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A B S T R A C T

The coagulation of casein micelles caused by enzymes is a critical step in the dairy industry for cheese
manufacture. During enzymatic coagulation of milk, three processes occur: enzymic proteolysis, coagulation,
and gelation. This study presents the first numerical approach based on a finite volume scheme for describing
the enzyme-induced coagulation of casein micelles. The finite volume scheme is mainly concerned with
ensuring mass conservation and developed on the assumption that the particles are concentrated on the
mean of each cell of the discretization. The key advantages of the new technique are its simple mathematical
formulation and its robustness that allow it to be implemented on any type of grid and tailored to different
coagulation kernels. The accuracy of the new approach is compared with newly derived analytical results
for several gelling and non-gelling coagulation kernels. The comparison demonstrates that the new approach
closely matches the exact results. In order to analyse the convergence behaviour of different order moments,
various refined non-uniform grids have been taken into consideration.
1. Introduction

The coagulation of milk induced by enzymes is a well-known phe-
nomenon that is the basis for manufacturing many cheeses. The ad-
dition of milk-clotting enzyme to milk initiates a proteolytic inter-
action [1–3] with casein micelles. During this process, various sized
casein micelles in the form of colloidal protein clusters are formed in
the system (diameter lies between 50 and 500 nm). During enzymatic
coagulation of milk, three different phases occur. Out of the three
stages, the first two stages are of our interest for the current study.
In the first stage, unstable micelles of paracasein (𝑃1) of volume 𝑥 are
formed from casein micelles (𝐶) in the presence of enzyme (𝐸) by the
splitting off of glycomacropeptides (GMPs) at a rate 𝑣. The graphical
representation of the first stage is depicted in Fig. 1 and a detailed
description can be found in [4,5].

In the second stage of the enzymatic coagulation of milk, the coag-
ulation of unstable micelles of paracasein of volumes 𝑥−𝑥′ and 𝑥′ takes
place at an aggregating rate 𝛽(𝑥 − 𝑥′, 𝑥′) (a graphical representation of
the second stage is provided in Fig. 2). Coagulation is a unifying process
by virtue of which the formation of larger particles takes place in the
system from the merging of two or more particles. The coagulation

∗ Corresponding author at: Dairy Processing Technology Centre, University of Limerick, Limerick, V94 T9PX, Ireland.
E-mail addresses: Mehakpreet.Singh@ul.ie (M. Singh), Orest.Shardt@ul.ie (O. Shardt).

process reduces the number of paracasein micelles in the system,
whereas the total mass in the system remain unaltered. Coagulation
processes have been studied and employed for solving many applica-
tions including pharmaceutical sciences [6], chemical engineering [7,
8], nano-particle physics [9], biology [10] and thermodynamics [11].

1.1. Rennet-induced coagulation equation

The evolution of the number density function 𝑓 (𝑥, 𝑡) of the para-
casein micelles having volume 𝑥 ∈ ℜ+ at time 𝑡 ≥ 0 subject to
the enzymatic coagulation process is governed by an integro-partial
differential equation that can be written as:
𝜕𝑓 (𝑥, 𝑡)

𝜕𝑡
= 𝐾1𝑔(𝑥, 0)𝑒−𝐾1𝑡 + 1

2 ∫

𝑥

0
𝛽(𝑥′, 𝑥 − 𝑥′)𝑓 (𝑥 − 𝑥′, 𝑡)𝑓 (𝑥′, 𝑡)𝑑𝑥′

− ∫

∞

0
𝛽(𝑥, 𝑥′)𝑓 (𝑥, 𝑡)𝑓 (𝑥′, 𝑡)𝑑𝑥′, (1)

with the initial conditions 𝑔(𝑥, 0) = 𝑔𝑖𝑛(𝑥) for the casein micelles and
𝑓 (𝑥, 0) = 𝑓 𝑖𝑛(𝑥) for paracasein micelles with 𝑥 ∈]0,∞[. Here, the first
expression on the right hand side of Eq. (1) represents the primary
phase of the enzymatic coagulation process which is considered to
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Fig. 1. Depiction of first stage of enzymatic coagulation of milk.
Fig. 2. Graphical representation of the second stage of enzymatic coagulation of milk.
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be described by first-order kinetics and 𝐾1 is the rate constant for
proteolysis. The rate is assumed to be independent of the micelle size.
This term follows from the solution to
𝜕𝑔(𝑥, 𝑡)

𝜕𝑡
= −𝐾1𝑔(𝑥, 𝑡) (2)

hich is 𝑔(𝑥, 𝑡) = 𝑔(𝑥, 0)𝑒−𝐾1𝑡. The rate of generation of paracasein
icelles is − 𝜕𝑔

𝜕𝑡 = 𝐾1𝑔(𝑥, 0)𝑒−𝐾1𝑡. The second term on the right side of
(1) defines the formation of larger paracasein micelles having volume 𝑥
due to the merging of paracasein micelles of volume 𝑥− 𝑥′ and 𝑥′. The
third term describes the elimination of paracasein micelles of volume
𝑥 with those of volume 𝑥′. Moreover, the coagulation kernel 𝛽(𝑥, 𝑥′)
denotes the rate at which two micelles of volumes 𝑥 and 𝑥′ combine.
This coagulation kernel is non-negative and symmetric with respect to
the micelle size, that is, 𝛽(𝑥, 𝑥′) = 𝛽(𝑥′, 𝑥).

