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Semi-analytical methods offer an efficient way
to solve population balance equations (PBEs) by
combining analytical formulations with numerical
computation to capture complex particle dynamics.
While classical PBEs are computationally demanding
owing to nonlinear integral terms, rewriting them in a
nonlinear divergence (conservative) form significantly
reduces this burden. This study introduces a hybrid
semi-analytical method for non-classical divergence-
based multidimensional aggregation PBEs. The
approach integrates the Laplace transform (LT) with
the projected differential transform to construct a
recursive series solution without requiring Adomian
polynomials, unlike the Adomian decomposition
method (ADP). To improve long-term accuracy,
Padé approximations are employed to address
the limitations of standard series solutions. The
method is validated through number density
functions (NDFs) and their moments across various
aggregation kernels. Results show that it is about
four times more efficient than existing semi-analytical
techniques. For one-dimensional (1D) models, it
reduces CPU time by 40–50% and achieves roughly
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50% lower errors, closely matching exact solutions. Extension to two-dimensional (2D) models
also yields accurate results, though at a higher computational cost owing to nonlinear triple
integrals. The approach also demonstrates strong numerical stability and robustness across
varying initial conditions (ICs) and parameter ranges.

1. Introduction
Particulate processes are essential for understanding the dynamic behaviour of particle formation
and modifications in various physical systems. These processes alter properties of the particles
such as mass, composition, volume and porosity owing to aggregation, breakage, growth, etc.
mechanisms [1–5]. These particulate process are critical to a variety of scientific and industrial
applications, pharmaceutical studies [6–9], polymerization [10], crystallization [11,12] and food
industry [13,14] including emulsions [15,16]. In recent decades, to study the complex particulate
system, many researchers have been studying population balance equations (PBEs) to provide a
detailed mathematical framework for describing the micro–macro interactions in a system [17].
This makes PBEs an essential tool for forecasting how particle size distributions and related
properties change in both steady-state and dynamic system. In this work, we focus on solving
multidimensional aggregation PBEs. The classical multidimensional aggregation PBE is given
[18,19] by

∂ζ (w, t)
∂t

= 1
2

∫w

0
b(w − v, v, t)ζ (w − v, t)ζ (v, t) dv − ζ (w, t)

∫∞

0
b(w, v, t)ζ (v, t) dv. (1.1)

Here, the space of vectors w = [w1, w2, . . . , wp]T of length p in R
d+, such that wp ≥ 0 for all p =

1, 2, . . . , d. In this study, we consider only two properties of the system i.e. d = 2. Moreover, ζ (w, t)
represents the number density function (NDF) of particle properties w = w1, w2 ≥ 0 at time t. The
first expression on the right-hand side of equation (1.1) accounts for the formation of particles
w owing to aggregation of w − v and v. In addition, the second expression on the right-hand
side represents the removal of the particles w owing to the merging of w and v particles. The
aggregation kernel b(t, w, v) describes the interaction (merging) rate of particles w and v. Here,
b(t, w, v) ≥ 0 is symmetric in nature i.e. b(t, w, v) = b(t, v, w).

Analytically solving equation (1.1) is highly challenging owing to the presence of two
nonlinear integrals and the complex structure of the aggregation kernel. As a result, only a
limited number of analytical solutions to the NDF exist: three for the one-dimensional (1D)
aggregation model and three for the two-dimensional (2D) aggregation model, corresponding to
the constant, sum and product kernels equation (1.1) [20–23]. In the last decade, many researcher
developed various semi-analytical techniques to find the series solution of physically relevant
kernels [18,19,24,25]. However, solutions of the NDF have typically been obtained only for short
time frames, which are not suitable for industrial applications. To address this limitation, methods
such as Padé approximants [26–30] have been employed to extend the solution over longer time
intervals and improved the precision of the solution for longer time frames. Moreover, these
semi-analytical methods are computationally expensive owing to the intensive effort required
to compute the series terms.

(a) Divergence form of the classical aggregation population balance equation
In particular, the mass-based nonlinear aggregation PBE has received a lot of attention [31,32]
because of its ability to characterize the time evolution of particle size distributions in terms of
particle volume. Moreover, it is useful for ensuring conservation laws with additional efforts
(required mostly in numerical methods) and analysing nonlinear interactions in aggregation-
dominated systems. We consider a 1D non-classical (divergence) form of the aggregation PBE
derived from the classical PBE equation (1.1) by taking into account of the function wζ (w, t) in
place of ζ (w, t) and applying the Leibniz rule (for more details, see [31,33]). Then, the resulting
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equation is given [29,31] as follows:

∂(wζ (w, t))
∂t

+ ∂F (w, t)
∂w

= 0, (1.2)

where

F (w, t) =
∫w

0

∫∞

w−y
yb(y, v)ζ (y, t)ζ (v, t) dv dy, (1.3)

with initial conditions (IC)

ζ (w, 0) = ζ0(w) ≥ 0, for all w ≥ 0. (1.4)

Here, ζ (w, t) represents the NDF of volume w at time t, and the left-hand side of equation (1.2)
represents the number density distribution over time t. The rate at which particles of volume
y and v combine to produce a big aggregate of volume (y + v) is represented by b(y, v) and is
known as the aggregation kernel. Aggregation kernels are generally symmetric and non-negative.
In equation (1.3), the term F (w, t) denotes the aggregation flux [32], which quantifies the net rate
of mass transfer across the particle volume w resulting from binary aggregation events. Writing
the aggregation term in divergence form enables us to get a precise amount of mass dissipation
or conservation (for more details, see [33]). To understand the dynamics of the particles, integral
moments also plays a significant role, as few of them corresponds to the characteristic of the
particles given [29] by

μj =
∫∞

0
wjζ (w, t) dw, for j = 0, 1, . . . .

The total number of particles is represented by the zeroth-order moment (μ0), and the total
volume of the particles is represented by the first (μ1)-order moments in the system.

In a 1D model, each particle has a unique attribute like volume, mass, shape or size. To
capture the complete dynamics and nonlinear interactions, the 1D mass-conserving PBE is not
sufficient in various applications, such as in solid processing (e.g. in foods and pharmaceuticals)
[9,13]. The particles interact and merge based on multiple internal properties. In a 2D model, we
aggregate together two granules which are part-liquid and part-solid, then it might be expected
that the liquid volumes add together, the solid volumes add together and the total volumes add
together. For instance, in the sprayed fluidized bed granulation process, hot air flows through the
system, causing changes in the liquid content within the solid particles as a result of heat transfer
[34,35]. So, we need to consider non-classical 2D mass-conserving aggregation equation with two
attributes w and z given (for more details, see [32]) by

(w + z)
∂ζ (w, z, t)

∂t
+ ∂Ψ (w, z, t)

∂w
+ ∂Λ(w, z, t)

∂z
− ∂2Θ(w, z, t)

∂w∂z
= 0, (1.5)

where

Ψ (w, z, t) =
∫w

0

∫∞

w−u

∫∞

0
(u + z)b(u, z, h, v)ζ (u, z, t)ζ (h, v, t) dv dh du,

Λ(w, z, t) =
∫ z

0

∫∞

z−u

∫∞

0
(w + u)b(w, u, v, h)ζ (w, u, t)ζ (v, h, t) dv dh du

and Θ(w, z, t) =
∫w

0

∫ z

0

∫∞

w−u

∫∞

z−h
(u + h)b(u, h, v, e)ζ (u, h, t)ζ (v, e, t) de dv dh du,

with ICs

ζ (w, z, 0) = ζ0(w, z) ≥ 0 for all w, z ≥ 0.

