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Abstract

Solar-thermal collectors capture solar energy and convert it into heat
energy. Several types of solar-thermal collectors have been used to
harness solar radiation in both residential, electricity generation, and
industrial settings; one class of solar-thermal collector design is the
direct-absorption solar collector (DASC). An ongoing technological
challenge in this area of science is to develop a truly widespread, cost-
effective system which efficiently converts solar energy and can com-
pete with fossil fuel power generation. Nanofluids are a relatively new
class of fluid that offer great promise as an alternative to conventional
fluids in a DASC due to their unique optical properties.

This thesis develops and analyses novel mathematical models to de-
scribe and better understand the complicated interactions between so-
lar radiation absorption, fluid flow and heat transfer within nanofluid-
based DASCs (NDASCs) in a multiphysics continuum mechanics ap-
proach involving the use of coupled partial differential equations. Over-
all, we discuss and model six different NDASCs: Collector 1 is an
NDASC consisting of a nanofluid flowing through parallel-plates on
an inclined plane, Collector 2 is similar to Collector 1, but with a re-
flective base-panel, Collector 3 is an NDASC consisting of a nanofluid
flowing through cylindrical pipes on an inclined plane, Collector 4
is a nanofluid-based direct absorbing parabolic trough solar collector
(NDAPSC) under laminar flow, Collector 5 is an NDAPSC under tur-
bulent flow, and Collector 6 is an NDAPSC under turbulent flow with
a time-dependent source term.
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CHAPTER 1

INTRODUCTION

This chapter outlines our motivation for pursuing the research in this thesis.

Section 1.1 discusses the overall global energy landscape on a fuel-by-fuel basis.

We examine renewable energy trends in close detail and identify a clear demand

for better solar-thermal energy production solutions. Therefore, we discuss solar-

thermal energy further in Section 1.2 before establishing and justifying, explicit

and assessable research objectives for this thesis in Section 1.3.

1.1 The global energy landscape

Energy consumption is a significant driver of economic growth, especially in

rapidly developing economies such as India and China [65]. Technological im-

provements, political pressure, and global gross domestic product (GDP) growth

are all affecting the amount of global energy consumption [45]. While long-term

energy trends are notoriously difficult to predict [11], in this section, we explore

current trends in the global energy landscape in light of: recent breakthroughs

in hydraulic fracturing, China moving away from coal, and the renewable energy

boom [5, 65]. The United States Energy Information Administration’s (EIAs)

International Energy Outlook 2017 [65] offers a comprehensive forecast on the

global energy landscape in the context of: oil, coal, natural gas, nuclear, and

renewables. Figure 1.1 illustrates the estimated trajectories of the consumption

1



1. INTRODUCTION

of these energy sources as predicted by the EIAs International Energy Outlook

2017 [65].

Figure 1.1: World energy consumption by energy source [Source: Figure 2 from
EIA International Energy Outlook 2017 [65]].

Currently, oil-based fuels are the world’s leading source of energy [5, 65].

Global oil consumption is rising each year and is anticipated to continue growing

over the coming decades. Most of this growth is in the transportation and indus-

trial sectors [65]. The global fleet of cars is expected to double in the next twenty

years with increasing car ownership rates in emerging markets driving this growth

[5]. However, oil production is expected to decline further into the future due to

reduced demand stemming from: emission reduction policies, cost reductions in

renewable energy generation, and other alternative technologies [27].

Global coal consumption is broadly platauing, however, coal is still the world’s

second most consumed energy source [11, 65]. The top three coal-consuming coun-

tries are China, the United States, and India (which together account for more

than 70% of world’s coal use). China currently accounts for almost half of the

worlds total coal consumption; however, China is moving away from coal towards

cleaner (lower-carbon) fuels as its economy shifts towards a more sustainable

pattern of growth [65]. China’s coal consumption is projected to broadly plateau

over the next decade before decreasing into 2040. Coal consumption in the United

states has already plateaued, and is expected to remain constant over the coming

decades [65]. Meanwhile, India has the worlds fastest-growing economy, and this

growth should increase India’s demand for coal. India’s economy is expected to

2



1.1 The global energy landscape

grow at a rate of 5.5% per year from 2012 to 2040 [65], and this demand should

see India overtake the United States as the world’s second biggest consumer of

coal by around 2030 [65].

Since the United States’ Shale Boom (circa 2008) natural gas has experienced

phenomenal growth and going forward, natural gas production is predicted to

grow at an even faster rate due to advancements in liquefied natural gas (LNG)

[5, 65]. For example, in Europe natural gas production is slowing down but con-

sumption is still expected to rise over the next decade because Europe’s increasing

natural gas demands will be met by LNG imports from the United States [5].

On the global scale, we should still see some growth in the nuclear sector

driven by rapid expansion in China as they move away from coal [65]. However,

ageing nuclear plants are being decommissioned in Europe and will continue to

do so going forward with little reinvestment in new plants. For example, in the

United Kingdom there are currently eight nuclear power stations in operation, of

which, only four will remain in operation in 2027.

Over the next twenty years renewable energy is projected to be the fastest-

growing fuel source (7.6% p.a.), more than quadrupling. This anticipated growth

will be driven by solar and wind (both of which are becoming increasingly com-

petitive). British Petroleum’s [5] analysis, suggests that onshore wind power will

remain cheaper than solar energy in both the United States’ and China’s power

sectors, also, gas and coal are expected to provide the primary source of competi-

tion to renewable energies in the United States and China respectively. The solar

energy industry has experienced phenomenal growth in recent years due to both

technological improvements resulting in cost reductions and government policies

supportive of renewable energy development and utilisation [61]. Global solar

energy production is predicted to rise at a rate of 8.9% annually between 2012

to 2040, making it the fastest growing form of energy generation in the coming

decades [65]. Currently, solar-thermal technologies produce more energy than so-

lar voltaic technologies [38]. Solar thermal technologies provide hot water to heat

and cool space, and to generate high-temperature heat for industrial processes

[52]. The research in this thesis is motivated by recent theoretical advances in

solar thermal energy production. While the global capacity of solar thermal tech-

nology continues to rise, recently the rate of capacity increase has seen a decline,

falling 14% in 2015 [52]. More innovation is needed if solar thermal technologies

are to see this recent trend reversed.

3



1. INTRODUCTION

1.2 Solar-thermal collectors

The potential benefit of solar energy is demonstrated by the fact that more solar

energy strikes the Earth in one hour than the total energy consumption by hu-

mans in one year [44]. The ongoing technological challenge is to develop a truly

widespread, cost-effective system which efficiently converts solar energy and can

compete with fossil fuel power generation. Several types of solar-thermal col-

lectors have been used to harness solar energy in both residential, electricity

generation, and industrial settings. Taylor et al. [59] outline the three ideal char-

acteristics of a solar thermal collector. (1) An ideal collector should efficiently

absorb solar radiation. (2) An ideal collector must minimise heat loss due to

convection and radiation. (3) An ideal collector should have minimal pumping

and maintenance costs. In the following paragraphs we discuss the most common

types of solar-thermal collectors.

Absorber plate

Metallic pipe

Insulation

Working fluid
Transparent cover

Figure 1.2: Flat plate solar col-
lector design.

We classify solar collectors based on

whether or not the incoming radiation is con-

centrated. In the non-concentrating type of

solar collector, the aperture area is the same

as the area of the surface that is absorbing

the radiation—this type of solar collector is

typically used in a residential setting to heat

water or buildings. The most common res-

idential solar collectors are flat-plate black-

surface absorbers and evacuated tubes [26].

Flat-plate collectors consist of a dark flat-plate absorber, and a working-fluid

which circulates through the system while extracting heat from the absorber

plates. Figure 1.2 depicts the cross-section of this particular solar collector de-

sign; in this figure the collector is surrounded on the upper side by a transparent

cover, allowing light to hit the absorber creating a greenhouse effect, and on the

underside by insulation to prevent heat loss. Flat plate collectors can be cheap

relative to other collectors due to the simplicity of their design—they can also be

integrated into roofs or façades; however, they don’t perform well in wet/cold en-

vironments [34]. Average annual flat plate collector efficiency in Dublin, Ireland,

was found to be 46.1% [3].

4



1.2 Solar-thermal collectors

Absorber

Copper rod

Vacuum space

Working fluid

Protective cover

Figure 1.3: Evacuated tube solar
collector design.

Evacuated tube collectors come in var-

ious design layouts; one of the most com-

mon forms is composed of multiple evac-

uated glass tubes, each containing an ab-

sorber plate fused to a heat pipe [39]. The

working-fluid extracts heat from the top of

these heat pipes as it flows through a man-

ifold. Insulation covers this manifold, and a

vacuum surrounds the glass tubes, reducing

the convective and conductive heat losses—

this process is illustrated more clearly in Fig-

ure 1.3. Vacuum space surrounding the absorber eliminates Newton cooling

as a mechanism for heat loss and this affect makes evacuated tube collectors

ideal for solar-thermal conversion in cold, windy and humid conditions. Av-

erage annual vacuum tube collector efficiency in Dublin, Ireland, was found

to be 60.7% [3], which is significantly higher than the flat-plate collector ef-

ficiency. In fact, vacuum tube collectors can perform up to 30% better than

flat plate collectors; however, they are more expensive to manufacture [9].

Superheating

Evaporation / 

Condensation

Preheating

S
o
la

r 
C

o
ll

ec
to

r

G

Charging Cycle Discharging Cycle

Figure 1.4: A simplified solar
collector power plant with direct
steam generation [55].

Concentrating collectors have a larger

aperture area than absorber area—they can

be used in many industrial processes in-

cluding; sterilising, pasteurising, drying, hy-

drolysing, distillation, cleaning, and poly-

merisation [25]. A more exhaustive list of in-

dustrial processes and their associated oper-

ating temperatures is outlined in Table 1.1—

which is from Kalogirou [25]. In an indus-

trial heat process, the operating tempera-

ture needs to be consistent and predictable;

therefore, models for accurately predicting

the temperature at the outlet of a collector are of vital importance to the vi-

ability of this solar-thermal application. Concentrating solar collectors are also

used to power turbines and generate electricity. The Rankine cycle, shown in

Figure 1.4, describes the process by which steam operated heat engines com-

monly found in power towers/parabolic trough thermal power generation plants

5



1. INTRODUCTION

[20, 32, 55, 56, 67]. In some solar collector driven Rankine cycles the solar collec-

tor and the Rankine cycle operate in the same closed loop and so they share the

same working-fluid [67], but Figure 1.4 depicts a solar Rankine cycle, consisting of

two closed loops. In the first loop, (the charging cycle) a working-fluid is pumped

through the solar collector before it enters a heat exchanger. The heat exchanger

consists of three stages: superheating, evaporation/condensation, and preheating.

The working-fluid in the charging cycle is hottest after exiting the solar collector

and before entering the superheating stage; it then becomes progressively cooler

as it transfers its thermal energy into the working-fluid/gas in the second loop

(the discharging cycle). In the discharging cycle, gas is condensed into a liquid

phase after exiting the steam turbine and this liquid is then pumped into a heat

exchanger, where it heats up past the point of evaporation and its phase changes

back to gas. This gas then flows back into the steam turbine where it is used to

generate electricity. We note that in some solar Rankine cycles, the working-fluid

in the charging cycle does not have enough thermal energy to sufficiently heat

the liquid/gas in the discharging cycle, and so an additional source of heat can

be applied, i.e., natural gas; however, this process is not illustrated in Figure 1.4.

6



1.2 Solar-thermal collectors

Industry Process Temperature (K)

Dairy Pressurisation 333.15-353.15

Sterilisation 373.15-393.15

Drying 393.15-453.15

Concentrates 333.15-353.15

Boiler feed water 333.15-363.15

Tinned food Sterilisation 383.15-393.15

Pasteurisation 333.15-353.15

Cooking 333.15-363.15

Bleaching 333.15-363.15

Textile Bleaching or dyeing 333.15-363.15

Drying or degreasing 373.15-403.15

Dyeing 343.15-363.15

Fixing 433.15-453.15

Pressing 353.15-373.15

Paper Cooking or drying 333.15-353.15

Boiler feed water 333.15-363.15

Bleaching 403.15-423.15

Chemical Soaps 473.15-533.15

Synthetic rubber 423.15-473.15

Processing heat 393.15-453.15

Pre-heating water 333.15-363.15

Meat Washing or sterilisation 333.15-363.15

Cooking 363.15-373.15

Beverages Washing or sterilisation 333.15-353.15

Pasteurisation 333.15-343.15

Flours and by-products Sterilization 333.15-353.15

Timber by-products Thermodifussion beams 353.15-373.15

Drying 333.15-373.15

Pre-heating water 333.15-363.15

Preparation pulp 393.15-443.15

Bricks and blocks Curing 333.15-413.15

Plastics Preparation 393.15-413.15

Distillation 413.15-423.15

Separation 473.15-493.15

Extension 413.15-433.15

Drying 453.15-473.15

Blending 393.15-413.15

Table 1.1: Temperatures needed in various industrial processes [25].

7



1. INTRODUCTION

Absorber

Reflectors

Inlet Outlet

Working fluid

Figure 1.5: Solar tower solar collector de-
sign.

The first type of concentrating

solar thermal system we discuss is

the power tower. Figure 1.5 shows a

typical power tower layout; this de-

sign consists of a large tower which is

surrounded by sun-tracking mirrors

called ‘heliostats’. The heliostats

concentrate incoming solar radiation

onto the receiver at the top of the

power tower. A working-fluid then

flows through the receiver, collecting

heat and transporting it to a power station below where the thermal energy is

converted into electricity [21].

Absorbing tube

Parabolic reflector

Vacuum space

Working fluid

Transparent cover

Figure 1.6: Parabolic trough solar collec-
tor design.

A parabolic trough solar collec-

tor, as shown in Figure 1.6, can be

used to generate electricity or heat

for an industrial process. In this de-

sign, a parabolic mirror reflects in-

coming sunlight onto a receiver lo-

cated on its focal line. A working-

fluid flows through the receiver and

as the receiver heats up, so does the

working-fluid. The parabolic mirror

tracks the sun, similarly to the he-

liostats in the power tower.

A solar dish system, pictured in

Figure 1.7, includes a parabolic dish reflector that concentrates incoming sunlight

onto a receiver located at the parabolic dish’s focal point. This dish tracks the

Sun as it moves across the sky. The working-fluid in the receiver is heated up to

250-700 oC and this heat energy is used by a Stirling engine to generate power [40].

The heat engine is directly attached to the receiver in this collector, and so there is

a different thermal-electric energy conversion process than is in the Rankine cycle

heat engine. A Stirling engine is a closed-cycle regenerative heat engine that oper-

ates by cyclic compression and expansion of the working-fluid at different temper-

atures. Solar-dish systems can provide between 31% and 32% solar-to-electric ef

8



1.2 Solar-thermal collectors

ficiency [6].

Solar-tracking

dish reflector

Stirling engine

Figure 1.7: Solar dish solar collector de-
sign.

Figure 1.8 illustrates the oper-

ation of a Stirling engine. This

design consists of a power piston,

a displacer piston, a heat source

(in this case concentrated solar en-

ergy), a heat sink (perhaps cooling

fins), and a working-gas. In position

(a), the power piston compresses the

working-gas, moving it away from

the heat sink; meanwhile, the dis-

placer piston displaces the working-

gas so that most of it is now adjacent

to the heat source. In position (b),

gas expands as it is heated, and this

increases the pressure in the system,

thus pushing the power piston to the farthest limit of the power stroke. In posi-

tion (c), the displacer piston displaces the working-gas so that most of it is now

adjacent to the heat sink. In position (d), the working-gas is compressed as it

cools down and is also compressed by the flywheel momentum; and thus the cycle

begins again.

a b c d

Figure 1.8: Stirling engine mechanism.

All of the concentrating and non-

concentrating solar collectors men-

tioned above are ‘surface-based’ col-

lectors; that is, in each of these de-

signs, the receiver’s surface absorbs

the incoming sunlight. For exam-

ple, parabolic trough collectors in-

corperate an opaque metal surface

coated with a selective thin film

to efficiently convert solar radiation

into thermal energy [38]. Then, a

working-fluid flows through the receiver and absorbs thermal energy from this

heated surface. Heat loss occurs via convection and radiation at the surface of

the absorber. Unsurprisingly, the surface is the hottest part of a ‘surface-based’

9



1. INTRODUCTION

absorber. Surface-based absorption is not the only way to capture and convert

electromagnetic radiation into usable thermal energy. Direct absorption solar

collectors (DASCs) offer a different solution [59]; DASCs were first proposed in

the mid-1970s as an alternative to surface absorbers. A DASC does not contain

an absorbing surface; instead, the working-fluid absorbs incoming solar energy

directly. This leads to lower temperatures at the surface of the receiver, and

potentially less energy lost to the surrounding environment. Standard fluids are

inefficient at absorbing sunlight due to their low absorptive properties; for exam-

ple, Otanicar et al. [47] show that water only absorbs 13% of the available solar

energy in a DASC of depth 1 cm. Therefore, DASCs initially failed to take off

as they were not a commercially viable solar collector design [49]. In the past,

people have added particles/dyes to liquids in an attempt to enhance the ther-

mophysical and/or optical properties of the working-fluid in a DASC [13]. Large

particles can settle and clog systems, and this escalates the cost of maintenance

[13]; however, nanoparticle-laden fluids can serve as the absorbing medium in

DASCs to overcome the poor absorption properties of conventional fluids [59].

Incoming Solar radiation

Light scattering

Nanoparticles

Figure 1.9: Incoming radiation absorbed
and scattered by nanoparticles.

Unlike traditional DASCs, nanofluid-

based direct absorption solar collec-

tors (NDASCs) use nanofluids to ab-

sorb and scatter incident sunlight.

A nanofluid is a colloidal suspen-

sion of nanoparticles in a liquid

medium. Nanoparticles do not settle

as quickly as larger particles; how-

ever, incorrect nanofluid preparation

can lead to nanoparticle agglomer-

ation, and pockets of slow-moving

or stationary flow in the system can

lead to nanoparticle sedimentation

[8]. Also, high particle volume frac-

tions in a nanofluid can change the viscosity and overall fluid dynamics in the

system, potentially increasing the pump’s workload, and so usually nanofluids

appear in NDASCSs at very low particle volume fractions (< 0.01%). Nanofluids

with low nanoparticle volume fractions have similar thermophysical properties

to their base fluid; however, they exhibit enhanced optical properties. Figure

10
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1.9 depicts the incoming radiation being absorbed and scattered by nanoparti-

cles suspended in a liquid medium; solar radiation is attenuated much faster due

to the nanoparticles absorbing and scattering radiation propagating through the

nanofluid. These optical enhancements show a potential for volumetric absorp-

tion to be a more efficient solar collector design than surface-based absorption

[37, 48]; therefore, NDASCs are the focus of this thesis.

1.3 Thesis objectives

The aim of this thesis is to make a scientific contribution towards the modelling of

NDASCs. Before starting this project, we define the following research objectives:

1. Complete a literature review of nanofluids and NDASCs,

2. Identify opportunities for future research in this field,

3. Formulate useful mathematical models for NDASCs.

Objective 1 aims to understand previous scientific contributions, Objective 2

looks towards future research opportunities, and Objective 3 focuses on making

significant novel scientific contributions. Since the study of NDASCs is such a

promising field, there are many people working in this area and the literature is

constantly evolving. In order to make a meaningful scientific contribution towards

modelling NDASCs, we must know and understand the scope of its surrounding

literature, i.e., we must fulfil Objective 1. Looking towards the future, Objective 2

provides additional context for our research; together with Objective 1, Objective

2 will inform our decision-making process. We will continuously ask ourselves

‘will this work be useful for future scientists?’ while deciding on which avenues

of research to pursue. Meanwhile, we will fulfil Objective 3 through successful

pursuit of the opportunities identified in Objective 2. In Section 8.2 we critically

reflect on the scope this thesis through the lens of these three objectives.

11
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CHAPTER 2

COLLECTOR 1: A

PARALLEL-PLATE NDASC

2.1 Introduction

In this chapter we model a nanofluid-based direct absorption solar collector con-

sisting of nanofluid flow between parallel plates on an inclined plane. Since this

is the first collector we discuss, it will be referred to as ‘Collector 1’. We choose

to model this type of collector first as it is a well-studied and somewhat simple

problem. While the model proposed in this chapter has some novel elements, it

is by no means ground-breaking, that notwithstanding, this is perhaps the most

important chapter in the thesis. In the following chapters, we will build upon the

fundamental concepts introduced in this chapter as we model ever more complex

systems.

Figure 2.1 illustrates the general layout of Collector 1. In this design, nanofluid

flow is laminar and is driven by gravity where the parallel plates are modelled on

an inclined plane. Incoming solar radiation passes through the upper glass panel

and decays as it propagates through the collector and is absorbed and scattered

by the nanofluid. The nanofluid heats up as it absorbs incoming radiation, also,

the base panel of the collector is insulated and non-reflective. The industrial

process heat market is under-served with viable solar-thermal options [38]. A

suitable solar collector needs to be efficient, cheap, and easily integrated into

13



2. COLLECTOR 1: A PARALLEL-PLATE NDASC

architectural designs [50]. Li et al. [38] define a low-profile collector as a collector

that is less than 15 cm in height; such collectors can be placed on rooftops and are

easier to integrate into building designs as they can avoid potential wind loading

issues [38]. Collector 1 meets this criteria and so it is considered a low-profile

design.

OutletInsulated base panel

Nanofluid inlet

Glass cover

Figure 2.1: General design of Collector 1.

Recent research has modelled NDASCs analytically in order to get a better

qualitative understanding of solar collector performance [10, 36, 66]. Tyagi et

al. [63] present the first theoretical model of an NDASC. Their model consists

of a system of two differential equations; a radiative transport equation (RTE),

describing the propagation of solar radiation through the nanofluid, and a con-

servation of energy equation. The model neglects thermal re-emission effects

by assuming low operating temperatures. They simulate the model numerically

and demonstrate up to a 10% efficiency enhancement over conventional flat-plate

collectors by using water-based Al nanofluids. The collector efficiency increased

rapidly with volume fraction and reached a maximum value of ∼ 80% at a volume

fraction of ∼ 2%. Gorji and Ranjbar [19] offer an extensive review of the literature

surrounding the use of nanofluids in DASCs. Table 4 from Gorji and Ranjbar [19]

presents a chronological summary of the literature around on low-flux NDASCs,

includes 18 previous studies. Since the aim of this chapter is to develop an ana-

lytic expression for the temperature (and efficiency) of an NDASC, we focus this
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2.1 Introduction

discussion on the analytic studies presented by Gorji and Ranjbar. Of the arti-

cles mentioned in that paper, only three provide a fully analytical solution for the

temperature of the nanofluid as it flows through the receiver: Cregan and Myers

[10], Lee and Jang [36], and Turkyilmazoglu [62]. Cregan and Myers present the

first fully analytic solution for the temperature of a low-flux NDASC; in their

proposed model, they assume a laminar and plug flow through the receiver and

apply a zero-flux boundary condition at the bottom of the receiver. Lee and Jang

[36] investigate the efficiency of an NDASC, treating flow in the receiver as steady,

laminar, and depth-dependent. They obtain an analytic solution for the tempera-

ture in the system after applying a zero-flux boundary condition at the bottom of

the receiver. This study shows that previous methods overestimate efficiency by

modelling the collector subject to plug-flow. Meanwhile, Turkyilmazoglu applies

an isothermal boundary condition rather than a zero-flux boundary condition at

the bottom of the collector, while assuming laminar and plug flow and reports

collector efficiencies of up to 100% (a careful reader may look sceptically on such

high efficiency values, we discuss this further in Section 2.2.9).

We begin modelling Collector 1 as a two-dimensional channel on an inclined

plane. In Section 2.2.2 we model the conservation of energy in the collector

as a partial differential equation (PDE). In order to solve this PDE we must

first obtain the thermophysical properties of the nanofluid in the collector, the

velocity profile of the nanofluid as it flows through the collector, and a term

describing the heat source. We use the steady state Navier-Stokes equations

for laminar, incompressible fluid flow down an inclined plane under the action of

gravity to find the velocity profile of the nanofluid as it flows through the collector

in Section 2.2.4. We approximate the heat source term via two fitting parameters,

this method was first proposed by Cregan and Myers [10]. In Section 2.2.5 we

reproduce Cregan and Myers’ fitting parameters for a water-based nanofluid and

we also apply this approximation method to a Therminol R© VP-1 based nanofluid;

in doing so we are able to compare how the dimensionless fitting parameters

vary across different types of nanofluid. In Section 2.2.6 we rescale and non-

dimensionalise the conservation of energy PDE before solving it analytically. We

discuss three alternative forms of the analytic solution for temperature; two of

which include hyper-geometric functions, and the other includes a series solution.

These analytic solutions provide us with a framework to discuss the performance
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2. COLLECTOR 1: A PARALLEL-PLATE NDASC

of an NDASC in Section 2.2.10 after we apply realistic parameter values from a

case study in Section 2.2.7.

2.2 Model

2.2.1 Introduction

We model Collector 1 as a two-dimensional channel on a plane which is inclined

at an angle of θ to the horizontal. As shown in Figure 2.2, x∗ is the coordinate in

the downstream direction, and z∗ is the perpendicular distance downwards from

the upper surface (∗ denotes a dimensional variable). Thermal diffusion in the

metallic nanoparticles is significantly faster than in the fluid. Hence, the particle

temperature matches that of the fluid and the nanofluid may be modelled as a

single-phase isotropic fluid [37]. Note that H � L (H ∼ O(10−3m), L ∼ O(1m)),

and the nanofluid flow is laminar and in the x∗ direction. The underside of the

collector (z∗ = H) is completely insulated, heat is lost due to Newton cooling at

the upper panel (z∗ = 0), and the temperature of the surrounding air, T ∗A, remains

constant. Also, the nanofluid enters the collector with initial temperature T ∗I , and

absorbs solar radiation volumetrically.

x*

z*

u(z*)

Incoming solar irradiation

x*=0

z*=0

z*=H

x*=L
Nanofluid

θ

Figure 2.2: Schematic of nanofluid based solar collector as modelled in this chap-
ter.
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2.2.2 Conservation of energy

Conservation of heat energy in the system is governed by the continuity equation:

ρnfcp,nfT
∗
t∗ +∇ · j = q, (2.2.1)

where cp,nf is the nanofluid heat capacity, ρnf is the nanofluid density, T ∗(x∗, z∗)

is the nanofluid temperature, j is the total flux, and q is the volumetric source.

In this chapter we only consider the steady-state case where the fluid is incom-

pressible, and j is the sum of the advective and diffusive fluxes. Therefore the

conservation of energy equation in this system is

ρnfcp,nfu · ∇T ∗ = knf∇2T ∗ + q, (2.2.2)

where and knf is the nanofluid thermal conductivity. Also, there is a zero flux

boundary condition at z∗ = H due to the underside of the collector being insu-

lated, and a newton cooling (or heating) boundary condition at z∗ = 0, the top

of the collector. More explicitly these boundary conditions are

∂T ∗

∂z∗

∣∣∣∣
z∗=H

= 0, knf
∂T ∗

∂z∗

∣∣∣∣
z∗=0

= hs

(
T ∗
∣∣∣∣
z∗=0

− T ∗Amb
)
, (2.2.3)

and the inlet and outlet conditions are

T ∗
∣∣∣∣
x∗=0

= T ∗I
∂T ∗

∂x∗

∣∣∣∣
x∗=L

= 0. (2.2.4)

2.2.3 Nanofluid properties

The nanofluid properties, such as density, heat capacity and thermal conductivity,

depend on the associated base fluid and nanoparticles properties, as well as the

particle volume fraction, fv. We note that, in reality, these properties are also

temperature dependent; however, they do not vary much across small temperature

fluctuations. Hence for simplicity, we calculate them using the inlet temperature,

and assume they remain constant as the nanofluid flows through the collector.

The nanofluid density and specific heat capacity are calculated using classical

mixing theory:

ρnf = fvρnp + (1− fv)ρbf , cp,nf =
fvρnpcp,np + (1− fv)ρbfcp,bf

ρnf
, (2.2.5)
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where the subscripts bf , and np denote base fluid, and nanoparticle, respectively.

It is well-known that the thermal conductivity of a nanofluid may be significantly

higher than that predicted by the classical Maxwell theory. This has led to many

models and mechanisms to explain the ‘enhanced thermal conductivity’. Yu

and Choi [69] add a nanolayer around the particle, with unknown thickness and

conductivity. Other models are either multi-component or include clustering. In

each case, the correct choice of the introduced unknowns permits better agreement

with experiment. Myers et al. [43], point out that the Maxwell model is derived

from the assumptions of steady-state heat flow on an infinite domain, so it is only

valid for highly disperse nanofluids (with effectively an infinite distance between

particles). Hence, it should not be expected to hold for typical nanoparticle

volume fractions. Myers et al. [43] perform the analysis for unsteady heat flow

over a finite fluid volume and obtain

knf =
kbf(

1− f 1/3
v

)2

[
(1− fv) + fv

ρnpcp,np
ρbfcp,bf

]
n− 1

2(n+ 1)

[
1 + f

1/3
v

2
− 1

n+ 1

]−1

,

(2.2.6)

where n = 2.233 results from the solution technique. Equation (2.2.6) is accurate

for higher volume fractions than Maxwell’s model and has no fitting parame-

ters. It also shows excellent agreement with experimental results; as fv increases,

Maxwell’s model under-predicts thermal conductivity; see for example Figure 4

in Myers et al. [43] which shows that at fv = 0.01, (2.2.6) outperforms Maxwell’s

model.

We note that typical NDAPSC particle volume fractions are in the range of 0 ≤
fv ≤ 0.01; a nanofluids thermophysical properties approach those of its base fluid

at such low particle concentrations. For example, at 50 ◦C the thermophysical

properties of pure water are ρ = 0.988×103 kg m−3, cp = 4.181×103 J kg−1 K−1,

and k = 0.644 W m−1 K−1; meanwhile a water/Aluminium nanofluid at fv = 0.01

has ρ = 0.998× 103 kg m−3, cp = 4.128× 103 J kg−1 K−1, and k = 0.65 W m−1

K−1; the density, heat capacity, and thermal conductivity change by only 1%,

−1.3%, and 0.9%, respectively, as fv increases from 0 to 0.01. Therminol R© VP-1 is

another commonly used base fluid in nanofluid-based solar collectors, and at 50 ◦C

the thermophysical properties of pure Therminol R© VP-1 are ρ = 1.0395× 103 kg

m−3, cp = 1.6301 × 103 J kg−1 K−1, and k = 0.1332 W m−1 K−1. At the

same temperature, a Therminol R© VP-1/Aluminium nanofluid at fv = 0.01 has
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ρ = 1.0561 × 103 kg m−3, cp = 1.612 × 103 J kg−1 K−1, and k = 0.1388 W m−1

K−1; the density, heat capacity, and thermal conductivity change by only 1.6%,

−1.14%, and 4.3%, respectively as fv increases from 0 to 0.01.

Nanofluids also have different optical properties compared to their base fluids.

In particular, adding nanoparticles to a base fluid dramatically increases the

amount of light that is absorbed and scattered, which leads to an increase in

the efficiency of a DASC. Attenuation of the solar radiation takes place through

scattering and absorption in the nanofluid and is accounted for by the extinction

coefficient:

Ke = Kbf
a +Kbf

s +Knp
a +Knp

s , (2.2.7)

where Ka and Ks are the absorption and scattering coefficients, respectively. We

assume independent scattering in the nanofluid and thus the intensities may be

added [60]. For pure fluids, light scattering is negligible, and only the attenuation

due to absorption need be considered [33]. Hence, the spectral absorption and

scattering coefficients for the base fluid are

Kbf
a = (1− fv)

4πκbfa
λ

, Kbf
s ≈ 0, (2.2.8)

where κbfa is the fluid index of absorption, and λ is the wavelength. We note

that we have modified the definition of Kbf
a from [10, 33] to account for the base

fluid’s volume fraction via the (1− fv) term. For small particle volume fractions,

(1−fv) ≈ 1, but as fv rises, the definition in (2.2.8) is more precise. The dominant

wavelengths of incoming solar radiance are greater than 250 nm, and are thus at

least ten times larger than the mean diameter (D) of typical NDASC nanoparti-

cles (< 25 nm). Hence, the higher order spectral components associated with Mie

scattering theory may be neglected, and the Rayleigh scattering approximation

is applicable [59]. The extinction coefficient for a spherical nanoparticle [4] is

Knp
a +Knp

s =
3fv
2D

(
Qa
np +Qs

np

)
. (2.2.9)
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From [10, 53, 59, 63], the nanoparticle absorption and scattering efficiencies are

Qa
np =4α Im

{
m2 − 1

m2 + 2

[
1 +

α2

15

(
m2 − 1

m2 + 2

)
m4 + 27m2 + 38

2m2 + 3

]}
, (2.2.10)

Qs
np =

8

3
α4

∣∣∣∣m2 − 1

m2 + 2

∣∣∣∣2, (2.2.11)

where α = (πD)/λ is the size parameter, nnp and nbf are the refractive indices,

κnp is the nanoparticle absorption index, and m = (nnp + iκnp)/nbf is the relative

complex refractive index of particles to the fluid. The values for nnp, nbf , and κnp

depend on the nanoparticle and base fluid. We note that, although most NDASC

studies model light scattering via the Rayleigh approximation, several studies

include larger nanoparticles and thus require the Mie scattering approximation

[35, 41, 46].