1.2. Literature review and motivation

The second stage of the enzymatic coagulation process, described by
(1), has been subjected to numerous studies that have examined differ-
ent aspects including the existence and uniqueness of solutions [12],
scaling and self-similarity [13], and the gelation effect [14]. Gela-
tion is a phase transition characterized by the coagulation equation’s
inability to conserve mass (or volume). However, the nonlinear be-
haviour of (1) restricts analytical solutions to only simple structured
kernels [15–20]. Existing numerical approaches for the second stage
of enzymatic coagulation process are available in literature such as
method of moments [14], discrete element method [21], Lattice Boltz-
mann method [22], finite volume schemes [23–27], and sectional
methods [28,29]. The merits and demerits of the aforementioned meth-
ods have been discussed in detail by Singh et al. [30] and references
therein.

However, as per our knowledge, no analytical or numerical solu-
tions are available for the enzymatic coagulation equation (1). In the
literature, different authors (refer to [31,32] and references therein)
solved the combined first two stages of enzymatic coagulation by
converting it to the moment form which is given by:
𝑑𝜇𝑘(𝑡)
𝑑𝑡

= 𝐾1𝑒
−𝐾1𝑡

∫

∞

0
𝑥𝑘𝑔(𝑥, 0)𝑑𝑥

+ ∫

∞

0 ∫

∞

0

[ 1
2
(𝑥 + 𝑥′)𝑘 − 𝑥𝑘 − 𝑥′𝑘

]

𝛽(𝑥, 𝑥′)𝑓 (𝑥, 𝑡)𝑓 (𝑥′, 𝑡)𝑑𝑥𝑑𝑥′.

(3)

Here 𝜇𝑘(𝑡) denotes the 𝑘th order moment. For 𝑘 = 0, the zeroth
order moment can be captured, which provides the total number of
paracasein micelles in the system. For 𝑘 = 1 and 𝑘 = 2∕3, the
2

moments describe the total volume (or mass) and total surface area of
paracasein micelles in the system, respectively. It is important to note
that once the original equation (1) is converted into moment form (3),
the information related to the number density function 𝑓 (𝑥, 𝑡) is lost.
However, if we solve the original equation (1) for the number density
function 𝑓 (𝑥, 𝑡), the moments at any time 𝑡 can be easily obtained by
evaluating the definition of the moments:

𝜇𝑘(𝑡) = ∫

∞

0
𝑥𝑘𝑓 (𝑥, 𝑡)𝑑𝑥. (4)

In this work, our aim is to develop a finite volume approach that
escribes the combined first two stages of enzymatic coagulation to
rack the number density function of the original equation (1). The
inite volume approach is developed based on the assumption that the
icelles are concentrated on the pivot (or representative) of the cell

nd focused on conserving the total mass in the system. However,
t will be interesting to see the extent to which the new approach
aptures the zeroth and second order moments with high precision
ven though no specific measures have been taken for tracking these
oments well. In addition, the analytical moments corresponding to
ifferent coagulation kernels will be derived in order to verify the
umerical moments obtained using the finite volume approach.

The rest of content of the article is outlined as follows: the de-
ailed derivation of the mathematical formulation of the finite volume
pproach for the enzymatic coagulation process (1) is presented in
ection 2 along with the theoretical proof of mass conservation. In
ection 3, the numerical scheme is tested against the analytical results
n order to check the accuracy and efficiency of the scheme for different
oagulation kernels. Next Section 4 is used to make some important
emarks and conclusions related to the current study.

. Domain discretization and finite volume scheme

In this section, let us now construct the mathematical formulation
or the finite volume approach to approximating enzymatic coagulation
n non-uniform grids. The formulation is derived using a non-uniform
rid due to the drawbacks of uniform grids that are discussed in
ection 3. Our focus is to develop a numerical method, so it is very
mportant to fix the upper limit (∞) to a finite number, say 𝑥𝑚𝑎𝑥, in

the third term on the right of Eq. (1). This limit is chosen in a way
that no mass will leave the computational domain. The computational
domain with the limits 𝑥𝑚𝑖𝑛 = 0 to 𝑥𝑚𝑎𝑥 is partitioned into 𝐼 number
of non-uniform cells as shown in Fig. 3. Suppose the lower and the
upper limits of the 𝑖th cell are denoted by 𝑥𝑖−1∕2 and 𝑥𝑖+1∕2, respectively,

here 𝑖 = {1, 2,… , 𝐼}. The pivot of the 𝑖th cell is defined as

𝑥 =
𝑥𝑖−1∕2 + 𝑥𝑖+1∕2 ,
𝑖 2
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Fig. 3. Domain discretization in one dimensional space.
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ith 𝑥1∕2 = 0 and 𝛥𝑥𝑖 = 𝑥𝑖+1∕2−𝑥𝑖−1∕2. For the mathematical derivation
f the finite volume scheme, it is pre-assumed that all paracasein
icelles formed in the system are concentrated on the pivots of the

ells, that is,

(𝑥, 𝑡) =
𝐼
∑

𝑖=1
𝑁𝑖(𝑡)𝛿(𝑥 − 𝑥𝑖), (5)

here 𝑁𝑖(𝑡) = ∫
𝑥𝑖+1∕2
𝑥𝑖−1∕2 𝑓 (𝑥, 𝑡)𝑑𝑥 denotes the total number of paracasein

icelles in the 𝑖th cell. The idea of the finite volume scheme is to
onvert the integral equation (1) into a set of ODEs by substituting
q. (5) and integrating over the 𝑖th cell; the following relation is then
btained:
𝑑𝑁𝑖
𝑑𝑡