Here, ζ (w, z, t) is the NDF, and the left-hand side of equation (1.5) describes the temporal evolution
of this number density distribution. The rate at which particles of initial attributes u, z, h and v

combine, first to form aggregates of attributes (u + h) and (z + v), and subsequently to produce a
single larger aggregate of total attribute (u + z + h + v), is defined by the function b(u, z, h, v). This
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function is known as the aggregation kernel. The generalized integral moments for the NDF of
equation (1.5) are given [29] by

μj1j2 =
∫∞

0

∫∞

0
wj1 zj2ζ (w, z, t) dw dz, for j1, j2 = 0, 1, . . . .

Zeroth-order moment (μ00) and first-order moments (μ10) + (μ01) represent the total number of
particles and total volume of the particles, respectively.

(b) Advancing the state of the art
Nonlinear aggregation processes are modelled using complex nonlinear integro-partial
differential equations that are required in analytically solving the majority of aggregation kernels.
Many numerical techniques have been developed over the years to approximate the solutions
of these equations, including the fixed pivot technique [36,37], Monte Carlo simulations [38]
and the quadrature method of moments [39]. In the study by Qamar & Warnecke [32], a finite
volume method is extended for solving the conservative form of the 2D aggregation equation,
only focused on conserving the total volume in the system. In the study by Attarakih et al. [40], a
bivariate numerical method is introduced to solve the PBE. It uses two particle layers: a primary
layer to reconstruct the distribution and a secondary layer for interactions like aggregation
using filtered data. This avoids the tough steps of quadrature method of moments and direct
quadrature method of moments, and naturally reconstructs distributions and predicts low-order
moments. However, these methods [32,36,37] frequently suffer from significant limitations such
as linearization, perturbation, discretization and a set of basis functions, loss of mass conservation
and a lack of analytical insight into the behaviour of the developing distribution.

To address these issues, semi-analytical approaches have emerged as viable alternatives. The
Adomian decomposition method (ADM) [18], homotopy analysis method (HAM) [25], variational
iteration method (VIM) [41] and Laplace transform (LT)-based techniques [42,43] have all been
used to construct the approximate analytical solutions. These approaches have major advantages,
including the ability to maintain the problem’s continuous structure and may preserve important
physical features while providing explicit formulations for the dependent variables. However,
such methods may also lead to lengthy series expressions or rational approximations, which can
reduce the simplicity and physical interpretability of the resulting solutions. Furthermore, issues
such as slow convergence, limited handling of complex boundary conditions and difficulties
related to high-order nonlinear terms are common issues that limit their broader applicability.
Singh et al. [18] applied ADM for solving nonlinear aggregation PBEs and established the
exact solutions for some kernels and selection functions. Kaur et al. [24] applied the homotopy
perturbation method (HPM) to obtain the series solutions. The applicability of this approach is
restricted because it offers the series solution for shorter time domains. In order to capture the
distribution over a larger time domains, this method require additional series terms which are
difficult to compute. Arora et al. [44] present an accelerated semi-analytical method that combines
HPM and the Elzaki transformation to solve 2D PBEs. It offers discretization-free solutions
and eliminates complex computations like Adomian polynomials or convergence parameters,
demonstrating superior accuracy, efficiency and convergence over existing methods.

Among existing semi-analytical methods, the differential transform method (DTM) [45,46]
emerges as a powerful tool for solving linear and nonlinear problems. This approach avoids
linearization, perturbation and discretization, which leads to less computational work and round
off errors as compared to numerical methods. However, DTM also suffers from some limitations
e.g. domain of convergence is small, and for nonlinear complicated functions, this approach may
result in complex algebraic equations which restricts its applicability. Ala’yed [47] proposed the
2D DTM for solving delay partial differential equations and many modifications can be found
in the study by Hashemi Mehne [48]. Jang [49] introduced the modified version of DTM, which
is known as the projected DTM (PDTM) for solving linear and nonlinear initial value problems.
By using the concept of the PDTM, Yadav et al. [50] derived explicit solutions for the classical
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linear hyperbolic fragmentation equation. However, applying the PDTM to nonlinear aggregation
equations remains highly challenging owing to their inherent complexity.

Recently, Kushwah et al. [29] applied the ADM for solving 1D as well as 2D mass-conserving
nonlinear aggregation PBEs. Further, they coupled this semi-analytical approach with Padé
approximants to obtain the solution for longer time domains. Jang [49] has clearly mentioned that
the existing semi-analytical methods such as ADM and VIM encounter difficulties in calculating
the integration of complicated functions to obtain the components of a series solution, but PDTM
does not require the calculations of such integration. Moreover, it provides faster convergence of
a series solution with less computation work. The main difficulty with DTM and PDTM is getting
imprecise approximations over longer time periods. Some researchers have extended the series
solutions of PDTM across longer time domains by combining with Padé approximants [51,52].
This coupled modification of PDTM has resulted in a significant enhancement in the efficiency
of various applications [53,54]. This motivates us to employ the Padé approximants and coupled
PDTM for solving multidimensional mass form of the nonlinear aggregation equation (1.2).

Building on the aforementioned discussion, this study presents a novel hybrid semi-
analytical approach based on the LT PDTM (LTPDTM) and Padé approximants for solving
multidimensional mass-conserving aggregation PBEs. The main advantages of the present
approach are summarized as follows:

— A direct recursive scheme is developed to compute the components of the series solution
efficiently.

— This scheme avoids the computation of Adomian polynomials as required in the ADM
[18] and the integration of complex expressions in VIM [41] and its variants.

— We have coupled the PDTM with Padé approximantions to obtain the solution for longer
time domains to understand the dynamics of the systems.

— The present approach demonstrates the adaptability to a broader class of kernel functions
and ICs, enhancing its applicability across various diverse physical scenarios.

— The present approach for solving 2D mass-conserving nonlinear aggregation PBEs for the
first time.

To show the effectiveness of the present approach, the comparison is made against the
existing methods including HAM [25], VIM [41] and the modified VIM (MVIM) [55]. The
present approach captures all solutions more accurately and efficiently than the existing methods.
However, the present approach requires more computational time to approximate the non-
classical multidimensional aggregation PBE than the classical form owing to the evaluation of
three nonlinear triple integrals.

The subsequent content of this article is organized as follows: In §2, we present
the fundamental definitions and properties of the PDTM. Section 2a presents a detailed
mathematical formulation of the present approach involving LTPDTM for solving the mass-
conserving nonlinear aggregation PBE. Sections 2b–d are dedicated to the detailed mathematical
formulations of the HAM, VIM and MVIM, respectively. Section 3 presents the extension of
the current approach for solving the 2D mass-conserving nonlinear aggregation PBE. Various
numerical examples are considered to show the applicability and efficiency of this approach in
§4. In §5, some concluding remarks and recommendations are made related to both 1D and 2D
classical and non-classical aggregation models.

2. New and existing semi-analytical methods
In this part of the paper, the mathematical formulations of the proposed and existing semi-
analytical methods are provided to solve the 1D mass-conserving aggregation PBE. First, we
present the formal definition of LTPDTM and its important properties which helps us to establish
the recursive scheme to obtain the components of the series solution.
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Definition 2.1. Let f (q1, q2, . . . , qn) ∈ R
n, then its projected differential transform with respect to

qn at qn0 is defined as follows:

F(q1, q2, . . . , qn−1, k) = 1
k!