2.2.4 Conservation of momentum

We express the conservation of momentum in the system via the steady-state

Navier-Stokes equations for laminar, incompressible fluid flow down an inclined

plane under the action of gravity

(u · ∇) u +
1

ρnf
∇p∗ − µnf

ρnf
∇2u = g, (2.2.12)

where µnf is the viscosity of the nanofluid, u = (u∗, v∗) is the fluid velocity, p∗ is

the pressure, and g is the forces exerted on the system due to gravity. Acheson [2]

uses the following argument to express (2.2.12) in a simpler form: since u = 0 on

z∗ = 0, H (due to the no-slip conditions at these boundaries), u needs to depend

on z∗. Furthermore, since we have no reason to believe that u also depends on

anything else, lets explore the case where u = (u∗(z∗), v∗(z∗)). Since the liquid

in this system is incompressible, mass continuity implies

∂v∗

∂z∗
= 0, (2.2.13)

i.e., v∗ is constant. Moreover, for v∗ to be constant and also satisfy the no-slip

condition, then v∗ = 0. Therefore, substituting u = (u∗(z∗), 0) into (2.2.12) yields

−∂p
∗

∂x∗
+ µnf

∂2u∗

∂z∗2
+ ρnfg sin θ = 0, −∂p

∗

∂z∗
+ ρnfg cos θ = 0. (2.2.14)
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We integrate the latter of these equations and apply the boundary condition

p∗(0) = p∗a (where pa is the ambient pressure), to obtain p∗ = p∗a + ρnfgz
∗ cos θ,

and this result implies that ∂p∗/∂x∗ = 0. Therefore, a solution for u∗ is found

by integrating the first PDE in (2.2.14) twice and applying the no-slip boundary

conditions at the upper and lower surfaces of the collector yielding

u∗ =
ρnfgH

2 sin θ

2µnf

(
z∗

H
− z∗2

H2

)
. (2.2.15)

2.2.5 Heat source

The heat source, q, from 2.2.2 is obtained via an energy balance, whereby the

change in the normally-incident solar spectral flux due to attenuation of the

nanofluid is dissipated as heat is released. The spectral intensity at the top of

the receiver, J0, is approximated via Planck’s Black-body relation and can be

expressed as

J0 =
2hc2ΩSSAttΥT

λ5
(

exp
(

hc
λkBT

∗
Sun

)
− 1
) , (2.2.16)

where h is Plancks constant, c the speed of light, ΩS the solid angle of the sun, SAtt

the attenuation of sunlight through the Earths atmosphere, kB the Boltzmann

constant, T ∗Sun the temperature of the sun, and ΥT the transmittance of the glass

cover.

We model a system that operates at temperatures below 750 K, and thus

follow the approach of Veeraragavan et al. [66] where thermal re-emission in the

fluid is presumed negligible since it constitutes less than 5% of the total radiative

heat loss. The change in normally incident solar radiation is given by the radiative

transport equation
dJ∗λ
dz∗

= −KeJ
∗
λ, (2.2.17)

with the associated boundary condition J∗λ|z∗=0 = J0. Recall that we calculate

the extinction coefficient, Ke, using (2.2.7) (which is defined earlier in Section

2.2.3). The solution to (2.2.17) is thus

J∗λ(z∗) = J0e
−Kez∗ . (2.2.18)

To determine the radiative flux, P ∗(z∗), we integrate (2.2.18) over the entire
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spectrum of wavelengths, i.e.,

P ∗(z∗) =

∫ ∞
0

J0e
−Kez∗ dλ. (2.2.19)

However, (2.2.19) is highly non-linear with respect to wavelength due to the

wavelength-dependent J0 and Ke terms; so, to make analytic progress, we follow

the approach of Cregan and Myers [10] and use the method of least squares to

approximate this radiative flux integral. They show that the radial flux is well

approximated for a water/aluminium nanofluid by the power law∫ ∞
0

J0e
−Kez∗ dλ ≈ G∗s(

1 + β0

H
z∗
)β1

, (2.2.20)

where β0, and β1 are dimensionless fitting parameters, andG∗s is the solar intensity

at z∗ = 0. We differentiate the radial flux, (2.2.20), with respect to z∗ to obtain

the heat source term

q∗(z∗) = −dP ∗

dz∗
=

G∗sβ0β1

H
(
1 + β0

H
z∗
)β1+1

. (2.2.21)

Incoming radiation enters the receiver at z∗ = 0 and is attenuated due to the scat-

tering and absorption as it passes through the receiver. The qualitative behaviour

of P ∗(z∗) is depicted in Figures 2.3 and 2.4. In Figure 2.3 we compare a numerical

solution for P ∗(z∗) (solid line) with the approximated solution (dashed line) when

(a) H = 0.0012 m and (b) H = 0.01 m for a water/aluminium nanofluid. The

qualitative behaviour of the radiative flux integral depends on two parameters:

channel depth, and particle volume fraction. As the channel depth increases, the

nanofluid absorbs more of the incoming radiation; hence, we observe that the

radiative intensity is lower at z∗ = 0.01m (Figure 2.3b) than at z∗ = 0.0012m

(Figure 2.3a) across all particle fractions. Furthermore, radiative intensity is

lower at the end of the channel as the nano-particle volume fraction increases;

even at small particle volume fractions, the nanofluid absorbs much more of the

incoming solar radiation than the pure base fluid. We note that Figure 2.3a is

also shown in Cregan and Myers [10], while Figure 2.3b is new. Both Figures

2.3a and 2.3b show good agreement between the fitted functions and the exact

solutions, and this result is also demonstrated in Cregan and Myers [10].
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Figure 2.3: Comparison of numerical solution (solid line) for P ∗(z∗) with approx-
imate solution (dashed line) when (a) H = 0.0012 m and (b) H = 0.0012 m for a
water/aluminium nanofluid.

While Figure 2.3 shows that the fitted function approximates the exact radia-

tive flux integral quite well in a water based nanofluid, in Figure 2.4 the dashed

and solid lines are colinear—this approximation method works even better for

a Therminol R© VP-1 based nanofluid. Figure 2.4 shows the numerical solution

for P ∗(z∗) (solid line) and the approximated solution for P ∗(z∗) (dashed line)

when (a) H = 0.0012 m and (b) H = 0.01 m for a Therminol R© VP-1/aluminium

nanofluid. The qualitative behaviour of P ∗(z∗) in a Therminol R© VP-1 based

nanofluid depends on the same two parameters as the water based nanofluid: H,

and fv. However, we note that P ∗(z∗) declines faster across all particle volume

fractions in Figure 2.3 than in Figure 2.4—water is better than Therminol R© VP-1

at absorbing solar radiation.
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Figure 2.4: Comparison of numerical solution (solid line) for P ∗(z∗) with approx-
imate solution (dashed line) when (a) H = 0.0012 m and (b) H = 0.01 m for a
Therminol R© VP-1/aluminium nanofluid.

Figure 2.5 shows the extinction coefficients for (a) water, and (b) Therminol R©

VP-1-based nanofluids (note that these plots are Figures 5 and 7 from Taylor et

al. [59]). While Therminol R© VP-1 has a larger extinction coefficient than water at

shorter wavelengths (λ < 1 µm), at longer wavelengths the extinction coefficient

of water is larger than Therminol R© VP-1. Since the extinction coefficients of these

base fluids are qualitatively different, we would also expect qualitative differences

in P ∗(z∗), β0, and β1 across the two different base fluids.
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Figure 2.5: Extinction coefficients for (a) water, and (b) Therminol R© VP-1 based
nanofluids from Taylor et al. [59].

The β0 and β1 fitting parameters vary across different base fluids, nanoparticle

volume fractions, and channel depths. In Figures 2.6 and 2.7 the relationship be-

tween the properties of a nanofluid and the fitting parameters are demonstrated

for a water based nanofluid with aluminium nanoparticles (Figures 2.6a and 2.6b)

and for a Therminol R© VP-1 based nanofluid with aluminium nanoparticles (Fig-

ures 2.7a and 2.7b). Figures 2.6a and 2.6b show the variation of β0 and β1 in a
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water based nanofluid flowing through two different channel heights. We observe

a qualitative difference between how the fitting parameters vary across two differ-

ent channel heights. Both parameters change rapidly near fv = 0; β0 decreases,

while β1 increases. However, for larger particle volume fractions β1 remains O(1),

while β0 rises to O(100). This rise is monotonic for H = 0.01 m but is non-linear

for H = 0.07 m.

In Figures 2.7a and 2.7b we demonstrate how (a) β0 and (b) β1 vary across

particle volume fraction for H = 0.01 m (solid lines) and H = 0.07 m (dashed

lines) in a Therminol R© VP-1 based nanofluid. The first fitting parameter, β0, in-

creases monotonically with particle volume fraction across both receiver channels

for a Therminol R© VP-1 based nanofluid. The rate of increase, however, differs by

an order of magnitude between the two channel heights tested and β0 rises much

quicker with fv in the deeper receiver. The behaviour of β1 for a Therminol R©

VP-1 based nanofluid is fundamentally different than the behaviour of β0. After

an initial rapid decrease near fv = 0, β1 remains O(1) for larger particle volume

fractions.

0 1 2 3 4 5 6

fv ×10
−3

0

0.5

1

1.5

2

2.5

β
1

(a) (b)

Figure 2.6: Variation of (a) β0 and (b) β1 with fv for H = 0.01 m (solid lines)
and H = 0.07 m (dashed lines) in a water based nanofluid.
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Figure 2.7: Variation of (a) β0 and (b) β1 with fv for H = 0.01 m (solid lines)
and H = 0.07 m (dashed lines) in a Therminol R© VP-1 based nanofluid.

2.2.6 Dimensional analysis

Recall, the conservation of energy when this collector is at a steady-state is ex-

pressed via

ρnfcp,nfu · ∇T ∗ = knf∇2T ∗ + q. (2.2.22)

Using the velocity from (2.2.15), and the source term from (2.2.21), we write this

conservation of energy more explicitly as

cp,nfρ
2
nfg sin θ

2µnf
(Hz∗− z∗2)

∂T ∗

∂x∗
= knf

∂2T ∗

∂z∗2
+knf

∂2T ∗

∂x∗2
+

GSβ0β1(
1 + β0

z∗

H

)β1+1
, (2.2.23)

with boundary conditions,

∂T ∗

∂z∗

∣∣∣∣
z∗=H

= 0, and knf
∂T ∗

∂z∗

∣∣∣∣
z∗=0

= hs

(
T ∗
∣∣∣∣
z∗=0

− T ∗Amb
)
, (2.2.24)

and the inlet and outlet conditions

T ∗
∣∣∣∣
x∗=0

= T ∗I
∂T ∗

∂x∗

∣∣∣∣
x∗=L

= 0. (2.2.25)

We non-dimensionalise this model using the dimensionless variables

x∗ = Lx, z∗ = Hz, T ∗ = T∆T + T ∗I , (2.2.26)

27



2. COLLECTOR 1: A PARALLEL-PLATE NDASC

where the source term drives the temperature scale and ∆T is chosen such that

∆T =
GSLβ0β1

HUcp,nfρnf
, where U =

ρnfgnfH
2 sin θ

2µnf
. (2.2.27)

Therefore, in dimensionless form (2.2.23) is

(z − z2)
∂T

∂x
= γ

∂2T

∂z2
+

1

Pe

∂2T

∂x2
+

1

(1 + β0z)β1+1
, (2.2.28)

where γ and the Peclet number, Pe, are the dimensionless parameters that de-

scribe the ratio of diffusion to advection. These parameters are given by

γ =
knfL

cp,nfρnfUH2
, Pe =

ρnfcp,nfLU

knf
. (2.2.29)

We note that (2.2.28) is an elliptic partial differential equation, also, since 1/Pe

is O(10−8) the system has a boundary layer that is O(10 nm) at x∗ = L. Com-

mon NDASC modelling practice suggests that we neglect the 1/Pe term (and

consequently, the boundary layer at x∗ = L) [10, 36, 62, 63], thus approximating

(2.2.28) with the parabolic partial differential equation

(z − z2)
∂T

∂x
= γ

∂2T

∂z2
+

1

(1 + β0z)β1+1
. (2.2.30)

Close to the boundary at x = 1, one can rescale the system using the dimension-

less variable x, where x is defined such that x = 1 − 1/Pex. In the boundary

layer the system is governed by

−(z − z2)
∂T

∂x
=
∂2T

∂x2 (2.2.31)

at leading order. This differential equation has a solution of the form

T (x, z) = f1(z)e−(z−z2)x + f2(z), (2.2.32)

and after we impose the rescaled boundary condition at the outlet, T x
∣∣
x=0

= 0,

we find that f1(z) = 0, and so T (z) = f2(z). The function f2(z) is obtained

from matching with the outer solution, and so T (z) = T (x = 1, z) where T (x, z)

is the solution to (2.2.30) at the boundary. This leads to a weak boundary

layer at leading order where T does not vary with x. One would have to go
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to the second order to resolve this. Section 2.2.10 contains further discussion

on the implications of this approximation method. We also rescale and non-

dimensionalise the boundary conditions, obtaining

∂T

∂z

∣∣∣∣
z=1

= 0, and
∂T

∂z

∣∣∣∣
z=0

= Nu

(
T

∣∣∣∣
z=0

− T̂
)

(2.2.33)

where Nu, the Nusselt number, is the well known dimensionless parameter de-

scribing the ratio of convective to conductive heat transfer on the upper panel—

more specifically, Nu= (Hhs)/knf . Meanwhile, the inlet and outlet conditions

are

T

∣∣∣∣
x=0

= 0, and
∂T

∂x

∣∣∣∣
x=1

= 0, (2.2.34)

although, we note that the outlet condition is not satisfied when the boundary

layer at x∗ = L is ignored.

2.2.7 Case study

As a case study for exploring our model further, we consider an Aluminum/Water

nanofluid and, unless otherwise stated, use the parameter values given in Table

2.1, as these values are largly used by Cregan and Myers [10] and Tyagi et al. [63].

The thermophyiscal properties of the aluminium nanoparticles are taken from

[51]. The spectral-dependent refractive indexes nnp and nbf and the nanoparticle

absorption index κanp are from [47, 51].

Quantity Symbol Value Units

Collector length/width/height L/W/H 1, 1, 0.0012 m

Collector angle of inclination θ π/9 -

Viscosity (H2O) µbf 10−3 kg m−1 s−1

Surface heat transfer coefficient hs 6.43 W m−2 K−1

Air/inlet nanofluid temperature T ∗Amb/T
∗
I 298.15/308.15 K

Incident solar radiation GS 1000 W m−2

Gravity g 9.8 m s−2

Density water/aluminium ρbf/ρnp 1000/2700 kg m−3

Conductivity water/aluminium kbf/knp 0.609/247 W m−1 K−1

Specific heat capacity water/aluminium cp,bf/cp,np 4187/900 J kg−1 K−1

Fitting parameters (for φ = 0.006) β0/β1 10.60/1.14 -

Dimensionless parameters γ/Nu/T̂/Pe 0.042/0.012/11.48/1.78× 107 -

Table 2.1: Solar collector and nanofluid parameters and physical constants from
Cregan and Myers [10].
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2.2.8 Solution method

The system described by (2.2.30) and (2.2.33) is a second-order, linear partial

differential equation. We solve for T via the method of separation of variables.

The presence of non-homogeneous terms in the system suggests a solution of the

form T (x, z) = v(x, z) + w(z) leading to

(z − z2)vx = γvzz + γwzz +
1

(1 + β0z)β1+1
. (2.2.35)

We choose w(z) such that

γwzz +
1

(1 + β0z)β1−1
= 0, (2.2.36)

which has a solution

w(z) =
1

γβ1(β1 − 1)β2
0(1 + β0z)β1+1

+ C1z + C2. (2.2.37)

The integration constants, C1 and C2, are obtained after applying the boundary

conditions (which are defined in (2.2.33)); more explicitly, these constants are:

C1 = − 1

γβ0β1(1 + β0)β1
, C2 =

1

Nu

(
1

γβ0β1

+ C1

)
+

1

γβ2
0β1(β1 − 1)

+T̂ . (2.2.38)

Returning our attention to v(x, z), the homogeneous part of T (x, z), we assume

v(x, z) = f(x)g(z); therefore, (2.2.35) is rearranged to obtain

fx
γf

=
gzz

(z − z2)g
= −p2

n (2.2.39)

for some constant pn. We find expressions for f(x) and g(z) by solving the

ordinary differential equations

fx
γf

= −p2
n (2.2.40)

and
gzz

(z − z2)g
= −p2

n. (2.2.41)
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The solution to (2.2.40) is f(x) = K1e
−γp2

n for some constant K1. Meanwhile, we

obtain g(z) via a change of variables: first we let

z =
z̄√
2pn

+
1

2
, (2.2.42)

which enables us to rewrite (2.2.41) as

ḡz̄z̄ + (ν +
1

2
− 1

4
z̄2)ḡ = 0, (2.2.43)

where ν = (pn − 4)/8. Equation (2.2.43) has solutions of the form

ḡ(z̄) = K2Dν(z̄) +K3Dν(−z̄) (2.2.44)

for some constants K2 and K3, where Da(b) is the parabolic cylinder function (we

are using the notion described in Whittaker [68] for this expression). However,

(2.2.44) is still defined in terms of z̄ and so we rewrite it in terms of its original

variable z,

g(z) = K2Dν

(√
2pn

[
z − 1

2

])
+K3Dν

(
−
√

2pn

[
z − 1

2

])
, (2.2.45)

Which suggests a solution to our model of the form

T (x, z) = w(z)+

∞∑
n=1

[
Cn exp(−λp2

nx)

[
Dν

(√
2pn

[
z − 1

2

])
+K3Dν

(
−
√

2pn

[
z − 1

2

])]]
.

The weight function in the Sturm-Liouville problem, defined by (2.2.41), is (z−z2)

and so orthogonality requires∫ 1

0

(z − z2)gngm dz = 0 (2.2.46)

for n 6= m. The series coefficient Cn is determined, after imposing the inlet

condition, and the constant K3 is obtained by applying the boundary conditions;
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therefore,

K3 =
νDν−1

(√
pn
2

)
−Dν+1

(√
pn
2

)
νDν−1

(√
−pn

2

)
−Dν+1

(
−
√

pn
2

) , (2.2.47)

Cn =−
∫ 1

0
w(z)(z − z2)

[
Dν

(√
2pn

[
z − 1

2

])
+K3Dν

(
−
√

2pn
[
z − 1

2

])]
dz∫ 1

0
(z − z2)

[
Dν

(√
2pn

[
z − 1

2

])
+K3Dν

(
−
√

2pn
[
z − 1

2

])]2
dz

,

(2.2.48)

where the eigenvalues, pn satisfy[
νDν−1

(
−
√
pn
2

)
−Dν+1

(
−
√
pn
2

)
−K3

[
νDν−1

(√
pn
2

)
−Dν+1

(√
pn
2

)]]
=

√
2Nu2

pn

[
Dν

(
−
√
pn
2

)
+K3Dν

(√
pn
2

)]
.

(2.2.49)

We acknowledge that some software programs do not have inbuilt parabolic cylin-

der functions, and so this hypergeometric function based solution is not univer-

sally practical; therefore, in Appendix A we demonstrate two alternative expres-

sions for this analytic solution: one is an expression in terms of an alternative

hypergeometric function, and the other is expressed via an infinite series.

2.2.9 Efficiency

Collector efficiency is defined as the ratio of usable thermal energy to incident

solar energy. Otanicar et al. [48] and Tyagi et al. [63] calculate the efficiency, η,

of an NDASC with

η =
ṁρnfcp,nf (T̂

∗
O − T ∗I )

GSA
, (2.2.50)

where ṁ is the mass flow rate of the fluid through the collector, T̂ ∗O is the mean

fluid outlet temperature and A is the top surface area of the collector—this is a

three-dimensional calculation of efficiency. Cregan and Myers [10] calculate the

solar collector efficiency in two-dimensional space with

η =
ṁρnfcp,nf (T̂

∗
O − T ∗I )

GSL
. (2.2.51)
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However, these analytic expressions are limited since they do not consider depth-

dependence in the nanofluid velocity profile. Lee and Jang [36] alter this efficiency

calculation to be a true measure of the ratio of usable thermal energy to incident

solar energy, i.e.,

η =
ρnfcp,nf
GSL

∫ H

0

(T ∗O(z∗)− T ∗I )u(z∗)dz∗, (2.2.52)

or in its non-dimensional form

η = β0β1

∫ 1

0

TO(z)(z − z2)dz. (2.2.53)

However, sometimes the ratio of usable thermal energy to incident solar energy

is a bad measure of collector efficiency. For example, Turkyilmazoglu [62] use

this definition of efficiency while modelling an NDASC with an isothermal (fixed

temperature) base panel (rather than the insulated base panel which is used

in this chapter’s model). Turkyilmazoglu reports 100% efficiency; however, this

result only occurs when the base panel is sufficiently hotter than the liquid flowing

through the receiver. In fact, Turkyilmazoglu might have even reported η > 100%

had the base panel been heated further. Of course, efficiencies exceeding 100%

are unphysical. Since the base of Turkyilmazoglu’s collector is at a constant (in

this case elevated) temperature, the temperature gradient of the nanofluid at

z∗ = H is non-zero, and the isothermal base panel is a source of heat. In Figure

7 (c) (from Turkyilmazoglu [62]), for example, the nanofluid’s initial temperature

rise is predominantly due to the fixed temperature boundary condition at the

base panel. This additional heating phenomenon is not included in an efficiency

expression defined by (2.2.52). We propose, that in the case of a non-zero flux

boundary condition, this additional source/sink of heat should be accounted for,

i.e.,

η =
ρnfcp,nf

∫ H
0

(T ∗O(z∗)− T ∗I )u(z∗)dz∗

Gs∗L+ knf
∫ L

0
dT ∗

dz∗

∣∣
z∗=H

dx∗
, (2.2.54)

the second term in the denominator represents the energy entering the system

across the boundary at z∗ = H along the length of the collector.
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2.2.10 Results

We remind the reader that the analytic expression of temperature that is obtained

in this chapter is approximately equivalent to that which is proposed by Lee

and Jang [36] (who analytically reproduced the results from Tyagi et al. [63]).

Therefore, the results in this chapter closely mirror those reported in both Tyagi

et al., and Lee and Jang. This chapter also makes a direct comparison to the

model proposed by Cregan and Myers [10].

Figure 2.8 shows the temperature of the system versus channel depth for a

water-aluminium nanofluid at x = 0.25L (dotted line), x = 0.5L (dash-dotted

line), x = 0.75L (dashed line) and x = L (solid line) for fv = 0.006. Incoming

radiation is greatest near z∗ = 0, so we observe the highest temperatures near the

upper panel, and temperature decreases with channel depth. Also, we note that

the temperature increases as the nanofluid flows through the channel. When

z∗ = H we observe that the temperature gradient is zero, this is due to the

imposed zero flux boundary condition.
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Figure 2.8: Temperature profiles for a water-aluminium nanofluid at x = 0.25L
(dotted line), x = 0.5L (dash-dotted line), x = 0.75L (dashed line) and x = L
(solid line) for fv = 0.006.

Figure 2.9 plots the efficiency versus collector depth for the model proposed

in this chapter (solid lines) and the plug flow velocity model form Cregan and

Myers [10] (dashed lines). Firstly, the efficiency—as calculated by both models—

increases as H increases and the collector absorbs more of the overall available

incoming radiation; this is to be expected. However, Figure 2.9 also demonstrates
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that the inclusion of depth-dependent velocity can have a small, but noticable,

effect on the efficiency of an NDASC. The model incorperating a depth-dependent

velocity predicts O(1%) lower efficiencies than the plug flow model proposed by

Cregan and Myers [10]. The depth-dependent velocity model predicts slower ve-

locities close to z∗ = 0 than the plug flow model; this leads to hotter temperatures

at the upper panel which in turn leads to greater heat losses and lower efficiencies.

Lee and Jang [36] report collector efficiency differences of up to 15 % when com-

paring the plug-flow and depth-dependent models. However, in order to achieve

these differences they alter the surface heat transfer coefficient from 6.43 W/m2

K to 250 W/m2 K. Although 250 W/m2 K is a general maximum value of forced

convection heat transfer coefficient for gases, it is much larger than what one

might expect for a typical NDASC [22, 63]. At hs = 6.43 W/m2 K, which is a

much more realistic heat surface transport coefficient, Lee and Jang [36] report

differences between the two models that are comparable to the ones reported here

(O(1%)).
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Figure 2.9: Collector efficiency versus collector height for plug flow (dashed line),
and depth-dependent flow (solid line), when φ = 0.006.

Figure 2.10 shows the efficiency of the solar collector versus particle volume

fraction for H = 0.0006 (solid line), H = 0.0012 (dashed line), and H = 0.0018

(dot-dashed line). We observe a sharp increase in collector efficiency across each

of the three height configurations when nanoparticles are first added to the base
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fluid and particle volume fractions are quite low. The presence of nanoparticles

increases the rate at which incoming radiation is absorbed into the working fluid.

However, as the nanoparticle volume fraction continues to rise, we observe differ-

ent qualitative behaviours in all three of the collector configurations. This initial

increase is sharpest at larger collector depths and is progressively more gradual

as the collector depth decreases. The efficiencies of all three collector configura-

tions plateaus with further increase in fv—after the system has absorbed all of

the available incoming radiation any additional increase in particle volume frac-

tion does not lead to any further efficiency enhancement. We note that Tyagi et

al. [63] also observe this efficiency plateau at η ∼ 80% in a numerical study of

NDASCs.
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Figure 2.10: Efficiency of the solar collector versus particle volume fraction for
H = 0.0006 (solid line), H = 0.0012 (dashed line), and H = 0.0018 (dot-dashed
line).

Figure 2.11 illustrates collector efficiency versus 1/Pe, where the efficiency

is calculated using the full model, i.e., (2.2.28) (dashed line), and the reduced

model i.e., (2.2.30) (solid line). Recall that the (2.2.30) neglects the 1/Pe term

(and consequently, the boundary layer at x∗ = L). In this plot, (2.2.28) is solved

numerically (with a mesh of 4000 × 100 uniform nodes) via an elliptic finite

difference scheme, also, 1/Pe is varied while the other dimensionless parame-
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ters are kept constant. When 1/Pe=1, the simplified system overestimates the

NDASC’s efficiency by 73.5%. This error decreases as 1/Pe decreases, reducing

to 3.5% when 1/Pe=10−3. In this chapter’s case-study, 1/Pe is O(10−8), and so

neglecting the boundary layer introduces negligible errors. However, this analysis

illustrates that it would not be appropriate to neglect the boundary layer if 1/Pe

was significantly larger.
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Figure 2.11: Collector efficiency versus 1/Pe, where the efficiency is calculated
using the full model, i.e., (2.2.28) (dashed line), and the reduced model i.e., (2.2.30)
(solid line), when φ = 0.006.

Figure 2.12 compares the temperature rise across the system (T ∗ − T ∗I ) when

T ∗ is calculated using: (a) the full model i.e., (2.2.28) with 1/Pe = 1× 10−3, and

(b) the reduced model i.e., (2.2.30). The temperatures are slightly higher at the

x∗ = L boundary in the reduced system, but overall both plots are quite similar.

Qualitative similarities between Figures 2.12 (a) and (b) were to be expected since

1/Pe = 1 × 10−3 corresponds to a small boundary layer of O(1 mm). However,

while this boundary layer is small, it does have a noticeable impact on the system.

Due to computational limitations, we are unable to model the solution to (2.2.28)

when 1/Pe is O(10−8) (as it is in the case-study in this chapter). However, one

would expect to find negligible differences between solutions to the full model and

the reduced model if 1/Pe was that small.
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Figure 2.12: Temperature rise when the temperature is calculated with: (a) the
full model i.e., (2.2.28) and 1/Pe = 1 × 10−3, and (b) the reduced model i.e.,
(2.2.30), when φ = 0.006.

2.3 Summary and discussion

In this chapter we developed a two-dimensional model for the efficiency of an in-

clined parallel plate nanofluid-based direct absorption solar collector. This type of

collector has been modelled previously [10, 36, 62, 63], and all of the components

of this model have been proposed in previous research; however, we are the first

to combine them. Cregan and Myers [10] model the collector via the less accurate

plug flow approximation and obtain an analytic expression for the radiative flux

integral, whilst Lee and Jang [36] model the collector using a depth-dependent

flow but they numerically evaluate the term describing the source of heat. We

defined the system geometry in Section 2.2.1 and expressed the conservation of

energy in Section 2.2.2. The conservation of energy equation requires values for

the thermophysical properties of the nanofluid (which we described in Section

2.2.3), a fluid velocity term (which is obtained via a conservation of momentum

argument in Section 2.2.4), and a heat source term (which we obtained via an

approximation method in Section 2.2.5). We non-dimensionalised the conserva-

tion of energy PDE in Section 2.2.6, and the system was defined in terms of five

dimensionless parameters, two of these parameters: β0, and β1 describe the heat

source term, γ describes the relative magnitude of diffusion relative to convection,

T̂ describes the relative magnitude of newton cooling to the heat source, and Nu

describes the ratio of convective to conductive heat transfer on the upper panel.
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We applied parameter values to the system in Section 2.2.7, these parameter

values were from Tyagi et al. [63] and Cregan and Myers [10].

We obtained a solution for the temperature in the system by applying a sep-

aration of variables method to the conservation of energy PDE. In Section 2.2.9,

we define a collector efficiency, in doing so, we redefined the standard efficiency

definition such that it now extends to a collector with an isothermal base panel.

We plotted and discussed various parameter configurations and how they affect

collector efficiency in Section 2.2.10. Figure 2.8 showed how the collector’s tem-

perature in the cross section varies at different positions along the receiver. Figure

2.9 highlighted the difference between Cregan and Myers’ [10] plug flow model,

and this depth-dependent model; the plug flow method overestimated collector

efficiency by roughly 1% across all of the channel depths explored. Figure 2.10

showed how the efficiency of the collector increased with increasing nanofluid par-

ticle volume fraction before plateauing at 81.2% under the system parameters.

While this collector is quite efficient, it does not produce a substantial tem-

perature increase between the inlet and the outlet, and so its utility in real-world

applications is rather limited. In the succeeding chapters, we explore and discuss

alternative collector designs with more real-world applications.
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CHAPTER 3

COLLECTOR 2: A

PARALLEL-PLATE NDASC WITH

REFLECTIVE BASE PANEL

3.1 Introduction

In this chapter we model a low-profile NDASC consisting of nanofluid flowing

between parallel plates on an inclined plane under a laminar flow regime; how-

ever, unlike Collector 1, this collector—Collector 2—has a reflective base panel.

Figure 3.1 depicts the general layout of Collector 2; in this design, incoming solar

radiation is absorbed as it propagates in through the system and also back out

of the system after it is reflected by the base panel. The model proposed in this

chapter is similar to Collector 1’s model; however, there are modifications that

account for the reflected radiation.
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Outlet
Insulated and reflective base panel

Nanofluid inlet

Glass cover

Figure 3.1: General design of Collector 2.

Otanicar et al. [48] use a reflective surface to coat the bottom of an NDASC

and numerically and experimentally test the collector performance; in this chapter

we model the same type of NDASC. A two-dimensional represention of Otanicar

et al.’s [48] experimental setup is detailed in Figure 3.2. NDASC efficiency is very

much dependent on receiver height, Otanicar et al. report relatively high collector

efficiencies with a small collector height (H = 0.00015 m). While Collector 2 is

only a slight modification to Collector 1, existing models for NDASCs are either

solved numerically, or they fail to include a depth dependent velocity profile and

the reflective base panel. Cregan and Myers [10] reproduce Otanicar et al.’s [48]

results analytically; however, they achieve this by setting an unrealistic reflectance

of the glass panel at the top of their solar collector (ΥT = 0.65), and using a much

larger receiver height (H = 0.0012 m). In this chapter we propose a new model

for an NDASC flowing through parallel plates where the base panel is reflective.

