data set.

Data Set Re3 Limits (29), (37)

A 2135.5± 12.4 D � 0.015, D � 0.019
B 2148.5± 3.8 D � 0.009, D � 0.012
C 2402.7± 10.6 D � 0.007, D � 0.008
D 2330.0± 21.2 D � 0.009, D � 0.012
E 2554.6± 8.8 D � 0.014, D � 0.019
F 2109.6± 23.4 D � 0.019, D � 0.024
G 2361.9± 30.7 D � 0.010, D � 0.012
H 2374.0± 66.5 D � 0.017, D � 0.023

Table 2. Best fit values of Re3 for each data set.

In Figures 3 and 4 we show plots of Vc against D for eight different Herschel-Bulkley fluids.
The data points are denoted by a ‘*’. The solid line is the exact solution obtained by numerically
solving equations (19) and (20). On the right hand side of each figure there are also three sets of
curves. The lowest, represented by a dotted line, is the leading order solution for large D. It is
clear from these plots that the critical velocity is independent of the pipe diameter in this limit.
The solutions to first and second order are shown as dot-dash and dashed lines respectively.
Similarly, on the left hand side are the three small D solutions. Finally, the two vertical lines
represent the limit of validity for each expansion, which is given in the final column of Table
2. Note that these limits in fact overlap, in the sense that the small D limit is the right hand
line and the large D limit is the left hand line. However, the criteria is that D is either much
greater or much less than these limits and it is clear that, in most cases, the leading and first
order solutions break down well before reaching these lines. Each figure requires a value for
the critical Re3, obtained by the nonlinear regression, these values are given in Table 2. Since
the figures all take the same format we will only discuss the first, Figure 3 for Data Set A, in
detail. In this case, the nonlinear regression, using 3 data points, indicates Re3 = 2135.5± 12.4.
This small error is reflected in the fact that the exact solution, using Re3 = 2135.5, appears to
pass through all the data points. The leading order solution for large D provides an excellent
approximation for pipe diameters around 1m (of the order 0.3%). Below this value the leading
order solution predicts values less than the exact solution, with the accuracy decreasing with
pipe diameter. The second order approximation appears accurate down to around 2cm (with
an error around 5%). The restriction on D, given by equation (29), indicates that we require
D � 1.5cm. For Data Set B we have more data points and find Re3 = 2148.5 ± 3.8. The two
data points for large D sit on the exact solution curve, which at this stage is indistinguishable
from the first and second order asymptotic expansions. The data point for the smallest value
of D is somewhat below the exact solution curve. Although we do not have a great amount of
data for small diameter pipes, it is clear from Data Set H, shown in Figure 4, that the exact
solution does not in general over-predict Vc for small D.
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Figure 3. Plot of critical velocity against pipe diameter for Data Sets A-D. The solid line
denotes the exact solution, the dotted, dot-dashed and dashed lines denote the small (left) and
large (right) D asymptotes for leading, first and second order corrections respectively.

5. Conclusion and discussion
The primary aims of this paper were:
a) to determine whether Re3 is a suitable expression for the non-dimensional Reynolds number
which characterizes the flow of a yield-stress fluid and, if so, to find the best choice of Re3 that
predicts the transition to turbulence;
b) to investigate the asymptotic relation between the critical velocity and pipe diameter and, in
particular, to determine the unknown coefficient C(n) identified by dimensional analysis.

In general it appears that the form of Re3 described by equations (19) and (20) leads to
excellent agreement with the data for both large and small diameter pipes, and consequently it
seems to be an appropriate non-dimensional grouping to characterize the flow. The nonlinear
regression indicates that the transition to turbulence occurs for values of Re3 within the range
2100 – 2500. This is in keeping with quoted values for a Newtonian fluid. There appears to be
no obvious connection between the fluid properties and the predicted value of Re3. For example,
the three data sets that show Re3 ∼ 2100 have yield stresses ranging from 1.04 to 5.48 N/m2

and a power n between 0.84 and 0.64. The highest value of Re3 predicted, Re3 ∼ 2550, occurred
with the fluid most close to the Newtonian power, n = 0.97.

For fluids with an exponent n ≈ 1, it is perhaps not surprising that the transition predicted
by Re3 is similar to Newtonian predictions. The thinking behind Re3 is that only flowing
material should be considered; the unyielded material is not included in the calculation. This
is accounted for by the shift, of magnitude τy, in the denominator of Re3. So, when n = 1,
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Figure 4. Plot of critical velocity against pipe diameter for Data Sets E-H. The solid line
denotes the exact solution, the dotted, dot-dashed and dashed lines denote the small (left) and
large (right) D asymptotes for leading, first and second order corrections respectively.

the flowing material exhibits Newtonian behaviour, the unyielded fluid is neglected and Re3
is equivalent to the Newtonian Reynolds number (where V is replaced by Va and D by Da).
Other definitions of the Reynolds number for a yield stress fluid take into account the unyielded
material and so should not necessarily be expected to equate to the Newtonian value. For n 6= 1
the results of Draad et al. [2] suggest that with no yield stress the transition occurs for values
of Rew similar to the Newtonian case. Since Re3 ≈ Rew when τy = 0 and n ∈ [0.5, 1], by the
same argument we should again expect transition to occur for Re3 ∼ 2300 when τy 6= 0. Note,
our experimental results satisfy the criteria since n > 0.59 for all cases; Draad et al. [2] have
n > 0.61.

The actual calculation of Re3 for given flow conditions is not as straightforward as for the
Newtonian problem. It requires the calculation of the average annular velocity and the annular
diameter which in turn require the average velocity and the wall stress. To determine a relation
between Vc and D the wall stress must then be eliminated from expressions for Re3 and V , given
by equations (19) and (20). Clearly it is desirable to have a simple relation between the critical
velocity and the pipe diameter, particularly for relatively large pipes which are of interest to a
number of industries. Previously, dimensional analysis had shown that in the large pipe limit

Vc = C(n)
√
τy/ρ, where the coefficient C(n) had to be calculated experimentally or numerically

for a given fluid. The leading order term of the asymptotic analysis led to a simple form for
C(n), in terms of n and Re3, and also indicated the lower limit for the pipe diameter when this
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could be applied. The first and second order corrections permitted this approximation to be
extended to lower values of D. An asymptotic expansion for small diameter pipes showed that
at leading order Vc ∝ Dn/(n−2).

Our work provides evidence confirming two physical facts of profound practical and theoretical
importance for viscoplastic fluids:

• Firstly, at small pipe diameter, the critical velocity Vc is independent of the yield stress;

• Secondly, at large pipe diameter, Vc is independent of the pipe diameter and the consistency
index, and the yield stress plays a dominant role.

Asymptotic relations describing both these conditions have been provided and tested against
experimental data.

There is obvious scope for extending this work, to match the large and small diameter
expansions to give a complete expression for Vc against D. We did not carry this out for
two reasons. Firstly, our interest lays primarily with the large pipe limit, which is applicable to
the transport of mining waste for example. Secondly, in our examples, the transition region was
relatively small, typically between 1mm and 1cm, and the work involved seemed greater than
simply calculating the exact solution numerically.
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