[
∂k

∂qk
n

f (q1, q2, . . . , qn)

]
qn=qn0

. (2.1)

The inverse projected differential transform of F(q1, q2, . . . , qn, k) with respect to qn at qn0 is
given by

f (q1, q2, . . . , qn) =
∞∑

k=0

F(q1, q2, . . . , qn−1, k)(qn − qn0 )k. (2.2)

It can be seen that F(q1, q2, . . . , qn, k) represents the Taylor series of f (q1, q2, . . . , qn) at qn = qn0 .
Combining equations (2.1) and (2.2), the function f (q1, q2, . . . , qn) can be expressed as follows:

f (q1, q2, . . . , qn) =
∞∑

k=0

1
k!

∂kf (q1, q2, . . . , qn)

∂qk
n

∣∣∣∣∣
qn=qn0

(qn − qn0 )k. (2.3)

In the following theorem, we present the basic properties of PDTM.

Theorem 2.2. Let f (q1, q2, . . . , qn), h(q1, q2, . . . , qn) and d(q1, q2, . . . , qn) be functions in R
n and

let F(q1, q2, . . . , qn, k), H(q1, q2, . . . , qn, k) and D(q1, q2, . . . , qn, k) be their corresponding transformed
functions. Then, the following properties hold:

(1) Linear property. If f (q1, q2, . . . , qn) = ah(q1, q2, . . . , qn) + bd(q1, q2, . . . , qn), then

F(q1, q2, . . . , qn, k) = aH(q1, q2, . . . , qn, k) + bD(q1, q2, . . . , qn, k),

where a and b are any real constants.
(2) Multiple products property. If f (q1, q2, . . . , qn) = h1(q1, q2, . . . , qn)h2(q1, q2, . . . , qn) · · · hn

(q1, q2, . . . , qn), then

F(q1, q2, . . . , qn−1, k) =
k∑

kn−1=0

kn−1∑
kn−2=0

· · ·
k2∑

k1=0

× H1(q1, q2, . . . , qn−1, k1)H2(q1, q2, . . . , qn−1, k2 − k1)

· · · Hn(q1, q2, . . . , qn−1, kn − kn−1).

(3) Time derivative property. If f (q1, q2, . . . , qn) = ∂nh(q1, q2, . . . , qn)/∂qn
n, then

F(q1, q2, . . . , qn−1, k) = (k + n)!
k!

H(q1, q2, . . . , qn−1, k + n).

(a) Laplace transform projected differential transform method for 1D mass-conserving
aggregation population balance equation

The aim of this section is to provide a detailed methodology for solving the mass-conserving
aggregation PBE equation (1.2) using the PDTM. By using LTs and the multiple product property
of PDTM, we derive the recursive relations to obtain the components of the series solution.

By employing the Laplace operator on both sides of equation (1.2), we obtain

L[ζ (w, t)] = ζ (w, 0)
s

+ 1
s

L

[
− 1

w
∂

∂w

∫w

0

∫∞

w−y
y b(y, v)ζ (y, t)ζ (v, t) dv dy

]
.

By taking the inverse LT (ILT), we obtain

ζ (w, t) = ζ (w, 0) + L−1

[
1
s

L

[
− 1

w
∂

∂w

∫w

0

∫∞

w−y
yb(y, v)ζ (y, t)ζ (v, t) dv dy

]]
. (2.4)
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According to the PDTM, the solution ζ (w, t) can be written in series form and is given by

ζ (w, t) =
∞∑

k=0

ζk(w, t), (2.5)

and the nonlinear functions are denoted by

f (ζ ) = ζ (y, t)ζ (v, t) =
∞∑

i=0

ζi(y, t)
∞∑

j=0

ζj(v, t). (2.6)

By substituting equations (2.5) and (2.6) into equation (2.4), we obtain

∞∑
k=0

ζk(w, t) = ζ (w, 0) + L−1

[
1
s

L

[
− 1

w
∂

∂w

∫w

0

∫∞

w−y
yb(y, v)f (ζ ) dv dy

]]
. (2.7)

Using the multiple product property of PDTM, the nonlinear function f (ζ ) can be approximated
as a truncated series given by

Pk =
k∑

r=0

ζr(y, t)ζk−r(v, t). (2.8)

From equations (2.7) and (2.8), we obtain the following recursive scheme:

ζk+1(w, t) = L−1

⎡
⎣1

s
L

⎡
⎣− 1

w
∂

∂w

∫w

0

∫∞

w−y
yb(y, v)

⎛
⎝ k∑

r=0

ζr(y, t)ζk−r(v, t)

⎞
⎠ dv dy

⎤
⎦
⎤
⎦

for k = 0, 1, . . . , (2.9)

which with ζ0(w, t) = ζ (w, 0) is known as LTPDTM. After determining the series solution
components ζk(w, t), the n-term series solution is given by

Φn(w, t) =
n∑

k=0

ζk(w, t). (2.10)

(b) Homotopy analysis method
In this section, we implement HAM to approximate the solutions of mass-conserving aggregation
PBE. On integrating equation (1.2) from 0 to t, we obtain

ζ (w, t) = ζ0(w) +
∫ t

0

[
− 1

w
∂

∂w

∫w

0

∫∞

w−y
yb(y, v)ζ (y, t)ζ (v, t) dv dy

]
dτ . (2.11)

The basic idea of HAM [56] is to construct the zero-order deformation for the aggregation
equation, which can be written as follows:

(1 − ε)[Φ(w, t, ε) − ζ0(w)] = εh̄N [Φ(w, t, ε)], ε ∈ [0, 1], (2.12)

where h̄ is a convergence control parameter, ε is an embedding parameter and the operator N is
defined by

N [Φ(w, t, ε)] = Φ(w, t, ε) − ζ0(w) +
∫ t

0

[
1
w

∂

∂w

∫w

0

∫∞

w−y
yb(y, v)ζ (y, t)ζ (v, t) dv dy

]
dτ . (2.13)

For ε = 0 in equation (2.12), the solution Φ(w, t, ε) reduces to the initial guess ζ0(w), and for ε =
1, the expression N [Φ(w, t, ε)] becomes equivalent to the true solution ζ (w, t). This demonstrates
that as the embedding parameter ε varies from 0 to 1, the solution continuously deforms from the
initial guess ζ0(w) to the final solution ζ (w, t). By using Taylor series of Φ(w, t, ε) with respect to ε,

Downloaded from http://royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2025.0967/6146816/rspa.2025.0967.pdf
by University of Limerick user
on 23 June 2026

https://royalsocietypublishing.org/journal/rspa


8

https://royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A482:20250967

.................................................................

we obtain

Φ(w, t, ε) = ζ0(w) +
∞∑

k=1

ζk(w, t)εk, (2.14)

where ζk(w, t) = (1/k!)(∂k/∂εk)[Φ(w, t, ε)]|ε=0.
Now, high-order deformations are used to obtain the higher terms of ζk(w, t). Define the vector

ζ k = {ζ0, ζ1, ζ2, . . . , ζk} and differentiate equation (2.12) k times with respect to ε, then by setting
ε = 0 and dividing by k!, the kth-order deformation equation is given by

ζk − χkζk−1 = h̄Rk(ζ k−1), (2.15)

where

χk =
{

0, when k ≤ 1,

1, when k > 1,
(2.16)

and

Rk(ζ k−1) = 1
(k − 1)!

∂k−1

∂εk−1

⎧⎨
⎩N

⎛
⎝ ∞∑

k=0

ζk(w, t)εk

⎞
⎠
⎫⎬
⎭

ε=0

. (2.17)

This implies

Rk(ζ k−1) = ζk−1(w, t) − (1 − χk)ζ0(w) +
∫ t

0

(
1
w

∂

∂w

∫w

0

∫∞

w−y
yb(y, v)Bk−1 dv dy

)
dτ , (2.18)

where

Bk−1 = 1
(k − 1)!