In Section 3.2.2 we present a two-dimensional model for the conservation

of energy in a parallel-plate NDASC under laminar flow. In this system, the

base panel of the collector is coated with aluminium foil which reflects incoming

radiation back out of the receiver; therefore, in Section 3.2.4, we introduce a

term describing the source of heat which accounts for reflected radiation. While

NDASCs are designed to absorb sunlight, sometimes they are tested using heat

lamps to generate incoming radiation. Heat lamps can produce a constant and

predictable source of radiation making them ideal for testing solar collectors in
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controlled environments. Therefore, it is important to better understand how

the optical properties of nanofluids change with different sources of radiation.

In Section 3.2.6, we propose a case study to consider two alternative sources of

Black-body radiation; the first is a heat lamp at 3158 K, and the second is the

sun at 5800 K. In Section 3.2.6 we apply the realistic parameter values to the

model and discuss the collector performance further in Section 3.2.8.

3.2 Model

3.2.1 Introduction

We model Collector 2 as a two-dimensional channel on an inclined plane at an

angle of θ to the horizontal, see Figure 3.2 for an illustrated schematic of the

system. Conveniently, the system geometry used to model this collector is the

same as the one used to model Collector 1. Recall, x∗ is the coordinate in the

downstream direction and z∗ is the perpendicular distance downwards from the

upper surface (∗ denotes a dimensional variable). The underside of the collector

(z∗ = H) is completely insulated and so heat is lost due to Newton cooling at

the upper panel (z∗ = 0). The temperature of the surrounding air, T ∗A, remains

constant; also, the nanofluid enters the collector with initial temperature T ∗I , and

heats up as it absorbs solar radiation volumetrically.

Reflective underside

Incoming radiation

Reflected radiation

Nanofluid flow

Heat source

Glass cover

θ

Figure 3.2: Nanofluid flow through a channel with a glass cover and a reflective
underside.
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3.2.2 Conservation of Energy

The conservation of energy in this system is similar to the conservation of energy

for Collector 1, (which is described in (2.2.2)) with one key difference—the volu-

metric heat source term, q, is altered to more accurately model a collector with

a reflective underside. Therefore, conservation of energy when this collector is at

a steady-state is given by

ρnfcp,nfu · ∇T ∗ = knf∇2T ∗ + q. (3.2.1)

There is a zero flux boundary condition at z∗ = H due to the underside of the

collector being insulated, and a newton cooling (or heating) boundary condition

at z∗ = 0, the top of the collector. More explicitly these boundary conditions are

∂T ∗

∂z∗

∣∣∣∣
z∗=H

= 0, knf
∂T ∗

∂z∗

∣∣∣∣
z∗=0

= hs

(
T ∗
∣∣∣∣
z∗=0

− T ∗Amb
)
. (3.2.2)

The nanofluid enters the system at a constant temperature so T ∗(x∗ = 0, z∗) =

T ∗I , also, the outlet condition is T ∗x∗(x
∗ = L, z∗) = 0.

3.2.3 Conservation of momentum

Conservation of momentum is expressed via the steady-state Navier-Stokes equa-

tions for laminar, incompressible fluid flow down an inclined plane under the

action of gravity

(u · ∇) u +
1

ρnf
∇p∗ − µnf

ρnf
∇2u = g, (3.2.3)

and, following the method detailed in Section 2.2.4, we use (3.2.3) to obtain the

velocity in the system:

u∗(z∗) =
ρnfgH

2 sin θ

2µnf

(
z∗

H
− z∗2

H2

)
. (3.2.4)

3.2.4 Heat source

Otanicar et al. [48] model a flat plate NDASC with a highly reflective bottom

surface. In their system, incoming radiation is reflected back at the bottom of

the collector and so they also split up the solar intensity into its incoming and

outgoing directional components. We follow the approach taken by Otanicar et al.

[48] and assume that the incoming radiation is reflected back off the aluminium
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tape in the direction that is normal to the receiver. The change in normally

incident solar spectral flux due to attenuation of the nanofluid is dissipated as

heat release. Mathematically, it is given by

dJ∗Aλ
dz∗

= −KeJ
∗
Aλ,

dJ∗Bλ
dz∗

= KeJ
∗
Bλ, (3.2.5)

where the subscripts A and B denote the incoming and outgoing directional

components respectively. This system has solutions of the form

J∗Aλ = C1e
−Kez∗ , J∗Bλ = C2e

Ker∗ , (3.2.6)

where the integration constants C1, and C2 are obtained after applying the bound-

ary conditions

J∗Aλ(z
∗ = 0) = J0, J∗Aλ(z

∗ = H) = J∗Bλ(z
∗ = H), (3.2.7)

and so

C1 = J0, C2 = J0e
−KeH . (3.2.8)

Using these constants, the spectral intensities are

J∗Aλ(z
∗) = J0e

−Kez∗ , J∗Bλ(z
∗) = J0e

−KeHeKez
∗
. (3.2.9)

Next, we integrate (3.2.9) over the entire wavelength spectrum to determine the

corresponding radiative fluxes,

P ∗A(z∗) =

∫ ∞
0

J0e
−Kez∗ dλ, P ∗B(z∗) =

∫ ∞
0

J0e
−KeHeKez

∗
dλ. (3.2.10)

The equations in (3.2.10) are highly nonlinear with respect to wavelength. To

make analytic progress we follow the approach of Cregan and Myers [10] which

is detailed in Section 2.2.5. Recall from Section 2.2.5 that the radial flux is

approximated via a power law decay of the form∫ ∞
0

J0,λe
−Kez∗ dλ ≈ G∗s(

1 + β0

H
z∗
)β1

, (3.2.11)
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where β0, and β1 are fitting parameters. Similarly, in this section we use (3.2.11)

to approximate (3.2.10) and obtain

P ∗A(z∗) =
G∗s(

1 + β0

H
z∗
)β1

, P ∗B(z∗) =
G∗s(

1 + β0

H
(2H − z∗)

)β1
. (3.2.12)

The qualitative behaviours of P ∗A and P ∗B are understood with the aid of Figure

3.3. We observe that P ∗A decreases as z∗ increases, this is because incoming

radiation enters the receiver at z∗ = 0 and is attenuated due to the scattering

and absorption as it passes through the receiver. Meanwhile, P ∗B decreases as z∗

decreases because at z∗ = H the solar radiation is reflected and continues to get

attenuated until it exits the receiver at z∗ = 0. As fv increases, the incoming and

outgoing radiative fluxes are attenuated more quickly. Only 15% of the incoming

radiation is absorbed by the pure basefluid (fv = 0), while the nanofluid with

fv = 0.006 absorbs 96% of the incoming radiation. We note that 100% of the

incoming solar radiation at z∗ = H is reflected back out of the collector in order

to generate Figure 3.3; however, most surfaces are not perfect reflectors so we

introduce RA, the reflectivity of the base panel. For example, an aluminum base

panel has RA = 0.73 and so it only reflects 73% of the incoming radiation [23].

Figure 3.3: The solar intensities, P ∗A(z∗), and P ∗B(z∗) in the collector for fv =
0.006 (solid lines), fv = 0.0005 (dashed lines), and fv = 0 (dot-dashed lines). The
nanofluid is Water/Aluminium, H =0.001 m, and G∗s 1000 Wm−2.
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The solar intensities given by (3.2.12) are differentiated to obtain the heat

source term:

q∗(z∗) =

(
−dP ∗A

dz∗
+

dP ∗B
dz∗

)
(3.2.13)

=

(
G∗sβ0β1

H
(
1 + β0

H
z∗
)β1+1

+RA
G∗sβ0β1

H
(
1 + β0

H
(2H − z∗)

)β1+1

)
. (3.2.14)

3.2.5 Dimensional analysis

We rewrite the conservation of energy in the system using the velocity profile,

(3.2.4), and the heat source term, (3.2.14), to obtain

cp,nfρ
2
nfg sin θ

2µnf
(Hz∗ − z∗2)

∂T ∗

∂x∗
= knf

(
∂2T ∗

∂z∗2
+
∂2T ∗

∂x∗2

)
+

ΥT

(
G∗sβ0β1

H
(
1 + β0

H
z∗
)β1+1

+RA
G∗sβ0β1

H
(
1 + β0

H
(2H − z∗)

)β1+1

)
, (3.2.15)

with the boundary conditions

∂T ∗

∂z∗

∣∣∣∣
z∗=H

= 0, and knf
∂T ∗

∂z∗

∣∣∣∣
z∗=0

= hs

(
T ∗
∣∣∣∣
z∗=0

− T ∗Amb
)
. (3.2.16)

For consistency, we rescale and non-dimensionalise (3.2.15) choosing the same

dimensionless parameters that were used to rescale (2.2.23) in the model that

describes Collector 1. Therefore, (3.2.15)—in dimensionless form—is

(z − z2)
∂T

∂x
= γ

∂2T

∂z2
+

1

Pe

∂2T

∂x2
+

1

(1 + β0z)β1+1
+

RA

(1 + β0(2− z))β1+1
, (3.2.17)

a second order inhomogeneous partial differential equation with an initial condi-

tion T (x = 0) = 0, outlet condition Tx(x = L) = 0 and the boundary conditions

∂T

∂z

∣∣∣∣
z=1

= 0, and
∂T

∂z

∣∣∣∣
z=0

= Nu

(
T

∣∣∣∣
z=0

− T̂
)
. (3.2.18)

Recall from the last chapter how since 1/Pe � 1, one can ignore the boundary

layer at x∗ = L, and approximate (3.2.18) with

(z − z2)
∂T

∂x
= γ

∂2T

∂z2
+

1

(1 + β0z)β1+1
+

RA

(1 + β0(2− z))β1+1
, (3.2.19)
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and drop the boundary condition at the outlet.

3.2.6 Case study

As a case study for exploring this model further, we apply the parameter values

used by Otanicar et al. [48]; these parameter values are detailed in Table 3.1.

Quantity Symbol Value Units

Collector length/width/height L/W/H 1, 1, 0.00015 m

Average velocy downstream u 0.0259 m s−1 -

Viscosity (H2O) µbf 10−3 kg m−1 s−1

Surface heat transfer coefficient hs 23 W m−2 K−1

Air/inlet nanofluid temperature T ∗Amb/T
∗
I 298.15/308.15 K

Incident solar radiation GS 1000 W m−2

Gravity g 9.8 m s−2

Density water/aluminium ρbf/ρnp 1000/2700 kg m−3

Conductivity water/aluminium kbf/knp 0.609/247 W m−1 K−1

Specific heat capacity water/aluminium cp,bf/cp,np 4187/900 J kg−1 K−1

Fitting parameters (for φ = 0.006) β0/β1 3.4135/0.4014 -

Dimensionless parameters γ/Nu/T̂ 12.62 / 0.0056 / 2.63 -

Table 3.1: Solar collector and nanofluid parameters and physical constants from
Otanicar et al. [48].

Recall from Chapter 2 where we applied parameter values from Cregan and

Myers [10] to explore the model for Collector 1. Some of the key differences

between parameter values from Chapter 2’s case study and the parameter values

from Otanicar et al.’s [48] case study are detailed in Table 3.2; we discuss these

parameter values further in Section 3.2.8, highlighting the differences between the

two case studies.

Collector 1 Collector 2

Temperature of source 5800 K 3158 K

Receiver depth 0.0012 m 0.00015 m

Material at z∗ = 0 Non reflective insulator Aluminium tape (RA = 0.73 from Janeck [23])

Nanoparticles Aluminium Carbon nanotubes, graphite, and silver

Table 3.2: Some key differences between the case study used to explore Collector
1 and the case study used to explore Collector 2.
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3.2.7 Solution method

We note the similarities between (3.2.19) from this chapter and (2.2.28) from the

previous chapter: they are both second order inhomogeneous partial differential

equations (albeit with different source terms). Therefore, we also obtain a solution

for T in this chapter via the method of separation of variables. The presence of

non-homogeneous terms in the system suggests a solution of the form T (x, z) =

v(x, z) + w(z), and we choose w(z) such that

γwzz +
1

(1 + β0z)β1+1
+

RA

(1 + β0(2− z))β1+1
= 0, (3.2.20)

which has the solution

w(z) =
1

γβ1(β1 − 1)β2
0

(
1

(1 + β0z)β1−1
+

RA

(1 + β0(2− z))β1−1

)
+K1z +K2.

(3.2.21)

We apply the boundary conditions to (3.2.21) and solve for the integration con-

stants

K1 =
RA − 1

γβ1β0 (1 + β0)β1
,

K2 =
1

Nu

(
1

γβ0β1

− RA

γβ0β1(1 + 2β0)β1
+K1

)
+

1

γβ2
0β1(β1 − 1)

(
1 +

RA

(1 + 2β0)β1−1

)
+ T̂ .

We note that, in this case v(x, z) is identical to v(x, z) from Section 2.2.8, and so

the temperature of the nanofluid is given by

T (x, z) = w(z)+

∞∑
n=1

[
Cn exp(−λp2

nx)

[
Dν

(√
2pn

[
z − 1

2

])
+K3Dν

(
−
√

2pn

[
z − 1

2

])]]
.
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The series coefficient Cn is determined after imposing the initial condition, and

the constant K3 is obtained by applying the boundary conditions:

K3 =
νDν−1

(√
pn
2

)
−Dν+1

(√
pn
2

)
νDν−1

(√
−pn

2

)
−Dν+1

(
−
√

pn
2

) , (3.2.22)

Cn =−
∫ 1

0
w(z)(z − z2)

[
Dν

(√
2pn

[
z − 1

2

])
+K3Dν

(
−
√

2pn
[
z − 1

2

])]
dz∫ 1

0

[
Dν

(√
2pn

[
z − 1

2

])
+K3Dν

(
−
√

2pn
[
z − 1

2

])]2
dz

,

(3.2.23)

where the eigenvalues, pn satisfy[
νDν−1

(
−
√
pn
2

)
−Dν+1

(
−
√
pn
2

)
−K3

[
νDν−1

(√
pn
2

)
−Dν+1

(√
pn
2

)]]
=

√
2Nu2

pn

[
Dν

(
−
√
pn
2

)
+K3Dν

(√
pn
2

)]
.

(3.2.24)

We calculate the efficiency of this collector via the equations outlined in Sec-

tion 2.2.9; in dimensional notation,

η =
ρnfcp,nf
GSL

∫ H

0

(T ∗O(z∗)− T ∗I )u(z∗)dz∗, (3.2.25)

or equivalently in dimensionless notation,

η = β0β1

∫ 1

0

TO(z)(z + z2)dz. (3.2.26)

3.2.8 Results

Although the case study in this chapter closely resembles the case study that is

explored in Otanicar et al. [48], the nanoparticles used in this chapter differ to

the nanoparticles used in that study. Therefore, both nanofluids have different

extinction coefficients, and we cannot do a like-for-like comparison between these

two studies. Nonetheless, in this section we do make several indirect comparisons

between Otanicar et al.’s [48] research and the work in this chapter.

Figure 3.4 shows collector efficiency versus particle volume fraction across two

different inlet temperatures for an NDASC with a reflective base panel (dashed
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lines) and an NDASC without a reflective base panel (dot-dashed lines). The

nanofluid heats up as it absorbs the incoming radiation (P ∗A(z∗)); this incoming

radiation is reflected back out at z∗ = H and so the nanofluid also absorbs out-

going radiation, P ∗B(z∗), thus, heating up further. Therefore, an NDASC coated

with a reflective base panel absorbs more radiation than an uncoated NDASC. In

Figure 3.4 the coated NDASC performs better than the uncoated NDASC under

all circumstances due to this increased amount of absorbed radiation. Both col-

lectors perform similarly when fv = 0 and little incoming radiation is absorbed;

however, the performance differences between the two collectors become more

pronounced as the nanofluid’s particle volume fractions are increased—the effi-

ciency of Collector 2 rises faster than the efficiency of Collector 1. In Figure

3.4a, when T ∗A = T ∗I , both NDASCs are more efficient than in Figure 3.4b when

T ∗A = T ∗I − 10 oC; as the temperature of the nanofluid in the system increases,

more energy is lost via Newton cooling at z∗ = 0 and this decreases collector

performance.
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(a)

(b)

Figure 3.4: Efficiency versus particle volume fraction for Collector 1 (dot-dashed
line), and Collector 2 (dashed line), (a) TI = TAmb, and (b) TI = TAmb + 10 oC.

Figure 3.5 shows the outlet temperature versus receiver depth for Collector

1, an NDASC without a reflective base panel (dot-dashed line), and Collector

2, an NDASC with a reflective base panel (dashed line), when T ∗I = 25 oC,
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fv = 0.01, and ΥT = 1. The nanofluid is hotter at the outlet of Collector 2,

than at the outlet of Collector 1 because Collector 2 absorbs more radiation. The

temperature profile of the nanofluid as it flows through the receiver does not vary

much with receiver depth because heat is diffused in the z∗-dimension at a much

faster rate than it is absorbed volumetrically. Since the depth of the receiver is so

small (H = 0.00015 m), γ = 12.96, and the diffusion term dominates the model

in (3.2.19). If the receiver depth was larger, γ would be smaller and we would

observe larger gradients in the temperature profile at the outlet.

Figure 3.5: Temperature at the outlet versus receiver depth for Collector 1 (dot-
dashed line), and Collector 2 (dashed line).

We use Planck’s Black-body relation, (2.2.16), to calculate the spectral inten-

sity of the incoming electromagnetic radiation. The spectral intensity is highly

dependent on the temperature of the source. Sunlight was the source of incoming

radiation in the case study used to explore Collector 1; however, in this case study

we follow Otanicar et al.’s experimental trials and use a heat lamp at 3158 K as

the source of incoming radiation [48]. We note that the surface of the sun, at

5800 K, is much hotter than the heat lamp used in Otanicar et al.’s experimen-

tal trials; Figure 3.6 illustrates the spectral distribution of Planck’s Black-body

relation for two objects, one at the temperature of the sun, and the other at the

temperature of the heat lamp. While the spectral intensities have been scaled
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such that the area under both curves is 1000 w/m2; the radiative intensities are

distributed differently across the electromagnetic spectrum. The radiation emit-

ted from the heat lamp is noticeably more intense at longer wavelengths and less

intense at shorter wavelengths.
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Figure 3.6: Spectral dependence of Black-body radiation for two bodies at 5800 K
and 3158 K.

The qualitative performance of an NDASC depends on the spectral power

distribution of the incoming radiation and so it is important to consider this

phenomenon when designing and testing NDASCs. Figure 2.5 shows how water

is better at absorbing radiation at longer wavelengths; therefore, one might expect

the water-based NDASC to always perform better when incoming radiation comes

from the heat lamp rather than from the sun. However, we observe in Figure 3.7

that this is not always the case. When fv = 0, Collector 2 is more efficient when

the incoming radiation is emitted by the heat lamp; however, when fv = 0.01,

Collector 2 is more efficient when the incoming radiation is emitted by the sun.

This is because the water is better at absorbing the heat lamp generated radiation,

but the aluminium nanoparticles are better at absorbing solar radiation. As

the nanoparticle volume fraction in the nanofluid increases, the efficiency of the
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sunlight-absorbing NDASC increases faster than the efficiency of the NDASC

which is absorbing radiation from the heat lamp.
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Figure 3.7: Efficiency of the solar collector versus nanofluid particle fraction. The
source of radiation is a Black-body at 5800 K (solid line) 3158 K (dashed line).

Figure 3.8 shows the efficiency of the solar collector versus particle volume

fraction for H = 0.0006 (solid line), H = 0.0012 (dashed line), and H = 0.0018

(dot-dashed line) using parameter values from the case-study detailed in Table

2.1. This plot demonstrates Collector 2’s performance when its parameter values

are equivalent to the ones that produced the optimal efficiency of Collector 1

(81.2%); we note that Figure 3.8 is directly comparable to Figure 2.10. In Figure

3.8 we observe a sharp increase in collector efficiency across each of the three

height configurations when nanoparticles are first added to the base fluid and

particle volume fractions are quite low. The presence of nanoparticles increases

the rate at which incoming radiation is absorbed into the working fluid. How-

ever, as the nanoparticle volume fraction continues to rise, we observe different

qualitative behaviours in all three of the collector configurations. This initial in-

crease is sharpest at larger collector depths and is progressively more gradual as

the collector depth decreases. The efficiencies of all three collector configurations

plateaus with further increase in fv; after the system has absorbed all of the avail-

able incoming radiation any additional increase in particle volume fraction does
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not lead to any further efficiency enhancement. We note that there are subtle

differences between Figures 2.10 and 3.8; in Figure 3.8, the maximum efficiency

value is (81.3%), and so Collector 2 performs marginally better than Collector

1. Furthermore, the efficiency of Collector 2 plateaus at lower particle volume

fractions across all three heights than the efficiency of Collector 1—the reflective

base-panel is always increases efficiency across all of the operating conditions.
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Figure 3.8: Efficiency of the solar collector versus particle volume fraction for
H = 0.0006 (solid line), H = 0.0012 (dashed line), and H = 0.0018 (dot-dashed
line).

3.3 Summary and discussion

In this chapter we modelled the efficiency of a parallel plate NDASC on an in-

clined plane with a reflective base panel. This type of collector has been studied

experimentally and modelled numerically; however, this particular system config-

uration has not been studied analytically. The modelling approach taken in this

chapter closely followed the modelling methodology outlined in Chapter 2. These

first two models have many similarities: the system geometries are defined using

the same coordinate system, conservation of momentum takes the same form, the

thermophysical properties of the nanofluid are calculated using the same method,
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and there are various other system parallels. However, there are also some funda-

mental differences between Collectors 1 and 2. One major difference is the heat

source term; in Section 3.2.4 we showed how the reflective base panel alters the

form of the radiative flux integral and thus the PDE describing the conservation

of energy. Other significant differences between the two collectors are highlighted

in Table 3.2 from Section 3.2.6, where we detailed the parameter values used

in this chapter’s case study. Following dimensionless analysis, we observed that

γ ∼ O(10) and so diffusion has much more relative importance in this system

than in Collector 1. The dimensionless conservation of energy PDE describing

this collector was solved via a separation of variables; the homogeneous compo-

nent of this solution was equivalent to the homogeneous solution from Chapter

2. Meanwhile, the inhomogeneous part of the solution was new, and we outlined

its solution method in Section 3.2.7.

We plotted and discussed various parameter configurations and how they af-

fect collector efficiency in Section 3.2.8. Figure 3.4 shows that the reflective base

panel does indeed improve collector efficiency, as does nanoparticle volume frac-

tion. The efficiency in this figure reaches 54% and does not plateau like the

efficiency in Figure 2.10 from Chapter 2 because the channel much more shallow.

We compared the efficiencies of Collectors 1 and 2 in Figure 3.8, showing that

Collector 2 can reach efficiency values of up to 81.3% when its channel height

was comparable to the channel height which produced Collector 1’s optimal per-

formance. At lower channel heights the distinction between the efficiencies of

Collectors 1 and 2 became more pronounced, Collector 2 was universally more

efficient. In Figure 3.5 we highlighted the difference that a reflective base panel

makes to the temperature at the outlet, we also noted that even though this col-

lector has lower efficiencies than Collector 1, it has a higher temperature at the

outlet due to its decreased cross-sectional area—although this system does not

absorb as much of the incoming radiation, there is a lower volume of nanofluid

to heat and so the overall temperature rise across the system is greater. Figure

3.7 shows how the temperature of the heat source significantly affects collector

efficiency, this is important to note as it suggests that NDASCs will perform dif-

ferently when they are in some testing environments than they will in exposure

to real sunlight.

The reflective base panel certainly improves collector performance over the

non-reflective base panel, and the temperature at the outlet improves with de-
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creasing channel height; however, at higher operating temperatures this solar

collector becomes less efficient, and the temperature rise across the system is still

too low for most real-world applications. In the following chapters, we discuss

alternative receiver geometries and propose new collector designs with an aim to

increase the viability of NDASCs in real-world settings.
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CHAPTER 4

COLLECTOR 3: A

NON-CONCENTRATING

CYLINDRICAL NDASC

4.1 Introduction

This chapter discusses a novel NDASC design. In most non-concentrating NDASCs

the nanofluid flows between parallel plates [10, 36, 48, 62, 63]; however, the third

collector modelled in this thesis, ‘Collector 3’, is an alternative to the parallel

plate design wherein the nanofluid flows through a series of optically transparent

pipes. Figure 4.1 illustrates a basic example of Collector 3’s design. The model

for this collector requires several fundamental changes to the models describing

Collectors 1 and 2; most notably, Collector 3’s model (which is expressed in a

three-dimensional cylindrical coordinate system) requires a numerical solution

rather than an analytic solution due to its complexity.

59



4. COLLECTOR 3: A NON-CONCENTRATING CYLINDRICAL NDASC

Outlet
Insulated base panel

Nanofluid

inlet

Transparent pipes

Figure 4.1: General design of Collector 3.

The system’s three-dimensional cylindrical coordinate geometry is defined in

Section 4.2.1. In Section 4.2.2 we model the conservation of energy, this conserva-

tion equation requires us to obtain a fluid velocity profile and a heat source term.

We use the steady-state Navier-Stokes equations for laminar, incompressible fluid

flow down an inclined pipe under the action of gravity in Section 4.2.3 to find the

velocity profile of the nanofluid as it flows through the collector. The nanofluid

heats up as it absorbs incoming radiation; in Section 4.2.4 we propose a novel

analytic expression describing this heat source. We use these heat source and ve-

locity expressions to fully express the conservation of energy before rescaling and

non-dimensionalising the model in Section 4.2.5. Parameter values are applied to

this dimensionless model using a hypothetical, but realistic, case study in Section

4.2.6. In Section 4.2.7 we discuss the Crank-Nicolson scheme that is applied to

the model in order to obtain a numerical expression for temperature; this tem-

perature is then used to discuss the performance of Collector 3 in Sections 4.2.8

and 4.3.
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4.2 Model

4.2.1 Introduction

Figure 4.2 shows a schematic representing the layout of this system. The nanofluid

is confined within a cylindrical pipe of radius R and length L; this pipe has an

optically transparent surface (such as glass) and thus permits the majority of

the incident solar flux to pass into the nanofluid. The variables x∗, r∗, and φ

define a three-dimensional cylindrical coordinate system such that x∗ is the axial

coordinate and it ranges from x∗ = 0 (the inlet) to x∗ = L (the outlet), r∗ is

the radial dimension and it ranges from the r∗ = 0 (the centre axis) to r∗ = R,

(the surface). Again, the ∗ notation here denotes dimensional variables. The

third coordinate, φ, measures the azimuthal angle where φ ∈ [0, π]. Incoming

solar radiation is absorbed as it propagates through the collector leading to heat

generation in the nanofluid. Newton cooling/heating takes place at the upper

surface (when r∗ = R and φ ≤ π/2) and this is modelled using a surface heat

transfer coefficient. Meanwhile, the underside of the collector is insulated and so

there is zero heat flux when r∗ = R and φ > π/2.

x*=0

x*=L

ɸ

 r*=0

r*=R

Incoming radiationIncoming radiationIncoming radiationIncoming radiationIncoming radiationIncoming radiationIncoming radiation

ɸ = 0

Figure 4.2: Schematic of the cylindrical coordinates and how they represent this
problem.
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4.2.2 Conservation of energy

The steady-state equation describing the conservation of energy in this collector

is

ρnfcp,nfu · ∇T ∗ = knf∇2T ∗ + q, (4.2.1)

where u = (u∗, v∗, w∗) is the velocity field. As mentioned, heat loss takes place

via Newton cooling at the top surface of the collector and the underside of the

collector is insulated; therefore, we apply the discontinuous boundary condition

knf
∂T ∗

∂r∗

∣∣∣∣
r∗=R

= (1− H(φ− π/2))hs

(
T ∗
∣∣∣∣
r∗=R

− T ∗Amb
)
, (4.2.2)

where H(·) is the Heaviside step function. Also, the nanofluid enters the collector

at constant inlet temperature T ∗I , while the outlet condition is T ∗x (x∗ = L) =

0. This system is symmetric, and the symmetry expressed via the boundary

condition
∂T ∗

∂φ

∣∣∣∣
φ=0,π

= 0. (4.2.3)

4.2.3 Conservation of momentum

Flow in the receiver is laminar, Newtonian, and steady. The incompressible

continuity equation in cylindrical coordinates is

∂u∗

∂x∗
+

1

r∗
∂ (r∗v∗)

∂r∗
+

1

r∗
∂w∗

∂φ
= 0, (4.2.4)

however, since the velocity field is axisymmetric and there is parallel flow, (4.2.4)

can be reduced to
∂u∗

∂x∗
= 0, (4.2.5)

and so u∗ is constant across all values of x∗. At the surface of the receiver there

is a no-slip condition, i.e., u = 0 when r∗ = R. The steady-state momentum

equation is

−ρnfg sin θ =
µ

r∗
∂

∂r∗

(
r∗
∂u∗

∂r∗

)
, (4.2.6)

which has the solution

u∗(r∗) = −r∗2ρnfg sin θ

4µnf
+ C1 ln r∗ + C2. (4.2.7)
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The integration constants, C1 and C2, are found by applying the boundary con-

ditions

u∗|R = 0,
du∗

dr∗

∣∣∣∣
r∗=0

= 0, (4.2.8)

to (4.2.7), and thus

u∗(r∗) = −ρnfg sin θ

4µnf

(
r∗2 −R2

)
. (4.2.9)

4.2.4 Heat source

Cregan and Myers’ [10] heat source approximation method (detailed in Chapters

2 and 3) is expressed in terms of z∗, where z∗ is the depth of the nanofluid that

solar radiation passes through before reaching a given point in the collector. We

obtain an equivalent expression to z∗ in this system via the geometrical relation

which is illustrated in Figure 4.3:

z∗ =
√
R2 − r∗2 sin2(φ)− r∗cos(φ). (4.2.10)

φ

D
2

r ∗

r∗ sin(φ)

r∗
co

s(
φ

)
z
∗

Figure 4.3: Geometry of the source term in cylindrical coordinates.

This result is applied to Cregan and Myers’ heat source term [10],

q(z∗) =
G∗sβ0β1

h
[
1 + β0

z∗

2R

]β1+1
, (4.2.11)
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to obtain Collector 3’s heat source term

q(r∗, φ) =
G∗sβ0β1 (1/R) r∗ cos(φ)

2R

[
1 + β0

√
R2−r∗2 sin2(φ)−r∗cos(φ)

2R

]β1+1
. (4.2.12)

Figure 4.4 illustrates how the intensity of the incoming radiation varies across

the cross section of the receiver when fv = 0 (i.e. pure water), and R = 0.0006.

The radiative intensity is greatest at the upper surface of the collector (r∗ = R and

φ => π/2) and it decreases as it is absorbed by the nanofluid while propagating

through the collector.

-R 0 R
-R

0

R

880 W/m2

900 W/m2

920 W/m2

940 W/m2

960 W/m2

980 W/m2

1000 W/m2

Figure 4.4: Contour plot of the cross sectional radiative intensity in the receiver
for fv = 0, and R = 0.0006.

4.2.5 Dimensional analysis

The velocity term, (4.2.9), and the heat source term, (4.2.12), are used to fully

express the conservation of energy in this system as

ρnfcp,nfu
∗(r∗)

∂T ∗

∂x∗
= knf

[
∂

∂r∗
r∗
∂T ∗

∂r∗
+

1

r∗
∂2T ∗

∂φ2
+
∂2T ∗

∂x∗2

]
+ q(r∗, φ), (4.2.13)
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with boundary conditions

knf
∂T ∗

∂r∗

∣∣∣∣
r∗=R

= (1− H(φ− π/2))hs

(
T ∗
∣∣∣∣
r∗=R

− T ∗Amb
)
, (4.2.14)

∂T ∗

∂φ

∣∣∣∣
φ=0,π

= 0, (4.2.15)

This system is non-dimensionalised via the dimensionless parameters

r∗ = Rr, T ∗ = T∆T + TI , x∗ = Lx, (4.2.16)

where ∆T is driven by the source term, i.e.,

∆T =
2G∗sLβ0β1µnf
R3cp,nfρ2

nfg sin θ
. (4.2.17)

The dimensionless system is thus:

(1− r2)
∂T

∂x
=
γ

r

[
∂

∂r
r
∂T

∂r
+

1

r

∂2T

∂φ2

]
+

1

Pe

∂2T

∂φ2

+
r cos(φ)(

1 + β0

2

(√
1− r2 sin2(φ)− r cos(φ)

))β1+1
, (4.2.18)

and—similar to previous chapters—we approximate (4.2.18) with

(1−r2)
∂T

∂x
=
γ

r

[
∂

∂r
r
∂T

∂r
+

1

r

∂2T

∂φ2

]
+

r cos(φ)(
1 + β0

2

(√
1− r2 sin2(φ)− r cos(φ)

))β1+1
,

(4.2.19)

since, 1/Pe� 1, thus the boundary layer at x∗ = L is ignored. This system has

the dimensionless boundary conditions

∂T

∂r

∣∣∣∣
r=1

= (1−H(φ− π/2)) Nu

(
T

∣∣∣∣
r=1

− T̂
)
, (4.2.20)

∂T

∂φ

∣∣∣∣
φ=0,1

= 0, (4.2.21)
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and the dimensionless inlet condition is T (x = 0) = 0. The dimensionless param-

eters in this system are

T̂ =
TAmb − TI

∆T
, γ =

3µnfknfL

cp,nfρ2
nfgR

4 sin θ
, Nu =

Rhs
knf

, (4.2.22)

where T̂ is the relative magnitude of the heat loss, γ is the ratio of diffusion to

advection, and Nu is the Nusselt number.