= 𝑆𝑖(𝑡) + 𝐵𝑖(𝑡) −𝐷𝑖(𝑡), 𝑖 = 1, 2,… , 𝐼. (6)

Here the terms 𝑆𝑖(𝑡), 𝐵𝑖(𝑡) and 𝐷𝑖(𝑡) express the source term (due to the
irst coagulation phase), the total birth rate, and the total death rate of
he paracasein micelles in the 𝑖th cell, respectively, and are given as

𝑆𝑖(𝑡) = ∫

𝑥𝑖+1∕2

𝑥𝑖−1∕2
𝐾1𝑔(𝑥, 0)𝑒−𝐾1𝑡𝑑𝑥, (7)

𝑖(𝑡) =
1
2 ∫

𝑥𝑖+1∕2

𝑥𝑖−1∕2
∫

𝑥

0
𝛽(𝑥 − 𝑥′, 𝑥′)𝑓 (𝑥 − 𝑥′, 𝑡)𝑓 (𝑥′, 𝑡)𝑑𝑥′𝑑𝑥, (8)

and

𝐷𝑖(𝑡) = ∫

𝑥𝑖+1∕2

𝑥𝑖−1∕2
∫

𝑥𝑚𝑎𝑥

0
𝛽(𝑥, 𝑥′)𝑓 (𝑥, 𝑡)𝑓 (𝑥′, 𝑡)𝑑𝑥′𝑑𝑥. (9)

Let us further divide the time domain into 𝑡𝑛+1 = 𝑡𝑛 + 𝛥𝑡𝑛 for
𝑛 ∈ {0,… , 𝑁 − 1} for some 𝑁 ∈ N. The average value of 𝑓 at time
𝑡𝑛 in the cell 𝑖 is denoted by 𝑓 𝑛

𝑖 which is an approximation of 𝑓 (𝑥, 𝑡𝑛)
as given in equation

𝑓 𝑛
𝑖 = 1

𝛥𝑥𝑖 ∫

𝑥𝑖+1∕2

𝑥𝑖−1∕2
𝑓 (𝑥, 𝑡𝑛)𝑑𝑥. (10)

Using the aforementioned notation and expressions, the simplifica-
tion of Eqs. (7), (8) and (9), Eq. (6) leads to

𝑓 𝑛+1
𝑖 = 𝑓 𝑛

𝑖 + 𝛥𝑡𝑛
(

𝑔(𝑥𝑖, 0)𝐾1 ∫

𝑡𝑛+1

𝑡𝑛
𝑒−𝐾1𝑡𝑑𝑡 + 1

2
∑

(𝑗,𝑘)∈𝛩𝑖
𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘

𝛥𝑥𝑗𝛥𝑥𝑘
𝛥𝑥𝑖

−
𝐼
∑

𝑗=1
𝛽𝑖,𝑗𝑓

𝑛
𝑖 𝑓

𝑛
𝑗 𝛥𝑥𝑗

)

, (11)

where

𝛩𝑖 =
{

(𝑗, 𝑘) ∈ N × N ∶ 𝑥𝑖−1∕2 < (𝑥𝑗 + 𝑥𝑘) ≤ 𝑥𝑖+1∕2
}

, 𝑖 ∈ {1,… , 𝐼}. (12)

ere 𝛩𝑖 is a set of indices which defines the sum of micelles with
olumes 𝑥𝑗 and 𝑥𝑘 that will fall in some 𝑖th cell after the coagulation
nd 𝛽𝑥𝑗 ,𝑥𝑘 = 𝛽𝑗,𝑘. Similar to standard finite volume schemes, the current
inite volume approach should satisfy mass conservation. However,
he formulation (11) does not conserve the total mass in the system.
3

he formulation ensures mass conservation if it satisfies the following
ondition:

1(𝑡𝑛+1) = 𝜇1(𝑡𝑛) +
[

𝑒−𝐾1𝑡𝑛 − 𝑒−𝐾1𝑡𝑛+1
]

𝐼
∑

𝑖=1
𝑥𝑖𝑔(𝑥𝑖, 0)𝛥𝑥𝑖. (13)

ne can easily prove that even though the formulation does not con-
erve the total mass in the system, it does conserve the zeroth order
oment (total number of particles). The formulation conserves the

eroth order moment if it satisfies [33]:

0(𝑡𝑛+1) = 𝜇0(𝑡𝑛) +
[

𝑒−𝐾1𝑡𝑛 − 𝑒−𝐾1𝑡𝑛+1
]

𝐼
∑

𝑖=1
𝑔(𝑥𝑖, 0)𝛥𝑥𝑖

− 1
2

𝐼
∑

𝑗=1

𝐼
∑

𝑘=1
𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘. (14)

.1. Number preservation property

roposition 1. The discrete formulation (11) conserves the zeroth order
oment.

roof. Multiplying Eq. (11) by 𝛥𝑥𝑖 and summing over all 𝑖, the left
and side gives the zeroth order moment (𝜇0(𝑡)) at time 𝑡𝑛+1 and the
ight hand side can be evaluated to:

0(𝑡𝑛+1) =
𝐼
∑

𝑖=1
𝑓 𝑛
𝑖 𝛥𝑥𝑖 +

𝐼
∑

𝑖=1
𝑔(𝑥𝑖, 0)𝛥𝑥𝑖𝐾1 ∫

𝑡𝑛+1

𝑡𝑛
𝑒−𝐾1𝑡𝑑𝑡 + 𝛥𝑡𝑛𝑇1, (15)

here

1 =
1
2

𝐼
∑

𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖
𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘 −

𝐼
∑

𝑖=1

𝐼
∑

𝑗=1
𝑥𝑖𝛽𝑖,𝑗𝑓

𝑛
𝑖 𝑓

𝑛
𝑗 𝛥𝑥𝑖𝛥𝑥𝑗 . (16)

or proving the number preservation law, it is needed to prove that
1 = − 1

2
∑𝐼

𝑗=1
∑𝐼

𝑘=1 𝛽𝑗,𝑘𝑓
𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘.

Interchanging 𝑖 to 𝑗 and 𝑗 to 𝑘 in the second term of above equation
eads to

1 =
1
2

𝐼
∑

𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖
𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘 −

𝐼
∑

𝑗=1

𝐼
∑

𝑘=1
𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘. (17)

t is worth noting that the summation ∑𝐼
𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖 shows the combi-
ation of all cells having indices 𝑗 and 𝑘 that intersect with cell of index
. Therefore, it can also be written as
𝐼

𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖
=

𝐼
∑

𝑗=1

𝐼
∑

𝑘=1
. (18)

his further leads to

1 =
1
2

𝐼
∑

𝑗=1

𝐼
∑

𝑘=1
𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘 −

𝐼
∑

𝑗=1

𝐼
∑

𝑘=1
𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘. (19)

his implies

1 = −1
2

𝐼
∑

𝐼
∑

𝛽𝑗,𝑘𝑓
𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘. (20)
𝑗=1 𝑘=1
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Using the above equation in (15) and after simplification, we reach

𝜇0(𝑡𝑛+1) = 𝜇0(𝑡𝑛) +
[

𝑒−𝐾1𝑡𝑛 − 𝑒−𝐾1𝑡𝑛+1
]

𝐼
∑

𝑖=1
𝑔(𝑥𝑖, 0)𝛥𝑥𝑖

− 1
2

𝐼
∑

𝑗=1

𝐼
∑

𝑘=1
𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘. (21)

Hence, the formulation (11) conserves the zeroth order moment, that
is, it preserves the total number of particles in the system at each time
step. □

Let us now provide the theoretical proof of non-conservation of mass
for the formulation (11) in the following Proposition 2.

Proposition 2. The discrete formulation (11) does not preserve the total
mass in the system.

Proof. Multiplying Eq. (11) by 𝑥𝑖𝛥𝑥𝑖 and summing over all 𝑖, the left
hand side gives the first order moment 𝜇1(𝑡) at time 𝑡𝑛+1 and the right
hand side can be evaluated to:

𝜇1(𝑡𝑛+1) =
𝐼
∑

𝑖=1
𝑓 𝑛
𝑖 𝑥𝑖𝛥𝑥𝑖 +

𝐼
∑

𝑖=1
𝑥𝑖𝑔(𝑥𝑖, 0)𝛥𝑥𝑖𝐾1 ∫

𝑡𝑛+1

𝑡𝑛
𝑒−𝐾1𝑡𝑑𝑡 + 𝛥𝑡𝑛𝑇2,

where

𝑇2 =
1
2

𝐼
∑

𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖
𝑥𝑖𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘 −

𝐼
∑

𝑖=1

𝐼
∑

𝑗=1
𝑥𝑖𝛽𝑖,𝑗𝑓

𝑛
𝑖 𝑓

𝑛
𝑗 𝛥𝑥𝑖𝛥𝑥𝑗 . (22)

or proving mass conservation, it is needed to prove that 𝑇2 = 0.
Interchanging 𝑖 to 𝑗 and 𝑗 to 𝑘 in the second term of the above

quation leads to

2 =
1
2

𝐼
∑

𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖
𝑥𝑖𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘 −

𝐼
∑

𝑗=1

𝐼
∑

𝑘=1
𝑥𝑗𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘. (23)

This further simplifies to

𝑇2 =
1
2

𝐼
∑

𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖
(𝑥𝑖 − 𝑥𝑗 )𝛽𝑗,𝑘𝑓 𝑛

𝑗 𝑓
𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘. (24)

This implies

𝑇2 ≠ 0.