∂k−1

∂εk−1

⎛
⎝ ∞∑

i=1

i−1∑
j=0

ζj(y, t)ζi−j−1(v, t)εi

⎞
⎠

ε=0

. (2.19)

Using equations (2.18) and (2.19), the simplified k-order deformation equation (2.15) becomes

ζk = χkζk−1 + h̄[ζk−1(w, t) − (1 − χk)ζ0 +
∫ t

0

(
1
w

∂

∂w

∫w

0

∫∞

w−y
yb(y, v)Bk−1 dv dy

)
dτ

]
. (2.20)

Therefore, we obtain the following iterative scheme:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ζ0(w),

ζ1(w, t, h̄) = h̄
∫t

0

(
1
w

∂
∂w

∫w
0

∫∞
w−y yb(y, v)B0 dv dy

)
dτ ,

ζk(w, t, h̄) = (1 + h̄)ζk−1 + h̄
∫t

0

(
1
w

∂
∂w

∫w
0

∫∞
w−y yb(y, v) ,

Bk−1 dv dy) dτ for k = 2, 3, . . . .

(2.21)

Then, the truncated nth-order approximate solution for mass-conserving aggregation equation
is given by

Φn(w, t, h̄) =
n∑

k=0

ζk(w, t, h̄). (2.22)

(c) Variational iterational method
In this section, we present the mathematical formulation of the VIM [41] for solving the mass-
conserving aggregation PBE equation (1.2). The core concept of VIM involves constructing a
correctional functional with a general Lagrange multiplier. This multiplier is then carefully
chosen to ensure that each successive approximation provides a more accurate solution. Now,
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we consider a general differential equation of the following form:

L[ζ (w, t)] + N [ζ (w, t)] = Ω(w, t), with ζ (w, 0) = α(w), (2.23)

where L and N are the linear and nonlinear operators, respectively, and α(w) is the known
continuous function. On comparing equations (1.2) and (2.23), we obtain

L[ζ (w, t)] = ∂

∂t
ζ (w, t), Ω(w, t) = 0

and N [ζ (w, t)] = 1
w

∂

∂w

∫w

0

∫∞

w−y
yb(y, v)ζ (y, t)ζ (v, t) dv dy.

⎫⎪⎪⎬
⎪⎪⎭ (2.24)

Using VIM, the correctional functional can be written as follows:

ζk+1(w, t) = ζk(w, t) +
∫ t

0
μ(τ , t)[L[ζk(w, τ )] + N [ζk(w, τ )] − Ω(w, τ )] dτ ,

= ζk(w, t) +
∫ t

0
μ(τ , t)

[
∂

∂τ
ζk(w, τ ) + 1

w
∂

∂w
×

∫w

0

∫∞

w−y
yb(y, v)ζk(y, τ )ζk(v, τ ) dv dy

]
dτ .

(2.25)

The optimal value of μ(τ , t) is calculated by using variational theory. To calculate the variation
with respect to ζk and we have stationary conditions μ′(τ , t) = 0 and (1 + μ(τ , t))|τ=t = 0, which
yield μ(τ , t) = −1.

Therefore,

ζk+1(w, t) = ζk(w, t) −
∫ t

0

[
∂

∂τ
ζk(w, τ ) + 1

w
∂

∂w
×

∫w

0

∫∞

w−y
yb(y, v)ζk(y, τ )ζk(v, τ ) dv dy

]
dτ . (2.26)

(d) Modified variational iterational method
In this subsection, we derive the mathematical expression of the MVIM for approximating the
solution of the mass-conserving aggregation PBE equation (1.2). In MVIM, we consider (L + I)
as a linear operator and (N − I) as a nonlinear operator. With these operator definitions, the
correction functional can be expressed as follows:

ζk+1(w, t) = ζk(w, t) −
∫ t

0
μ(τ , t)

[
∂

∂τ
ζk(w, τ )

+ ζk(w, τ ) + 1
w

∂

∂w

∫w

0

∫∞

w−y
yb(y, v)ζk(y, τ )ζk(v, τ ) dv dy − ζk(w, τ )

]
dτ . (2.27)

The optimal value for the parameter μ(τ , t) is derived through the use of the variational theory.
To calculate the variation with respect to ζk, we have the following stationary conditions:

1 + μ(τ , t)|τ=t = 0

and μ′(τ , t) − μ(τ , t) = 0.

}
(2.28)

Thus, the Lagrange multiplier can be identified as μ(τ , t) = −eτ−t. Now, by substituting the value
of μ(τ , t) in equation (2.27), we have obtained the iterative formula for MVIM given by

ζk+1(w, t) = ζk(w, t) −
∫ t

0
eτ−t

[
∂

∂τ
ζk(w, τ ) + 1

w
∂

∂w

∫w

0

∫∞

w−y
yb(y, v) × ζk(y, τ )ζk(v, τ ) dv dy

]
dτ ,

(2.29)

where ζ (w, 0) = α(w) is taken as the initial approximation to solve iteratively equations (2.26) and
(2.29). Then, the exact solution can be obtained as follows:

Φ(w, t) = lim
k→∞

ζk(w, t). (2.30)
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3. Laplace transform projected differential transform method for 2D mass-
conserving aggregation population balance equation

The aim of this section is to extend LTPDTM for solving the 2D non-classical nonlinear
aggregation PBE equation (1.5) with two particle attributes w and z. By combining the LT
and PDTM, a recursive scheme is established to compute the series solution components for
equation (1.5).

Taking the LT of equation (1.5), we obtain

L[ζ (w, z, t)] = ζ (w, z, 0)
s

+ 1
s

L
[
− 1

(w + z)
∂

∂w

(∫w

0

∫∞

w−u

∫∞

0
(u + z)b(u, z, h, v)ζ (u, z, t)ζ (h, v, t) dv dh du

)

− 1
(w + z)

∂

∂z

(∫ z

0

∫∞

z−u

∫∞

0
(w + u)b(w, u, v, h)ζ (w, u, t)ζ (v, h, t) dv dh du

)

+ 1
(w + z)

∂2

∂w∂z

(∫w

0

∫ z

0

∫∞

w−u

∫∞

z−h
(u + h)b(u, h, v, e)ζ (u, h, t)ζ (v, e, t) de dv dh du

)]
.

By applying the ILT on both sides, we obtain

ζ (w, z, t) = ζ (w, z, 0)

+ L−1
[

1
s

L
[
− 1

(w + z)
∂

∂w

(∫w

0

∫∞

w−u

∫∞

0
(u + z)b(u, z, h, v)ζ (u, z, t)ζ (h, v, t) dv dh du

)

− 1
(w + z)

∂

∂z

(∫ z

0

∫∞

z−u

∫∞

0
(w + u)b(w, u, v, h)ζ (w, u, t)ζ (v, h, t) dv dh du

)

+ 1
(w + z)

∂2

∂w∂z

(∫w

0

∫ z

0

∫∞

w−u

∫∞

z−h
(u + h)b(u, h, v, e)ζ (u, h, t)ζ (v, e, t) de dv dh du

)]]
.