4.2.6 Case study

This NDASC design does not appear in the previous literature; so, as a case study

for exploring this model further, we propose hypothetical, yet reasonable, physical

parameter values which are informed by existing collector designs [10, 48, 63]. We

consider an Aluminum/Water nanofluid and, unless otherwise stated, apply the

parameter values given in Table 4.1. The spectral-dependent refractive indexes

nnp and nbf and the nanoparticle absorption index κanp are from [47, 51].

Quantity Symbol Value Units

Collector length/width/radius L/W/R 1, 1, 0.0012 m

Collector angle of inclination θ π/9 -

Viscosity (H2O) µbf 10−3 kg m−1 s−1

Surface heat transfer coefficient hs 6.43 W m−2 K−1

Air/inlet temperature T ∗Amb/T
∗
I 298.15/308.15 K

Incident solar radiation G∗s 1000 W m−2

Gravity g 9.8 m s−2

Density water/aluminium ρbf/ρnp 1000/2700 kg m−3

Conductivity water/aluminium kbf/knp 0.609/247 W m−1 K−1

Specific heat capacity water/aluminium cp,bf/cp,np 4187/900 J kg−1 K−1

Fitting parameters (for φ = 0.006) β0/β1 18.75/1.26 -

Dimensionless parameters γ/Nu/T̂ 0.059/0.025/6.18 -

Table 4.1: The solar collector and nanofluid’s parameters and physical constants
for Collector 3.
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4.2.7 Solution method

The efficiency of the solar collector, η, is defined as the fraction of ratio of usable

thermal energy to incident solar energy, more specifically

η =
2
∫ π

0

∫ R
0
ρnfcp,nfr

∗u∗(r∗)(T ∗O − T ∗I ) dr∗ dφ

Gs,aL2R
. (4.2.23)

This is expressed in dimensionless form

β0β1

2

∫ π

0

∫ 1

0

(
r − r3

)
TO dr dφ. (4.2.24)

We apply a Crank-Nicolson finite difference scheme to obtain a numerical ex-

pression for the temperature of the nanofluid as it flows through the collector.

The conservation of energy equations, (4.2.19)-(4.2.21), are expressed in a dis-

crete space, T ni,j, where i = 1, 2, ..., I is the r component, j = 1, 2, ..., J is the φ

component, and n = 1, 2, ..., N is the x component. Figure 4.5 shows this nu-

merical discretisation of the collector space when I = 5, and J = 7 (although,

we note that this is an extremely coarse mesh; low values for I and J are used

purely for clarity in this illustration).

67



4. COLLECTOR 3: A NON-CONCENTRATING CYLINDRICAL NDASC

i = 1, j = J/2

i = I, j = 1

i = I, j = J

Figure 4.5: Example of mesh used to discretise model where I = 5 and J = 7.

The discretisation of the PDE (4.2.19) is therefore

1

∆x

(
r2
i −r4

i

) (
T n+1
i,j −T ni,j

)
=

γ

2∆r2
r2
i

(
T n+1
i+1,j−2T n+1

i,j +T n+1
i−1,j+T

n
i+1,j−2T ni,j+T

n
i−1,j

)
+

γ

4∆r
ri
(
T n+1
i+1,j − T n+1

i−1,j + T ni+1,j − T ni−1,j

)
+

γ

2∆φ2

(
T n+1
i,j+1 − 2T n+1

i,j + T n+1
i,j−1 + T ni,j+1 − 2T ni,j

+ T ni,j−1

)
+ r2

i qi,j,

(4.2.25)

where i = 2, ...I − 1, j = 2, ...J − 1, n = 2, ...N , and

qi,j =
ri cos(φj)(

1 + β0

2

(√
1− r2

i sin2(φj)− ri cos(φj)
))β1+1

. (4.2.26)
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The boundary condition at i = I, i.e., (4.2.20), is

1

2∆r

(
T n+1
I,j − T

n+1
I−1,j + T nI,j − T nI−1,j

)
= (1−H(φj − π/2)) Nu

(
T n+1
I,j + T nI,j

2
− T̂

)
,

(4.2.27)

which holds for j = 2, ...J − 1, and n = 2, ...N . Meanwhile, the boundary

condition at i = 1 is

1

2

(
T n+1

1,j + T n1,j
)

=
1

2I

I∑
i=1

(
T n+1

2,j + T n2,j
)
, (4.2.28)

and, symmetry of the system at j = 1, J is expressed with the boundary condi-

tions
1

2∆φ

(
T n+1
i,2 − T n+1

i,1 + T ni,2 − T ni,1
)

= 0, (4.2.29)

and
1

2∆φ

(
T n+1
i,J − T

n+1
i,J−1 + T ni,J − T ni,J−1

)
= 0 (4.2.30)

respectively.

4.2.8 Results

Since this collector is a new NDASC design, we are unable to make direct com-

parisons between the results in this chapter and results from previous literature.

Instead, this section discusses Collector 3’s performance and how it relates to

qualitative phenomena exhibited by collectors in previous studies. Figure 4.6

shows a contour plot of the temperature in the cross section at the outlet for

fv = 0.006, and T ∗I = T ∗Amb. The nanofluid is hottest at the top of the collector

and its temperature decreases the closer it is to the bottom of the collector; al-

though, we note that the temperature variation over the entire cross section at

the outlet is relatively small, O(0.3 ◦C).
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Figure 4.6: Contour plot of the temperature of the nanofluid for fv = 0.006, and
T ∗I = T ∗Amb.

The optimal nanoparticle volume fraction varies across different pipe diame-

ters. Figure 4.7 demonstrates collector efficiency versus particle volume fraction

for R = 0.0006 (solid line), R = 0.0012 (dashed line), and R = 0.0024 (dot-

dashed line). We observe a sharp increase in collector efficiency across each of

the three parameter value configurations when nanoparticles are initially added

to the base fluid and particle volume fractions are quite low. The presence of

nanoparticles increases the rate at which incoming radiation is absorbed into the

working fluid; however, as the nanoparticle volume fraction continues to rise, each

of the three parameter configurations perform differently. The efficiency of the

collector when R = 0.0006 (the smallest system) continues to rise with increasing

nanoparticle volume fraction, albeit at a progressively slower rate. The efficiency

of the collector when R = 0.0012 rises with increasing particle volume fraction

until fv ≈ 0.006, at which point its efficiency plateaus. As was the case with

Collectors 1 and 2, after Collector 3 has absorbed all of the available incoming

radiation any additional increase in particle volume fraction does not lead to any

further efficiency enhancement. Meanwhile, the efficiency of the collector with

R = 0.0024 (the largest system) peaks at fv ≈ 0.0037, after which point η begins
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to decrease as the particle volume fraction increases further. As fv increases, so

too does the extinction coefficient of the nanofluid. As the extinction coefficient

increases, the incoming radiation is attenuated at a faster rate; therefore, more of

this incoming radiation is absorbed closer to the surface of the collector (where

the heat loss occurs) resulting in lower collector efficiencies.

0 0.002 0.004 0.006 0.008 0.01
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0

0.1
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η

Figure 4.7: Efficiency of the solar collector versus particle volume fraction for
R = 0.0006 (solid line), R = 0.0012 (dashed line), and R = 0.0024 (dot-dashed
line).

4.3 Summary and discussion

In this chapter, we modelled the efficiency of a novel NDASC design. The so-

lar collector was described in a three-dimensional cylindrical coordinate system

in Section 4.2.1. We modelled the conservation of energy in the system in Sec-

tion 4.2.2; this model included a term describing the nanofluid flow (discussed

in Section 4.2.3) and an expression describing the absorption of incoming solar

radiation (discussed in Section 4.2.4). We nondimensionalised the model and

applied realistic parameter values in order to investigate the relative importance

of the dimensionless parameters in Section 4.2.6. Unlike in previous chapters,

in this chapter the temperature of the nanofluid in the collector was obtained
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numerically rather than analytically. This temperature was used to calculate

the efficiency of the collector. We presented and discussed our results in Section

4.2.8. This NDASC design has two fundamental flaws. Firstly, cooling takes

place over a large surface area in this design. The ratio between the aperture

area and receiver area is π/2; so, the total surface area where heat loss takes

place is π/2 times larger in Collector 3 than in Collectors 1 and 2. This ratio

can be reduced by concentrating the incoming solar radiation (more on this in

the upcoming chapters), or by simply adopting the parallel plate NDASC design

used in Collectors 1 and 2. Secondly, much of the incoming radiation is not nor-

mal to the receiver surface. In a volumetric receiver, one must also consider the

angle that the incoming radiation makes to the normal of the receiver; this angle

determines P ∗, the maximum path length that incoming radiation can propagate

through before exiting the absorbing medium. Suppose the incoming radiation

makes an angle of θ̂ to the normal (as shown in Figure 4.8), then P ∗ = 2R cos θ̂.

θ
2 R cos( θ )

2 R 

Incoming radiation

Norm
al

ˆ
ˆ

Figure 4.8: Incoming radiation at an angle of θ̂ to the normal.

When designing a solar collector, one must ensure that P ∗ is large enough for

most of the incoming radiation to get absorbed. Recall from (2.2.21), the heat

source term was given by

q∗(z∗) =
G∗sβ0β1

H
(
1 + β0

H
z∗
)β1+1

. (4.3.1)
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4.3 Summary and discussion

Integrating (4.3.1) from zero to P ∗ with respect to z∗ reveals an expression for the

overall amount of radiation absorbed by the collector when incoming radiation

has a maximum path-length of P ∗. One can divide this integral by the amount

of solar radiation at the surface of the collector to obtain Π, where Π is the total

fraction of incoming radiation that gets absorbed by the collector, more explicitly

Π =

∫ P ∗
0

q∗(z∗) dz∗

G∗s
= 1− 1(

1 + β0 cos θ̂
)β1

. (4.3.2)

Figure 4.9 shows how Π varies with θ̂ across three different nanofluid particle vol-

ume fractions for a) a water based nanofluid flowing through a receiver, and b) a

Therminol R© VP-1 based nanofluid flowing through a receiver. Overall, the water

based nanofluid is a better absorber of incoming radiation than the Therminol R©

VP-1 based nanofluid at each particle volume fraction. The path-length P ∗ is

maximised when θ̂ = 0, and the radiation travels normal to the collector surface;

therefore, Π is also maximised when θ̂ = 0. As θ̂ moves further from 0 and P ∗

gets smaller, the collectors absorb less of the incoming radiation.
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Figure 4.9: Fraction of incoming radiation absorbed as it passes through a 1 cm
diameter receiver (Π) versus incident radiation angle to the normal (θ) for fv = 0
(solid lines), fv = 0.0005 (dashed lines), and fv = 0.006 (dot-dashed lines) (a)
water based nanofluid, and (b) Therminol R© VP-1 based nanofluid.

74



CHAPTER 5

COLLECTOR 4: A LOW-PROFILE

PARABOLIC TROUGH NDASC

5.1 Introduction

Li et al. [38] compare the performance of a concentrating NDASC with the perfor-

mance of a similar surface-absorbing collector, demonstrating that overall, both

collectors can perform well, but that more research is needed on volumetric re-

ceivers. However, Li et al.’s solar concentration method uses a combination of

prisms and parabolic reflectors to focus solar radiation onto the surface of a col-

lector; while this method works quite well for surface based solar collectors (where

the radiation is absorbed at the surface of the collector), it does not necessar-

ily work as well for volumetric collectors because the concentrated radiation is

not always normal to the receiver. However, in light of their promising exper-

imental results, and the clear room for design improvement, in this chapter we

design and model another new solar collector design (Collector 4). As Figure 5.1

shows, in Collector 4, incoming solar radiation is concentrated onto the receiver

by a parabolic trough; therefore, it is called a nanofluid-based direct absorption

parabolic trough solar collector (NDAPSC). While NDAPSCs have been studied

previously, Collector 4 is a novel design wherein incoming solar radiation is re-

flected and concentrated by a parabolic trough reflector into the nanofluid which

flows through an optically transparent pipe that is situated on the focal line of
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the parabolic reflector. A parabolic reflector concentrates incoming radiation

(that is parallel to its plane of symmetry) onto its focal line. This method of

solar concentration is useful as it ensures that incoming radiation is normal to

the receiver (see Figure 5.5 for an illustration of this effect). In this design, the

volumetric flow rate is reduced in order to achieve a high temperature yield and

the nanofluid flow is controlled and driven by a pump (unlike the collectors from

previous chapters).

Outlet

Parabolic reflector

Nanofluid

inlet Transparent pipe

Outlet

Vacuum annulus

Figure 5.1: General design of Collector 4.

Collector 4 incorporates several ideas not yet introduced in this thesis; in Sec-

tion 5.2, we discuss these design considerations further. Collector 4 is modelled

as a three-dimensional cylindrical pipe where laminar flow is driven by a pressure

gradient. This cylindrical coordinate system used in this chapter is slightly dif-

ferent to the one used to model Collector 3, and so we define it in Section 5.3.1.

Section 5.3.2 discusses the conservation of energy in the system. The steady-state

Navier-Stokes equations for laminar, incompressible fluid flow are applied to find

the velocity profile of the nanofluid as it flows through the collector in Section

5.3.3. In Section 5.3.4 we define a novel heat source term in this new coordinate

system. The heat source and velocity terms are used to express the conserva-

tion of energy in its complete form before the model is non-dimensionalised in

Section 5.3.6. We apply sensible parameter values to the model from a realistic

case study and Section 5.3.6 also describes how the Crank-Nicolson scheme is

applied to the dimensionless energy equation to obtain a numerical solution for
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temperature. However, the traditional Crank-Nicolson scheme introduces some

error into the system and so we outline a method for reducing this error. We use

the temperature solution to express collector efficiency, which is used to discuss

the performance of Collector 4 in Sections 5.3.7 and 5.4.

5.2 Design considerations

5.2.1 Heat-mirrors

Taylor et al. [59] note that since most base fluids are good absorbers at longer

wavelengths, most nanofluids will be good emitters at those same wavelengths.

Some solar collectors operate at low temperatures where heat lost due to Black-

body radiation is negligible; however, at higher operating temperatures, Black-

body radiation is the dominant mechanism for heat loss. Khullar et al. [28] ob-

serve that volumetric-based solar collectors are a promising technology, however,

radiative losses tend to escalate as operating temperatures rise. One solution to

overcome the problem of Black-body radiative heat losses is to install a heat-

mirror over the collector to stop long-wavelength emitted radiation from leaving

the system. A heat-mirror is a selectively transmissive/reflective material that

is highly transparent at short (solar) wavelengths, but highly reflective at long

wavelengths. If the surface of a volumetric receiver is coated with a suitable heat-

mirror, most of the incoming solar radiation is able to pass through the surface

while the majority of the emitted Black-body radiation is reflected off the surface

and prevented from leaving the system [28, 38, 59].

Although selective absorbing surfaces are well developed and very success-

ful commercially, selective transparent surfaces are comparatively underserviced

by scientific literature [58]. There is limited existing research in applying heat-

mirrors to NDASCs; moreover, no previous study has determined the analytic

relationship between heat-mirrors and collector efficiency.

Fan and Bachner [16] introduce the heat-mirror for use in solar-thermal energy

conversion applications in 1976. They compare the performance of Sn-doped

In2O3 selectively transparent coatings and TiO2 selectively transparent coatings,

against selective absorbing coatings under similar operating conditions (solar air

mass of two and the temperature of the Black-body, T ∗Bb = 121 ◦C). Under

these operating conditions, the 0.35 µm thick, Sn-doped In2O3 film coated with
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an MgF2 anti-reflection coating, performed the best out of all of the selectively

transparent coatings with effective solar transmittance and the effective infra-red

emissivity values of F = 0.9 and ε = 0.081 respectively. While Fan and Bachner’s

[16] results are promising, they do not explore the full parameter space of potential

operating conditions for solar collectors; many volumetric solar collectors can

operate at various different temperatures.

Li et al. [38] use numerical simulations and experimental data to compare the

performance of an NDASC coated with a heat-mirror (indium tin oxide (ITO))

versus a more traditional surface-based absorber coated with a selective absorb-

ing material (black chrome). They demonstrate that both receivers could work.

The ITO coating on borosilicate glass has an effective solar absorptivity and the

effective infra-red emissivity values of F = 0.82 and ε = 0.35 at room temper-

ature. Figure 5.2 (which is a graph of Table 3 from Li et al., [38]) shows that

the black chrome’s black-body weighted emittance rises as the absorber’s tem-

perature increases from 50-250 ◦C; meanwhile, the glass/ITO tube’s emittance is

relatively constant across the same Black-body temperature range. Black chrome

has a higher emissivity at short wavelengths, whereas glass/ITO has relatively

constant optical properties for long wavelengths. The black chrome is more op-

timised for solar-thermal applications. Li et al. [38] conclude that volumetric

receivers may yet provide an effective and a low-cost approach to bring nanotech-

nology into industrial heating and air-conditioning applications, but that more

research is needed.
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Figure 5.2: Effective emissivity versus Black-body tempreature for an ITO coated
on borosilicate glass (solid line), and black chrome coated on copper (dashed line)
from Table 3 in Li et al., [38].

Taylor et al. [57, 58] examine two categories of heat-mirror (‘type-1’, and ‘type-

2’) using various metrics to determine their suitability for use in solar collectors.

They categorise ‘type-1’ materials by a dielectric-metal-dielectric sandwich in

which the materials and the thicknesses of the three layers each represent a de-

gree of design freedom; and, they categorise ‘type-2’ by single-layer dispositions

of doped semiconductors, namely, transparent conductive oxides. Taylor et al.

[58] report that thin films of ITO and ZnS-Ag-ZnS provided the most promis-

ing results; the best ‘type-1’ heat-mirror reported is ZnS-Ag-ZnS, and the best

‘type-2’ heat-mirror reported is ITO—for example, at a concentration ratio of

10 and T ∗Bb = 100 ◦C, F = 0.845 and ε = 0.53 for ZnS-Ag-ZnS and F = 0.803

and ε = 0.408 for ITO [58]. At lower temperatures they conclude that uncoated

collectors are more efficient where radiative heat losses are smaller. They note

that ‘type-2’ heat-mirrors are more commercially viable since they are easier to

manufacture.

There are two frameworks for assessing the performance of a heat-mirror, the

first was introduced by Fan and Bachner [16] and the second was introduced by

Taylor et al. [57]. To evaluate a heat-mirror’s performance, Fan and Bachner [16]

define the effective solar transparency, τeff, and the effective infra-red emissivity,
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εeff, of a heat-mirror as

τeff =

∫∞
0
F (λ)Js(λ) dλ∫∞
0
Js(λ) dλ

, εeff =

∫∞
0

(1−R(λ))JBb(λ) dλ∫∞
0
JBb(λ) dλ

, (5.2.1)

where Js(λ) is the incoming solar radiance, JBb(λ) is the outgoing Black-body

radiance, εeff is the fraction of Black-body radiation that is not reflected, and

R(λ) is the wavelength-dependent reflectance. In this framework τeff should

be maximised and εeff should be minimised. Taylor et al. [57] introduces the

Efficiency Factor of Selectivity (EFS) as an alternative, albeit similar, metric for

assessing heat-mirror performance. The EFS is defined as

EFS =
G∗sCAτeff − τBb,effσT

∗4
Bb − εσT ∗4Bb

G∗sCA
, (5.2.2)

where τ
Bb,eff is the effective transmittance of the heat-mirror to Black-body radi-

ation at temperature T ∗Bb, and CA is the solar concentration ratio. We note that

Fan and Bachner [16] combine τ
Bb,eff and ε to calculate εeff, and this is one of the

key differences between the two metrics. In the EFS framework, a heat-mirror

with a higher EFS score is more desirable, a heat-mirror’s EFS score depends on

the T ∗Bb and CA, along with its optical properties. The EFS framework enables

us to easily compare two different heat-mirrors against each other; however, since

the optical properties of an ideal heat-mirror are not explicitly defined in the

literature, the maximum possible EFS score is unknown—this value would be a

useful tool for evaluating heat-mirrors further and understanding the scope for

future performance improvements. In Appendix B we discuss ideal-heat mirrors

further before giving an upper bound to the maximum possible EFS score by

calculating the hypothetical optical properties of an ideal heat-mirror.

5.2.2 Collector design

In this section we summarise Collector 4’s design; or, more specifically, we outline

three potential variations of this design (shown in Figure 5.3). Collector 4 (a)

has no vacuum annulus, Collector 4 (b) has a vacuum annulus but no heat-mirror

coating, and Collector 4 (c) has a vacuum annulus and a heat-mirror coating. The

vacuum annulus and heat-mirror coatings enhance thermal efficiency by negating

Newton cooling/radiative heat losses; however, they also reduce optical efficiency.
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In the following sections we compare all three design variations to understand how

they affect NDAPSC performance.

Cylindrical receiver

Parabolic reflector

Nanofluid

Annulus vacuum

Incoming solar radiation

a b

Heat mirror

c

Figure 5.3: The three different DAPSC designs tested in this study.

These three designs are similar in principle to the vacuum glass tube compo-

nent of the collector proposed by Li et al. [38], with a few notable differences:

(1) The width of the parabolic trough is maximised so that it is equal to the

inner diameter of the vacuum glass tube, (2) These tubes rotate to track the

sun, while Li et al.’s design [38] has no moving parts, (3) This design does not

incorporate lens or prisms, the parabolic trough is the only mechanism for solar

concentration.

5.3 Model

5.3.1 Introduction

A cylinder with radius R is used to represent the receiver. As shown in Figure 5.4,

(x∗, r∗, φ) define a three-dimensional cylindrical coordinate system such that x∗

is the axial coordinate, r∗ is the radial coordinate and φ is the angle highlighted

(again, ∗ denotes a dimensional variable). The nanofluid enters the collector at

the inlet (x∗ = 0) with an initial temperature of T ∗I . It is pumped through the

system while being heated as it absorbs incoming solar radiation before exiting

at the outlet (x∗ = L) with a final temperature of T ∗O, and a boundary condition

of T ∗x∗ = 0.
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J*  (r*,λ)
A λ

x* = 0
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ɸ = ̟/2

ɸ = -̟/2

J*  (r*,λ)
B λ

Figure 5.4: Schematic of receiver in cylindrical geometry.

5.3.2 Conservation of energy

The steady-state equation describing the conservation of heat energy in this sys-

tem is

ρnfcp,nfu · ∇T ∗ = knf∇2T ∗ + q. (5.3.1)

Heat loss takes place via both Newton cooling and thermal radiation. Thus, the

boundary condition at the surface of the receiver is

T ∗r∗|R =
hs
knf

(T ∗|R − T
∗
Amb) +

σε

knf

(
T ∗4
∣∣
R
− T ∗4Amb

)
, (5.3.2)

where hs is the surface heat transfer coefficient, σ is Stefan’s constant, and ε is

the emissivity constant. The second term of the boundary condition represents

the radiative cooling/heating.

5.3.3 Conservation of momentum

In order to achieve a high temperature yield in this low-profile parabolic-trough

solar collector, the volumetric flow rate is low (in this study we explore a case

when the mean flow rate, u∗, is up to 0.1 ms−1); this results in lower Reynolds

numbers and laminar flow regimes. The Reynolds number is Re = 2u∗R/ν, where

R is the radius of the pipe and ν is the kinematic viscosity of the working fluid.

Pipe flow is typically laminar when Re < 2000, in this study we consider cases

when Re < 1000. So, flow in the receiver is laminar, Newtonian, and steady; the
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incompressible continuity equation in cylindrical coordinates is

∂u∗
∂x∗

+
1

r∗
∂ (r∗v∗)

∂r∗
+

1

r∗
∂w∗

∂φ
= 0. (5.3.3)

At the surface of the receiver there is a no-slip condition, and thus u|r∗=R = 0.

Since the velocity field is axisymmetric and this is a parallel flow, (5.3.3) reduces

to
∂u∗

∂x∗
= 0, (5.3.4)

indicating that u∗ = u∗(r∗). Ignoring the effects of gravity in the receiver, the

steady-state momentum equation is

∂p∗

∂x∗
=

µ

r∗
∂

∂r∗

(
r∗
∂u∗

∂r∗

)
, (5.3.5)

where p∗ is the system pressure. Solving (5.3.5) and applying the boundary

conditions

u∗(R) = 0,
du∗

dr∗

∣∣∣∣
r∗=0

= 0, (5.3.6)

yields

u∗(r∗) =
1

4µ

dp∗

dx∗
(
r∗2 −R2

)
. (5.3.7)

Alternatively, this velocity term is expressed in terms of mean velocity, u∗, rather

than pressure gradient. The mean velocity is defined as

u∗ =
2π

πR2

∫ R

0

r∗u∗ dr∗ = −R
2

8µ

dp∗

dx∗
, (5.3.8)

and so (5.3.7) is equivalently

u∗(r∗) = 2u∗
(

1− r∗2

R2

)
. (5.3.9)

5.3.4 Heat source term

We apply a combination of coordinate geometry and calculus to express the an-

gular and depth dependence of the solar intensity throughout the receiver. A

parabolic mirror can be represented in coordinate geometry with the function

p(x̂) = x̂2/4f , where f is the focal length of the mirror—this is illustrated in

Figure 5.5.

83



5. COLLECTOR 4: A LOW-PROFILE PARABOLIC TROUGH NDASC

        x   ___

  4 f

2

p(x) =  

x 

y

φ

(x1,y1)  

(0,f)  

a

ˆ
ˆ

ˆ

ˆ

Figure 5.5: Parabolic concentrator in a coordinate geometry system where a is
the arc-length highlighted, f is the focal length, and p is the quadratic line shown.

We use the chain rule to obtain a term that describes the incoming solar

intensity at the surface of the receiver, i.e.,

G∗s,1 =
dG∗s,c

da
=

dG∗s,c
dx̂

dx̂

dφ

dφ

da
, (5.3.10)

where the cumulative solar intensity, G∗s,c, is defined as the overall amount of

solar radiation between x̂ = 0 and x̂ = X, i.e.,

G∗s,c =

∫ X

0

G∗s dx̂ = G∗sx̂, (5.3.11)

and x ≥ 0. This chain rule method requires expressions for φ as a function of

x̂, and the arclength a as a function of φ (this arclength is shown in Figure 5.5).

The angle φ is expressed as a function of x̂ via the relation

tanφ =
p(x̂)− f

x̂
=
x̂2 − 4f 2

4fx̂
. (5.3.12)

Rewriting (5.3.12) by isolating for x̂ yields

x̂ = 2f (tanφ+ secφ) . (5.3.13)
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The arc-length a is given by

a(φ) = R
(π

2
+ φ
)
. (5.3.14)

Using (5.3.10)-(5.3.14), the incoming solar intensity at the surface of the receiver

is

G∗s,1 =
dG∗s,c

da
=
Gs,a2f

R
(secφ (tanφ+ secφ)) =

Gs,a2f

R

1

sinφ− 1
. (5.3.15)

However, we note that a physical system has a finite aperture width and so G∗s,1

is only given by (5.3.15), while φ ≤ φcrit (where φcrit is the maximum angle

of incoming reflected solar radiation). This angle is limited by the width of the

aperture, W , and so

φcrit = arctan

[
(W/2)2 − 2f 2

fW

]
. (5.3.16)

More specifically, the solar intensity at the surface of the collector is given by the

piecewise function

G∗s,1(φ) =


0 if φ > φcrit

Gs,a2f

R
1

sinφ−1
if φ ≤ φcrit.

(5.3.17)

Equation (5.3.17) is also derived in Jeter [24]; however, we apply a different

method. We note that the method outlined in this section assumes that all of the

solar intensity at the aperture hits the parabolic reflector, i.e., shadowing caused

by the receiver is negligible; this assumption is also made by Jeter [24].

The spectral irradiance at the surface of the receiver is Gs,1(φ)J∗0 , where Gs,1 =

G∗s,1/G
∗
s, and J∗0 is approximated via Planck’s Black-body relation, i.e.,

J∗0 =
2hc2ΩSSAttΥ

2
TΥR

λ5
(

exp
(

hc
λkBT

∗
S

)
− 1
) , (5.3.18)

where ΥR and ΥT are the reflectivity of the concentrator and the transmittance

of the glass tube/envelope respectively. We note that this expression of J∗0 is valid

when the collector consists of a glass tube surrounded by a glass annulus, i.e.,

incoming solar radiation passes through two layers of glass after being reflected
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by the parabolic mirrors and so the transmittance of the glass is applied twice.

Our source term differs from [29] in that we split the spectral intensity into

two parts, J∗Aλ and J∗Bλ, as shown in Figure 5.4. Incoming radiation intensity at

the surface of the receiver is denoted by J∗Aλ; in addition, since we are working

in the domain 0 ≤ r∗ ≤ R and −π/2 ≤ φ ≤ π/2, we must also include J∗Bλ,

the solar intensity remaining after the radiation has passed through the other

half of the receiver. Recall from Chapter 3 where a similar method was applied

when we also split up the solar intensity into its incoming and outgoing directional

components. The angular dependence of outgoing intensity, G∗s,2(φ), is introduced

via a transformation of G∗s,1,

G∗s,2(φ) =


0 if φ < −φcrit

G∗s2f
R

1
1−sin(−φ)

if φ ≥ −φcrit.

(5.3.19)

While this collector is designed to reach higher temperatures than Collectors

1-3, we still model a system that operates at temperatures below 750 K, and thus

follow the approach of [66] where thermal re-emission in the fluid is presumed

negligible since it constitutes less than 5% of the total radiative heat loss. The

change in normally incident solar radiation is given by the radiative transport

equations

1

r∗
∂

∂r∗
(r∗J∗Aλ) = KeJ

∗
Aλ,

1

r∗
∂

∂r∗
(r∗J∗Bλ) = −KeJ

∗
Bλ, (5.3.20)

with the associated boundary conditions

J∗Aλ(r
∗ = R) = J∗0 , J∗Aλ(r

∗ → 0) = J∗Bλ(r
∗ → 0). (5.3.21)

The solutions to (5.3.20) are thus

J∗Aλ(r
∗) =

J∗0R

r∗
e−Ke(R−r

∗), J∗Bλ(r
∗) =

J∗0R

r∗
e−Ke(R+r∗). (5.3.22)

To determine the corresponding radiative fluxes, P ∗A(r∗, φ), and P ∗B(r∗, φ), we in-

tegrate (5.3.22) over the entire spectrum and multiply by the angular dependences
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to obtain

P ∗A(r∗, φ) = Gs,1(φ)

∫ ∞
0

J∗0R

r∗
e−Ke(R−r

∗) dλ, (5.3.23)

P ∗B(r∗, φ) = Gs,2(φ)

∫ ∞
0

J∗0R

r∗
e−Ke(R+r∗) dλ. (5.3.24)

Equations (5.3.23) and (5.3.24) are highly non-linear with respect to wavelength

due to the J∗0 and Ke terms. To make analytic progress we follow the previously

discussed approach of Cregan and Myers [10] and use the method of least squares

to approximate (5.3.23) and (5.3.24) obtaining

P ∗A(r∗, φ) =
RG∗s,1(φ)

r∗

(
1(

1 + β0

2R
(R− r∗)

)β1

)
, (5.3.25)

P ∗B(r∗, φ) =
RG∗s,2(φ)

r∗

(
1(

1 + β0

2R
(R + r∗)

)β1

)
. (5.3.26)

Incoming radiation enters the receiver at r∗ = R and is attenuated due to

scattering and absorption as it passes through the receiver. There is a singularity

at r∗ = 0; as r∗ → 0 the solar intensity becomes infinitely concentrated since the

focal point of the parabolic concentrator coincides with the centre point of the

receiver. The qualitative behaviours of P ∗A and P ∗B across three particle volume

fractions are depicted in Figure 5.6. In the pure base fluid, incoming radiation

is attenuated at a much slower rate than it is concentrated; we observe a rapid

rise in P ∗A as r∗ → 0, and a rapid decay in P ∗B as r∗ → R. The incoming

solar intensity at the surface of the receiver, P ∗A(r∗ = R), is less than twice as

large as the outgoing solar intensity at the surface of the receiver, P ∗B(r∗ = R).