Hence, the formulation defined in Eq. (11) does not hold the mass
conservation law. □

From the above proof, it can be observed that some corrections
have to be made in the formulation (11) to preserve the total mass
in the system. The finite volume approach is based on the idea that
micelles are clustered on the pivot of the cell. However, it is unlikely
that after the coagulation of two micelles, the size of the new micelle
will coincide with the pivot of another cell. This gives three possibilities
depending on whether the coagulated micelle falls on the pivot of a cell
or not:

• Possibility 1: The coagulated micelle (𝑥𝑗 + 𝑥𝑘) lies between the
lower boundary and pivot of the 𝑖th cell, that is, 𝑥𝑖−1∕2 ≤ 𝑥𝑗+𝑥𝑘 <
𝑥𝑖.

• Possibility 2: The coagulated micelle (𝑥𝑗+𝑥𝑘) exactly falls on the
pivot of the 𝑖th cell, that is, 𝑥𝑗 + 𝑥𝑘 = 𝑥𝑖.

• Possibility 3: The coagulated micelle (𝑥𝑗 + 𝑥𝑘) lies between the
pivot and upper boundary of the 𝑖th cell, that is, 𝑥𝑖 < 𝑥𝑗 + 𝑥𝑘 ≤
𝑥𝑖+1∕2.

The graphical representation of all possibilities is demonstrated in
Fig. 4.

In order to translate the aforementioned concept mathematically,
4

the following correction factor is added to the formulation to help in 𝑇
capturing the total mass in the system consistently:

𝛷𝑖
𝑗,𝑘 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥𝑗 + 𝑥𝑘
𝑥𝑖

, for 𝑥𝑗 + 𝑥𝑘 ≠ 𝑥𝑖

1, for 𝑥𝑗 + 𝑥𝑘 = 𝑥𝑖,
0, 𝑥𝑗 + 𝑥𝑘 < 𝑥𝑚𝑖𝑛 or 𝑥𝑗 + 𝑥𝑘 > 𝑥𝑚𝑎𝑥.

(25)

It is worth noting that the addition of this weight deteriorates the
preservation of the zeroth order moment. After introducing the correc-
tion factor in the formulation (11), the finite volume approach takes
the following form:

𝑓 𝑛+1
𝑖 = 𝑓 𝑛

𝑖 + 𝛥𝑡𝑛
(

𝑔(𝑥𝑖, 0)𝐾1 ∫

𝑡𝑛+1

𝑡𝑛
𝑒−𝐾1𝑡𝑑𝑡

+1
2

∑

(𝑗,𝑘)∈𝛩𝑖
𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘

𝛥𝑥𝑗𝛥𝑥𝑘
𝛥𝑥𝑖

𝛷𝑖
𝑗,𝑘 −

𝐼
∑

𝑗=0
𝛽𝑖,𝑗𝑓

𝑛
𝑖 𝑓

𝑛
𝑗 𝛥𝑥𝑗

)

. (26)

Our next major aim is to show that the finite volume approach (26)
preserves mass.

2.2. Mass preservation law

Proposition 3. The discrete formulation (26) preserves total mass in the
presence of correction factor 𝛷𝑖

𝑗,𝑘.

Proof. Multiplying Eq. (26) by 𝑥𝑖𝛥𝑥𝑖 and summing over all 𝑖, the left
hand side gives the first order moment (𝜇1(𝑡)) at time 𝑡𝑛+1, and the right
and side can be evaluated to:

1(𝑡𝑛+1) =
𝐼
∑

𝑖=1
𝑓 𝑛
𝑖 𝑥𝑖𝛥𝑥𝑖 +

𝐼
∑

𝑖=1
𝑥𝑖𝑔(𝑥𝑖, 0)𝛥𝑥𝑖𝐾1 ∫

𝑡𝑛+1

𝑡𝑛
𝑒−𝐾1𝑡𝑑𝑡 + 𝛥𝑡𝑛𝑇 , (27)

here

= 1
2

𝐼
∑

𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖
𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘(𝑥𝑗 +𝑥𝑘)−

𝐼
∑

𝑖=1

𝐼
∑

𝑗=1
𝑥𝑖𝛽𝑖,𝑗𝑓

𝑛
𝑖 𝑓

𝑛
𝑗 𝛥𝑥𝑖𝛥𝑥𝑗 . (28)

To conserve mass, we require 𝑇 = 0.
Let us simplify the above equation by rewriting it as follows:

𝑇 = 1
2

𝐼
∑

𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖
𝑥𝑗𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘 +

1
2

𝐼
∑

𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖
𝑥𝑘𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘

−
𝐼
∑

𝑖=1

𝐼
∑

𝑗=1
𝑥𝑖𝛽𝑖,𝑗𝑓

𝑛
𝑖 𝑓

𝑛
𝑗 𝛥𝑥𝑖𝛥𝑥𝑗 . (29)

Interchanging 𝑗 and 𝑘 in the second term of the above equation leads
o

=
𝐼
∑

𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖
𝑥𝑗𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘 −

𝐼
∑

𝑖=1

𝐼
∑

𝑗=1
𝑥𝑖𝛽𝑖,𝑗𝑓

𝑛
𝑖 𝑓

𝑛
𝑗 𝛥𝑥𝑖𝛥𝑥𝑗 . (30)

Use the same argument similar to Proposition 1, the summation
∑𝐼

𝑖=1
∑

(𝑗,𝑘)∈𝛩𝑖 exhibits the sum of all cells having indices 𝑗 and 𝑘 that
intersect with the cell of index 𝑖. Therefore, it can also be written as
𝐼
∑

𝑖=1

∑

(𝑗,𝑘)∈𝛩𝑖
=

𝐼
∑

𝑗=1

𝐼
∑

𝑘=1
.