(3.1)

According to the PDTM, the solution ζ (w, z, t) can be written in the series form given by

ζ (w, z, t) =
∞∑

k=0

ζk(w, z, t), (3.2)

and the nonlinear functions are denoted by

f1(ζ ) = ζ (u, z, t)ζ (h, v, t) =
∞∑

i=0

ζi(u, z, t)
∞∑

j=0

ζj(h, v, t), (3.3)

f2(ζ ) = ζ (w, u, t)ζ (v, h, t) =
∞∑

i=0

ζi(w, u, t)
∞∑

j=0

ζj(v, h, t) (3.4)

and f3(ζ ) = ζ (u, h, t)ζ (v, e, t) =
∞∑

i=0

ζi(u, h, t)
∞∑

j=0

ζj(v, e, t). (3.5)
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Therefore, equation (3.1) becomes

∞∑
k=0

ζk(w, z, t) = ζ (w, z, 0) + L−1
[

1
s

L
[
− 1

(w + z)
∂

∂w

(∫w

0

∫∞

w−u

∫∞

0
(u + z)b(u, z, h, v)f1(ζ ) dv dh du

)

− 1
(w + z)

∂

∂z

(∫ z

0

∫∞

z−u

∫∞

0
(w + u)b(w, u, v, h)f2(ζ ) dv dh du

)

+ 1
(w + z)

∂2

∂w∂z

(∫w

0

∫ z

0

∫∞

w−u

∫∞

z−h
(u + h)b(u, h, v, e)f3(ζ ) de dv dh du

)]]
. (3.6)

In PDTM, nonlinear terms are approximated using multiple product property given by

Pk =
k∑

r=0

ζr(u, z, t)ζk−r(h, v, t) and Qk =
k∑

r=0

ζr(w, u, t)ζk−r(v, h, t) (3.7)

and

Tk =
k∑

r=0

ζr(u, h, t)ζk−r(v, e, t), (3.8)

where Pk, Qk and Tk are truncated series of f1(ζ ), f2(ζ ) and f3(ζ ), respectively. By substituting
equations (3.7) and (3.8) into equation (3.6), we obtain the following recursive scheme for solving
the 2D model as follows:

ζk+1(w, z, t)

= L−1

⎡
⎣1

s
L

⎡
⎣− 1

(w + z)
∂

∂w

⎛
⎝∫w

0

∫∞

w−u

∫∞

0
(u + z)b(u, z, h, v)

k∑
r=0

ζr(u, z, t)ζk−r(h, v, t) dv dh du

⎞
⎠

− 1
(w + z)

∂

∂z

⎛
⎝∫ z

0

∫∞

z−u

∫∞

0
(w + u)b(w, u, v, h)

k∑
r=0

ζr(w, u, t)ζk−r(v, h, t) dv dh du

⎞
⎠

+ 1
(w + z)

∂2

∂w∂z

⎛
⎝∫w

0

∫ z

0

∫∞

w−u

∫∞

z−h
(u + h)b(u, h, v, e)

k∑
r=0

ζr(u, h, t)ζk−r(v, e, t) de dv dh du

⎞
⎠
⎤
⎦
⎤
⎦ ,

(3.9)

with ζ0(w, z, t) = ζ (w, z, 0). The n-term series solution is immediately constructed upon the
successful calculation of the individual components ζk(w, z, t), which is expressed as follows:

Φn(w, z, t) =
n∑

k=0

ζk(w, z, t). (3.10)

Next, we apply Padé approximation for longer time-frame solutions. Padé approximation [26–30]
represents a function as a ratio of two polynomials often yielding a better approximation than its
Taylor series expansion over a wider interval. The coefficients of the polynomials are chosen so
that the series expansion of the rational function matches with the Taylor series of the function
to the highest possible order. For this purpose, the pade function in MATLAB is employed to
compute the approximant from the TSSs (for more details, see the electronic supplementary
material).

4. Numerical results and discussion
In this section, we consider five test cases to demonstrate the performance and efficiency of the
LTPDTM, LTPDTM coupled with Padé approximants (LTPDTM-PA), HAM, VIM and MVIM
for solving the 1D as well as 2D hyperbolic (mass-conserving) aggregation PBEs. Each case
features distinct combinations of aggregation kernels and ICs are chosen to demonstrate the
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effectiveness of coupled approach. For each scenario, the deviation in the predicted NDF is
analysed qualitatively and quantitatively. To quantitatively assess the accuracy of approximate
solutions, the relative error in the NDF is evaluated using the following formula [18]:

Error =
100∑
i=1

|ζ ∗(wi, t) − Φn(w, t)|
wi, (4.1)

where the finite-term series solution obtained using LTPDTM is denoted by Φn(w, t) and the exact
solution is represented by ζ ∗(wi, t). To determine this error at a given time t, the computational
domain D = [0, 10] is divided into 100 subintervals. All simulations are performed on an Intel(R)
Core(TM) i7-12700 CPU at 2.10 GHz with 16.00 GB of RAM using MATLAB R2024a software.

(a) Testing for the 1D aggregation equation
To show the accuracy and efficiency of the proposed approach for the 1D classical equation (1.1)
and non-classical equation (1.2) aggregation models, a wide range of aggregation kernels are
considered corresponding to different ICs. In addition, the comparison of the proposed approach
is tested against the existing methods including HAM [25], VIM [41] and MVIM [55]. It is worth
noting that the results are compared by applying all the mentioned approaches to both classical
and non-classical aggregation models in order to evaluate their efficiency.

(i) Constant kernel with an exponential initial condition

The aggregation constant kernel b(w, v) = 1 with an exponential initial condition ζ (w, 0) = e−w

has been utilized to model protein coagulation and biomolecular association processes occurring
during biopharmaceutical manufacturing [57]. For this case, the exact solution (see [58]) is given
by

ζ ∗(w, t) = N2(t) e−N(t)w, (4.2)

where N(t) = 2M0/(2 + M0t) and M0 = 1. By using the recursive scheme equation (2.9), we obtain
the following components of the series solution:

ζ0(w, t) = e−w,

ζ1(w, t) = t e−w(w − 2)
2

,

ζ2(w, t) = t2 e−w(w2 − 6w + 6)
8

and ζ3(w, t) = t3 e−w(w3 − 12w2 + 36w − 24)
48

,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.3)

and higher-order components can be obtained systematically in a similar manner. For comparing
results, we consider the 12-term TSS given by

Φ12(w, t) = e−w + t e−w(w − 2)
2

+ t2 e−w(w2 − 6w + 6)
8

+ t3 e−w(w3 − 12w2 + 36w − 24)
48

+ · · · .

(4.4)

From figure 1a, it can be observed that the LTPDTM provides an accurate prediction of the particle
number density at t = 0.85 and results closely match with the exact solution. However, as time
progresses beyond this point, the LTPDTM solution begins to deviate from the exact solution and
exhibits a tendency to overestimate the particle number density. This indicates the effectiveness of
the method within shorter time domains. This behaviour reflects the limited convergence domain
of the TSS and highlights the need for further improvement.

To circumvent this, Padé approximants serve as an effective tool to improve both the accuracy
and the convergence region of the series solution. To evaluate their efficacy in enhancing the
performance of the LTPDTM, we apply a Padé approximant of order [6, 6] to the 12-term TSS
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Figure 1. Comparison of NDFs and moments estimated approximated by different methods against the exact solutions for
b(w, v)= 1 with ζ0(w, t)= e−w .

Table 1. Computational time (in seconds) taken by VIM, MVIM and LTPDTMmethods.

no. of terms MVIM (classical) [55] VIM (conservative) MVIM (conservative) LTPDTM (conservative)

2 8.69 1.59 4.64 1.19
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3 22.15 4.58 14.44 3.05
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 511.17 48.92 434.90 4.34
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

as shown in figure 1a. This transformation yields a more robust approximation, particularly in
regions where the original series exhibits slow convergence or diverges. The comparison of the
NDF for the LTPDTM-PA (Padé approximant of order [2,2]), VIM, MVIM and HAM methods is
based on their respective four-term TSSs as shown in figure 1b,c. Furthermore, figure 1d illustrates
that the zeroth-order moment calculated by the LTPDTM-PA matches with the exact solution,
while the LTPDTM, HAM, VIM and MVIM models show deviations and also show the first-
order moment predicted with a high degree of accuracy, which demonstrates the reliability of
the approach in conserving the total volume of the system. Tables 1 and 2 list the computational
time required by the LTPDTM, VIM, MVIM and HAM methods to calculate different numbers of
terms.

