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Abstract—We consider the synthetic aperture radar experi-
ment in which waves, simultaneously emitted from a pair of
stationary emitters, are scattered by objects and measured by a
receiver that makes multiple passes over the scattering region. In
such problems, the possibility for passive, background signals to
be recorded during a radar experiment and corrupt the image is
often neglected. Our work addresses this by considering the two
emitters to be ‘always on’ so there is the potential for ‘crosstalk’
between their signals. Closely related is passive radar imaging,
where the goal is to produce a high-quality image purely from
background signals, for which our analysis is also applicable.

We use a single-scattering model for the radar data recorded
from two emitters and assume that the data cannot be separated
into the parts recorded from each individual emitter. Backprojec-
tion of the data leads to artifacts and we determine their positions
in the image relative to the scatterers that produced them. We
develop two methods that mitigate these artifacts; a technique
utilising a carefully designed data acquisition geometry and an
image processing technique that displaces artifacts away from a
region of interest (ROI). We describe the necessary conditions
for these methods to be applicable and discuss their limitations.

I. INTRODUCTION

Traditional synthetic aperture radar (SAR) [1], [2], [3], [4] is
a remote sensing technique used to create images of objects or
environments with high spatial resolution. To do this, a plane
or satellite carrying a transceiver moves along a flight track
while the antenna emits and receives pulses of electromagnetic
(EM) radiation. The emitted pulses scatter from the terrain and
are detected again at the antenna. These measurements are
called range profiles. These range profiles associate the two-
way travel time, 2t, of the backscattered waves with objects
that are a distance of c0t from the antenna (where c0 is the
speed of light). Range profiles are collected at all points along
the flight track, and this is what makes up the radar data.
The goal of radar imaging is to then use the range profiles to
produce a reconstruction of the terrain or landscape (scene)
that resulted in this data.

The assumption is often made that only the signal from
one’s own antenna is measured during a radar experiment.
In practice, however, there can be signals from various back-
ground sources that will also be recorded. This is especially
true when imaging in urban environments, where there is a
higher density of background signals (such as those from
radio towers, etc.) present. In this article we account for

such background signals by considering a multistatic SAR
setup where range profiles from two stationary sources of
illumination are measured by a single moving receiver. The
emitters are assumed to be active simultaneously and that
the data cannot be separated back into the contributions from
each emitter. This experiment is relevant in contexts such as
bistatic radar, where an uncontrolled signal is recorded during
the experiment and corrupts the data. Our analysis is also
applicable in passive radar imaging, where one wishes to use
only background signals that cannot be controlled to create
an accurate image. The receiver makes multiple passes over
the scattering region and collects range profiles from various
angles. As we have access to data from multiple passes, we
expect to create a three-dimensional reconstruction of the
scattering region [1].

Most of the features important in imaging are the points and
edges between different media where scattering occurs. From
a mathematical perspective, such features are modelled as a
type of singularity. Microlocal analysis [5], [6], [7], [8], [9]
is a mathematical theory that describes how singularities are
propagated by a certain class of operators known as Fourier
integral operators (FIOs). By writing the model for the radar
data in terms of an FIO, microlocal analysis provides us with a
framework that allows us to associate singularities in the range
profiles with the objects in the scattering region that produced
them. Microlocal inversion methods operate by migrating the
singularities in the radar data back to the correct position of the
associated object in the scene. An image of the singularities
will consist of the sharp features and edges in the scene such as
walls, buildings, and vehicles. When such an inversion method
migrates singularities incorrectly, an artifact appears in the
image, which is the false appearance of an object in the image
that is not present in the scene.

We use microlocal analysis to gain insight into the artifacts
caused by crosstalk between emitters. By crosstalk we refer to
scenarios wherein data recorded from one emitter is incorrectly
perceived as being a signal received from the other emitter.
This problem occurs when the data cannot be separated into
the parts corresponding to the contributions from each source.
This leads to the incorrect migration of singularities and
results in artifacts. Using microlocal methods, we determine
the locations of such artifacts in the image. We then develop



two methods that mitigate the effects of these artifacts when
imaging a ROI. The first of which is by carefully designing
the data acquisition geometry in relation to the positions of the
emitters. In this way, a slab shaped ROI between an arbitrary
minimum and maximum height, is imaged without artifacts.
We also describe a second approach where, under certain
conditions, it is possible to construct a series of operators,
similar to in [10], that process the image by displacing artifacts
progressively further away from the ROI.