Therefore, less than half of the available solar radiation is absorbed as it passes

through the receiver. As the nanofluid’s particle volume fraction increases, so

does its extinction coefficient. When fv = 0.006 the incoming solar radiation is

attenuated quicker than it is concentrated and we observe a sharp decline in P ∗A

as r∗ → 0. The outgoing solar radiation is very low when fv = 0.006 as almost all

of the available solar energy has been absorbed by the nanofluid before it reaches

the centre of the receiver. The nanofluid with a relatively low particle volume

fraction (fv = 0.0005) exhibits an interesting combination of the traits of a pure

base fluid and a higher particle volume fraction. Similar to the base fluid, we

still observe a rapid rise in P ∗A as r∗ → 0, and a rapid decay in P ∗B as r∗ → R.

87



5. COLLECTOR 4: A LOW-PROFILE PARABOLIC TROUGH NDASC

This indicates that the solar intensity is still being concentrated faster than it

is attenuated. However, the outgoing solar radiation, P ∗B(r∗ = R), is noticeably

much smaller than the outgoing solar intensity in the pure base fluid. Even at

small particle volume fractions, the nanofluid absorbs much more of the incoming

solar radiation than the pure base fluid.
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Figure 5.6: Solar intensity against radial distance for a Therminol R© VP-
1/Aluminium nanofluid with fv = 0 (solid lines), fv = 0.0005 (dashed lines), and
fv = 0.006 (dash-dotted lines).

In spite of the singularity at r∗ = 0, (5.3.26) can be differentiated analytically to

obtain the heat source term

q(r∗, φ) =
1

r∗

(
d

dr∗
(r∗P ∗A)− d

dr∗
(r∗P ∗B)

)
(5.3.27)

=
β0β1

2r∗

(
G∗s,1(φ)(

1 + β0

2R
(R− r∗)

)β1+1
+

G∗s,2(φ)(
1 + β0

2R
(R + r∗)

)β1+1

)
. (5.3.28)

We rewrite the energy equation, (5.3.1), using the velocity profile in (5.3.9) and
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the source term in (5.3.28):

ρnfcp,nf2u
∗
(

1− r∗2

R2

)
∂T ∗

∂x∗
= knf

(
1

r∗
∂

∂r∗

(
r∗
∂T ∗

∂r∗

)
+

1

r∗2
∂2T ∗

∂φ2
+
∂2T ∗

∂x∗2

)
+q∗(r∗, φ)

(5.3.29)

We non-dimensionalise this expression via the dimensionless variables:

x∗ = Lx, T
∗

= T ∗I + ∆T T, z∗ = Hz. (5.3.30)

The temperature scale

∆T =
Gs,aβ0β1fL

u∗ρnfcp,nf2R2
, (5.3.31)

is chosen so that the temperature variation is driven by the source term. The

dimensionless heat equation is thus:

(1− r2)
∂T

∂x
= γ

(
1

r

∂

∂r

(
r
∂T

∂r

)
+

1

r2

∂2T

∂φ2

)
+

1

2Pe

∂2T

∂x2
+ q(φ, r), (5.3.32)

with the dimensionless boundary conditions

∂T

∂φ

∣∣∣∣
φ=−π/2,π/2

= 0, (5.3.33)

and
∂T

∂r

∣∣∣∣
r=1

= −Nu(T |r=1 + T̂ ) + γ̂
(
1− (λ+ ϕ T |r=1)4) , (5.3.34)

where

Pe =
ρnfcp,nfLu

∗

knf
, γ =

(
L

R

)2
1

2Pe
, ϕ =

∆T

T ∗A
, (5.3.35)

T̂ =
T ∗I − T ∗A

∆T
, λ =

T ∗I
T ∗A
, (5.3.36)

Nu =
Rhs
knf

, γ̂ =
σRεT ∗4A
∆Tknf

. (5.3.37)

Recall, the Peclet number, Pe, describes the ratio of thermal advection to thermal

diffusion, the Nusselt number, Nu, describes the ratio of convective to conduc-

tive heat transfer across the boundary, and γ̂ describes the ratio of radiative to

conductive heat transfer across the boundary for a black-body at ambient temper-
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ature. The dimensionless parameters and their effects are summarised in Table

5.1. Two of the dimensionless parameters, γ, and 1/Pe, describe the relative

size of thermal diffusion, while the other dimensionless parameters are used to

describe heat loss across the boundary at r∗ = R.

Table 5.1: Dimensionless parameters and their effects on the system.

Dimensionless

parameter

Physical constituents Physical significance

Nu R, hs, knf More heat is lost due to

Newton cooling as

dimensionless

parameter increases

T̂ T ∗I , T ∗A, G∗s,a, ΥT , ΥR,

fv, R, f , u∗, ρnf , cp,nf

γ̂ σ, ε, T ∗A, knf , G
∗
s,a, ΥT ,

ΥR, fv, R, f , u∗, ρnf ,

cp,nf

More heat is lost due to

radiative cooling as

dimensionless

parameter increasesλ T ∗I , T ∗A
ϕ T ∗A, G∗s,a, ΥT , ΥR, fv, R,

f , u∗, ρnf , cp,nf

γ L, R, u∗, ρnf , cp,nf , knf Diffusion is more

significant as

dimensionless

parameter increases

1/Pe L, u∗, ρnf , cp,nf , knf

We also rescale the temperature at the inlet to obtain T (x = 0) = 0. The

rescaled dimensionless source term, q(φ, r), is defined in terms of the two dimen-

sionless expressions

Gs,1(φ) =


0 if φ > φcrit

1
1−sinφ

if φ ≤ φcrit,

(5.3.38)
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and

Gs,2(φ) =


0 if φ < −φcrit

1
1−sin(−φ)

if φ ≥ −φcrit,

(5.3.39)

such that

q(φ, r) =
1

r

(
Gs,1(φ)(

1 + β0

2
(1− r)

)β1+1
+

Gs,2(φ)(
1 + β0

2
(1 + r)

)β1+1

)
. (5.3.40)

5.3.5 Case Study

As a case study we compare the performance of the three different potential low-

profile DAPSC designs illustrated in Figure 5.1(b). All three designs are assumed

to use the same working fluid, a Therminol R© VP-1/Aluminium nanofluid, and

common parameters—which are given in Table 5.2. Table 5.3 shows the param-

eter values for the glass tubes [18], parabolic trough mirror [29], and heat-mirror

[16]. Collector 4 (a) contains a parabolic mirror and a glass tube, Collector 4 (b)

contains a parabolic mirror, a glass tube and a glass envelope, and Collector 4 (c)

contains a parabolic mirror, a glass tube, a glass envelope, and a heat-mirror. The

parameter values in these tables are in line with parameter spaces explored previ-

ously in the literature [10, 29, 38] and they are chosen with careful consideration

so that they fit the collector design. For example, the maximum height, Hm, of a

low-profile NDAPSC is a limiting factor to the maximum width of the aperture,

Wm, through the relationship Wm = 4
√
Hmf , where f is the focal length of the

parabolic concentrator. We choose parameter values to ensure this rule is not

violated and (similar to the collector design in Li et al., [38]) Hm < 15 cm in this

system.
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Table 5.2: Solar collector and nanofluid parameters and physical constants.

Quantity Symbol Value Units

Collector length, radius L,R 1, 0.005 m

Viscosity (Therminol R© VP-1) µbf 2.48× 10−6 kg m−1 s−1

Surface heat transfer coefficient hs 6.43 W m−2 K−1

Ambient, initial temperature T ∗A, T ∗I 30, 250 ◦C

Incident solar radiation G∗s 1000 W m−2

Density Therminol R© VP-1, Aluminium ρbf , ρnp 1060, 2700 kg m−3

Conductivity Therminol R© VP-1, Aluminium kbf , knp 0.1357, 247 W m−1 K−1

Specific heat capacity Therminol R© VP-1, Aluminium cp,bf , cp,np 1570, 900 J kg−1 K−1

Mean velocity downstream u∗ 0.1 ms−1

Fitting parameters (for φ = 0.006) β0, β1 10.60, 1.14 -

Table 5.3: NDAPSC optical parameter values used in case study [16, 18, 29].

Parabolic mirror Tube/envelope Heat-mirror
Material Low-iron glass Low-iron antireflective glass Sn-doped In203 & Corning 7059 glass
Reflectivity 0.93 - 0.912 (Radiative heat loss)
Transmittance - 0.96 0.90 (Incoming solar radiation)
Width (m) 0.13 - -

Table 5.4: Dimensionless parameter values for three different input temperatures
ranges and three different particle volume fractions (fv = 0, fv = 0.0005, fv =
0.006). T ∗A =20 ◦C, Q = 0.912× 10−3 m3s−1.

TI = 0 ◦C TI = 100 ◦C TI = 200 ◦C

1/Pe (8.49, 8.29, 8.59)× 10−7 (7.21, 7.04, 7.3)× 10−7 (6.07, 5.93, 6.14)× 10−7

γ (0.017, 0.017, 0.017) (0.014, 0.014, 0.015) (0.012, 0.012, 0.012)

ϕ (0.004, 0.015, 0.135) (0.003, 0.014, 0.124) (0.003, 0.013, 0.117)

λ4 (0.659, 0.659, 0.659) (2.296, 2.296, 2.296) (5.93, 5.93, 5.93)

γ̂ (14.42, 3.63, 0.39) (16.98, 4.28, 0.45) (20.16, 5.08, 0.54)

Nu (0.233, 0.238, 0.23) (0.252, 0.258, 0.248) (0.282, 0.289, 0.278)

T̂ (−27.06,−6.66,−0.73) (68.86, 16.94, 1.86) (177.12, 43.58, 4.79)

Re 403.23 403.23 403.23

5.3.6 Solution method

The efficiency of the solar collector, η, is defined as the fraction of usable thermal

energy to incident solar energy [12]. We recall from Chapter 4,

η =
2
∫ π

2

−π
2

∫ R
0
ρnfcp,nfr

∗u∗(r∗)(T ∗O − T ∗I ) dr∗ dφ

Gs,aLW
. (5.3.41)
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This is equivalently expressed using the dimensionless terms which were intro-

duced in (5.3.30):

η =
2β0β1f

W

∫ π
2

−π
2

∫ 1

0

(
r − r3

)
TO dr dφ. (5.3.42)

The system defined in (5.3.32) - (5.3.34) can be reduced further by exploring

the magnitude of the dimensionless parameters in Table 5.4. Since ϕ, 1/Pe� 1,

their effect on the system is negligible and the energy equation can be reduced

to

(1− r2)
∂T

∂x
= γ

(
1

r

∂

∂r

(
r
∂T

∂r

)
+

1

r2

∂2T

∂φ2

)
+ q(φ, r). (5.3.43)

Although we note that negating the effect of 1/Pe, means that the thin boundary

layer at x∗ = L is ignored (we revert the readers attention back to Chapter 2

where this is discussed in greater detail). The dimensionless symmetry boundary

condition is
∂T

∂φ

∣∣∣∣
φ=−π/2,π/2

= 0, (5.3.44)

and the linearised, thermal-exchange boundary condition is

∂T

∂r

∣∣∣∣
r=1

= −Nu(T |r=1 + T̂ ) + γ̂
(
1−

(
λ4 + 4λ3ϕ T |r=1

))
. (5.3.45)

We note that although γ is a relatively small term, ignoring it results in

a solution where both boundary conditions cannot be satisfied simultaneously.

Since (5.3.43) is singular at r = 0 and r = 1 (where the boundary conditions

are imposed) and the source term is piecewise, this system requires a numerical

solution. We apply a modified Crank-Nicolson scheme to equations (5.3.32)-

(5.3.40) and describe it in terms of discretised temperature T ni,j—the modified

Crank-Nicolson method is discussed in further detail in Appendix C.

5.3.7 Results

Collector 4 is a novel NDASC design, therefore we are unable to make direct

comparisons between the results in this chapter and results from prior literature.

That notwithstanding, Collector 4’s performance characteristics mirror qualita-

tive phenomena exhibited by NDASCs in previous studies. The optimal collector
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design is dependent on the operating conditions. This section compares the per-

formance of all three collector variations across a wide parameter space to gain

an insight into when and why each collector design is most efficient. The results

depicted in Figures 5.7–5.11 are generated using the modified Crank-Nicolson

method (which is detailed in Appendix C) and the spatial discritisation is de-

fined by: I = 40, J = 60, and N = 1500.

Figure 5.7 plots the collector efficiency versus inlet temperature for Collector

4 (a) (dot-dashed line), Collector 4 (b) (dashed line), and Collector 4 (c) (solid

line). As the inlet temperature increases, the dimensionless parameters λ and T̂

also increase, resulting in greater heat lost due to Newton and radiative cooling.

As T ∗I increases (and thermal losses grow), thermal efficiency (i.e., minimising

heat loss to the the surroundings) becomes a more important design considera-

tion. This effect is demonstrated in Figure 5.7: when T ∗I > 237 ◦C, Collector 4 (c)

is more efficient than Collector 4 (b) due to its superior thermal efficiency. The

heat-mirror’s emissivity is much lower than the glass’ emissivity (0.088� 0.92),

therefore γ̂ is lower in Collector 4 (c) than it is in the other two collector de-

signs. Collector 4 (c) is the most thermally efficient design, so, while all three

Collectors become less efficient as T ∗I increases, the efficiency of Collector 4 (c)

is significantly less sensitive to changes in T ∗I than the efficiency of the other two

collector designs—as expected due to its superior thermal efficiency. However, we

also note from Figure 5.7 that at lower inlet temperatures, Collector 4 (a) is the

best performing design (in fact, when T ∗I < 237 ◦C Collector 4 (c) is the least effi-

cient design). At lower operating temperatures (when thermal losses are small),

it is more important to optimise a collector’s optical efficiency (i.e., maximise the

amount of incoming radiation) than its thermal efficiency.
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Figure 5.7: Efficiency of a solar collector versus inlet temperature for Collector 4
(a) (dot-dashed line), Collector 4 (b) (dashed line), and Collector 4 (c) (solid line).

As the radius of the receiver increases, the following dimensionless parameters

change: Nu, T̂ , γ̂, γ, and ϕ; more specifically, Nu and T̂ are proportional to R

and R2 respectively, while γ̂, ϕ, and γ are inversely proportional to R3, R2 and R2

respectively. Physically, when R increases, the surface area of the receiver (where

heat loss occurs) also increases; meanwhile, the volume of liquid in the receiver

increases and so the mean temperature in the system decreases. Figure 5.8 shows

collector efficiency versus receiver radius for Collector 4 (a) (dot-dashed line),

Collector 4 (b) (dashed line), and Collector 4 (c) (solid line). We note that Figure

5.8 only illustrates NDAPSC performance when R is sufficiently low enough for

the flow to remain laminar; if the nanofluid’s flow was turbulent, the collector’s

performance would be assessed using the model proposed in the next chapter. We

use Π (the total fraction of incoming radiation that is absorbed by the collector)

to explain the sharp rise in efficiency as R increases from 0.001 m to 0.003 m in

Figure 5.8. When R is small, Π is also small, so collector efficiency improves as

R increases from 0.001 m to 0.003 m (and Π→ 1). However, after the majority of

the available radiation has been absorbed, any further increase in R leads to an

efficiency reduction due to increased thermal losses. When R > 0.01 m, Collector

4 (c) is more efficient than the other two designs because it loses less heat due to
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black-body radiation. We recall (from the discussion of Figure 5.7) that Collector

4 (c) is the most thermally efficient collector design, this is also demonstrated by

Figure 5.8. When either R < 0.0038 m or R > 0.01 m, Collector 4 (c) outperforms

the other two collectors. As R decreases, the volume of liquid in the cross section

also decreases, leading to warmer operating conditions. When R < 0.0038 m, and

the receiver’s cross section is smallest, Collector 4 (c) is the best design due to

its thermal efficiency.
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Figure 5.8: Efficiency of a solar collector versus receiver radius for Collector 4 (a)
(dot-dashed line), Collector 4 (b) (dashed line), and Collector 4 (c) (solid line).

The mean velocity downstream affects the dimensionless parameters, T̂ , γ̂, ϕ,

γ, and Pe; physically this suggests that as u∗ increases, heat loss and thermal

diffusion effects become less significant. This can be explained as follows: as

u∗ increases, the nanofluid spends less time in the receiver resulting in lower

temperatures, and hence, lower thermal losses. Menbari et al. [42] show (using

experimental and numerical results) that an NDAPSC’s efficiency improves as its

nanofluid flow rate increases. Figure 5.9 shows the efficiency of an NDAPSC as

the mean velocity increases from 0.0025 ms−1 to 0.025 ms−1 for Collector 4 (a)

(dot-dashed line), Collector 4 (b) (dashed line), and Collector 4 (c) (solid line).

As expected, all three collectors demonstrate good qualitative agreement with
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Menbari et al.’s [42] relationship between velocity and collector efficiency. In

this scenario, Collector 4 (a) is the most efficient design when u∗ > 0.0025 ms−1;

however, at lower velocities (i.e., hotter operating conditions) Collector 4 (c) is

the most efficient design.
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Figure 5.9: Efficiency of a solar collector versus mean velocity downstream for
Collector 4 (a) (dot-dashed line), Collector 4 (b) (dashed line), and Collector 4 (c)
(solid line).

Figure 5.10 demonstrates the relationship between collector efficiency and

the nanofluid’s particle volume fraction for Collector 4 (a) (dot-dashed line),

Collector 4 (b) (dashed line), and Collector 4 (c) (solid line). As fv increases,

the working fluid absorbs more of the available incoming radiation, and so the

collector’s efficiency increases. This efficiency enhancement is initially large as fv

increases from 0 to 0.004, however, it subsides as fv increases further and Π→ 1,

i.e., all of the available incoming radiation has been absorbed. This observation

confirms a widely observed result in previous studies of nanofluid-based direct

absorption solar collectors [10, 29, 63, 66]. Interestingly, we note from Figure

5.10 that all three collectors perform similarly across the range of particle volume

fractions studied. However, Collector 4 (a) is the most efficient design at higher

particle volume fractions and Collector 4 (c) is the most efficient design in the

case of a pure base fluid. Even though Collector 4 (a) has the highest radiative
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and convective thermal losses, it is still more efficient than the other designs

when fv > 0.001 because it is more optically efficient: in Collector 4 (a), the

incoming radiation only passes through one layer of glass. Therefore, the other

collectors lose at least 4% more of the overall incoming solar radiation due to

optical inefficiencies. If the glass surrounding the annulus vacuum had a higher

transmissivity, the efficiencies of Collectors (b) and (c) would increase.
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Figure 5.10: Efficiency of a solar collector versus the nanofluid’s particle volume
fraction for Collector 4 (a) (dot-dashed line), Collector 4 (b) (dashed line), and
Collector 4 (c) (solid line).

Figure 5.11 shows collector efficiency versus (a) focal length, and (b) aperture

width for Collector 4 (a) (dot-dashed line), Collector 4 (b) (dashed line), and

Collector 4 (c) (solid line). These plots also highlight how φcrit affects collector

efficiency, and the numerical solution method. We recall from (5.3.16) that φcrit
decreases as f increases and as W decreases. Due to the piecewise nature of the

source term, (5.3.40), most of the incoming radiation is absorbed in the domain[
−π/2, φcrit

]
, whilst nanofluid flowing through the rest of the receiver is pre-

dominantly heated via thermal diffusion. When φcrit decreases, incoming solar

radiation is concentrated onto a smaller fraction of the overall receiver, this leads

to hotter maximum temperatures in the system. We note from Figure 5.11(a)

that all three collectors perform more optimally at shorter focal lengths when
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the system’s temperature is more uniform; and furthermore, collector efficiency

declines approximately linearly as φcrit decreases. As W increases two conflicting

phenomena affect collector performance: (1) more energy enters the system, lead-

ing to hotter temperatures which causes greater thermal losses, (2) φcrit increases

(and as Figure 5.11(a) shows, this leads to more uniform cross sectional tempera-

tures which causes lower thermal losses). Figure 5.11(b) demonstrates how both

of these phenomena interact, and affect collector efficiency. At smaller aperture

widths, Collector 4 (c) is the most efficient design, however, when W > 0.07 m

Collector 4 (a) demonstrates superior levels of efficiency. We note how the effi-

ciency of all three collectors increases as W increases, and so phenomena (2) is a

greater determinant of collector efficiency than phenomena (1) in this parameter

space.
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Figure 5.11: Efficiency of a solar collector versus (a) focal length, and (b) aperture
width for Collector 4 (a) (dot-dashed line), Collector 4 (b) (dashed line), and
Collector 4 (c) (solid line).

We note how Figures 5.11(a) and 5.11(b) exhibit increasingly erratic results

as f increases and as W decreases. This volatility is caused by the piecewise

nature of the source term. More specifically, the Crank-Nicolson method is less

accurate as φcrit decreases since this causes the source term’s non-linearities to

become more pronounced. In order to improve this model’s numerical reliability,

we modified the traditional Crank-Nicolson scheme and introduced an improved

finite difference method (this is discussed in more detail in Appendix C). We note

that the erratic perturbations in Figures 5.11(a) and 5.11(b) are O(0.1%), and
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we also note that these results were generated via the improved finite difference

method. In Appendix C, Figure C.2 shows that the traditional (unmodified)

Crank-Nicolson scheme produces volatile errors O(5%)—had Figures 5.11(a) and

5.11(b) been generated using the traditional Crank-Nicolson scheme, the erratic

perturbations would have been much larger.

5.4 Summary and discussion

In this chapter, we modelled the efficiency of another novel NDASC design. This

collector design concentrates incoming solar radiation and can result in higher

system temperatures; so, in Section 5.2.1 we discussed heat-mirrors since they

offer a potential solution negating the increased thermal losses. We identified

three possible configurations to a novel low-profile NDAPSC design: Collector 4

(a) had no vacuum annulus, Collector 4 (b) had a vacuum annulus, and Collector

4 (c) had a vacuum annulus and a heat-mirror. Collector 4 (a) was the most

optically efficient design but the least thermally efficient, meanwhile, Collector 4

(c) was the least optically efficient design, but the most thermally efficient.

The model was governed by seven dimensionless parameters: two describe the

rates of thermal diffusion to advection, two describe Newton cooling, and three

describe radiative heat loss. We applied realistic parameter values from a case

study to investigate the relative magnitudes of the dimensionless parameters in

Section 5.3.5. This analysis revealed that one of the diffusive terms could be

neglected and that the radiative heat-loss term could be linearised, resulting in

a simplified system. The system of governing equations required a numerical

method to obtain an expression for the outlet temperature. In Appendix C we

introduced a modification to the standard Crank-Nicolson finite difference method

which led to more accurate results, due to non-linearities in the source term.

We varied several of the system’s physical parameters to assess their affect

on collector performance. The NDAPSC model shows qualitative performance

agreement with existing NDAPSC models [28, 38, 42]: efficiency increased with

increasing nanoparticle volume fraction, efficiency decreased with decreasing flow

rates, and efficiency decreased with increasing inlet temperature. More specif-

ically, Collector 4 (a) was the most efficient design at higher particle volume

fractions while Collector 4 (c) was the most efficient design in the case of a pure

base-fluid. Even though Collector 4 (a) had the highest radiative and convective
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thermal losses, it was still more efficient than the other designs when fv > 0.001

because it was more optically efficient. Also, Collector 4 (a) was the most efficient

design when u∗ > 0.0025 ms−1; however, at lower velocities (i.e., hotter operating

conditions) Collector 4 (c) was the most efficient design.

This chapter also explored the performance implications of design choices

such as focal length, aperture width, and receiver radius. The focal length and

aperture width determine φcrit, and we found that collector efficiency declines

approximately linearly as φcrit decreases. We also found that at smaller aperture

widths Collector 4 (c) was the most efficient design, however, when W > 0.07 m

Collector 4 (a) demonstrated superior levels of efficiency. Meanwhile, when ei-

ther R < 0.0038 m or R > 0.01 m, Collector 4 (c) outperformed the other two

collectors.

The parameter space exploration conducted in this study suggested that the

optimal collector design largely depends on the operating conditions. Since Col-

lector 4 (a) was the most optically efficient design, and Collector 4 (c) was the

most thermally efficient design; in general, when greater thermal efficiency was

desirable (i.e., when radiative heat losses are large), Collector 4 (c) outperformed

the other designs. Meanwhile, at lower operating temperatures, greater optical

efficiency was desirable and so Collector 4 (a) outperformed the other designs.
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CHAPTER 6

COLLECTOR 5: A LARGE

CONCENTRATING NDAPSC

6.1 Introduction

All of the previous collectors discussed in this thesis are low-profile, and thus small

enough to fit on rooftops; however, in this chapter, we turn our attention towards

a larger concentrating NDAPSC. We illustrate the general design of Collector 5 in

Figure 6.1. Larger systems typically have higher Reynolds numbers and this leads

to turbulent flow; therefore, this chapter includes some fundamental modelling

differences to previous chapters. Recall, the Reynolds number is a well known

ratio that determinines the flow regime of a system; it is given by Re = 2uR/ν,

where u is the mean velocity of the fluid, and ν is the kinematic viscosity of the

working fluid. This chapter focuses on a situation where Therminol R© VP-1, a

commonly used base-fluid, flows through a cylindrical pipe of diameter 7 cm, at

a volumetric flow rate of 0.912 × 10−3 m3s−1. This gives a Reynolds number of

13542—which is well inside the turbulent regime. For large Reyonlds numbers, the

turbulent thermal diffusion is much stronger than the molecular thermal diffusion

[14]. Due to this turbulence, the nanofluid is well-mixed in the cross section as it

flows through the receiver.
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Parabolic reflector

Vacuum space

Nanofluid

Transparent pipe

Figure 6.1: General design of Collector 5.

Khullar et al. [29] consider a two-dimensional model for the temperature and

efficiency of an Al/Therminol R© VP-1 based NDAPSC subject to coupled radia-

tive and diffusive heat transfer in an absorbing, emitting, and scattering medium

under plug flow. They compare a numerical treatment of their model with experi-

mental data for conventional concentrating parabolic solar collectors, maintaining

the same external conditions (i.e., ambient/inlet temperatures, wind speed, so-

lar insolation, flow rate, concentration ratio, etc.). Khullar et al. [29] observe

that NDAPSCs have 5-10% higher efficiency than conventional (surface-based)

parabolic solar collectors. Menbari et al. [42] propose a model for a CuO/Water

NDAPSC subject to steady turbulent depth-dependent flow. They validate the

model by comparing a finite difference solution for the temperature with exper-

imental results. Interestingly, in that study, the average axial nanofluid temper-

ature rises almost linearly along the length of the receiver tube. Furthermore,

the experimental and numerical results show that thermal efficiency of NDAPSCs

improves by increasing the nanofluid flow rate. They also find that an increase

in nanofluid particle volume fraction from 0.002% to 0.008% leads to an increase

in thermal efficiency from 18% to 52%.

Analytical models for the performance of concentrating NDASCs are rare in

the literature; moreover, analytic models for NDAPSCs are non-existent. Table

5 from Gorji and Ranjbar [19] provides a chronological summary of the literature

on concentrating NDASCs. Of the seven studies mentioned, only one proposes

a fully analytic solution for the temperature of the nanofluid as it flows through

a receiver—Veeraragavan et al. [66]. Veeraragavan et al. assume laminar and
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plug flow through a two-dimensional channel of height 1 cm and apply a zero-flux

boundary condition at the bottom of the receiver. This model excludes the effect

of scattering due to the nanoparticles, and also assumes that the base-fluid is a

non-absorbing medium. Moreover, that model does not describe an NDAPSC—

different types of of concentrating systems must be modelled differently. The

other six studies discussed in Table 5 from Gorji and Ranjbar [19] are numerical

and/or experimental.

Many solar collectors are surrounded by a near-vacuum annulus to minimise

convective heat loss in the system. Some solar collectors operate at low tempera-

tures where thermal radiation is negligible, but at higher temperatures, blackbody

radiation becomes the dominant mechanism for heat loss. Surface absorbing solar

collectors receivers absorb solar radiation and emit black body radiation at the

surface of the receiver. Coating a volumetric receiver with a selectively trans-

missive/reflective material, otherwise known as a ’heat-mirror’, allows most of

the incoming solar radiation through while trapping any emitted black body ra-

diation inside the receiver [28, 38, 59]. Recall from Chapter 5, a heat-mirror is

a selectively absorbing surface that is highly transparent at short (solar) wave-

lengths, but highly reflective at long (thermal emission) wavelengths. Li et al.,

[38] use numerical simulations and experimental data to compare the performance

of volumetric absorbers coated with heat-mirrors versus more traditional surface-

based absorbers coated with selective absorbing material, and demonstrates that

overall, both receivers could work. They conclude that volumetric receivers may

yet provide an effective and a low-cost approach to bring nanotechnology into

industrial heating and air-conditioning applications, but that more research is

needed. There is limited existing research in applying heat-mirrors to NDASCs;

moreover, no previous study has determined the analytic relationship between

heat-mirrors and collector efficiency.

While there has been some limited research on modelling of NDAPSCs, no

existing model has been solved analytically. The cylindrical coordinate system

used in this chapter was also used to model Collector 4 in Chapter 5; however,

since each chapter in this thesis is designed to be readable as a stand-alone in-

vestigation, we redefine this cylindrical coordinate system in Section 6.2.1. In

Section 6.2.2 we define the system and state the conservation of energy in the

receiver at steady state. In Section 6.2.3 we discuss the incoming solar radiance

and how it acts as a heat source. In Section 6.2.4 we reduce the model to a
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one-dimensional problem before simplifying it further in Section 6.2.6 by apply-

ing realistic parameter values and then eliminating small terms arising from the

dimensional analysis. We then solve the simplified model analytically and present

results in Section 6.2.9.

6.2 Model

6.2.1 Introduction

Similar to Chapter 5, in this chapter we consider an NDAPSC with length L

and a cylindrical receiver with radius R. As shown in Figure 6.2b, (x∗, r∗, φ)

define a three-dimensional cylindrical coordinate system such that x∗ is the axial

coordinate, r∗ is the radial coordinate and φ is the angle highlighted (∗ denotes a

dimensional variable). The nanofluid enters the receiver at the inlet (x∗ = 0) at

an initial temperature T ∗I before being pumped through the receiver. It is heated

as it absorbs solar radiation and exits the receiver at the outlet (x∗ = L) with a

final temperature of T ∗O, and an outlet boundary condition of T ∗x∗|x∗=L= 0.

Nanofluid

Incoming Solar

Irradiance

Parabolic Concentrator

Vacuum

Receiver

J*  (r*,λ)
A λ

x* = 0

x*=L

ɸ
 
r*=0

r*=R

ɸ = ̟/2

ɸ = -̟/2

J*  (r*,λ)
B λ

Figure 6.2: (a) Cross section of NDAPSC with length L and receiver with radius
R, and (b) receiver geometry.

Since a vacuum surrounds the receiver, the only mechanism for heat loss

occurs via thermal radiation at the receiver surface (r∗ = R) [29, 42].

6.2.2 Conservation of energy

The steady-state equation describing the conservation of heat energy is

ρnfcp,nfu · ∇T ∗ = knf∇2T ∗ + q; (6.2.1)

106



6.2 Model

we recall from Chapter 5 that u = (u∗, w∗, v∗) is the fluid velocity, T ∗(x∗, r∗, φ),

the fluid temperature, q, the volumetric heat source, the subscript nf denotes

nanofluid, and ρnf , cp,nf , knf , are nanofluid density, specific heat capacity, and

thermal conductivity respectively. This is a very similar conservation of energy

system to the one used in Chapter 5 with one notable difference: in this model,

fluid flow is turbulent. At the surface of the receiver there is no slip, and thus

u∗(R) = 0. The radiative boundary condition at the surface of the receiver is

T ∗r∗|r∗=R =
σε

knf

(
T ∗4A − T ∗4

∣∣
r∗=R

)
, (6.2.2)

where σ is Stefan’s constant, ε the emissivity constant, and T ∗A the ambient tem-

perature.

6.2.3 Heat source

In a NDAPSC, incoming is reflected off of the parabolic trough and onto the

receiver where it is absorbed as it propagates through the nanofluid (this process

is detailed more explicitly in Section 5.3.4). We apply the method from Chapter

5 and define the heat source term using (5.3.28), i.e.,

q(r∗, φ) =
β0β1

2r∗

(
G∗s,1(φ)(

1 + β0

2R
(R− r∗)

)β1+1
+

G∗s,2(φ)(
1 + β0

2R
(R + r∗)

)β1+1

)
. (6.2.3)

6.2.4 Solution method

Since the flow is turbulent, the nanofluid is fairly well mixed in the cross-sectional

plane as it flows through the collector; so, T (x∗, r∗, φ) ' T (x∗). We multiply the

heat equation (6.2.1) by r∗ and integrate over the cross section to obtain the

one-dimensional model

R2

2
u∗T ∗x∗ =

knf
ρnfcp,nf

(
R2

2
T ∗x∗x∗ +

Rσε

knf

(
T ∗4A − T ∗4

))
+

ΠRπCAΥ2
TΥRG

∗
s

ρnfcp,nf
, (6.2.4)

where u is the mean fluid velocity downstream, and we recall that Π is the total

fraction of incoming radiation that gets absorbed as it propagates through the
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receiver. To obtain Π, we integrate (6.2.3) over the cross-section, i.e.,

Π =
1

RπCAΥ2
TΥRG∗s

∫ π/2

−π/2

∫ R

0

r∗q(r∗, φ) dr∗ dφ = 1− 1(
β0

2
+ 1
)β1

. (6.2.5)

Recall from Chapter 5 that the geometric concentration ratio, CA, is defined to

be the ratio of the aperture area to the receiver area, a ratio which was first

used in the model of Duffie and Beckman [12] for concentrating solar collectors.