In addition, table 3 lists a comparative analysis of computational time between the classical
and conservative forms by varying number of terms using LTPDTM. Clearly, we observed that
the time difference between these respective forms increased proportionally with the number of
terms. Furthermore, table 4 lists a detailed comparison of the errors computed using equation (4.1)
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Table 2. Computational time (in seconds) taken by HAM and LTPDTMmethods.

no. of terms HAM (classical form) [59] HAM (conservative form) LTPDTM (conservative form)

5 16.83 7.04 5.52
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6 22.15 16.31 6.28
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

7 36.29 40.91 8.76
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8 71.52 114.10 12.84
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 3. Computational time (in seconds) taken by the LTPDTMmethod for both aggregation models.

no. of terms classical form [18] conservative form

6 7.03 6.28
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8 16.32 12.84
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

10 27.81 22.15
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12 36.49 29.38
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 4. Relative error for constant kernel at t = 5 andw ∈ [0, 10] with ζ0(w)= e−w .

k k = 6 k = 8 k = 10 k = 12

LTPDTM 12.08 × 101 74.96 × 101 46.40 × 102 28.68 × 103
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

LTPDTM-PA 58.06 × 10−4 65.14 × 10−6 96.13 × 10−5 28.53 × 10−7
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 5. Relative error for constant kernel at t = 5 andw ∈ [0, 10] with ζ0(w)= e−w .

k k = 2 k = 3 k = 4

VIM 52.44 × 10−2 15.90 × 10−2 11.80 × 10−2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

HAM 27.81 × 10−2 21.01 × 10−2 15.61 × 10−2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

MVIM 45.99 × 10−3 16.59 × 10−3 44.18 × 10−4
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

LTPDTM-PA 97.42 × 10−4 17.68 × 10−4 99.40 × 10−5
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

for both LTPDTM and the coupled approach LTPDTM-PA. This table also quantifies the influence
of different Padé approximant orders on the accuracy of approximate solution. The quantification
of the errors in the NDFs are calculated using LTPDTM-PA, VIM, HAM and MVIM methods by
varying the number of terms listed in table 5. The numerical results clearly indicate that LTPDTM-
PA yields superior accuracy and an expanded convergence region compared to LTPDTM, VIM,
HAM and MVIM.

(ii) Sum kernel b(w, v)= w + v with an exponential initial condition ζ (w, 0)= e−w

The sum kernel is frequently used for modelling the milk coagulation process to prepare cheese in
the dairy industry [60–62]. For this case, the analytical solution is provided in the study by Singh
et al. [18] and is given by

ζ ∗(w, t) = (1 − τ ) e(−(1+τ )w)I1(2w
√

τ )
w

√
τ

, (4.5)

where τ = 1 − e−t and I1(w) is the modified Bessel function of the first kind,

I1(w) = 1
π

∫π

0
e(w cos θ) cos θ dθ . (4.6)
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Figure 2. Comparison of NDFs approximated by LTPDTM, LTPDTM-PA, HAM, VIM, MVIM and exact solution for sum kernel
b(w, v)= w + v with ζ0(w, t)= e−w .

Using the iterative scheme equation (2.9), the solution components ζj(w, t) are computed as
follows:

ζ0(w, t) = e−w,

ζ1(w, t) = − t e−w(−w2 + 2w + 2)
2

,

ζ2(w, t) = t2 e−w(w4 − 6w3 − 3w2 + 18w + 6)
12

and ζ3(w, t) = − t3 e−w(−w6 + 12w5 − 12w4 − 120w3 + 60w2 + 168w + 24)
144

,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.7)

and so on.
For the comparison, we consider the 16-term TSS given as follows:

Φ16(w, t) = e−w − t e−w(−w2 + 2w + 2)
2

+ t2 e−w(w4 − 6w3 − 3w2 + 18w + 6)
12

− t3 e−w(−w6 + 12w5 − 12w4 − 120w3 + 60w2 + 168w + 24)
144

+ . . . . (4.8)

Clearly, TSS equation (4.8) provides excellent results of the NDFs that overlaps with the
exact solution at t = 0.4. However, when the same number of series terms is used to estimate
the NDFs at t = 0.8, the LTPDTM solution shows noticeable inaccuracy (see figure 2a) for the
larger particle sizes (ranges between 10 and 102). To improve the accuracy of the approximate
solution, the LTPDTM series solution is coupled with a Padé approximant of order [6,6],
resulting in significantly improved results and matches well with the exact solution. Figure 2b
presents a comparison of the NDFs obtained using the four-term TSSs of the LTPDTM-PA (Padé
approximant of order [2,2]), HAM, VIM and MVIM methods at t = 2. The results show that the
LTPDTM-PA and MVIM methods closely match the exact solution, while the HAM and VIM
approaches display significant deviations.

Figure 3 demonstrates that the LTPDTM-PA and MVIM accurately capture the zeroth moment
(μ0(t)), whereas the LTPDTM, HAM and VIM methods exhibit noticeable deviations from
the exact solutions. In contrast, for the first moment (μ1(t)), LTPDTM-PA, LTPDTM, HAM,
VIM and MVIM methods show close agreement with the exact solutions. Furthermore, error
computed using equation (4.1) is listed in tables 6 and 7 that demonstrates the superiority of
MVIM and LTPDTM-PA hybrid approach over LTPDTM, HAM and VIM methods. It is also
noteworthy that computing the five-term truncated series with MVIM is highly time-consuming
(over 3600 s), whereas LTPDTM requires only about 9 s. The high computational expense restricts
its applicability to real-world problems in pharmaceutical and dairy sciences
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Figure 3. Comparison of moments estimated by different methods against the exact solutions for sum kernel b(w, v)= w +
v with ζ0(w, t)= e−w . (a) Zeroth moment. (b) First moment.

Table 6. Relative error for sum kernel at t = 2 andw ∈ [0, 10] with ζ0(w)= e−w .

k k = 6 k = 8 k = 10 k = 12

LTPDTM 77.52 × 10−2 92.97 × 10−1 61.70 × 100 71.85 × 101
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

LTPDTM-PA 72.12 × 10−5 35.66 × 10−6 19.60 × 10−6 05.42 × 10−6
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 7. Relative error for sum kernel at t = 2 andw ∈ [0, 10] with ζ0(w)= e−w .

k k = 2 k = 3 k = 4

VIM 10.78 × 101 72.79 × 10−2 33.68 × 10−2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

HAM 49.85 × 10−3 79.16 × 10−3 61.84 × 10−3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

MVIM 19.91 × 10−4 57.49 × 10−5 23.93 × 10−5
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

LTPDTM-PA 11.63 × 10−2 11.38 × 10−3 44.08 × 10−5
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 8. Computational time (in seconds) taken by VIM, MVIM and LTPDTMmethods.

no. of terms MVIM (classical) [55] VIM (conservative) MVIM (conservative) LTPDTM (conservative)

2 20.24 3.62 7.44 4.72
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3 55.96 9.02 28.47 6.12
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 2683.67 169.52 1713.48 8.34
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Tables 8 and 9 list the computational time associated with the LTPDTM, VIM, MVIM and
HAM methods to calculate the series solution of the NDFs. The results reveal that the LTPDTM
method requires significantly less computational time than the VIM, MVIM and HAM methods
for computing the series terms. As listed in table 10, a comparison between the classical
and conservative forms is also evaluated across the number of terms. This shows that the
computational time difference between the two forms escalates proportionally with the increasing
number of terms, i.e. for estimating the higher-order TSSs with classical aggregation models takes
40–50% more CPU time than the non-classical model (conservative form).
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Table 9. Computational time (in seconds) taken by HAM and LTPDTMmethods.