Section II describes the forward scattering model for a pair
of stationary emitters, exhibits the forward model operator as
an FIO and then provides some background on concepts from
microlocal analysis. In section III we show how images are
formed from the radar data and what features to expect in these
images. Finally, section IV describes how ‘crosstalk’ artifacts
may be avoided when imaging a ROI.

II. FORWARD MODEL & BACKGROUND

We begin by presenting the forward model of the radar data
and then providing some background material on microlocal
analysis that is necessary for discussions throughout the article.

A. Forward model

The basis for our model of wave propagation is the scalar
wave equation. We let the positions of the two station-
ary emitters be E1 and E2 respectively. The radar data is
composed of measurements of the scattered field, made at
positions of the receiver on the flight track, parameterised by
{γ(r) = (r1, r2, h) | rmin

1 < r1 < rmax
1 , rmin

2 < r2 < rmax
2 }.

Then, under the Born approximation, we have the following
expression [1] for the measurement of the scattered wave at
receiver location γ(r) and time t,

U sc(r, t) ≈
∫ (e−iω(t−(|x−γ(r)|+|x−E1|)/c0)

(4π)2|x− E1|

+
e−iω(t−(|γ(r)−x|+|x−E2|)/c0)

(4π)2|x− E2|

) ω2m(r, t)

|x− γ(r)|
V (x)dωdx. (1)

In the above equation V (x) = c−2
0 − c−2(x) is the re-

flectivity function which contains information about how the
velocity of waves in a medium located at position x differs
from its speed in free space. It is the singularities of V (x)
that correspond to the boundaries between materials in the
scattering region and it is these singularities that we will aim
to reconstruct. The function m(r, t) is a smooth taper function
and is included to avoid artifacts occurring due to the sharp
boundaries of the data acquisition geometry.

We then have the forward modelling operator, F , from
scene, V , to data is given by,

FV (r, t) =
∑
i=1,2

FiV (r, t)

=
∑
i=1,2

∫
e
−iω

(
t− |x−γ(r)|

c0
− |x−Ei|

c0

)
Ai(x, ω, r)V (x)dωdx,

(2)

where,

Ai(x, ω, r) =
ω2m(r, t)

(4π)2|x− γ(r)||x− Ei|
,

represents the geometrical spreading of the waves. The
amplitudes Ai(x, s, t, ω), satisfy the condition that for any
compact set K,

sup
(r,t,x)∈K

|∂αω∂βs ∂δt ∂ρxAi(x, s, t, ω)| ≤ CK,α,β,δ,ρ(1+ω
2)

(2−|α|)
2

(3)
This is a technical condition that is necessary for the forward

operator, F , to be an FIO [5]. From this, we see that the full
radar data, FV = F1V + F2V , is made up of the sum of the
contributions to the data from the signals emitted at E1 and
E2.

B. Microlocal analysis

The singularities of a distribution such as V are described
mathematically by its wavefront set, WF (V ). The wavefront
set makes precise where V (x) has singularities and their
directions, which is useful for describing reflecting surfaces.

Definition 2.1: [5] To check if the point (x0, ξ0) is in
WF (u), we first multiply u by a smooth function, ψ, sup-
ported only in a neighbourhood of x0. This is done to localise
u near x0. Then we take the Fourier transform of ψu and
analyse the decay of the Fourier transform in the direction ξ0.
Smoothness of a distribution corresponds to rapid decay of
its Fourier transform. So, if there is not rapid decay in the
direction ξ0 then (x0, ξ0) is in WF (u).

Example 2.1: [11] We consider the Dirac delta distribution
centred at x0, δ(x−x0). This distribution has a singularity at
x0. As δ(x−x0) distribution is already localised near x0, it is
not necessary to multiply by a function ψ as above. Taking the
Fourier transform of the delta distribution yields a constant,
which does not decay for any value of ξ. We conclude that
WF (δ(x− x0)) = {(x0, ξ0) | ξ0 ̸= 0}.