It can be further evaluated to

𝑇 =
𝐼
∑

𝑗=1

𝐼
∑

𝑘=1
𝑥𝑗𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘 −

𝐼
∑

𝑖=1

𝐼
∑

𝑗=1
𝑥𝑖𝛽𝑖,𝑗𝑓

𝑛
𝑖 𝑓

𝑛
𝑗 𝛥𝑥𝑖𝛥𝑥𝑗 . (31)

Now change the indices 𝑖 to 𝑗 and 𝑗 to 𝑘 in the second term of the above
relation:

𝑇 =
𝐼
∑

𝑗=1

𝐼
∑

𝑘=1
𝑥𝑗𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘 −

𝐼
∑

𝑗=1

𝐼
∑

𝑘=1
𝑥𝑗𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘𝛥𝑥𝑗𝛥𝑥𝑘. (32)

his implies
= 0.
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inally, from Eq. (27), we obtain

1(𝑡𝑛+1) = 𝜇1(𝑡𝑛) +
𝐼
∑

𝑖=1
𝑓 𝑛
𝑖 𝑥𝑖𝛥𝑥𝑖 +

𝐼
∑

𝑖=1
𝑥𝑖𝑔(𝑥𝑖, 0)𝛥𝑥𝑖𝐾1 ∫

𝑡𝑛+1

𝑡𝑛
𝑒−𝐾1𝑡𝑑𝑡. (33)

fter simplification, it leads to

1(𝑡𝑛+1) = 𝜇1(𝑡𝑛) +
[

𝑒−𝐾1𝑡𝑛 − 𝑒−𝐾1𝑡𝑛+1
]

𝐼
∑

𝑖=1
𝑥𝑖𝑔(𝑥𝑖, 0)𝛥𝑥𝑖, (34)

hich is same as Eq. (13). Hence, the total mass is preserved by this
ethod. □

roposition 4. The correction factor 𝛷𝑖
𝑗,𝑘 defined in (25) is unity for the

niform grid with 𝑥𝑖 = 𝑖𝑝 where 𝑝 is a positive number.

roof. For a uniform grid, the boundaries of all cells are equidistant.
e can construct a uniform grid with 𝑥𝑖 = 𝑖𝑝 where 𝑝 is a positive

umber.
This implies the coagulated micelle’s volume is 𝑥𝑗 + 𝑥𝑘 = (𝑗 + 𝑘)𝑝 =
𝑝 for an integer 𝑀 . Now for this uniform grid, the coagulated micelle

𝑥𝑗 + 𝑥𝑘) will fall exactly on the pivot of the cell 𝑖 = 𝑀 . This means
+ 𝑘 = 𝑖. Hence from Eq. (25), 𝛷𝑖

𝑗,𝑘 = 1. □

Important note: It is worth noting here that Proposition 4 does not
old for an arbitrary uniform grid with 𝑥𝑖 = 𝑖𝑝 + 𝑞 where 𝑝 and 𝑞 are

both positive numbers.

2.3. CFL condition for positive solution

Since the new proposed scheme is an explicit time-stepping scheme,
some care has to be taken with respect to the positivity of the approx-
imate solution. Consider the positive initial data 𝑓 0

𝑖 > 0 for all 𝑖. In
order to ensure positivity of the numerical solution, a stability (CFL)
condition for the time step similar to Forestier-Coste and Mancini [25]
is defined. The CFL condition in this case is given by

𝛥𝑡𝑛 < min
(

|

|

𝑓 𝑛
𝑖

𝑛 𝑛 𝑛
|

|

)

, (35)
5

𝑖 |𝑆𝑖 + 𝐵𝑖 −𝐷𝑖
|

here the terms 𝐵𝑛
𝑖 and 𝐷𝑛

𝑖 denote the discrete birth and death of
articles in the 𝑖th cell, given as

𝑛
𝑖 = 1

2
∑

(𝑗,𝑘)∈𝛩𝑖
𝛽𝑗,𝑘𝑓

𝑛
𝑗 𝑓

𝑛
𝑘

𝛥𝑥𝑗𝛥𝑥𝑘
𝛥𝑥𝑖

𝛷𝑖
𝑗,𝑘,

and

𝐷𝑛
𝑖 =

𝐼
∑

𝑗=1
𝛽𝑖,𝑗𝑓

𝑛
𝑖 𝑓

𝑛
𝑗 𝛥𝑥𝑗 .

ence, under the restriction (35) on the time step 𝛥𝑡𝑛, the numerical
esults will be positive provided positivity is ensured in the initial data.

. Numerical testing and discussion

The new approach has been tested in terms of integral moments
nd number of particles in each cell against newly developed analytical
olutions corresponding to both non-gelling and gelling kernels. The
omparison is conducted for a exponential initial condition 𝑓 (𝑥, 0) =
−𝑥 and 𝑔(𝑥, 0) = 𝑓 (𝑥, 0) for simplicity. The analytical solutions for the
ifferent order moments for both non-gelling and gelling kernels are
isted in Table A.3. All the simulations were carried out using MATLAB-
021b academic version on a i7-1165G7 @2.80 GHz 11th generation
ntel CPU and 16 GB RAM. The non uniform computational domain
s discretized into 𝐼 non uniform subintervals using the geometric
ecurrence relation 𝑥𝑖+1∕2 = 𝑟𝑥𝑖−1∕2.