no. of terms HAM (classical form) [59] HAM (conservative form) LTPDTM (conservative form)

5 20.74 23.44 9.68
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6 36.28 72.98 18.17
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

7 85.08 244.58 29.08
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8 234.18 733.26 54.04
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 10. Computational time (in seconds) taken by LTPDTMmethod for both aggregation models.

no. of terms classical form [18] conservative form

10 88.53 85.46
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12 176.17 168.76
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

14 436.82 317.09
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16 976.20 552.35
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(iii) Ruckenstein/Pulvermacher kernel b(w, v)= w2/3 + v2/3 with gamma initial condition ζ (w, 0)=
4w e−2w

This kernel has been widely used to model various processes in materials science, chemical
engineering and aerosol science [63]. To derive the series solution for the NDF and its
corresponding moments, a more complex gamma distributed IC defined as

ζ (w, 0) = (α + 1)(α+1)wα e−(α+1)w

Γ (α + 1)

is considered. For α = 1, the exact solution for this case is not available in the literature. Therefore,
the results are validated using the finite volume scheme (FVS) [64]. By using the recursive scheme
defined by equation (2.9), we obtain

ζ0(w, t) = 4w e−2w,

ζ1(w, t) = 2
11

e−2w tw
(

−22w2/3 + 9w8/3 − 11 · 21/3Γ

(
8
3

))

and ζ2(w, t) = 1
3 423 420

e−2wt2wΓ

(
1
3

)−1 (
6 846 840w

4
3 Γ

(
1
3

)

− 4 697 028w10/3Γ

(
1
3

)
+ 331 695w16/3Γ

(
1
3

)

− 752 400 22/3(3π )1/2(w−1)1/3w11/3Γ

(
5
6

)

+ 89 100 22/3(3π )1/2(w−1)1/3w17/3Γ

(
5
6

)

+ 760 760 21/3w2/3Γ

(
1
3

)(
5Γ

(
2
3

)
+ 9Γ

(
8
3

))

− 311 220 21/3w8/3Γ

(
1
3

)(
5Γ

(
2
3

)
+ 9Γ

(
8
3

))

−17 290 22/3Γ

(
1
3

)(
49Γ

(
1
3

)
− 220Γ

(
2
3

)
Γ

(
8
3

)))
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.9)
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Figure 4. Comparison of NDFs approximated by the proposed method against the FVS for Ruckenstein/Pulvermacher kernel
with ζ0(w, t)= 4w e−2w .

For this case, a two-terms TSS for the NDF is given by

Φ2(w, t) = 4w e−2w + 2
11

e−2w tw
(

−22w2/3 + 9w8/3 − 11 · 21/3Γ

(
8
3

))
+ . . . .

For this case, the comparison of the proposed LTPDTM-PA is made against the FVS in terms of
the NDF in figure 4. Note that a comparison between LTPDTM-PA and LTPDTM is omitted to
avoid repetition. In addition, the moments are not compared, as their accuracy is consistent with
that observed in previous cases. Note that only two truncated series terms are considered, yet
the proposed approach successfully captures the NDFs over longer time domains and overcomes
all issues of existing semi-analytical methods. In terms of computational time, the LTPDTM took
74.54 s CPU time to capture the number density results, whereas the existing HAM, VIM and
MVIM required 110.61 s, 149.61 s and 228.76 s CPU time, respectively, for the divergence form of
aggregation equation.

From the aforementioned discussion, we can conclude that the 1D non-classical (mass-
conserving) aggregation equation (1.2) is more advantageous for obtaining series solutions
than the classical aggregation model equation (1.1). This is because applying semi-analytical
techniques to the non-classical model significantly reduces the CPU time required to estimate
the series solution compared with the classical model.

(b) Testing for 2D aggregation equation
To demonstrate the broad applicability of the proposed method, we extend it to approximate 2D
classical and non-classical aggregation equations. The 2D aggregation equations have numerous
real-life applications in pharmaceutical sciences, particularly in granule preparation through
sprayed fluidised bed granulation and twin-screw granulation [34,65]. Note that no comparison
of semi-analytical solutions for 2D classical and non-classical aggregation equations has been
reported in the literature. Recently, Kushwah et al. [29] employed the ADM to solve both 1D and
2D mass-conserving aggregation equations. However, no critical examination of the necessity of
the 2D mass-conserving nonlinear aggregation PBE was undertaken. This raises the question of
whether a 2D mass-conserving nonlinear aggregation PBE is indeed required for obtaining semi-
analytical solutions. In addition, all results for the 2D ADM are demonstrated only over very
short time frames, which represents the major drawback of this approach. To avoid redundancy
in the comparison, we limit the results to LTPDTM-PA and LTPDTM in the 2D aggregation model,
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Figure 5. Comparison of LTPDTM, LTPDTM-PA, and exact solution for b(u, z, v, w)= 1 with IC ζ0(w, z, t)= 4w e−2w−z .
(a) LTPDTM at t = 1.4. (b) Exact solution at t = 2. (c) LTPDTM-PA at t = 2. (d) Moments.

since these methods demonstrated higher accuracy than the other methods in the 1D nonlinear
aggregation model.

(i) Constant kernel with exponential initial condition

For comparing the results of 2D aggregation equation, a constant kernel b(u, z, v, w) = 1 with an
exponential IC,

ζ (w, z, 0) = 4N0

w0z0

(
w
w0

)
e(−(2w/w0)−(z/z0)),

is considered. The exact solution of the NDF for this particular case is given in the study by
Gelbard & Seinfeld [66] as follows:

ζ (w, z, t) = 16N0

w0z0(τ + 2)2 e(−(2w/w0)−(z/z0))
∞∑

k=0

(4τz/(τ + 2)z0)k(w/w0)2k+1

k!(2k + 1)!
, (4.10)

where τ =b0N0t is the dimensionless time. The exact moments of the aggregation equation
corresponding to this specified kernel and ICs are given [32] by

μ00(τ ) = 2N0

2 + τ
, μ10(τ ) + μ01(τ ) = Constant and μ11(τ ) = w0z0N0(1 + τ ). (4.11)

For numerical computations, we choose N0 = 1 , b0 = 1, w0 = 1 and z0 = 1. Then, using recursive
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Table 11. Computational time (in seconds) taken by LTPDTM, VIM and MVIMmethods.

no. of terms VIM (conservative form) MVIM (conservative form) LTPDTM (conservative form)

2 5.49 8.26 4.09
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3 27.47 337.34 5.72
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 1987.61 5342.77 7.05
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 12. Computational time (in seconds) taken by LTPDTM and HAMmethods.

no. of terms LTPDTM (classical form) HAM (conservative form) LTPDTM (conservative form)

4 5.34 15.64 7.05
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6 7.94 182.92 16.90
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8 13.06 1884.98 34.01
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

scheme equation (3.9), we obtain the components of the series solution as follows:

ζ0(w, z, t) = 4w e−2w−z,

ζ1(w, z, t) = 4tw e−2w−z(w2z − 3)
3

,

ζ2(w, z, t) = t2w e−2w−z(w4z2 − 30w2z + 45)
15

and ζ3(w, z, t) = − t3w e−2w−z(−w6z3 + 126w4z2 − 1890w2z + 1890)
945

,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.12)

and so on. The TSS limited to eight terms is obtained as follows:

Φ8(w, z, t) = 4w e−2w−z + 4tw e−2w−z(w2z − 3)
3

+ t2w e−2w−z(w4z2 − 30w2z + 45)
15

− t3w e−2w−z(−w6z3 + 126w4z2 − 1890w2z + 1890)
945

+ . . . . (4.13)

Now, we consider the TSS equation (4.13) using eight terms and compare it with the exact NDF.
Figure 5a,b present three-dimensional plots of the NDF predicted by LTPDTM and exact solution,
respectively. A significant issue was observed in the LTPDTM solution, which displayed erratic
number density distribution and even yielded negative values. In contrast, the LTPDTM coupled
with Padé approximant of order [4, 4] (see figure 5c) demonstrated close agreement with the exact
NDF. Figure 5d illustrates the zeroth- and first-order moments, comparing the results of LTPDTM-
PA, LTPDTM and the exact solutions. For the zeroth-order moment, the LTPDTM-PA results
show excellent agreement with the exact solution, while the LTPDTM results exhibit deviation.
In contrast, for the first-order moment, both the LTPDTM-PA and LTPDTM results demonstrate a
strong match with the exact solution. Note that the existing ADM [29] captures the moments only
up to time t = 1 and does not provide the NDFs, which highlights a limitation of this approach.
Table 11 lists the computational time for the conservative form using the LTPDTM, VIM and
MVIM methods. Table 12 compares the computational time of the classical and conservative forms
using the LTPDTM method, as well as the conservative form using the HAM method. It can be
observed that the LTPDTM for the conservative form requires significantly more computational
time to compute the series terms compared with the classical form. Nevertheless, the LTPDTM
for the conservative form requires considerably less CPU time to estimate the series terms than
the VIM, MVIM and HAM.
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(ii) Sum kernel with exponential initial condition

Here, we consider a size-dependent sum kernel b(u, z, v, w) = u + z + v + w for comparing the
results of the 2D aggregation equation with an exponential IC:

ζ (w, z, 0) = 16N0wz

w2
0z2

0
e(−(2w/w0)−(2z/z0)). (4.14)

For the first time, a size-dependent kernel is considered to compare the accuracy and efficiency
of the semi-analytical methods for the 2D classical and non-classical aggregation equations. The
exact solution of the NDF provided by [67] is given by

ζ (w, z, t) = N0(1 − τ ) e(−(w+z)τ/(w0+z0))
[

(g1 + 1)(g2 + 1)
w0z0

]
e(−((g1+1)w/w0)−((g2+1)z/z0))

×
∞∑

k=0

1/(k + 1)!((w + z)τ/(w0 + z0))k[(g1 + 1)(k+1)(g1+1)−1(g2 + 1)(k+1)(g2+1)−1

(w/w0)(k+1)(g1+1)−1(z/z0)(k+1)(g2+1)−1]

Γ ((g1 + 1)(k + 1))Γ ((g2 + 1)(k + 1))
,

(4.15)

where τ = 1 − exp(b1φt), b0 is a constant and φ is the total mass of the particles in the system. For
numerical computations, we choose N0 = 1 , b0 = 1, g1 = 1, g2 = 1, w0 = 1 and z0 = 1. Following
the recursive scheme equation (3.9), we obtain

ζ0(w, z, t) = 16wz e−2w−2z,

ζ1(w, z, t) = −16 twz e−2w−2z(−2w3z2 − 2w2z3 + 9w + 9z + 18)
9

,

ζ2(w, z, t) = 8 t2wz
675

e−2w−2z(4w6z4 + 8w5z5 + 4w4z6

− 300w4z2 − 600w3z3 − 900w3z2 − 300w2z4 − 900w2z3 + 675w2

+ 1350wz + 4050w + 675z2 + 4050z + 2700),

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.16)

and so on.
By truncating the series expansion to sixth terms, the approximate solution for the NDF is

obtained as follows:

Φ6(w, z, t) = 16wz e−2w−2z − 16twz e−2w−2z(−2w3z2 − 2w2z3 + 9w + 9z + 18)
9

+ 8t2wz
675

e−2w−2z(4w6z4 + 8w5z5 + 4w4z6 − 300w4z2 − 600w3z3 − 900w3z2

− 300w2z4 − 900w2z3 + 675w2 + 1350wz + 4050w + 675z2 + 4050z + 2700) + . . . .
(4.17)

Calculating higher-order terms becomes more complex using MATLAB. Therefore, we consider
an approximate series solution by truncating after sixth terms equation (4.17). Similar to the
previous case, the results of the NDF and their moments obtained by LTPDTM-PA (Padé
approximant of order [1,1]) and LTPDTM are compared with the exact solutions in figure 6.
One can easily observe that the LTPDTM-PA results match well with the exact solutions, where
LTPDTM shows deviation and negative values for the NDF. Tables 13 and 14 collectively list
the computational time for several methods. Specifically, table 13 lists the performance of the
conservative LTPDTM, VIM and MVIM methods. Table 14 lists a further comparison of the
conservative formulations of the LTPDTM and the HAM methods.
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Figure 6. Comparison of LTPDTM, LTPDTM-PA, and exact solution for b(u, z, v, w)= (u + z + v + w) with IC ζ0(w, z, t)=
16wz e(−2w−2z).

Table 13. Computation time (in seconds) taken by LTPDTM, VIM and MVIMmethods.

no. of terms VIM (conservative form) MVIM (conservative form) LTPDTM (conservative form)

2 14.34 46.38 5.37
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3 58.64 532.58 27.20
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 2683.34 6432.38 302.46
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 14. Computation time (in seconds) taken by LTPDTM and HAMmethods.

no. of terms HAM (conservative form) LTPDTM (conservative form)

2 16.70 5.37
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3 162.95 27.20
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 1423.38 302.46
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5. Concluding remarks and future directions
In this work, a hybrid semi-analytical framework has been developed for efficiently solving non-
classical divergence nonlinear multidimensional aggregation equations. By coupling the LT with
the projected differential transform, the proposed method establishes a recursive scheme for
generating series solution components without relying on Adomian polynomials. The integration
of Padé approximants further enhances solution accuracy over longer time intervals, effectively
overcoming the short time limitations of conventional series-based approaches.
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A comprehensive validation was carried out using various aggregation kernels for non-
classical divergence nonlinear 1D aggregation PBEs, with performance benchmarked against
established methods including the HAM, VIM and MVIM. The proposed approach demonstrated
up to fourfold improvements in efficiency and delivered substantially lower computational costs,
with the divergence form requiring 40–50% less CPU time than the classical model. In addition,
quantitative comparisons confirmed that the method achieved approximately 50% lower errors
in NDFs relative to existing techniques. On the basis of results and discussion, we strongly
recommend the use of non-classical divergence nonlinear 1D aggregation PBEs for obtaining
semi-analytical solutions, as they maintain accuracy without deterioration.

Finally, the applicability of the method was extended to the 2D mass-conserving (non-classical)
aggregation PBE, where accurate results consistent with exact solutions were obtained. Overall,
the proposed semi-analytical framework proves to be a robust, efficient and broadly applicable
tool for solving complex population balance models, offering significant improvements in both
computational efficiency and accuracy over existing methods. However, the computational time
required by the present method to approximate the non-classical nonlinear multidimensional
aggregation PBE is significantly higher than that of the classical form. This increase is due
to the need to calculate three nonlinear triple integral terms when solving the 2D non-
classical model. Therefore, we conclude that applying semi-analytical techniques to solve
non-classical multidimensional aggregation equations is not recommended owing to the
associated computational expense. The present methodology may be further extended in future
investigations to address aggregation–breakage and aggregation–growth population balance
models.
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