Definition 2.2: [5] If the FIO T is given by the oscillatory
integral,

Tu(y) =

∫
eiϕ(y,x,ω)a(y, x, ω)u(x)dωdx,

then it’s (twisted) canonical relation is the set

Λ′
T = {((y, η), (x, ξ)) : Dωϕ(y, x, ω) = 0,

η = −Dyϕ(y, x, ω), ξ = Dxϕ(y, x, ω)}. (4)

How the operator T maps the singularities of a distribution,
is determined by its canonical relation. When T is applied to a
distribution, u(x), the wavefront set element, (x, ξ), of u(x),
is mapped to the wavefront set element, (y, η), of Tu(y),
according to the canonical relation (4). It is the canonical
relation that will allow us to relate the singularities in the
radar data with the singularities in the scattering region. We
note that the amplitude, a, of T plays a role here which is not
necessary to emphasise for our discussions here.



C. Analysis of forward operator

Here we state some preliminary properties of the operators
Fi.

The phase function of each Fi is given by ϕi(r, t, x, ω) =
ω
(
t− |x−γ|

c0
− |x−Ei|

c0

)
which is clearly homogeneous of

degree 1 in ω. We also have that ϕi is non-degenerate as
the gradient of Dωϕi is non-zero. Putting these statements
together with (3) guarantees that each Fi is an FIO.

Our data, then, is the sum of FIOs FV =
∑

i=1,2 FiV
where each Fi, from (4), has canonical relation Λ′

i given by,

Λ′
i =

{
((r, t, ρ, ω), (x, ξ)) : t =

1

c0
(|x− γ(r)|+ |x− Ei|) ,

ρ =
ω

c0
̂(x− γ(r)) · ∇γ(r),

ξ =
ω

c0

(
̂(x− γ(r)) + ̂(x− Ei)

)}
.

(5)

for values of ω ̸= 0 that are in the essential support [8] of
Ai. We note also that it is a requirement for Fi to be an FIO
that ξ ̸= 0. Due to this, we assume that the scatterers are
not located on the line segment between γ(r) and Ei so that

̂(x− γ(r)) + ̂(x− Ei) ̸= 0 =⇒ ξ ̸= 0.

III. BACKPROJECTION

A common approach to image reconstruction is backpro-
jection [1], [4], [3], [12], [13], [14], where the adjoint of the
forward operator is applied to the data. The adjoint of the
forward operator is itself an FIO whose canonical relation
is the transpose of that of the forward operator. Applying
the adjoint in this way, amounts to reconstructing a scatterer
according to the transposed relation of (5), i.e., reconstructing
singularities at locations that could have given rise to a given
singularity in the range profiles.

However, as seen in equation (2), the forward operator is the
sum of FIOs, where each corresponds to the signal measured
from each of the emitters. For our analysis, we assume that it
is not possible to separate the data into the individual parts that
it is comprised of, and that one can only apply a reconstruction
algorithm to the full data. In such scenarios, a backprojection
operator cannot be chosen that is adjoint to both parts of the
data simultaneously.

Our approach is to apply the adjoints of F1 and F2 to the
data separately,

(F ∗
1 + F ∗

2 )FV (z) = (F ∗
1 + F ∗

2 ) ((F1 + F2)V (z))

= F ∗
1 F1V (z) + F ∗

1 F2V (z) + F ∗
2 F1V (z) + F ∗

2 F2V (z).

This leaves us with two types of terms. The first is what
we will refer to as diagonal terms. This is when the adjoint
operator meets its corresponding part of the forward operator
(F ∗

1 F1V (z) and F ∗
2 F2V (z)) and is what one would expect in

a standard backprojection algorithm. The other terms we refer
to as ‘mixed terms’. The mixed terms are produced when the
adjoint operator meets the part of the forward operator that it
is not adjoint to (F ∗

1 F2V (z) and F ∗
2 F1V (z)). This means that

we are using (5) but with the incorrect emitter when we are
determining the positions of scatterers that could have resulted
in singularities in the data. As such, the mixed terms result in
artifacts.