The relative errors in the moments are calculated using the follow-
ng relation

𝑖(𝑡) =
|

|

|

|

|

𝑚𝑎𝑛𝑎
𝑖 − 𝑚𝑛𝑢𝑚

𝑖
𝑚𝑎𝑛𝑎
𝑖

|

|

|

|

|

. (36)

for different grids at the end time. Here, 𝑚𝑎𝑛𝑎
𝑖 and 𝑚𝑛𝑢𝑚

𝑖 denote the 𝑖th

analytical and numerical moments, respectively.
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Fig. 5. Evolution of different moments for the constant kernel 𝛽(𝑥, 𝑦) = 1 with 𝐾1 = 5 for a uniform grid with 1000 cells.
p

3.1. Non-gelling constant kernel

Let us begin the testing by considering the constant kernel 𝛽(𝑥, 𝑦) =
. We consider a computational domain with the lower limit (𝑥𝑚𝑖𝑛 =
0−2) and the upper limit (𝑥𝑚𝑎𝑥 = 103) having 1000 uniform cells. The
ther computational grids that we consider have 30 or 60 cells with
ogarithmic spacing between the same lower (10−2) and upper (103)
ounds. Due to non-availability of analytical (or exact) solutions for the
umber density functions, the accuracy of the method has been tested
y deriving solutions for the moments. The simulations are obtained
ntil time 𝑡 = 2 for 𝐾1 = 5 and 𝐾1 = 10. Testing is done by comparing
he numerical solution against the exact zeroth, first and second order
oments provided in Appendix (Table A.3).

The numerical results for the moments with a uniform grid with
000 cells are presented in Fig. 5. Despite the adherence to the mass
reservation law, it is evident that the zeroth and second-order mo-
ents deviate significantly from the exact values despite the refined

rid. Enhancing these results necessitates the use of an even more
efined grid, thereby increasing computational costs. However, when
mploying a non-uniform grid with 30 cells, the obtained results are
ighly accurate in comparison to those with a uniform grid (refer to
ig. 6). Consequently, we have opted for the use of only a non-uniform
rid for the remainder of the study.

It can be seen from Figs. 6(a) and 6(b) that the zeroth order mo-
ents are well predicted by the proposed approach, but the numerical

pproach over-predicts the analytical solutions at the end time. It
s worth noting that the zeroth order moment, which represents the
umber of coagulated micelles, first increases at early times due to
roteolysis. The first order moments illustrated in Figs. 6(a) and 6(b)
ncrease over time as a result of the enzymatic proteolysis (first phase)
f the coagulation process before significant coagulation begins. It is
mportant to note that after the first phase ends (around time 𝑡 = 1),

the overall mass of the coagulated micelles does not change over time.
In addition, the second order moments are illustrated in Figs. 6(c) and
6(d). Fig. 6(c) reveals that the new numerical approach (with 30 cells)
over predicted the second order moment and deviates slightly from
the exact moment. However, once a refined grid of 60 cells is used to
calculate the second order moment, the accuracy increases and matches
well with the exact moment (refer to Fig. 6(d)).

The number density distributions of the coagulated micelles for
the first-two phases of the enzymatic coagulation process calculated
numerically are demonstrated in Figs. 6(e) and 6(f) for 30 and 60 cells,
respectively at different times. The relative errors (36) calculated for
different 𝐾1 values are listed in Table 1. It is worth noting that as the
refined grid is used, the errors in moments are decreased and can be
6

Table 1
Error analysis of the moments at end time for non-gelling constant kernel.
𝑚𝑖 𝐾1 = 5 𝐾1 = 10

30 cells 60 cells 30 cells 60 cells

𝑚0 0.0122 0.0090 0.0038 0.0027
𝑚1 6.14E−7 3.81E−7 1.25E−6 5.97E−7
𝑚2 0.0241 0.0070 0.0250 0.0073

reduced to a desired level by considering a more refined grid but at an
increased computational cost.

In order to understand the effect of the constant 𝐾1 (used to define
the enzymatic proteolysis), the numerical results obtained by consid-
ering 𝐾1 = 10 are graphically shown in Fig. 7. The initial increase in
the number of coagulating micelles occurs faster than in the previous
case where 𝑘 = 5 was considered (refer to Figs. 6(a) and 6(b)). The
first order moment does not alter much for different values of 𝐾1 as
shown in Figs. 6(a), 6(b), 7(a) and 7(b). It is worth noting that for
𝐾1 = 10, the total mass increases to a steady value in a shorter time
eriod (𝑡 = 0.55) than with 𝐾1 = 5 (at 𝑡 = 1). The differences in

the behaviour of the distributions can also be observed for different
values of 𝐾1 and grids with various cell sizes (see Figs. 6(e), 6(f), 7(e)
and 7(f)). These figures show the role of the enzymatic proteolysis rate
constant 𝐾1 on the overall progress of the coagulation process.