The T ∗4 term in (6.2.4) arises from integration of the radial diffusion term: this

requires a value for T ∗r∗ at r∗ = R, which is given by the boundary condition,

equation (6.2.2). Physically this implies that any energy added (or removed)

at the boundary is immediately distributed through the fluid due to turbulence;

hence, this energy enters the governing equation as a source (or sink) term.

6.2.5 Dimensional analysis

We define the dimensionless variables:

x∗ = Lx, T
∗

= T ∗I + ∆T T, (6.2.6)

where the temperature scale

∆T =
2ΠCAΥ2

TΥRG
∗
sL

u∗ρnfcp,nfR
, (6.2.7)

is chosen since the source term drives the temperature variation. The dimension-

less heat equation is now

Tx =
Txx
Pe

+ γ − (τ + ϕT )4 + 1, (6.2.8)

where

Pe =
ρnfcp,nfLu

∗

knf
, γ =

σεT ∗4A
ΠCAΥ2

TΥRG∗s
, ϕ =

∆Tγ
1
4

T ∗A
, τ =

T ∗I γ
1
4

T ∗A
. (6.2.9)

We recall, the Peclet number (Pe) is a well-known dimensionless number describ-

ing the ratio of advection to thermal diffusion, γ is the ratio of absorbed back-

ground radiation to absorbed solar radiation, τ 4 is the ratio of emitted Black-body

radiation to absorbed solar radiation where T ∗Bb = T ∗I , and ϕ4 is the ratio of emit-
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ted Black-body to absorbed solar radiation where T ∗Bb = ∆T . The dimensionless

inlet and outlet boundary conditions are T (x = 0) = 0, Tx|x=1= 0.

6.2.6 Case study

As a case study for exploring our model further, we consider an Aluminum and

Therminol R© VP-1 nanofluid and, unless otherwise stated, use the parameter val-

ues given in Tables 6.1 and 6.2 which are largely taken from Khullar et al. [29].

The thermophyiscal properties of the aluminium nanoparticles are taken from

[51]. Since the nanoparticles are added at very low concentrations, these proper-

ties will not significantly alter the thermophysical properties of the overall base-

fluid and so for simplicity we assume them to be temperature-independent. We

calculate the temperature-dependent thermophysical properties of Therminol R©

VP-1, (ρbf , kbf , and cp,nf ,) using the formulas defined in [54] and the inlet temper-

ature. The spectral-dependent refractive indexes nnp and nbf and the nanoparticle

absorption index κanp are taken from [47, 51].

Symbol Value Units

R,L 0.035, 8 m

CA 22.7364 –

T ∗A 20 ◦C

σ 5.67× 10−8 kg s−1K−4

ε 0.92 –

G∗s 1000 W m−2

Q 9.12× 10−4 m3s−1

ρbf 1083− 0.91T ∗I + 7.8× 10−4T ∗2I − 2.37× 10−6T 3∗
I kg m−3

ρnp 2700 kg m−3

kbf 0.14− 8.2× 10−5T ∗I − 1.9× 10−7T ∗2I + 2.5× 10−11T ∗3I − 7.3× 10−15T ∗4I W m−1K−1

knp 247 W m−1K−1

cp,bf 1498 + 2.41T ∗I + 6× 10−3T ∗2I − 3× 10−5T ∗3I + 4.4× 10−8T ∗4I J kg K−1

cp,np 900 J kg K−1

Table 6.1: Physical parameters used in case study [29, 51, 54].

Most nanofluids are expected to have radiation losses nearing those of a Black-

body at long wavelengths [59] i.e., ε ≈ 1. A receiver coated with a heat-mirror will

have significantly smaller thermal losses. In this section we compare the optical

properties of two different heat-mirrors to determine the more suitable one for

the NDAPSC in this case study. Heat-mirror 1 is Sn-doped In2O3 deposited on

Corning 7059 glass—at 121 ◦C this heat-mirror reduces the effective emissivity to
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εeff = 0.081, but also reduces the effective transmission rate of the receiver by a

factor of τeff = 0.90 [16]. Heat-mirror 2 is ITO coated on borosilicate glass—this

heat-mirror has an effective emissivity of εeff ≈ 0.345, and an effective solar

transmission rate of τeff = 0.82 [38]. At 121 ◦C, Heat-mirror 1 has a superior

solar transmission factor and a superior effective emissivity. Figure 5.2 shows

that the effective emissivity of Heat-mirror 2 is approximately constant when

50 ◦C ≤ T ∗Bb ≤ 250 ◦C; however, we do not have the equivalent experimental data

for Heat-mirror 1. We acknowledge that εeff for Heat-mirror 1 is likely to have

some temperature-dependence, i.e., εeff = εeff (T
∗); however, we assume that

Heat-mirror 1 behaves like Heat-mirror 2 due to lack of experimental data i.e.,

its infra-red emissivity is approximately constant when 50 ◦C ≤ T ∗Bb ≤ 250 ◦C.

Parabolic mirror Tube/envelope Heat-mirror 1 Heat-mirror 2

Material Low-iron glass Pyrex glass Sn-doped In2O3 & Corning 7059 glass ITO on borosilicate glass

Reflectivity 0.93 - 0.912 (Radiative heat loss) 0.655 (Radiative heat loss)

Transmittance - 0.95 0.90 (Incoming solar radiation) 0.82 (Incoming solar radiation)

Width (m) 5 - - -

Table 6.2: Concentrating NDASC parameter values [16, 29, 38].

TI = 0 ◦C TI = 100 ◦C TI = 200 ◦C

1/Pe (0.435, 0.426, 0.44)× 10−7 (0.4, 0.391, 0.405)× 10−7 (0.366, 0.358, 0.37)× 10−7

γ (1.075, 1.028, 1.02) (1.075, 1.028, 1.02) (1.075, 1.028, 1.02)

ϕ (0.011, 0.022, 0.029) (0.01, 0.021, 0.027) (0.01, 0.02, 0.026)

τ 4 (0.057, 0.021, 0.015) (0.198, 0.075, 0.053) (0.511, 0.193, 0.137)

Table 6.3: Dimensionless parameter values for an uncoated solar collector for vary-
ing input temperatures for three different particle volume fractions (fv = 0, fv =
0.0005, fv = 0.006).

6.2.7 Solution method

To simplify (6.2.8) we consider the magnitude of the dimensionless parameters,

1/Pe, γ, ϕ, and τ . A parameter space study, shown in Table 6.3, indicates that

both γ and τ 4 are O(0.1), with τ 4 > γ when the inlet temperature is greater

than the ambient temperature while both 1/Pe and ϕ are � 1. Typical values

for 1/Pe are in the range 3× 10−8 – 5× 10−8 while ϕ is O(10−2). Consequently

we may neglect terms including 1/Pe and ϕ and reduce (6.2.8) to

Tx = 1 + γ − τ 4. (6.2.10)
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We note that since the 1/PeTxx term does not appear in (6.2.10), the outlet

boundary condition cannot be satisfied and so the thin boundary layer at x∗ = L

is ignored in this model. Equation (6.2.10) only contains O(1) and O(0.1) terms;

neglecting 1/Pe results in errors ∼ 10−6% and neglecting ϕ introduces errors

∼ 1%. While previous authors also neglect 1/Pe [66], our treatment of ϕ is

new in the context of NDAPSC modelling. Solving (6.2.10), and applying the

boundary condition T (x = 0) = 0, shows that the temperature in the system is

approximated by

T (x) =
(
1 + γ − τ 4

)
x. (6.2.11)

Alternatively this can be expressed in full dimensional form as

T ∗(x∗) = T ∗I + 2
σε (T ∗4A − T ∗4I ) + CCAΥ2

TΥRG
∗
s

wρnfcp,nfR
x∗. (6.2.12)

When the receiver is covered with Heat-mirror 1, heat loss to the surroundings

is very small; also, we replace CAG
∗
s with τeffCAG

∗
s to account for a reduction

of the solar intensity at the top of the receiver due to the transmittance of the

heat-mirror. This results in a change to the dimensionless quantities in (6.2.9)

such that γ ≈ 0; therefore, ϕ ≈ 0 and τ ≈ 0. In the case of Heat-mirror 1,

(6.2.11) reduces to

T (x) = x, (6.2.13)

or in full dimensional form

T ∗(x∗) = T ∗I + 2
CτeffCAΥ2

TΥRG
∗
s

wρnfcp,nfR
x∗. (6.2.14)

We note that (6.2.11) and (6.2.13) indicate the temperature rise is linear as the

nanofluid flows through the receiver. This qualitative behavior was previously

observed experimentally and numerically in an NDAPSC by Menabari et al. [42].

6.2.8 Efficiency

The overall efficiency, η, is found by dividing the energy absorbed in the nanofluid

as it flows through the length of the collector by the total solar energy over the

aperture area [12]

η =
ρnfcp,nfwπR

2 (T ∗O − T ∗I )

CAG∗sL2πR
, (6.2.15)
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which may be expressed in dimensionless terms for the uncoated receiver as

ηu = CΥ2
TΥR

(
1 + γ − τ 4

)
, (6.2.16)

or for the receiver coated with a heat-mirror as

ηc = τeffCΥ2
TΥR. (6.2.17)

Equations (6.2.16) and (6.2.17) are useful because they indicate exactly how

to improve efficiency. Furthermore, they enable us to derive an inequality that

compares an NDAPSC with a heat-mirror to an NDAPSC without a heat-mirror.

When ηu > ηc, i.e.,

ΠΥ2
TΥR

(
1 + γ − τ 4

)
> τeffΠΥ2

TΥR, (6.2.18)

an uncoated NDAPSC is more efficient than a coated NDAPSC. This expression

may be reduced to obtain
1 + γ − τ 4

τeff
> 1, (6.2.19)

or in its equivalent dimensional form

σε (T ∗4A − T ∗4I ) + ΠΥ2
TΥRCAG

∗
s

τeffΠΥ2
TΥRCAG∗s

> 1. (6.2.20)

6.2.9 Results

Collector 5 is very similar to the solar collector proposed in Khullar et al., [29] and

as expected, the efficiency values reported in this section match those reported in

that study. A direct comparison is also made between the results in this chapter

and the results from a similar system proposed by Menbari et al., who also observe

the linear rise in temperature as the nanofluid flows through the collector [42]. We

use the solutions for the temperature given by (6.2.12) and (6.2.14) to investigate

various aspects of the system. Since different industrial processes operate at

different temperatures and collector efficiency is of vital importance, we explore

both outlet temperature and efficiency. Initially, we examine the net temperature

change in the working fluid, where the temperature change is calculated from
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(6.2.12) and (6.2.14) as

T ∗O − T ∗I = 2L
σε (T ∗4A − T ∗4I ) + ΠCAΥ2

TΥRG
∗
s

wρnfcp,nfR
, (6.2.21)

for an uncoated collector, and

T ∗O − T ∗I =
2LΠτeffΥ

2
TΥRCAG

∗
s

wρnfcp,nfR
, (6.2.22)

for a coated collector. The above expressions clearly indicate how the system

parameters affect the temperature rise. For example, increasing the length leads

to a linear increase in temperature, whilst increasing average velocity, density,

specific heat and radius lead to a linear decrease. The affect of T ∗I is not so

obvious since density and specific heat vary with T ∗I . Whilst the heat-mirror re-

duces the amount of radiative heat loss, (6.2.22) still decreases as T ∗I increases,

due to the temperature-dependent thermophysical properties of Therminol R© VP-

1. For example, in Figure 6.3 the heat capacity of this base-fluid rises from

1.6× 106J kg K−1 at 30 ◦C, to 2.1× 106J kg K−1 at 220 ◦C, while the density of

Therminol R© VP-1 decreases from 1057kg m−3 to 895kg m−3 in the same inter-

val. Since the heat capacity of Therminol R© VP-1 rises by 40% and the density

decreases by ∼ 17%, the change in heat capacity is more significant, so it takes

more energy to raise the temperature of the nanofluid by one degree at 220 ◦C

than at 30 ◦C.

The results of (6.2.21) and (6.2.22) are plotted in Figures 6.3a and 6.3b for

the parameter values given in Tables 6.3 and 6.2. From these we see that with

this set-up the uncoated NDAPSC (solid line) provides a greater increase when

T ∗I is small enough such that

ε
(
T ∗4A − T ∗4I

)
+ ΠΥ2

TΥRCAG
∗
s > τeffΠΥ2

TΥRCAG
∗
s, (6.2.23)

this inequality is given by (6.2.20). When the inlet temperature increases,

σε
(
T ∗4A − T ∗4I

)
+ ΠΥ2

TΥRCAG
∗
s < τeffΥ

2
TΥRCAΠG∗s, (6.2.24)

and so the coated NDAPSC works better. The critical inlet temperature required
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for both the uncoated and coated collectors to perform equally, i.e.

σε
(
T ∗4A − T ∗4I

)
+ ΠΥ2

TΥRCAG
∗
s = τeffΠΥ2

TΥRCAG
∗
s (6.2.25)

relies on fv. More specifically, as fv increases, so does the critical value for T ∗I ;

when fv = 0 the required inlet temperature is 88.9 ◦C, and when fv = 0.006

the required inlet temperature is 184.7 ◦C. We also note from the magnitude

of values on the y-axes of Figures 6.3a and 6.3b that the nanofluid based solar

collector has a much larger temperature increase than the pure base-fluid based

collector. Figure 6.3c plots the outlet temperature versus the inlet temperature

for an uncoated NDAPSC (solid lines) and an NDAPSC coated with a heat-

mirror (dashed lines) and with fv = 0. We note from (6.2.14) that the outlet

temperature scales linearly with the inlet temperature for the coated receiver

and this behaviour is also observed in Figure 6.3c. Meanwhile, the relationship

between the uncoated receiver’s outlet temperature and inlet temperature is given

by (6.2.12), a fourth degree polynomial. Like Figure 6.3b, in Figure 6.3c when

fv = 0 both collectors perform the same at an inlet temperature of 88.9 ◦C.
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Figure 6.3: Net change in nanofluid temperature (T ∗O − T ∗I ) versus inlet tem-
perature for an uncoated NDAPSC (solid lines) and an NDAPSC coated with a
heat-mirror (dashed lines), (a) fv = 0.006, and (b)fv = 0. (c) Outlet temperature
versus inlet temperature for fv = 0.

Expressions (6.2.16) and (6.2.17) allow us to vary different parameters to see

how they affect NDAPSC efficiency. The coated receiver performs well at higher

temperatures, but at lower temperatures the uncoated receiver is superior. Figure

6.4 shows that η, much like the net temperature rise, depends strongly on fv.

An initial rise in the nanoparticle concentration results in a large increase in η

but these initial efficiency enhancements subside shortly thereafter. Our results

show that an increase in fv does not correspond to an increase in η after the

nanofluid has absorbed all of the available solar radiation (i.e., Π = 1). Also,

the inlet temperature does not affect ηc; an NDAPSC coated with a heat-mirror

performs the same across all of the inlet temperatures in this case study, so the

efficiency of coated NSAPSC shown in Figure 6.4 is representative of ηc at all three

operating temperatures. We note that at much higher operating temperatures
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ϕ and τ become too large to neglect, and so we would observe some significant

temperature dependence to ηc—although, we do not consider such high operating

temperatures in this case study. Also, γ and τ 4, increase linearly with ε, making

them too large to neglect when the emissivity is sufficiently large. In reality,

the emissivity of a heat-mirror is not constant across all temperatures and so

it is likely that ηc varies across different operating temperatures. Whilst the

spectral distribution of Black-body radiation shifts towards shorter wavelengths

at higher operating temperatures, we do not have data on the spectral-dependence

of Heat-mirror 1’s optical properties; therefore, we cannot reasonably determine

a temperature-dependence for εeff in this case study. However, a temperature-

dependent effective emissivity can be added to the current model by assuming

T ∗Bb = T ∗I , i.e., εeff (T
∗
Bb) = εeff (T

∗
I )—recall, we apply a similar method when

calculating the thermophysical properties of the base-fluid.
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Figure 6.4: Overall efficiency verses particle volume fraction for different inlet
temperatures.

The concentration ratio, CA, is inversely proportional to the radius of the

cylindrical receiver and directly proportional to the aperture width. In Figures

6.5a and 6.5b we alter the aperture width to present the relationship between CA

and η. The concentration ratio is an important factor in ηu; however, it does not

have any affect on ηc. The efficiency of the uncoated collector initially increases

rapidly with CA before this rate of increase decreases. At higher concentration

ratios the uncoated collector becomes more efficient than the coated collector, but
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the concentration ratio at which it becomes more efficient gets larger at higher

operating temperatures. Efficiency is defined as the ratio of net energy increase

across the system to incident solar energy. At leading order the energy leaving the

system due to thermal heat loss is constant, depending on the inlet temperature

rather than the net temperature rise. Thus, at leading order, heat leaves the

system at the same rate regardless of CA so one would expect the efficiency to

increase with CA, as the energy entering the system becomes much larger than

the energy out of the system. A receiver coated with a heat-mirror has no thermal

heat losses at leading order and so we would not expect its efficiency to vary with

CA.
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Figure 6.5: Overall efficiency versus concentration ratio for an uncoated receiver
(solid lines) and a coated receiver (dashed lines). We alter the aperture width
and fix the pipe diameter to vary CA for (a) T ∗I = 50 ◦C and (b) T ∗I = 150 ◦C,
fv = 0.006.

In Figures 6.6a and 6.6b, we examine the relationship between CA, fv and

(1 + γ − τ 4)/τeff , the left-hand side of the inequality given by (6.2.19). We note

than an increase in fv shifts the curves such that they initially grow faster in

both Figures 6.6a and 6.6b. As fv gets larger, Π → 1 (where Π is defined in

(6.2.5)); when all of the incoming solar radiation at r∗ = R gets attenuated into

the nanofluid, Π = 1. An uncoated NDAPSC is a better design option at a

lower CA and as fv (or Π) increases because the σε (T ∗4A − T ∗4I ) term becomes less

dominant in (6.2.20). Furthermore, an uncoated NDAPSC is more efficient than

a coated NDAPSC at lower concentration ratios when the inlet temperature is

lower. The fraction rises quicker with CA in Figure 6.6a than it does in Figure

6.6b, and so they cross the crucial threshold where (1 + γ− τ 4)/τeff = 1 at lower

concentration ratios.
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Figure 6.6: The expression
(
1 + γ − τ4

)
/τeff versus concentration ratio for fv =

0.006 (solid lines), fv = 0.0005 (dashed lines), and fv = 0 (dot dashed lines). (a)
T ∗I = 50 ◦C and (b) T ∗I = 50 ◦C.

6.3 Summary and discussion

In this chapter we develop an approximate analytic solution to a three-dimensional

model for the efficiency of an NDAPSC. The model consists of a system of par-

tial differential equations describing the conservation of mass, momentum, and

energy. We obtain a heat source term via the radial flux integral. The model

is written in nondimensional form to show that there are four controlling nondi-

mensional groups. We use a specific case study described in [29], to evaluate the

relative importance of these nondimensional subgroups under realistic physical

conditions. The model is then reduced using asymptotic arguments, and solved

analytically to investigate the efficiency of the collector subject to variation in

model parameters. Further analysis of the collector efficiency leads to an inequal-

ity which determines the viability of including a heat-mirror in the collector.

In this chapter, we developed a model to determine the temperature varia-

tion in a concentrating nanofluid-based direct absorption parabolic trough solar

collector under a turbulent flow regime. The model includes radiative transport

and energy equations. We obtain a leading order approximate analytic solution

to the model via a power law approximation for the solution to the radiative

transport equation. In contrast to previous studies on NDAPSCs which require

a numerical solution [29, 38, 42], we found an approximate analytical solution.
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This has the distinct advantage that we can clearly see exactly how the system

parameters affect the efficiency.

We expressed the system in nondimensional form to show that there are four

controlling nondimensional numbers, specifically two describing the heat source,

one describing the relative importance of conduction and advection and three

representing the heat loss to the surroundings. Following an asymptotic analysis,

we showed that two of the nondimensional numbers have a much lesser impact

on the performance of the solar collector and we ignored their effects to obtain

a leading order approximation of the system. One of these small dimensionless

parameters, 1/Pe, represents the ratio between thermal diffusion and advection in

the downstream direction. Neglecting the second small dimensionless parameter,

ϕ, allowed us to approximate the radiative heat loss in the solar collector with a

Black-body radiation calculation of a body at the inlet temperature—at leading

order, an NDAPSC loses heat at a constant rate of σεT 4
I . By examining the non-

dimensional system we were able to eliminate negligible terms and so determine

that the temperature increases almost linearly along the pipe. This has previously

been observed both numerically and via experiments [42].

Previous research has suggested that coating improves efficiency [28, 38, 59].

Our results show that this is not always the case: for lower temperatures an

uncoated system is more efficient. We provided an equality to determine when

coating is appropriate. We used this inequality to show that as the solar con-

centration ratio increases, an uncoated NDAPSC becomes more efficient than

an NDAPSC coated with a heat-mirror; at higher inlet temperatures, the con-

centration ratio required for an uncoated NDAPSC to be more efficient than a

coated NDAPSC increases. Whilst there are existing frameworks for assessing a

heat-mirror’s performance, this inequality does not appear anywhere else in the

literature and should be considered extremely informative for NDAPSC design.

In reality, the emissivity of a heat-mirror is not constant across all temper-

atures; however, existing research around the temperature-sensitivity of an Sn-

doped In2O3 heat-mirrors’ optical properties is limited. As our understanding

of heat-mirrors grows, the accuracy of this model can be improved further by

adding an appropriate temperature-dependence to the heat-mirrors’ emissivity.

A temperature-dependent effective emissivity could be easily added to the current

model by assuming T ∗Bb = T ∗I ; we already adapt a similar method to this when

we calculate the thermophysical properties of the base-fluid. However, if εeff (T
∗
I )
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is a bad approximation for εeff (T
∗
Bb) this method would fail to accurately predict

the true efficiency of an NDAPSC, and a different modelling approach would be

required.
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CHAPTER 7

COLLECTOR 6:

TIME-DEPENDENCE IN A LARGE

CONCENTRATING NDAPSC

7.1 Introduction

In previous chapters we assumed that the heat source was constant across time;

however, in reality, the solar intensity at a fixed position on Earth is constantly

changing due to the rotation of the Earth, i.e., the time of day, the orbit of

the Earth around the sun, i.e., the season, and dynamic cloud cover [30]. Two

of these effects are depicted in Figure 7.1. When the sun is lower in the sky

incoming radiation must pass through more of the atmosphere before it gets to

the solar collector, and so the radiative intensity at the surface of the receiver

is reduced. On Earth, clouds (which are usually an aerosol of water vapour and

air) are much better at absorbing solar radiation than pure air; as a result, when

clouds pass between a solar collector and the sun, the solar intensity at the surface

of the collector is reduced. Cloud cover and the rotation of the Earth operate

at different time-scales. In this chapter we explore the effect that both of these

phenomenon have on collector performance.
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Cloud cover

Rotation of the earth

Figure 7.1: Rotation of the Earth and cloud cover affect solar intensity.

Surface-based parabolic trough solar collectors usually consist of a working

fluid flowing through metallic pipes. These pipes expand as they are heated,

and this expansion process produces mechanical strains. Kolb [31] notes how a

solar collector must, by its nature, operate cyclically, i.e., the receiver is heated

to operating temperature when it is initiated, and allowed to relax to thermal

equilibrium once it ceases operation; furthermore, rapidly varying cloud cover

produces temperature fluctuations in the system. NDAPSCs also experience fluc-

tuating operating temperatures; however, this effect has not been studied in the

literature.

We begin modelling Collector 6 as a three-dimensional cylindrical pipe under

turbulent flow. In Section 7.2.2 we model the time-dependent conservation of

energy in the system. Time-dependence is introduced into this model via the

source term; we give two possible examples of source terms operating on different

time-scales in Section 7.2.3. The first time-dependent source term represents

dynamic cloud cover, and the second represents a variation of solar intensity over

the course of a day. We rescale and non-dimensionalise the model in Section

7.2.4 before applying sensible parameter values to the model in Section 7.2.5. In

Section 7.2.6 we obtain an analytic expression for the temperature in the system

by solving for the temperature in the conservation of energy. We use this analytic

temperature profile to discuss the performance of Collector 6 in Sections 7.2.8 and

7.3.
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7.2 Model

7.2.1 Introduction

In this chapter we apply the same cylindrical coordinate system that was used in

Chapters 5 and 6 to model an NDAPSC. Figure 7.2b shows the system geometry

in more detail; we recall, (x∗, r∗, φ) define a three-dimensional cylindrical coordi-

nate system such that x∗ is the axial coordinate, r∗ is the radial coordinate and

φ is the angle highlighted (where ∗ denotes a dimensional variable). Again, like

in previous chapters, the nanofluid enters the receiver at the inlet (x∗ = 0), it is

heated as it absorbs solar radiation and exits the receiver at the outlet (x∗ = L).

Nanofluid

Incoming Solar

Irradiance

Parabolic Concentrator

Vacuum

Receiver

J*  (r*,λ)
A λ

x* = 0

x*=L

ɸ
 
r*=0

r*=R

ɸ = ̟/2

ɸ = -̟/2

J*  (r*,λ)
B λ

(a) (b)

Figure 7.2: (a) Cross section of NDAPSC with length L and receiver with radius
R, and (b) receiver geometry.

7.2.2 Conservation of energy

The equation describing the conservation of heat energy is similar to (6.2.1) except

the source term is time-dependent and so we no longer only consider the steady

state:

ρnfcp,nf [T ∗t∗ + u · ∇T ∗] = knf∇2T ∗ + q, (7.2.1)

where we recall, ρnf is the nanofluid density, cp,nf is the nanofluid heat capacity,

knf is the nanofluid thermal conductivity, u = (u∗, w∗, v∗), T ∗(x∗, r∗, φ, t∗) is

the fluid temperature, and q = q∗(r∗, φ, t∗). The nanofluid’s temperature has an

initial condition of T ∗|t∗=0 = g∗(x∗), where g∗(x∗) is some known function of x∗,

and an inlet condition of T ∗|x∗=0 = f ∗(t∗) where f ∗(t∗) is some known function

of t∗. At the surface of the receiver there is no slip, and thus u = 0 when r∗ = R.
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The radiative boundary condition at the surface of the receiver is

T ∗r∗|r∗=R =
σε

knf

(
T ∗4A − T ∗4

∣∣
r∗=R

)
, (7.2.2)

where we recall from previous chapters, σ is Stefan’s constant, ε the emissivity

constant, and T ∗A the ambient temperature. The outlet condition is

∂T ∗

∂x∗

∣∣∣∣
x∗=L

= 0. (7.2.3)

In Chapter 6 we noted that since the flow is turbulent, the temperature in

the receiver’s cross section is approximately constant, i.e., T ∗(x∗, r∗, φ, t∗) '
T ∗(x∗, t∗). We reduce (7.2.1) following the simplification method outlined in

Chapter 6: the terms in (7.2.1) are integrated over the cross section to obtain the

one-dimensional model

(7.2.4)

R2

2
T ∗t∗ +

R2

2
u∗T ∗x∗ =

knf
ρnfcp,nf

(
R2

2
T ∗x∗x∗ +R T ∗r∗|r∗=R

)
+

1

ρnfcp,nf

∫ R

0

∫ π/2

−π/2
r∗q∗(r∗, φ, t∗) dr∗ dφ.

We use the source term proposed in Chapter 5, however, here we include

time-dependence and so

q(r∗, φ, t∗) =
β0β1

2r∗

(
G∗s,1(φ, t∗)(

1 + β0

2R
(R− r∗)

)β1+1
+

G∗s,2(φ, t∗)(
1 + β0

2R
(R + r∗)

)β1+1

)
, (7.2.5)

where we recall that β0 and β1 are the dimensionless fitting parameters which

were first introduced by Cregan and Myers [10] to approximate the source term

in a parallel-plate nanofluid-based direct absorption solar collector. The 1/r∗

term in (7.2.5) describes the concentration of incoming solar radiation as it gets

closer to the parabolic reflector’s focal line, the power-law terms are a result of

the incoming and outgoing solar radiative intensity decaying as it gets absorbed

into the nanofluid, while the φ-dependent functions are given by

(7.2.6)G∗s,1(φ, t∗) =


0 if φ > φcrit

G∗s(t∗)2f
R

1
1−sinφ

if φ ≤ φcrit,
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and

(7.2.7)G∗s,2(φ, t∗) =


0 if φ < −φcrit

Gs(t∗)2f
R

1
1−sin(−φ)

if φ ≥ −φcrit,

where G∗s(t
∗) is the solar intensity at the aperture, φcrit is the maximum angle

of incoming reflected solar radiation, and f is the focal length of the parabolic

reflector. The critical angle, φcrit, is limited by the width of the reflector, W ,

and is defined by

φcrit = arctan

[
(W/2)2 − 4f 2

2fW

]
. (7.2.8)

Thus, we rewrite (7.2.4) yielding

R2

2
(T ∗t∗ +u∗T ∗x∗) =

knf
ρnfcp,nf

(
R2

2
T ∗x∗x∗ +

Rσε

knf

(
T ∗4A −T ∗4

))
+

ΠRΥ2
TΥRCAG

∗
s(t
∗)

ρnfcp,nf
,

(7.2.9)

where we recall that Π is the overall fraction of absorbed radiation as it passes

through the cross section.

7.2.3 Heat source terms

In this section we propose two realistic time-dependent examples of the solar

intensity at the aperture, G∗s(t
∗). Scenario 1 models when a cloud passes over the

receiver leading to a sharp decrease in solar intensity, while Scenario 2 models the

slower variation of solar intensity over the course of a day. Even though this paper

primarily discusses these two scenarios, we emphasise that the solution method

in Section 7.2.6 is independent of G∗s(t
∗), and so the model is easily extended to

incorporate alternative time-dependent representations of solar intensity.

In Scenario 1, when a cloud covers the receiver, we presume an instantaneous

drop in solar intensity. This is modelled as

G∗s(t
∗) = G∗m (1− 0.5H(t∗ − t∗c)) , (7.2.10)

where G∗m is the maximum solar intensity at the aperture, H(·) is the Heaviside

step function, and t∗c is the time when the cloud shades the collector. In the

case of Scenario 2 we use three weeks of minute by minute data on incoming

solar radiation beginning on 1st June 2015 from the University of Oregan’s Solar
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Radiation Monitoring Laboratory [64]. The mean solar irradiation at each time

of the day is obtained by averaging across all 21 days in the database (dot-dashed

grey line in Figure 7.3). The data is approximated via

G∗s(t
∗) = G∗me

−A( w̄L t∗−B)
2

, (7.2.11)

where the parameters: G∗m = 849.4 W m−2, A = 2.595×10−5, and B = 492.49 are

obtained via a least-squares fitting routine in Matlab. The associated standard

error score is 34.96 W m−2. Figure 7.3 compares the fitted function (black line)

to the data (dot-dashed grey line). In general, the experimental data and the

fitted function match well: as expected, the solar intensity gradually increases in

the morning until midday before gradually decreasing for the rest of the day.

Figure 7.3: Experimentally observed incoming radiative intensity [64] (dot-dashed
grey line) and approximated incoming radiative intensity (black line) over the
course of a day.

7.2.4 Dimensional analysis

We define the dimensionless variables

x∗ = lx, t∗ =
l

u∗
t, f ∗(t∗) = T ∗I + ∆T f(t),

g∗(x∗) =T ∗I + ∆T g(x), T ∗ = T ∗I + ∆T T, G∗s(t
∗) = G∗mGs(t),

(7.2.12)

where T ∗I is the average inlet temperature and

∆T =
2ΠΥ2

TΥRCAG
∗
mL

u∗ρnfcp,nfR
, (7.2.13)
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is chosen since the source term is driving the temperature variation. Non-

dimensionalising (7.2.9) yields

Tt + Tx =
1

Pe
Txx + γ +Gs(t)− (τ + ϕT )4 , (7.2.14)

where the dimensionless parameters are

Pe =
ρnfcp,nf lu

∗

knf
, γ =

σεT ∗4A
ΠΥ2

TΥRCAG∗m
, τ =

γ1/4T ∗I
T ∗A

, ϕ =
γ1/4∆T

T ∗A
. (7.2.15)

These dimensionless parameters are equivalent to those obtained in Chapter 6,

i.e., the Peclet number, Pe, is a well-known dimensionless number describing the

ratio of advection to thermal diffusion, while γ, τ 4, and ϕ4 describe the relative

magnitude of black-body emissions. The dimensionless initial, inlet and outlet

conditions are: T |t=0 = g(x), T |x=0 = f(t), and Tx|x=1 = 0.