Operators like the diagonal operators have been studied
previously [1] and are not the focus of this study. We note that
these operators contribute to the image by correctly migrating
any singularity contained in the data according to (5) for the
appropriate emitter. That is, they provide a correct and artifact
free reconstruction of the singularities in the scattering region
that are visible in the data. With that, we proceed with our
analysis of the mixed terms, which model the contributions of
‘crosstalk’ to the final image.

A. Analysis of mixed operator

1) Composing relations: In reality, the mixed term operator
F ∗
1 F2 is associated to a canonical relation of its own, that

relates a scatterer located at the point x in the scene, to the
point z in the reconstruction, which is where it will be visible
in the image. These points are related by the mechanism
described in the first paragraph of section III, but using a
canonical relation associated to the incorrect emitter when
migrating singularities. If it were the case that the operator
F ∗
1 F2 correctly reconstructed the scene then we would simply

have z = x, as we do for the diagonal operator F ∗
i Fi. As we

will see, this is not true for the mixed operator. We omit the
full canonical relation here for brevity but state the necessary
relationships between x and z that it provides,

|z − γ(r)|+ |z − E1| = |x− γ(r)|+ |x− E2| (6)

̂(z − γ(r)) · ∇γ(r) = ̂(x− γ(r)) · ∇γ(r) (7)

We begin with (7) which is equivalent to writing,

̂(z − γ(r))H = ̂(x− γ(r))H ,

where subscript H denotes the horizontal components of a
vector and ŷ denotes a unit vector in the direction of y.
Therefore (7) tells us,

(z − γ(r))H = c (x− γ(r))H ,

where c > 0 is a constant to be determined. Taking into
account that we are creating an image of a scattering region
that is located under the receiver gives,

(z − γ(r)) = c(x− γ(r)). (8)

This tells that z lies somewhere along the ray connecting the
scatterer x and the receiver γ(r). We now use (8) in (6) to
give us an equation for the constant c,

|c(x−γ(r))|+|c(x−γ(r))+γ(r)−E1| = |x−γ(r)|+|x−E2|.

Manipulating this equation then gives the following expres-
sion,



Fig. 1. Propagation of singularities.

c =
(|x− γ(r)|+ |x− E2|)2 − |γ(r)− E1|2(
2(|x− γ(r)| (|x− γ(r)|+ |x− E2|)

+ (x− γ(r)) · (γ(r)− E1))

) . (9)

Together, equations (8) and (9) give us the location, z, of
an artifact in the image corresponding to a scatterer at x in
the scattering region as a result of ‘crosstalk’ between the
emitters. We note also that the denominator of (9) vanishes
only at points satisfying ̂(x− γ(r)) + ̂(x− Ei) = 0, which
were previously excluded to prevent ξ = 0 in (5).

2) Geometrical description of the propagation of singular-
ities: Shown in figure 1 is an illustration of the propagation
of singularities as a result of the mixed operator F ∗

1 F2. For
simplicity, this illustration shows a two-dimensional slice of
the process which, in reality, occurs in three dimensions (i.e.,
the ellipses are slices of ellipsoidal surfaces). Also for the
purposes of illustration, figure (1) places the emitters at the
same height as the receiver with the scatterer x at a lower
height.

The true scatterer, located at x (shown as a green mark
in figure 1) and its associated artifact, located at z (purple
marker in figure 1), satisfy equations (6) & (7). The right side
of (6) defines an ellipsoidal surface (blue in fig 1) containing
x, with foci at γ(r) and E2. The left of (6) then describes
another ellipsoidal surface (red in fig 1) containing z, that has
its foci at γ(r) and E1. These ellipsoids share the same sum
of distances of points on their surfaces to their foci.

The artifact relation, associated with the mixed term F ∗
1 F2

can then be thought of as a scaling along the ray from its
intersection with the first ellipsoidal surface (where the true
scatterer is located) to the ray’s intersection with the other,
temporally equivalent, ellipsoidal surface which is where the
artifact will appear.

IV. ARTIFACT MITIGATION

We now use the insight we have gained about the locations
of the artifacts to determine ways of reducing their impact. We
divide this section into two subsections, each of which present
a method that can be used to produce an image of a ROI that
is free from artifacts. The first method makes use of carefully

Fig. 2. Artifacts are contained on a surface that is entirely underground.

designed data acquisition geometry to achieve this while the
second shows how a series of operators can be applied to the
preliminary image, F ∗

1 FV , that displaces artifacts away from
the ROI.

A. Data acquisition geometry approach

Using our knowledge of the locations of artifacts from
the previous section, we aim to arrange that the artifacts are
outside of a ROI that is contained within a slab between
heights x3 = 0 and x3 = H . The minimum height of this
slab is arbitrary and can be chosen according to specific
applications. For our discussion, we will consider the bottom
of the slab to be at ground level, as in many scenarios, this will
be desirable when imaging a region above the earth’s surface.

We previously had that (z − γ(r)) = c(x − γ(r)) and it
follows that the vertical component of the artifact is given
by z3 = c(x3 − h) + h. We proceed by first determining
the conditions required for the artifact to be below ground
by setting z3 < 0, from which it follows that

c >
h

h− x3
.

We recall the value of c from (9) and define the function
Γ(x, r) = c(h− x3). Explicitly, Γ(x, r) is given by,

Γ(x, r) = (h− x3)
(|x− γ(r)|+ |x− E2|)2 − |γ(r)− E1|2(
|x− γ(r)| (|x− γ(r)|+ |x− E2|)

+ (x− γ(r)) · (γ(r)− E1)

) .
(10)

This means that for artifacts to be below the slab we require,

Γ(x, r) > h. (11)

So, if (11) holds for all locations of the receiver, γ(r) in the
data acquisition geometry, and scatterers x in the ROI we will
have that the resulting ‘crosstalk’ artifacts will be underground
and away from the ROI. An example of such a scenario for a
single point scatterer is shown in figure 2.

Next, we determine when the artifacts are above a given
height H . We set z3 > H , which yields the requirement,

c <
h−H

h− x3
.



Fig. 3. Artifacts are contained on a surface that is above a ROI.

Using (9) and (10), this amounts to,

Γ(x, r) < h−H. (12)

Like before, this is a condition, which if satisfied for all
receiver locations γ(r) and scatterers x in the ROI, we will
have that the artifacts are separated from the ROI by raising
them to be above a minimum height H .

An example for a single point scatterer is shown in figure
3 where the artifacts are contained on the red surface which
is above the ROI.

We also note that (11) and (12) can be used together to
obtain an image where artifacts are outside of the slab-shaped
ROI. To achieve this, certain data should be excluded from the
backprojection. If the converses of (11) and (12) are satisfied,
then the artifacts will be contained within the slab. So, if we
omit all data that satisfies,

h−H

h− x3
< Γ(x, r) <

h

h− x3
,

before backprojection, then the image of the ROI will be
artifact free as the only resulting artifacts will be above or
below the slab. This comes at the cost of omitting some views
of the ROI and, therefore, a possible degradation in the quality
of the image.

B. Artifact displacement approach

In this subsection we present a sketch of our second
approach to producing an artifact free image by processing
the image so that artifacts are displaced away from the ROI.
The finer details of this process are omitted here but we note
that they will be made available in a future publication.

Our artifact displacement method operates similarly to that
employed in [10]. Displacement of artifacts can be achieved by
constructing a series of FIOs, Q1, Q2, . . . Qi that are applied to
the imaging operator, F ∗

1 (F1+F2). These operators are chosen
such that at the ith iteration, Qi weakens the strength of the
artifact present, and introduces a new artifact, which under the
correct circumstances, is further away from the ROI.

Each Qi is chosen such that is does not interfere with the
F ∗
1 F1 portion of the backprojection, as this corresponds to

correct reconstruction, and we wish to leave this unchanged
throughout all iterations. The new artifact that is introduced
at each iteration, is related to that of the previous iteration,
through the same process as described in section III-A2, and
can be obtained by using the old position of the artifact as x in
equations (8) and (9). The amplitude of Qi is chosen such that
the amplitude of QiQi−1 . . . Q1F

∗
1 (F1 + F2) vanishes in the

locations of all artifacts except that introduced at the current
iteration. This means that, in the image, all artifacts of previous
iterations will appear weaker, and that the true scatterer, as
well as the displaced artifact of the current iteration, will
appear strongest.