7.2.5 Case study

As a case study for exploring our model further, we consider an Aluminum and

Therminol R© VP-1 nanofluid and, unless otherwise stated, we use the parameter

values given in the case study described in in Chapter 6. We remind the reader

that in the last chapter we compared the performance of an NDAPSC coated with

a heat-mirror to an NDAPSC not coated with a heat-mirror using a steady-state

model. In Section 7.2.8 we use the time-dependent model to similarly compare

the performance of these two NDAPSC design variations.

7.2.6 Solution method

This section explores the relative magnitudes of the dimensionless parameter

values, 1/Pe, γ, ϕ, and τ , with a view towards simplifying the dimensionless

conservation of energy equation, (7.2.14). Table 7.1 provides values for these di-

mensionless parameters when T ∗I and fv are varied in the case study from Section

7.2.5. From this table, we see that 1/Pe ranges between 3 × 10−8 and 5 × 10−8

while ϕ is O(10−2). Consequently, we may neglect terms including 1/Pe, and ϕ,

and approximate (7.2.14) via

Tt + Tx = Gs(t) + γ − τ 4. (7.2.16)
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Recall, this model has the generic initial and inlet conditions T |t=0 = g(x), and

T |x=0 = f(t). We note that neglecting 1/Pe and ϕ results in errors ∼ 10−6% and

∼ 1% respectively. Furthermore, we recall from previous chapters that neglecting

the 1/PeTxx term results in the boundary layer at x∗ = L being ignored, therefore

in this approximated model, the boundary condition at x∗ = L cannot be satisfied.

T ∗I = 25 ◦C T ∗I = 100 ◦C T ∗I = 200 ◦C

1/Pe (0.4316, 0.4215, 0.4366)× 10−7 (0.3804, 0.3716, 0.3848)× 10−7 (0.3204, 0.3129, 0.3241)× 10−7

γ (0.0738, 0.0278, 0.0198) (0.0738, 0.0278, 0.0198) (0.0738, 0.0278, 0.0198)

ϕ (0.0108, 0.0225, 0.0289) (0.0109, 0.0227, 0.0293) (0.0103, 0.0215, 0.0277)

τ 4 (0.0789, 0.0297, 0.0212) (0.1747, 0.0658, 0.0468) (0.4517, 0.1701, 0.1210)

Table 7.1: Dimensionless parameter values for an uncoated solar collector for vary-
ing input temperatures for three different particle volume fractions (fv = 0, fv =
0.0005, fv = 0.006).

Since (7.2.16) is a first-order linear partial differential equation, one can apply

the inlet and initial conditions to obtain an analytic solution to (7.2.16) via the

method of characteristics:

T (x, t) =


∫ t

0
Gs(s)ds+ (γ − τ 4)t+ g(x− t) if 0 < x− t ≤ 1∫ t

t−xGs(s)ds+ (γ − τ 4)x+ f(t− x) if t > x.

(7.2.17)

This generalised model is valuable as it can be applied to any time-dependent

source term, and any initial and inlet conditions. However, in the specific con-

text of Scenario 1, Gs(·) is obtained after nondimensionalising (7.2.10), the inlet

condition is given by T (x = 0) = 0 (following the case-studies from previous

chapters), and the initial condition is given by g(x) = (1 + γ − τ 4)x (note that

this initial condition is chosen on an arbitrary basis so that the solar collector is

at an approximate steady state when t = 0). Therefore, in this scenario (7.2.17)

has a particular solution of the form

T (x, t) =


(1 + γ − τ 4)x if t < tc

(1 + γ − τ 4)x− 1/2(t− tc) if tc ≤ t ≤ x+ tc

(1/2 + γ − τ 4)x if t > x+ tc.

(7.2.18)
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Meanwhile, in the specific context of Scenario 2, Gs(·) is obtained after nondimen-

sionalising (7.2.11), the inlet boundary condition is again given by T (x = 0) = 0,

and the initial condition is given by:

g(x) =

√
π

2
√
A

[
erf
(√

AB
)

+ erf
(√

A (B + x)
)]

+ (γ − τ 4)x, (7.2.19)

where erf(·) is the error function. Again, this initial condition is chosen on an

arbitrary basis, in fact further asymptotic analysis (see Appendix D) shows that

the initial condition has a negligible impact on our analysis since the time-scales

of interest in this Scenario are much longer than than the time it takes for the

initial nanofluid to flow out of the system. So, (7.2.17) has an exact solution of

the form

T (x, t) =

√
π

2
√
A

[
erf
(√

A (B − t)
)

+ erf
(√

A (B + x− t)
)]

+ (γ − τ 4)x

(7.2.20)

for Scenario 2, but the supplementary asymptotic analysis in Appendix D shows

that (7.2.20) is approximately equivalent to the simpler analytic expression:

T (x, t) =
(
Gs(t) + γ − τ 4

)
x. (7.2.21)

Note that in Section 7.2.8 we sometimes refer to (7.2.21) rather than (7.2.20)

because (7.2.21) is simpler and easier to interpret—for example, when Gs(t) >

γ − τ 4, T ∗O > T ∗I , and when Gs(t) < γ − τ 4, T ∗O < T ∗I .

7.2.7 Efficiency

Duffie and Beckman [12] define the instantaneous collector efficiency, ηt(t
∗), as

the ratio of usable thermal energy to incident solar energy, i.e.,

ηt(t
∗) =

ρnfcp,nfu
∗πR2 (T ∗(L, t)− T ∗I )

G∗s(t
∗)LCA2πR

. (7.2.22)

However, this definition is not appropriate in the case of a time-dependent model

because (7.2.22) merely offers a snapshot of the efficiency at one particular point

in time and so it does not necessarily reflect a collector’s overall operating ef-

ficiency. We define the overall efficiency of this solar collector during a specific

time interval, as the ratio of the net amount of energy that exits the system to
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the overall amount of incoming radiation entering the system during that period,

i.e.,

η =
E∗o

LCA2πR
∫ t∗m

0
G∗s(t

∗) dt∗
, (7.2.23)

where E∗o is the overall amount of energy that exits the system during the time

interval 0 ≤ t∗ ≤ t∗m, i.e.,

E∗o =

∫ t∗m

0

ρnfcp,nfu
∗πR2 (T ∗(L, t)− T ∗I ) dt∗. (7.2.24)

We arbitrarily choose t∗m such that in Scenario 1, t∗m = 135 s (i.e., 4u∗/L), and in

Scenario 2 t∗m = 86 400 s (i.e., one day). Also, in Scenario 1 we arbitrarily choose

t∗c = t∗m/2.

7.2.8 Results

This section uses a parameter space exploration based around the values from

Tables 6.1 and 6.2 to compare various aspects of a collector’s performance. No

previous study has sought to question how time-dependence in the incoming

radiative intensity would affect the performance of an industrial-scale NDAPSC.

Therefore, in this section we are unable to make direct comparisons to previous

literature, however, we do make indirect comparisons where possible. Figure

7.4 shows the piecewise temperature profile for Scenario 1 (i.e., cloud cover), as

calculated by (7.2.18). Initially, when t∗ < t∗c , the temperature of the nanofluid is

in steady-state. In this region, T ∗ increases linearly as the nanofluid flows through

the collector. At t∗c , the incoming solar intensity decreases instantaneously due to

cloud cover and the nanofluid’s temperature profile enters into a period of rapid

transition where ∂T ∗/∂t∗ 6= 0 (i.e., when t∗c ≤ t∗ ≤ x∗/u∗+t∗c) and the nanofluid’s

temperature decreases linearly with time. Even though time-dependent event is

instantaneous, the nanofluid’s temperature at the outlet does not reach a steady-

state until 34 s after t∗c . We note that a steady-state model would not capture the

nanofluid’s temperature accurately in this region, thus emphasising the value of

the time-dependent model for real-world applications where the solar intensity is

constantly changing. After this transitional period, (i.e., when t∗ > x∗/u∗ + t∗c)

the temperature profile enters a new linear steady-state regime.
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Figure 7.4: Temperature along the receiver over time in Scenario 1 for fv = 0.006
and TI = 200 oC.

Figure 7.5 shows the temperature versus time of day at five different po-

sitions along the collector for Scenario 2, when fv = 0.006 and TI = 200 ◦C.

The nanofluid’s temperature falls/rises approximately linearly as it flows through

the receiver, however, the gradient of this temperature decrease/increase varies

throughout the day. As expected, the solar collector’s outlet temperature, T ∗(x∗ =

L), increases with increasing radiative intensity and decreases with decreasing ra-

diative intensity. From 06:40 pm to 05:20 am the solar collector loses heat because

incoming radiation is too small to overcome thermal losses, i.e., Gs(t) + γ < τ 4.

This inequality (which comes from (7.2.21)), is extremely useful as it allows an

NDAPSC’s daily operation cycle to be informed by weather forecasts. When

Gs(t) + γ > τ 4 (i.e., from 05:20 am to 06:40 pm), incoming radiation overcomes

thermal losses and the nanofluid heats up as it flows through the receiver; an

NDAPSC should only be operational during such circumstances.
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Figure 7.5: Scenario 2: Temperature along the receiver across the day for fv =
0.006 and TI = 200 oC.

Figure 7.6 shows the instantaneous efficiency ηt(t
∗) versus time for T ∗I = 200 ◦C

(solid lines), T ∗I = 150 ◦C (dotted lines), T ∗I = 100 ◦C (dot dashed lines), and a

heat-mirror coated NDAPCS when T ∗I = 150 ◦C (dashed lines) for (a) Scenario

1 and (b) Scenario 2. This figure demonstrates why an instantaneous measure

of efficiency may be misleading. In Scenario 1, the instantaneous efficiency is

initially at a steady-state, however, it spikes at t∗ = t∗c reaching values greater

than 1. This non-physical result (η > 1) occurs because the instantaneous effi-

ciency is ill-defined for time-dependent incoming solar intensity. We remind the

reader that Duffie and Beckman [12] define ηt(t
∗) as the ratio of usable thermal

energy to incident solar energy. At t∗ = t∗c , the incident solar energy decreases

instantaneously, however the nanofluid at the collector’s outlet was heated by

the previous elevated solar intensity value. After t∗ = t∗c , the efficiency values

decrease before reaching a new steady-state when all of the nanofluid that had

been heated by the larger solar intensity has flown out of the system. The initial

steady-state efficiency (when G∗s(t
∗) = G∗m) is larger than the new steady-state ef-

ficiency (when G∗s(t
∗) = G∗m/2) across all inlet temperatures—the collector is less

efficient when the intensity of incoming solar radiation is reduced. Although we

note in both scenarios that the NDAPSC coated by the heat-mirror emits much

less black-body radiation and hence its steady-state instantaneous efficiency is

not very sensitive to the changes in G∗s(t
∗). In Scenario 2 we note that the un-

coated collectors have negative instantaneous efficiency scores when the intensity

132



7.2 Model

of the incoming solar radiation is too low and τ 4 > γ + Gs(t). Of course, these

collectors would be switched off under such operating conditions.
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Figure 7.6: Instantaneous efficiency versus time for T ∗I = 200 ◦C (solid lines),
T ∗I = 150 ◦C (dotted lines), T ∗I = 100 ◦C (dot dashed lines), and a heat-mirror
coated NDAPCS (dashed lines) for (a) Scenario 1 and (b) Scenario 2.

Figure 7.6 shows the instantaneous efficiency ηt(t
∗) versus time for T ∗I = 200 ◦C

(solid lines), T ∗I = 150 ◦C (dotted lines), T ∗I = 100 ◦C (dot dashed lines), and a

heat-mirror coated NDAPCS when T ∗I = 150 ◦C (dashed lines) for (a) Scenario

1 and (b) Scenario 2. This figure demonstrates why an instantaneous measure

of efficiency may be misleading. In Scenario 1, the instantaneous efficiency is

initially at a steady-state, however, it spikes at t∗ = t∗c reaching values greater

than 1. This non-physical result (η > 1) occurs because the instantaneous effi-

ciency is ill-defined for time-dependent incoming solar intensity. We remind the

reader that Duffie and Beckman [12] define ηt(t
∗) as the ratio of usable thermal

energy to incident solar energy. At t∗ = t∗c , the incident solar energy decreases

instantaneously, however the nanofluid at the collector’s outlet was heated by

the previous elevated solar intensity value. After t∗ = t∗c , the efficiency values

decrease before reaching a new steady-state when all of the nanofluid that had

been heated by the larger solar intensity has flowed out of the system. The initial

steady-state efficiency (when G∗s(t
∗) = G∗m) is larger than the new steady-state ef-

ficiency (when G∗s(t
∗) = G∗m/2) across all inlet temperatures—the collector is less

efficient when the intensity of incoming solar radiation is reduced. Although we

note in both scenarios that the NDAPSC coated by the heat-mirror emits much

133



7. COLLECTOR 6: TIME-DEPENDENCE IN A LARGE CONCENTRATING
NDAPSC

less black-body radiation and hence its steady-state instantaneous efficiency is

not very sensitive to the changes in G∗s(t
∗). In Scenario 2 we note that the un-

coated collectors have negative instantaneous efficiency scores when the intensity

of the incoming solar radiation is too low and τ 4 > γ + Gs(t). Of course, these

collectors would be switched off under such operating conditions.
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Figure 7.7: Overall efficiency versus particle volume fraction when T ∗I = 200 ◦C
(solid lines), T ∗I = 150 ◦C (dotted lines), T ∗I = 100 ◦C (dot dashed lines), and a
heat-mirror coated NDAPSC (dashed lines) for (a) Scenario 1 and (b) Scenario 2.

Figure 7.8 shows the overall collector efficiency versus inlet temperature of

an uncoated NDAPSC (solid lines), and a heat-mirror coated NDAPSC (dashed

lines) for (a) Scenario 1 and (b) Scenario 2. As expected, the solar collector effi-

ciency decreases with increasing inlet temperature; although, the efficiency of the

uncoated collector decreases more rapidly than the coated collector. At lower op-

erating temperatures (when optical efficiency is desirable) the uncoated NDAPSC

is more efficient than the heat-mirror coated NDAPSC, and at higher operating

temperatures (when thermal efficiency is desirable) the coated NDAPSC is more

efficient—this result holds across both scenarios. In Scenario 1, the efficiency of

both collectors is equivalent at T ∗I = 120 ◦C, while in Scenario 2 these efficiencies

are equal at T ∗I = 68.5 ◦C. Efficiency values are lower and the difference between

the uncoated and coated collectors is more pronounced in Scenario 2, which is

due to the radiative intensity being lower, on average. If the collector in Scenario

two was only operational when ηt(t
∗) > 0 its overall efficiency would be larger.
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Figure 7.8: Overall efficiency versus inlet temperature for an uncoated NDAPSC
(solid lines), and a heat-mirror coated NDAPSC (dashed lines). (a) Scenario 1 and
(b) Scenario 2.

Figure 7.9 shows daily energy output of the solar collector versus receiver

radius for an uncoated collector (solid line), and a heat-mirror coated collector

(dashed line) when (a) T ∗I = 100 ◦C and (b) T ∗I = 200 ◦C. The volume flow

rate is kept constant at 3.42 × 10−4m3s−1, and so u∗ decreases with R2. Also,

the aperture width is fixed, so CA decreases linearly with R. Therefore, the

dimensionless quantities γ and τ 4 increase linearly with R which implies that

as R increases, radiative heat losses become more significant. Physically, this is

due to the receiver’s suface area (the boundary where thermal emissions occur)

being directly proportional to R. As expected, Figure 7.9 demonstrates that as R

increases, collector efficiency decreases. The uncoated collector is more efficient

than the coated collector (except when T ∗I = 100 ◦C and R < 0.018 m), and the

uncoated collector’s efficiency is much more sensitive to changes in R since its

surface has a higher emissivity. To put these figures in perspective, it is estimated

that a US household uses on average 10,932 kWh of electricity every year [15],

this is approximately equivalent to 1.08×108 Joules per day. Figures 7.9 and 7.10

show that the optimum daily energy output from Scenario 2 is roughly equivalent

to the daily energy consumption of eight households.
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Figure 7.9: Daily energy output of the solar collector versus receiver radius for
an uncoated collector (solid line), and a heat-mirror coated collector (dashed line)
when (a) T ∗I = 100 ◦C and (b) T ∗I = 200 ◦C. The volume flow rate is kept at a
constant value of 3.42× 10−4m3s−1, and the aperture width was also fixed.

Figure 7.10 shows the daily energy output of the solar collector versus nanofluid

particle volume fraction for an uncoated collector (solid line), and a heat-mirror

coated collector (dashed line) when (a) T ∗I = 100 ◦C and (b) T ∗I = 200 ◦C. This fig-

ure shows results which are qualitatively similar to the efficiency results reported

in Figure 7.7: as nanoparticles are added to the base-fluid, we observe a large

increase in E∗o ; however, these initial performance enhancements plateau as the

nanoparticle concentration continues to increase. As Π → 1, all of the available

incoming radiation has already been absorbed and so additional nanoparticles

do not improve collector performance. Daily energy output is larger in Figure

7.10(a) when T ∗I = 100 ◦C, than in Figure 7.10(b) when T ∗I = 200 ◦C—since

thermal losses are larger at higher operating temperatures, E∗o decreases as T ∗I
increases. However, the coated collector’s daily energy output is less sensitive to

changes in T ∗I than the uncoated collector’s daily energy output since the coated

collector is more thermally efficient.
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Figure 7.10: Daily energy output of the solar collector versus nanofluid particle
volume fraction for uncoated collector (solid line), and heat-mirror coated collector
(dashed line) when (a) T ∗I = 100 ◦C and (b) T ∗I = 200 ◦C.

7.3 Summary and discussion

Collector 6 is similar to Collector 5, but with a time-dependent source term; as

such, the two models used to describe these two collectors contain some over-

lap. For example, the coordinate system used in this chapter was previously

used in Chapters 5 and 6, however, since we also restated it in Section 7.2.1 for

completeness. In Section 7.2.2 we outlined the time-dependent conservation of

energy in this system; this time-dependence is driven by the source term. We

demonstrated two potential time-dependent source terms in Section 7.2.3, the

first source term models cloud cover, and the second models the variation of solar

intensity at different times of the day. The conservation of energy equation was

nondimensionalised in Section 7.2.4, and in Section 7.2.5 a realistic case study

was applied to investigate the relative sizes of the resulting dimensionless param-

eters. We obtained an analytical expression for the temperature in the collector

in Section 7.2.6 by solving the dimensionless conservation of energy equation via

the method of characteristics. This expression of temperature was then used

to obtain collector efficiency and assess the collector performance under various

operating conditions in Section 7.2.8.

Although the model is presented in a generalised time-dependent form, for

demonstration purposes we presented two realistic time-dependent scenarios. Sce-
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nario 1 demonstrated dynamic cloud cover, and Scenario 2 demonstrated the

variation of solar intensity at different times of the day. We used Scenario 1 to

highlight how an instantaneous measure of efficiency may be misleading and lead

to non-physical results (η > 1), and we used Scenario 2 to illustrate how weather

forecasting can be used to decide when to begin and end an NDAPSCs daily

operation cycle. We also varied several of the system’s physical parameters to

assess their effect on collector performance. The NDAPSC model showed that the

overall energy output decreased as R increased, and furthermore, the parameter

space exploration showed qualitative agreement with existing NDAPSC models

[28, 38, 42]: efficiency increased with increasing nanoparticle volume fraction, and

decreased with decreasing flow rates or increasing inlet temperature; heat-mirrors

sometimes (but not always) enhance collector efficiency.

Scenario 1 highlighted the superiority of a time-dependent model over a steady

state model. The system’s temperature entered a period of rapid transition im-

mediately after a cloud passed over the receiver—none of the existing steady-state

models can accurately predict an NDAPSC’s temperature profile while the solar

intensity is rapidly changing, thus emphasising the value of the model proposed

in this chapter.
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CHAPTER 8

FURTHER DISCUSSION

This chapter restates and discusses the research in this study. In Section 8.1 we

remind the reader of the main findings from each model, and in Section 8.2 we

discuss these results through the lens of the three primary research objectives

which were stated back in Section 1.3.

8.1 Summary of work

Collector 1

In Chapter 2 we developed a two-dimensional model for the efficiency of Collector

1 (which was an inclined, parallel-plate nanofluid-based direct absorption solar

collector). This type of collector had been modelled previously [10, 36, 62, 63],

and all of the components of the model used in this chapter had been proposed in

previous research, however, we were the first to combine them. Cregan and Myers

[10] modelled the collector via the less accurate plug flow approximation and

obtained an analytic expression for the radiative flux integral, while Lee and Jang

[36] modelled the collector using a depth-dependent flow, but, they numerically

evaluated the term describing the source of heat. We defined the system geometry

in Section 2.2.1 and expressed the conservation of energy in Section 2.2.2. The

conservation of energy required us to obtain the thermophysical properties of the

nanofluid (which we described in Section 2.2.3), a fluid velocity term (which was

obtained via a conservation of momentum argument in Section 2.2.4), and a heat
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source term (which we obtained via an approximation method in Section 2.2.5).

We non-dimensionalised the conservation of energy PDE in Section 2.2.6, and the

system was defined in terms of five dimensionless parameters.

We obtained a solution for the temperature in the system via a separation of

variables method applied to the conservation of energy PDE (recall that alterna-

tive expressions for this temperature profile were also provided in Appendix A).

In Section 2.2.9, we defined solar collector efficiency, in doing so we also redefined

the standard efficiency definition such that it now extends to a collector with an

isothermal base panel. We plotted and discussed various parameter configura-

tions and how they affect collector efficiency in Section 2.2.10. Figure 2.8 showed

how the collector’s temperature in the cross section varied at different positions

along the receiver. Figure 2.9 highlighted the difference between Cregan and My-

ers’ [10] plug flow model, and the depth-dependent model; the plug flow method

overestimated collector efficiency by roughly 1% across all of the channel depths

explored. Figure 2.10 showed how the efficiency of the collector increases with

increasing nanofluid particle volume fraction before plateauing at 81.2%. While

this collector was quite efficient, it did not produce a substantial temperature

increase between the inlet and the outlet, and so its utility in real-world appli-

cations would be rather limited. In the succeeding chapters, we explored and

discussed alternative collector designs more suitable to real-world applications.

Collector 2

In Chapter 3 we modelled the efficiency of Collector 2, a parallel-plate NDASC

on an inclined plane with a reflective base panel. This type of collector had

previously been studied experimentally and modelled numerically, however, this

particular system configuration had not been studied analytically. The modelling

approach taken in this chapter closely followed the modelling methodology out-

lined in Chapter 2. The two models had many similarities: the system geometries

were defined using the same coordinate system, conservation of momentum took

the same form, the thermophysical properties of the nanofluid were calculated

using the same method, and there were various other system parallels. However,

there were also some fundamental differences between Collectors 1 and 2. One

major difference was the heat source term: in Section 3.2.4 we showed how the

reflective base panel alters the form of the radiative flux integral and thus the

PDE describing the conservation of energy. Other significant differences between
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the two collectors were highlighted in Table 3.2, where we detailed the parameter

values used in this chapter’s case study. Following dimensionless analysis, we ob-

served that γ ∼ O(10) and so diffusion had much more importance in Collector

2 than in Collector 1. The dimensionless conservation of energy PDE describing

this collector was solved via separation of variables; the homogeneous compo-

nent of this solution was equivalent to the homogeneous solution from Chapter

2. However, the inhomogeneous part of the solution was new, and we outlined

its solution method in Section 3.2.7.

We plotted and discussed various parameter values and how they affect collec-

tor efficiency in Section 3.2.8. Figure 3.4 showed that the reflective base panel did

indeed improve collector efficiency, as did nanoparticle volume fraction. The effi-

ciency in this figure reached 54% and did not plateau like the efficiency in Figure

2.10 from Chapter 2 because the channel was much more shallow. We compared

the efficiencies of Collectors 1 and 2 in Figure 3.8, showing that Collector 2 can

reach efficiency values of up to 81.3% when its channel height was comparable

to the channel height which produced Collector 1’s optimal performance. At

lower channel heights the distinction between the efficiencies of Collectors 1 and

2 became more pronounced, Collector 2 was universally more efficient. In Figure

3.5 we highlighted the difference that a reflective base panel makes to the tem-

perature at the outlet, we also noted that even though this collector had lower

efficiencies than Collector 1, it had a higher temperature at the outlet due to

its decreased cross-sectional area—although Collector 2 did not absorb as much

of the incoming radiation, there was a lower volume of nanofluid to heat and so

the overall temperature rise across the system was greater. While NDASCs are

designed to absorb sunlight, sometimes they are tested using heat lamps that

generate incoming black-body radiation. Heat lamps can produce a constant and

predictable source of radiation making them ideal for testing solar collectors in

controlled environments. Therefore, it was important for us to better under-

stand how the optical properties of nanofluids changed with different sources of

radiation. In this chapter we considered two alternative sources of black-body ra-

diation: the first was a heat lamp at 3158 K, and the second was the Sun at 5800

K. Figure 3.7 showed how the temperature of the heat source significantly affects

collector efficiency, this was important to note as it suggested that NDASCs per-

form differently when they are in certain testing environments than they do in

exposure to real sunlight.
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The reflective base panel certainly improved collector performance over the

non-reflective base panel, and the temperature at the outlet improved with de-

creasing channel height; however, at higher operating temperatures this solar

collector became less efficient, and the temperature rise across the system was

still too low for most real-world applications. These results triggered us to ex-

plore alternative solar collector designs with an aim to increase the viability of

NDASCs in real-world settings.

Collector 3

In Chapter 4 we modelled the efficiency of Collector 3, a novel NDASC design.

In this collector, nanofluid flowed through a series of optically transparent pipes

rather than between parallel plates like in Collectors 1 and 2; therefore, we defined

the solar collector in a three-dimensional cylindrical coordinate system in Section

4.2.1. We modelled the conservation of energy in the system in Section 4.2.2; this

model included a term describing the nanofluid flow (discussed in Section 4.2.3)

and an expression describing the absorption of incoming solar radiation (discussed

in Section 4.2.4). We nondimensionalised the model and applied realistic param-

eter values in order to investigate the relative importance of the dimensionless

parameters in Section 4.2.6. Unlike previous chapters, in this chapter the tem-

perature of the nanofluid in the collector was obtained numerically rather than

analytically. This temperature was used to calculate the efficiency of the collec-

tor. We presented and discussed our results in Section 4.2.8. This NDASC design

has two fundamental flaws. Firstly, cooling takes place over a large surface area

in this design; the ratio between the aperture area and receiver area was π/2, i.e.,

the surface where heat loss takes place was π/2 times larger in Collector 3 than in

Collectors 1 and 2. This ratio can be reduced by concentrating the incoming solar

radiation or by simply adopting a parallel plate NDASC design used in Collectors

1 and 2. Secondly, much of the incoming radiation was not normal to the receiver

surface. In a volumetric receiver, one must also consider the angle that the in-

coming radiation makes to the normal of the receiver. Figure 4.9 showed how the

fraction of incoming radiation that gets absorbed into the system varies with this

angle; as the angle increases, less of the incoming radiation was absorbed by the

nanofluid. This result was used to inform our design of Collector 4.
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Collector 4

In Chapter 5 we modelled the efficiency of Collector 4, which was another novel

NDASC design—a low-profile nanofluid-based direct absorption parabolic trough

solar collector. This collector design concentrates incoming solar radiation and

can result in higher system temperatures; so, in Section 5.2.1 we discussed heat-

mirrors since they offer a potential solution negating the increased thermal losses.

While discussing heat-mirrors we discovered mathematical expressions for the op-

tical properties of an ideal heat-mirror. We identified three possible configurations

for Collector 4’s design in Section 5.2: Collector 4 (a) has no vacuum annulus,

Collector 4 (b) has a vacuum annulus, and Collector 4 (c) has a vacuum annu-

lus and a heat-mirror. In Section 5.3.1 we described the coordinate geometry

system in which the collector was defined. The conservation of energy for this

collector was discussed in Section 5.3.2, and a conservation of momentum argu-

ment was applied to obtain a depth-dependent velocity profile in the system in

Section 5.3.3. An expression for the source term was identified via a combined

coordinate geometry and calculus method in Section 5.3.4. In Section 5.3.6 we

nondimensionalised the conservation of energy model. The model was governed

by seven dimensionless parameters: two describe the rates of thermal diffusion to

advection, two describe Newton cooling, and three describe radiative heat loss.

We applied realistic parameter values from a case study to investigate the rela-

tive magnitudes of the dimensionless parameters in Section 5.3.5. This analysis

revealed that one of the diffusive terms could be neglected and that the radiative

heat-loss term could be linearised, resulting in a simplified system. The system of

governing equations required a numerical method to obtain an expression for the

outlet temperature. In Appendix C we introduced a modification to the standard

Crank-Nicolson finite difference method which led to more accurate results, due

to non-linearities in the source term.

We varied several of the system’s physical parameters to assess their affect

on collector performance. The NDAPSC model shows qualitative performance

agreement with existing NDAPSC models [28, 38, 42]: efficiency increased with

increasing nanoparticle volume fraction, efficiency decreased with decreasing flow

rates, and efficiency decreased with increasing inlet temperature. More specif-

ically, Collector 4 (a) was the most efficient design at higher particle volume

fractions while Collector 4 (c) was the most efficient design in the case of a pure
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base-fluid. Even though Collector 4 (a) had the highest radiative and convective

thermal losses, it was still more efficient than the other designs when fv > 0.001

because it was more optically efficient. Also, Collector 4 (a) was the most efficient

design when u∗ > 0.0025 ms−1; however, at lower velocities (i.e., hotter operating

conditions) Collector 4 (c) was the most efficient design.

This chapter also explored the performance implications of design choices

such as focal length, aperture width, and receiver radius. The focal length and

aperture width determine φcrit, and we found that collector efficiency declines

approximately linearly as φcrit decreases. We also found that at smaller aperture

widths Collector 4 (c) was the most efficient design, however, when W > 0.07 m

Collector 4 (a) demonstrated superior levels of efficiency. Meanwhile, when ei-

ther R < 0.0038 m or R > 0.01 m, Collector 4 (c) outperformed the other two

collectors.

The parameter space exploration conducted in this chapter suggested that

the optimal collector design largely depends on the operating conditions. Since

Collector 4 (a) was the most optically efficient design, and Collector 4 (c) was the

most thermally efficient design; in general, when greater thermal efficiency was

desirable (i.e., when radiative heat losses are large), Collector 4 (c) outperformed

the other designs. Meanwhile, at lower operating temperatures, greater optical

efficiency was desirable and so Collector 4 (a) outperformed the other designs.

Collector 5

Chapter 6 also modelled a parabolic trough solar collectors, however, this time

we considered Collector 5, a larger, industrial-scale collector. In this chapter we

developed an approximate analytic solution to a three-dimensional model for the

efficiency of a large NDAPSC. The model consisted of a system of partial differ-

ential equations describing the conservation of mass, momentum, and energy. We

obtained a heat source term via the radial flux integral. We expressed the system

in nondimensional form to show that there were four controlling nondimensional

numbers, specifically two describing the heat source, one describing the relative

importance of conduction and advection and three representing the heat loss to

the surroundings. We used a specific case study described in Khullar et al. [29],

to evaluate the relative importance of these nondimensional subgroups under re-

alistic physical conditions. This study showed that two of the nondimensional

numbers have a much lower impact on the performance of the solar collector and
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8.1 Summary of work

we ignored their effects to obtain a leading order approximation of the system.

One of these small dimensionless parameters, 1/Pe, represents the ratio between

thermal diffusion and advection in the downstream direction. Neglecting the sec-

ond small dimensionless parameter, ϕ, allowed us to approximate the radiative

heat loss in the solar collector with a black-body radiation calculation of a body

at the inlet temperature—at leading order, an NDAPSC loses heat at a constant

rate of σεT 4
I . By examining the non-dimensional system we were able to elim-

inate negligible terms and so determine that the temperature increases almost

linearly along the pipe. This has previously been observed both numerically and

via experiments [42].

Previous research has suggested that coating improves efficiency [28, 38, 59].

Our results showed that this was not always the case: for lower temperatures

an uncoated system was more efficient. We provided an equality to determine

when coating was appropriate. We used this inequality to show that as the

solar concentration ratio increases, an uncoated NDAPSC becomes more efficient

than an NDAPSC coated with a heat-mirror; at higher inlet temperatures, the

concentration ratio required for an uncoated NDAPSC to be more efficient than

a coated NDAPSC increases. Whilst there were existing frameworks for assessing

a heat-mirror’s performance, this inequality did not appear anywhere else in the

literature and should be considered extremely informative for NDAPSC design.

Collector 6

In Chapter 7 we proposed a time-dependent, three-dimensional model for the

efficiency of Collector 6 (which was an NDAPSC under a turbulent flow regime).

The model consisted of a system of equations: a partial differential equation

describing the conservation of energy, and a time-dependent radiative transport

equation describing the propagation of solar radiation through the nanofluid.

Writing the model in dimensionless form revealed four controlling dimensionless

numbers: one describing the relative importance of conduction and advection and

three describing the heat loss to the surroundings. Realistic parameter values

were applied to reduce the model further and this indicated that two of the

dimensionless groups had a much lesser impact on the performance of the solar

collector. In Section 7.2.6 we obtained an analytic expression for the temperature

in the collector by solving the dimensionless conservation of energy equation via

the method of characteristics. This expression for the temperature was then used
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8. FURTHER DISCUSSION

to obtain collector efficiency and assess the collector performance under various

operating conditions in Section 7.2.8.

Although the model is presented in a generalised time-dependent form, for

demonstration purposes presented two realistic time-dependent scenarios. Sce-

nario 1 demonstrates dynamic cloud cover, and Scenario 2 demonstrates the vari-

ation of solar intensity at different times of the day. We used Scenario 1 to

highlight how an instantaneous measure of efficiency may be misleading and lead

to non-physical results (η > 1), and we used Scenario 2 to illustrate how weather

forecasting can be used to decide when to begin and end an NDAPSCs daily

operation cycle. We also varied several of the system’s physical parameters to

assess their affect on collector performance. The NDAPSC model showed that

the overall energy output decreased as R increased, and furthermore, the param-

eter space exploration showed qualitative performance agreement with existing

NDAPSC models [28, 38, 42]: efficiency increased with increasing nanoparticle

volume fraction, efficiency decreased with decreasing flow rates, efficiency de-

creased with increasing inlet temperature, and heat-mirrors sometimes (but not

always) enhanced collector efficiency.

Scenario 1 highlighted the superiority of a time-dependent model over a steady

state model. The system’s temperature entered a period of rapid transition im-

mediately after a cloud passed over the receiver—none of the existing steady-state

models could accurately predict an NDAPSC’s temperature profile while the solar

intensity is rapidly changing, thus emphasising the value of the model proposed

in this chapter.
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8.2 Objective review

Recall from Chapter 1 where we defined the following research objectives:

1. Complete a literature review of nanofluids and NDASCs,

2. Identify opportunities for future research in this field,

3. Formulate useful mathematical models for NDASCs.

In this section we critically evaluate our thesis through the lens of these three

objectives.

Nanofluid-based direct absorption solar collectors are a relatively new technol-

ogy, and the scientific literature surrounding them is evolving at a rapid pace. As

a result, Objective 1 has been an ongoing pursuit throughout the entire project;

over 20% of the literature cited in this thesis was published since we began our

initial research.

When we started modelling Collector 1, there were no existing analytic mod-

els for a parallel-plate NDASC that included a depth-dependent velocity profile.

We modelled Collector 1 with a view towards filling this significant gap in the

literature. However, while we were working on this model, Lee and Jang [36]

published a paper that included a similar modelling approach to ours, thus re-

ducing the novelty of our model for Collector 1. Initially, this was a discouraging

revelation; however, we took some encouragement from knowing our intuition

about the direction of future research was correct.

We began Chapter 3, by outlining the existing literature surrounding a parallel

plate NDASC with a reflective base panel. This literature review highlighted the

potential for an analytic model to bolster existing experimental and numerical

modelling efforts; we felt that such a model would fill a relavent gap in the

literature and be a valuable asset for future researchers. The analytic model

proposed for Collector 2 showed: how Collector 2 was a superior NDASC design

to Collector 1, how the temperature of the source of incoming radiation affected

collector performance, and how the reflected radiation could be approximated

using the method outlined in Cregan and Myers [10]. Moreover, this analytic

model allowed for an extensive exploration of the parameter space—a process

which would have been cost prohibitive to achieve experimentally. These are

useful results, and we aim to publish them in some form over the coming months.
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8. FURTHER DISCUSSION

Collector 3 was a new NDASC design; while this collector did not appear in

previous literature, it was connected to past research in that it was an unfruitful

attempt to improve on some of the shortcomings of Collectors 1 and 2. In retro-

spect, this collector’s design flaws seem obvious. If one increases the surface area

across which heat loss takes place, one would expect greater levels of heat loss;

furthermore, if one decreases the incoming radiation’s path-length, one would ex-

pect less of the incoming radiation to get attenuated. However, these phenomena

did not become apparent to us until we modelled this collector; thus, the mod-

elling exercise was a valuable learning experience. The model for Collector 3 was

useful in the sense that it informed our design for Collector 4—a much-improved

solar collector over Collector 3.

While Collector 4 was another new NDASC design, previous nanofluid-based

direct absorption parabolic trough solar collectors had been studied in the liter-

ature, and so the model used to describe this was mostly informed by existing

research. Although, we had to make assumptions or adjust our aims where there

was no existing research. The model proposed for Collector 4 was recently sub-

mitted for publication and is currently under review. We also achieved two sec-

ondary research outcomes while modelling Collector 4. Heat-mirrors were clearly

under-served by the literature, and so, although it was not the primary focus

of this thesis, we introduced a mathematical method for describing the optical

properties an ideal heat-mirror; this result will undoubtedly be useful to future

scientists in that ‘up-and-coming’ area of research. We discuss this further in

Appendix B. Also, Collector 4’s source term was highly non-linear, and this lead

to computational inaccuracies. We proposed a novel alternative to the standard

Crank-Nicolson method which anticipates (and corrects) errors arising from a

discretisation of the non-linear source term. This result is discussed further in

Appendix C.

We decided to model Collector 5 while we were reading about NDAPSCs for

Collector 4’s model. Larger NDAPSCs appear more often in the recent literature

than low-profile NDAPSCs—industrial-scale NDAPSCs are a more active area

of research. However, the research in this field was mostly experimental (with

some numerical treatments). The model we proposed for Collector 5 was the first

entirely analytic treatment an industrial-scale NDAPSC. Since this is such an

active area of research, we felt that the model for Collector 5 would be beneficial
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for both, existing, and future scientists, and accordingly, it was featured in an

article that was published in Solar Energy.

The model describing Collector 6, built upon the model describing Collector

5 by introducing a time-dependent source of heat. We noted from Kolb [31]

how a solar collector must, by its nature, operate cyclically. NDASCs experience

fluctuating operating temperatures; however, this effect had not been studied in

the literature. The model used to describe and assess Collector 6 was recently

submitted for publication and is currently under review. We anticipate that this

time-dependent model will be an important contribution to the literature.

Although the research in this thesis has addressed several significant gaps in

the literature, future complimentary work could be extremely valuable to the

field of NDASC design. We note that even though one-dimensional parameter

studies are conducted on each model in this thesis, the results of these studies are

somewhat limited since they only focus on optimising receiver efficiency and outlet

temperature. We anticipate that the mathematical models proposed in this thesis

could be used within formal multi-objective optimisation processes which seek to

identify optimal collector designs. (Multi-objective design optimisation has pre-

viously been implemented in the design of solar-powered irrigation systems, see

Ganesan et al., [17].) Before looking for optimal collector designs, one would need

to identify the characteristics which contribute the most to the overall value of the

design. For example, a good design may involve multiple criteria/objectives such

as manufacturing cost, operating cost, expected life-cycle, receiver efficiency, out-

let temperature, etc. Also, we note that some of these objectives are conflicting:

as an NDASC’s operating temperature increases, its receiver efficiency typically

decreases. Furthermore, if an NDASC was to be used in conjunction with a

Carnot heat engine to generate electricity, its Carnot efficiency would increase

and its receiver efficiency would decrease, as its operating temperatures increases

(see Figure 9 from veeraragavan et al. [66] for an illustration of the relationship

between receiver efficiency and Carnot efficiency). Therefore, optimisation search

algorithms such as conjugate gradients or combinations of design of experiments

and meta-modelling approaches may be needed to find optimal NDASC designs.

This thesis solely focuses, on calculating receiver efficiency and outlet temper-

ature, therefore, in order to find optimal collector designs, further work would

be needed to define and calculate: manufacturing cost, operating cost, expected

life-cycle, etc.
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8. FURTHER DISCUSSION

So far, research in this thesis has been the subject of: one published journal

article, one published conference paper, two journal articles (currently under

review), one chapter of a book (to be submitted for publication in late 2018), six

conference presentations, and three informal talks. Looking forwards, we identify

the following as opportunities for further research output:

• Improved solar collector designs,

• Experimental validation/invalidation of existing models,

• Time-dependent modelling of NDASCs under laminar flow,

• Further improvements to numerical solution methods,

• Better heat-mirrors.
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APPENDIX A

ALTERNATIVE EXPRESSION OF

HYPER-GEOMETRIC FUNCTION

While the Dν(x) notation can be used to express the analytic solution for (2.2.41),

using this notation in Matlab is made difficult due to the lack of inbuilt functions.

Ambramowitz and Stegun [1] introduce an alternative notation whereby solutions

to g′′(x)−
(

1
4
z2 + a

)
g(x) = 0, can be expressed in the form g(x) = K1U(a, x) +

K2V (a, x) where

U(a, x) = D−a− 1
2
(x),

V (a, x) =
1

π
Γ

(
1

2
+ a

){
sin πa ·D−a− 1

2
(x) +D−a− 1

2
(−x)

}
.

Using this notation,

T (x, z) = w(z)+

∞∑
n=1

[
Cn exp(−λp2

nx)

[
U

(
−pn

8
,
√

2pn

[
z − 1

2

])
+K3V

(
−pn

8
,
√

2pn

[
z − 1

2

])]]
.

The weight function in this Sturm-Liouville problem which is defined by g′′(x)−(
1
4
z2 + a

)
g(x) = 0, is

(
1
4
z2 + a

)
and so orthogonality requires∫ 1

0

(
1

4
z2 + a

)
gngm dz = 0 (A.0.1)
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for n 6= m. The series coefficient Cn is determined, after imposing the initial

condition and the constants, K3 is obtained by applying the boundary conditions:

K3 =
U ′
(−pn

8
,
√

2pn
[
z − 1

2

])
V ′
(−pn

8
,
√

2pn
[
z − 1

2

])∣∣∣∣
z=0

, (A.0.2)

Cn =−
∫ 1

0
w(z)

(
1
4
z2 − pn

8

) [
U
(−pn

8
,
√

2pn
[
z − 1

2

])
+K3V

(−pn
8
,
√

2pn
[
z − 1

2

])]
dz∫ 1

0

(
1
4
z2 + a

) [
U
(−pn

8
,
√

2pn
[
z − 1

2

])
+K3V

(−pn
8
,
√

2pn
[
z − 1

2

])]2
dz

,

(A.0.3)

where the eigenvalues, pn satisfy[
U ′
(
−pn

8
,
√

2pn

[
z − 1

2

])
+K3V

′
(
−pn

8
,
√

2pn

[
z − 1

2

])]∣∣∣∣
z=0

= Nu

[
U

(
−pn

8
,−
√
pn
2

)
+K3V

(
−pn

8
,−
√
pn
2

)]
.

(A.0.4)

Luckily, we can obtain Matlab functions for U(a, x), V (a, x), U ′(a, x), and V ′(a, x)

thanks to Cojocaru [7], so we use this formulation of the analytic solution in

Section 2.2.10.

Alternatively one might solve (2.2.41) via a series solution—the method ap-

plied by Lee and Jang [36]. We assume that g(z) can be expressed with the power

series

g(z) =
∞∑
n=0

Anz
n. (A.0.5)

Therefore, (2.2.41) can be written as

∞∑
n=0

(n+ 2)(n+ 1)An+2z
n + p2

n

∞∑
n=1

An−1z
n − p2

n

∞∑
n=2

An−2z
n, (A.0.6)

and so g(z) can be represented with a linear combination of g0(z) and g1(z) where

g0(z) =1− p2
n

3!
z3 +

2p2
n

4!
z4 +

4p4
n

6!
z6 − 30p4

n

7!
z7 +

60p4
n

8!
z8 − 28p6

n

9!
z9 + ... , (A.0.7)

g1(z) =z − 2p2
n

4!
z4 +

6p2
n

5!
z5 +

10p4
n

7!
z7 − 96p4

n

8!
z8 +

252p4
n

9!
z9 + ... . (A.0.8)
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Overall, the temperature of the nanofluid is given by

T (x, z) =
∞∑
n=0

[
Cne−p

2
nγx (g0(z) +K3g1(z))

]
+ w(z). (A.0.9)

The constant K3 = −g′0(1)/g
′
1(1) is obtained via the boundary condition at z = 1.

The eigenvalues (p2
n) satisfy the boundary condition at z = 0 i.e.,

K3 = Nu
(
g0(0) +K3g

′

1(0)
)
. (A.0.10)

The series coefficients are then determined, after imposing the initial condition

and so

Cn = −
∫ 1

0
w(z)(z − z2) (g0(z) +K3g1(z)) dz∫ 1

0
(z − z2) (g0(z) +K3g1(z))2 dr

. (A.0.11)
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APPENDIX B

IDEAL HEAT-MIRRORS

Assuming that the spectral intensity of incoming solar radiation at a heat-mirror’s

surface, J∗s , is known and is normal to the receiver, this spectral irradiance is

approximated via Planck’s black-body relation and can be expressed as

J∗s =
2hc2ΩSSAttCA

λ5
(

exp
(

hc
λkBT

∗
S

)
− 1
) . (B.0.1)

The spectral irradiance of outgoing black-body radiation, J∗Bb, and incoming am-

bient black-body radiation, J∗A, are also approximated in the same manner, i.e.,

J∗Bb =
2πhc2

λ5
(

exp
(

hc
λkBT

∗
Bb

)
− 1
) , J∗A =

2πhc2

λ5
(

exp
(

hc
λkBT

∗
A

)
− 1
) , (B.0.2)

where T ∗Bb is the temperature of the black-body, and T ∗A is the ambient tempera-

ture.

A heat-mirror must maximise its transparency for incoming radiation while

maximising its reflectivity for outgoing black-body emissions. Therefore, an ideal

heat-mirror has 100% transmissivity (τ = 1), across wavelengths where the in-

coming radiation has a greater spectral intensity than the outgoing black-body

radiation, i.e., J∗s (λ) + J∗A(λ) > J∗Bb(λ); it also has 100% reflectivity (ε = 0),

across the wavelengths where black-body radiative emissions exceed incoming ra-

diation, i.e., J∗s (λ) + J∗A(λ) < J∗Bb(λ). (Figure B.1(b) demonstrates how an ideal

heat-mirror selectively transmits and reflects incoming radiation depending on its
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wavelength.) More specifically, the spectral dependent optical properties of an

ideal heat-mirror are

τ(λ) =


0 if λ > λcrit

1 if λ ≤ λcrit,

(B.0.3)

and

ε(λ) =


1 if λ > λcrit

0 if λ ≤ λcrit,

(B.0.4)

where λcrit satisfies

(B.0.5)

2hc2ΩSSAttCA

λ5
crit

(
exp

(
hc

λcritkBT
∗
Sun

)
− 1

) +
2πhc2

λ5
crit

(
exp

(
hc

λcritkBT
∗
A

)
− 1

)
=

2πhc2

λ5
crit

(
exp

(
hc

λcritkBT
∗
Bb

)
− 1

) .
We illustrate an example of the two potential spectral intensities, J∗s (λ) + J∗A(λ),

and J∗Bb(λ), in Figure B.1(a). In Region I, λ ≤ λcrit, and the transmissivity is

maximised, while in Region II the reflectivity is maximised.

λ

J0

*

λ

J0

*

λ

J0

*

Ideal Heat Mirror

Incoming radiation

Reflected radiation

Unreflected radiation

(a) (b)

Figure B.1: (a) Spectral intensity of J∗s (λ) + J∗A(λ) (dashed line) and J∗Bb(λ)
(dotted line) versus wavelength where TS = 5505 ◦C, T ∗Bb = 250 ◦C, and T ∗A = 30 ◦C
the total solar intensity at the surface of the receiver is 5000 W/m2, and λcrit =
2.81 × 10−6 m, and (b) Illustration of the selective reflectivity and transmittance
of an ideal heat-mirror.
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The EFS framework enables us to easily compare two different heat-mirrors

against each other; however, since the optical properties of an ideal heat-mirror

are not explicitly defined in the literature, the maximum possible EFS score is

unknown—this value would be a useful tool for evaluating heat-mirrors further

and understanding the scope for future performance improvements. Even an

ideal heat-mirror can not reflect all of the outgoing black-body radiation while

simultaneously letting all of the incoming solar radiation through. We note from

Figure B.1(a) that the spectral radiance of G∗s in Region I is non-zero and so

some of the incoming solar radiation will be reflected. Similarly, the spectral

radiance of G∗Bb is non-zero in Region I and so some of the emitted black-body

radiation exits the receiver. In the case of an ideal heat-mirror, the effective solar

transparency and the effective infra-red emissivity of a heat-mirror, as defined by

Fan and Bachner [16], are simplified to

τeff =

∫ λcrit
0 G∗s(λ) dλ∫∞

0
G∗s(λ) dλ

, εeff =

∫ λcrit
0 G∗Bb(λ) dλ∫∞

0
G∗Bb(λ) dλ

, (B.0.6)

with analytic solutions

τeff =
15

π4

∞∑
n=1

exp (−nxs)
(
x3
s

n
+ 3

x2
s

n2
+ 6

xs
n3

+
6

n4

)
, (B.0.7)

for xs = hc/(λcritkBTs) and

εeff =
15

π4

∞∑
n=1

exp (−nxBb)
(
x3
Bb

n
+ 3

x2
Bb

n2
+ 6

xBb
n3

+
6

n4

)
, (B.0.8)

for xBb = hc/(λcritkBT
∗
Bb). An ideal heat-mirror for the example shown in Figure

B.1(a) has an effective solar transparency of τeff = 0.9711 and effective infra-red

emissivity εeff = 0.0077.

Both the incoming solar radiation intensity and the temperature of the black-

body affect λcrit, and this relationship is not necessarily intuitive from first glance

of (B.0.5) (which must be solved numerically). Figure B.2 shows the spectral ra-

diance versus wavelength for incoming solar energy at 500 W/m2 (dot-dashed

grey lines), 1000 W/m2 (dashed grey lines), 2000 W/m2 (solid grey lines), and

outgoing black-body radiation (solid black lines), (a) T ∗Bb = 250 oC, and (b)

T ∗Bb = 50 oC. As the intensity of the incoming solar radiation increases, λcrit also
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increases; in Figure B.2a when G∗s = 500 W/m2, λcrit = 2.2×10−6 m; meanwhile,

when G∗s = 2000 W/m2, λcrit = 2.53 × 10−6 m, an 15% increase. Similarly in

Figure B.2b when G∗s is increased from 500 W/m2 to 2000 W/m2, λcrit increases

from 4.08 × 10−6 m to 4.85 × 10−6, an 15.7% increase. Meanwhile, the temper-

ature of the black-body has the opposite affect on λcrit, as T ∗Bb decreases, λcrit
increases. For example, in Figure B.2 (a) when G∗s = 500 W/m2 and T ∗Bb = 250
0C, λcrit = 2.2 × 10−6 m; meanwhile, in Figure B.2 (b), when G∗s = 500 W/m2

and T ∗Bb = 50 0C, λcrit = 4.08× 10−6 m, an increase of 85.5%.

(a) (b)

Figure B.2: Spectral radiance versus wavelength for incoming solar radiation at
intensities of 500 W/m2 (dot-dashed grey lines), 1000 W/m2 (dashed grey lines),
2000 W/m2 (solid grey lines), and outgoing black-body radiation (solid black lines),
(a) T ∗Bb = 250 oC, and (b) T ∗Bb = 50 oC.

The results shown in Figure B.2 are generalised in Figure B.3, which offers

a more comprehensive illustration of how λcrit varies across incoming radiative

intensity for T ∗Bb = 250 oC (solid black line), T ∗Bb = 200 oC (dot-dashed black

line), T ∗Bb = 150 oC (dashed black line), T ∗Bb = 100 oC(dotted black line), and

T ∗Bb = 50 oC (solid grey line). We note that λcrit clearly increases both as the

temperature decreases and the intensity of incoming radiation increases.
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Figure B.3: Critical wavelength for an ideal heat-mirror versus incoming radiative
intensity for T ∗Bb = 250 oC (solid black line), T ∗Bb = 200 oC (dot-dashed black line),
T ∗Bb = 150 oC (dashed black line), T ∗Bb = 100 oC(dotted black line), and T ∗Bb = 50
oC (solid grey line).

The effective solar transparency and effective infra-red emissivity depend on

the critical wavelength; it follows that τcrit and εcrit also vary across different

incoming radiative intensities and different black-body temperatures. Figure B.4

illustrates how τeff varies across incoming radiative intensity when T ∗Bb = 250 oC

(solid black line), T ∗Bb = 200 oC (dot-dashed black line), T ∗Bb = 150 oC (dashed

black line), T ∗Bb = 100 oC(dotted black line), and T ∗Bb = 50 oC (solid grey line).

Initially the effective solar transparency rises rapidly as the incoming radiative

intensity increases before plateauing as τeff → 1. The effective transparency de-

creases as T ∗Bb increases; as the black-body’s temperature increases, its spectral

radiance is shifted towards shorter wavelengths and overlaps more with the spec-

tral radiance of solar radiation. Thus, as T ∗Bb increases, λcrit is shorter and so

more of the incoming solar energy is reflected.
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Figure B.4: Effective solar transparency of an ideal heat-mirror versus incoming
radiative intensity for T ∗Bb = 250 oC (solid black line), T ∗Bb = 200 oC (dot-dashed
black line), T ∗Bb = 150 oC (dashed black line), T ∗Bb = 100 oC(dotted black line),
and T ∗Bb = 50 oC (solid grey line).

Figure B.5 illustrates how εeff varies across incoming radiative intensity for

T ∗Bb = 250 oC (solid black line), T ∗Bb = 200 oC (dot-dashed black line), T ∗Bb = 150
oC (dashed black line), T ∗Bb = 100 oC(dotted black line), and T ∗Bb = 50 oC (solid

grey line). The effective infra-red emissivity of an ideal heat-mirror is very small

across all temperatures and when the intensity of incoming radiation is 1000

W/m2, it decreases from εeff = 0.0225 at T ∗Bb = 50 oC to εeff = 0.003 at T ∗Bb =

250 oC. Interestingly, εeff increases as the intensity of incoming solar radiation

increases, however this increase is faster when T ∗Bb is lower. At G∗s = 100, 000

W/m2, εeff decreases from 0.75 → 0.147 as T ∗Bb decreases from 250 → 50 oC.

We note that a black-body emits less overall electromagnetic radiation as its

temperature decreases; so, although the emissivity of an ideal heat-mirror is larger

at lower temperatures, the overall radiation emitted is still lower as T ∗Bb decreases.
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Figure B.5: Effective infra-red emissivity of an ideal heat-mirror versus incoming
radiative intensity for T ∗Bb = 250 oC (solid black line), T ∗Bb = 200 oC (dot-dashed
black line), T ∗Bb = 150 oC (dashed black line), T ∗Bb = 100 oC(dotted black line),
and T ∗Bb = 50 oC (solid grey line).
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APPENDIX C

IMPROVED NUMERICAL SCHEME

FOR MODELLING COLLECTOR 4

This section discusses the finite difference scheme used to obtain a numerical

expression for the temperature of the nanofluid as it flows through the collector.

We discretise the partial differential equation which describes conservation of

energy in the system, (5.3.32), to obtain

1

∆x

(
r2
i −r4

i

) (
T n+1
i,j −T ni,j

)
=

γ

2∆r2
r2
i

(
T n+1
i+1,j−2T n+1

i,j +T n+1
i−1,j+T

n
i+1,j−2T ni,j+T

n
i−1,j

)
+

γ

4∆r
ri
(
T n+1 − T n+1

i−1,j + T ni+1,j − T ni−1,j

)
+

γ

2∆φ2

(
T n+1
i,j+1 − 2T n+1

i,j + T n+1
i,j−1 + T ni,j+1 − 2T ni,j

+ T ni,j−1

)
+ r2

i qi,j,

(C.0.1)

which holds for i = 1, ...I − 1, j = 1, ...J − 1, and n = 1, ...N . The continuous

functions Gs,1(φ) and Gs,2(φ) are similarly discretised to obtain

Gs,1,j =


0 if φj > φcrit

1
sinφj−1

if φj ≤ φcrit,

(C.0.2)
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Gs,2,j =


0 if φj < −φcrit

1
sin(−φj)−1

if φj ≥ −φcrit,

(C.0.3)

which appear in the discretised source term

qi,j =
1

ri

(
Gs,1,j(

1 + β0

2
(1− ri)

)β1+1
+

Gs,2,j(
1 + β0

2
(1 + rj)

)β1+1

)
. (C.0.4)

The boundary condition at i = I, (5.3.34), is

(C.0.5)

1

2∆x

(
T n+1
I,j − T

n+1
I−1,j + T nI,j − T nI−1,j

)
= −Nu

2

(
T n+1
I,j + T nI,j

)
− NuT̂

+ γ̂
(

1−
(
λ+ ϕT nI,j

)4
)
,

which holds for j = 1, ...J − 1, and n = 1, ...N . This expression includes a slight

modification of the Crank-Nicolson method in order to approximate (λ + ϕT )4

(the nonlinear term from (5.3.34)), with (λ+ϕT nI,j)
4. We note that this nonlinear

term can also be approximated using a linearisation, which allows an unmodified

Crank-Nicolson method.

Due to the singular nature of (5.3.32) at r = 0, we approximate the boundary

condition at i = 0 with

1

2

(
T n+1

0,j + T n0,j
)

=
1

2I

I∑
i=0

(
T n+1

1,j + T n1,j
)
. (C.0.6)

Also, symmetry of the system at j = 0, J is expressed with the boundary condi-

tions
1

2∆φ

(
T n+1
i,1 − T n+1

i,0 + T ni,1 − T ni,0
)

= 0, (C.0.7)

and
1

2∆φ

(
T n+1
i,J − T

n+1
i,J−1 + T ni,J − T ni,J−1

)
= 0 (C.0.8)

respectively.

The heat source term q(φ, r) in the governing temperature equation (5.3.43)

is highly nonlinear in φ and r; as such, careful consideration must be taken when

choosing ∆φ and ∆r so that this source term is appropriately discretised. One

way to accurately discretise q(φ, r) is to increase I, J , and N , thus, making the
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mesh finer. However, as we do this the problem becomes more difficult to solve

due to its increasing computational intensity. So, rather than increase the mesh

resolution, we alter the Crank-Nicholson method to make it more accurate for

coarser meshes. We do this by anticipating, and correcting for, the errors which

emerge as a result of discretising the source term. More specifically, we use the

Trapezoidal rule to ensure that the overall amount of energy entering the system

is accurate. Let {xk} be a partition of [a, b] such that a = x0 < x1 < ... < xN−1 <

xN = b and ∆xk be the length of the k-th subinterval, then the Trapezoidal rule

states that ∫ b

a

f(x) dx ≈
N∑
k=1

f(xk−1) + f(xk)

2
∆xk. (C.0.9)

Therefore, we introduce a new term called the fraction error, Fe, which is defined

such that Fe is the exact integral of a function divided by the numerical integral

of its discretisation (which is calculated via the Trapezoidal rule), i.e.,

Fe =

∫ b
a
f(x) dx∑N

k=1
f(xk−1)+f(xk)

2
∆xk

, (C.0.10)

or equivalently

Fe

N∑
k=1

f(xk−1) + f(xk)

2
∆xk =

∫ b

a

f(x) dx. (C.0.11)

We recall how Gs,1 is discretised by (C.0.2); since Gs,1 is a piecewise function with

a discontinuity at φcrit, the associated fraction error, Fe,1, is very sensitive to

changes in ∆φ (for example, when φcrit = −0.6435, and J = 18, Fe,1 = 0.8998).

To overcome this issue, we discretise Gs,1(φ) with

Gs,1,j =


0 if φj > φcrit

Fe,1
sinφj−1

if φj ≤ φcrit.

(C.0.12)

This discretisation ensures that the numerical approximation of
∫ π/2
−π/2Gs,1(φ) dφ

does not vary much across different values of J . Therefore, (C.0.12) is a better

approximation of Gs,1(φ) than (C.0.2) for smaller values of J because it does

not overestimate/underestimate the overall amount of solar energy entering the
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system. Figure C.1 compares the two different discretisations of Gs,1(φ) when

J = 18. The standard method gives a more accurate approximation of Gs,1(φ)

than the fraction error method; however, the standard method does not pro-

vide an accurate approximation of the total amount of energy entering the sys-

tem due to the discontinuity at φ = φcrit. As a result, if one was to evaluate∫ π/2
−π/2Gs,1(φ) dφ using (C.0.2), they would overestimate the overall amount of

solar radiation entering the system by 11%. On the other hand, (C.0.12) ap-

proximates the integral
∫ π/2
−π/2Gs,1(φ) dφ quite well even though, when φ < φcrit,

Gs,1(φ) is underestimated. We note that in this figure, the exact analytic func-

tion for Gs,1(φ) is approximated by a discretisation when J = 1000 (as J → ∞,

Fe → 1).

−π/2 −π/4 0 π/4 π/2

φ

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

G
s
,1
(φ

)

J=1000
J=18, Original method
J=18, Fraction error method

Figure C.1: Discretisation of Gs,1(φ) versus φ for φcrit = −0.6435. Gs,1(φ) is
discretised with (C.0.2) and J = 1000 (solid line), (C.0.2) and J = 18 (dashed
line), and (C.0.12) and J = 18 (dot-dashed line).

Note that we also use the ‘fraction error method’ to discretise Gs,2(φ). The

fraction error method is extremely useful for improving the standard Crank-

Nicolson approach as it is applied to this model. Figure C.2 compares the fraction

error method to the standard method across two different values for φcrit. Fig-

ure C.2(ii) has the same φcrit as Figure C.1, and in Figure C.2(i) φcrit = 0. We

note that in the standard method, collector efficiency is very sensitive to changes
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in J . Although, this sensitivity decreases as J increases and Fe → 1, the stan-

dard method does not converge to a solution before J = 100. In contrast, the

fraction error method converges to an accurate solution at much lower values

of J . Interestingly, the example depicted Figure C.2(i) has a standard solution

which is very accurate when J is even and very inaccurate when J is odd. In

this example φcrit = 0 and lies exactly halfway between −π/2 and π/2; there-

fore, when J is even, φcrit = 0 lies exactly halfway between φJ/2 and φJ/2+1,

and so the trapezoidal rule gives a good approximation of
∫ π/2
−π/2Gs,1(φ) dφ and∫ π/2

−π/2Gs,2(φ) dφ. Meanwhile, when J is odd, φcrit = 0 lies exactly on φ(J+1)/2, and

so the trapezoidal rule gives a rather erroneous approximation of
∫ π/2
−π/2Gs,1(φ) dφ

and
∫ π/2
−π/2Gs,2(φ) dφ.
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Figure C.2: Efficiency of Solar Collector I versus J for the original Crank-
Nicholson method (dot-dashed lines), and the modified Crank-Nicholson method
(solid lines); (i) focal length = 0.0375, and (ii) focal length = 0.075.
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APPENDIX D

ALTERNATIVE ANALYTIC

EXPRESSION FOR

TIME-DEPENDENT TEMPERATURE

IN SCENARIO 2

In Scenario 2, since the nanofluid flows through the collector at a velocity of

0.237 m s−1, it is only in the receiver for 33.76 seconds, which is a relatively short

duration compared to the overall length of a day. The solar intensity given by

(7.2.20) changes on a time-scale of hours rather than seconds, i.e., it is approx-

imately constant over any period of 33.76 seconds. Thus, we assume that the

system is approximately steady-state, i.e.,

∂T

∂t
≈ 0. (D.0.1)

Using this assumption conservation of energy in the system given by (7.2.16)

reduces to

Tx = Gs(t) + γ − τ 4. (D.0.2)

Integrating both sides of (D.0.2) and applying the initial condition, T (x = 0) = 0,

yields

T (x, t) =
(
Gs(t) + γ − τ 4

)
x. (D.0.3)
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D. ALTERNATIVE ANALYTIC EXPRESSION FOR TIME-DEPENDENT
TEMPERATURE IN SCENARIO 2

The error associated with using this expression of temperature rather than the

full expression, (7.2.20), is given by

Error (%) = 100

(
T1 − T
T1

)
, (D.0.4)

where T1 is the temperature given by (7.2.20), and T is the approximation given

by (D.0.3). Figure D.1 shows that (D.0.3) works well over the course of a day—

max(|Error|) < 0.05%.
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Figure D.1: Error arising from the assumption that the pipe is running at a
steady-state where fv=0.006, R = 0.035m, L = 8m, and CA = 71.43.
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