The artifacts can be displaced given certain conditions are
met. What we require when performing this image processing,
is that the artifact relation, described in section III-A2, when
applied to an artifact, moves the artifact away from the ROI.
The first scenario that we want to avoid is that the artifact
is not displaced at all at a certain iteration, and subsequently
remains fixed in the ROI. The second problematic situation
occurs when the artifact does not travel away from the ROI
in a single direction throughout all iterations. Otherwise, the
artifact and can loop around within the ROI, or it can return
to the ROI at an iteration after it having been displaced away
previously.

Our calculations show that both scenarios that we wish to
avoid occur near the plane defined by |x − E1| = |x − E2|,
which we will denote as π. If the artifact lies somewhere on
the plane π, then it is the case that it cannot be displaced by
any Qi. Moreover, the direction in which the artifact will be
displaced depends on the positions of the artifact and receiver
relative to π. It is possible to arrange such that the artifacts
travel in a consistent direction throughout all iterations of the
image processing, either towards or away from the receiver.
If the artifacts move towards the receiver they will eventually
be above the ROI and conversely, if they move away from the
receiver they will end up below the ROI.

The simplest way to achieve a setup that is appropriate for
this form of image processing, is to arrange the data acquisi-
tion geometry such that the ray emanating from the receiver to
any point x in the ROI, does not have an intersection with π
within the ROI. As we know from section III-A2, artifacts are
located on the rays connecting the receiver to the scatterers. If
these rays do not intersect π within the ROI, then the artifacts
inside the ROI cannot be located near π, thus preventing
scenarios where the artifacts cannot be displaced out of the
ROI.

There are also ways that this method can be enhanced.
For example, by introducing a third emitter, it is possible to
displace artifacts out of a ROI without needing to restrict the
data acquisition geometry in any way. There is also potential,
if available, for beam forming to play a role. Figure 4 shows
a scenario, where a minimum angle, θ, is calculated and any
ray exceeding this bound is removed through preprocessing
the data. This removes any rays that would intersect π while
within the ROI and violate the condition needed for our artifact
displacement method. This facilitates the use of our image



Fig. 4. Geometry where artifacts can be displaced.

processing method without restrictions on the data acquisition
geometry.

Finally, we note that the descriptions of the necessary
conditions to apply the artifact displacement method presented
here, is but a sketch and the details of this method, as
well as numerical verification, will be presented in a future
publication.

V. CONCLUSION

In this article we have presented a mathematical model for
the radar data recorded when scattered waves that emanate
from two, always on, sources of illumination are measured.
This model takes the form of a sum of FIOs and as such,
we can employ tools from microlocal analysis to determine
what sharp features will be present in the image. We consider
an image formation method that uses backprojection where it
is assumed that one is unable to separate the data into the
contributions from each of the emitters. As expected, the data
being inseparable leads to ‘crosstalk’ between the emitters and
artifacts being present in the image. By using the canonical
relations, we obtain equations, which when solved, tell us the
position of an artifact in the image, as a result of a given point
scatterer.

Following this, we use our knowledge of the locations of
artifacts to devise methods to avoid them. In particular, we
describe an experimental design approach that removes the
possibility of artifacts being contained between the ground and
a given height, within which one can produce an artifact free
image. We then give a sketch of an image processing approach
to removing artifacts that will be expanded upon in a future
publication. In this method, given certain prerequisites are
met, a series of operators can be applied to the backprojected
image that iteratively weaken the artifacts near the ROI and
introduces new artifacts that are further away from the ROI.

Both of the artifact mitigation methods presented here are
effective when one’s goal is to minimise the negative impact
of cross talk between signals when imaging a ROI. However,
depending on the circumstance, one may be preferable than
the other. For example, the data acquisition geometry approach
requires that one only use data satisfying certain constraints.
Using a limited number of views will lead to a lower quality

image and so it might be preferable to use the data processing
technique as, in general, it makes use of as a larger number
of views of the scattering region. On the other hand, if one
is carrying out a purely passive radar experiment where the
sources used are not controlled, then it may not be possible to
guarantee that the conditions for the image processing method
are satisfied and then the artifacts cannot be mitigated this way.
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