3.2. Gelling sum kernel

Now we extend the comparison by considering a strongly size-
dependent gelling kernel of the form 𝛽(𝑥, 𝑦) = 𝑥+ 𝑦. The computational
domain [10−2 103] is divided into 60 non-uniform cells. The simulation
is run until 𝑡 = 1.27 and the values of 𝐾1 are considered to be 5
and 10. The comparison of the different moments obtained using the
finite volume scheme are compared against newly derived analytical
solutions. The analytical moments are computed using Picard’s method
which will be provided in a subsequent article, however, the expres-
sions of different moments are provided in Table A.4 of Appendix. For
comparing the zeroth and second order moments, the 10th iteration
result of Picard’s method is considered.

Fig. 8 presents the comparison of the numerical and exact solutions
for the different moments for the sum kernel. Once again the numerical
approach captures the zeroth and first order moments with higher
precision, as depicted in Figs. 8(a) and 8(b). In addition, the second
order moments corresponding to 𝐾1 = 5 and 𝐾1 = 10 are shown in
Figs. 8(c) and 8(d), respectively. Even though no specific measures
have been taken to compute the second order moments accurately, the
numerical approach predict these moments with reasonable accuracy.
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Fig. 6. Evolution of different moments and the number density for the constant kernel 𝛽(𝑥, 𝑦) = 1 with 𝐾1 = 5.
f
Moreover, the number density distributions of the coagulated mi-
elles is plotted against the size of the cell corresponding to 𝐾1 = 5 and
1 = 10 in Figs. 8(e) and 8(f). Once again the relative errors calculated

or the gelling sum kernel listed in Table 2 shows that the errors
educed significantly when the simulation is run for a refined grid of 60
on-uniform cells compared to a coarse grid of 30 non-uniform cells.

In order to observe the gelling behaviour for the sum kernel, the
imulation is run for an extended time (0 to 1.5) with 60 non-uniform
ells. The results are shown in Fig. 9. One can see that mass loss starts
7

rom 𝑡 = 1.25. The effect of mass loss can also be seen in the zeroth
moment. The accuracy can be improved by considering a more refined
grid but at a higher computational cost.

3.3. Brownian kernel

Here the numerical results are compared for a physically-relevant
kernel known as the Brownian kernel of the form 𝛽(𝑥, 𝑦) =
(

𝑥1∕3 + 𝑦1∕3
) (

𝑥−1∕3 + 𝑦−1∕3
)

[34,35]. This kernel has been used in dif-
ferent applications related to pharmaceutical processes (see Ref. [36]
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Fig. 7. Evolution of different moments and the number density for the constant kernel 𝛽(𝑥, 𝑦) = 1 for 𝐾1 = 10.
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Table 2
Error analysis of the moments at end time for sum kernel.
𝑚𝑖 𝐾1 = 5 𝐾1 = 10

30 cells 60 cells 30 cells 60 cells

𝑚0 0.0145 0.0116 0.0157 0.0130
𝑚1 2.37E−4 1.06E−4 7.89E−4 3.95E−4
𝑚2 0.2007 0.1940 0.2156 0.2127
8

n

and therein). The simulation is run for a computational domain [10−3

05] having 60 non-uniform cells until 𝑡 = 2. The values of the
arameter 𝐾1 are considered to be 5 and 10.

For this case, analytical solutions for the number density function
nd the corresponding moments are not possible to derive due to the
omplex nature of this kernel. However, the exact solution for the first
rder moment can be derived, which is similar to previous cases. The
umerical results in terms of moments and distribution are provided in
ig. 10. The total mass in the system is consistently preserved by the
ew approach and overlaps with the exact result as demonstrated in
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Fig. 8. Evolution of different moments and the number density for the sum kernel 𝛽(𝑥, 𝑦) = 𝑥 + 𝑦 and 60 non-uniform cells.
plots 10(a) and 10(b). The zeroth order moment, plotted in Figs. 10(a)
and 10(b), follows similar trends as the previous cases. The behaviour
of the zeroth order moment is quite similar to the sum kernel case,
however, the first phase is shorter in time than it is with the sum kernel.
The second order moments calculated by the new approach show linear
growth with time (refer to Figs. 10(c) and 10(d)) for both values of 𝐾1.
The coagulated micelle number density distribution computed using the
new approach has been plotted in Figs. 10(e) and 10(f). The number
distributions show similar trends as earlier cases.
9

From the discussion above, it has been shown that the proposed
approach is flexible and robust to implement on both empirical and
physically relevant kernels. The effect of 𝐾1 on the distributions and
their integral moments is discussed.

4. Final conclusions, remarks and future prospects

A new mass preserving approach based on the finite volume scheme
has been developed for solving a rennet-coagulation equation arising
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Fig. 9. Gelling behaviour using sum kernel 𝛽(𝑥, 𝑦) = 𝑥 + 𝑦 for 60 cells.

in the field of dairy science. The mathematical formulation of the
new approach is simple and reliable to implement on any grid. The
new approach was compared to newly derived analytical solutions for
two types of kernels: gelling and non-gelling. Even though no explicit
precision assessments were completed, it was proven that the novel
approach calculated the zeroth and second order moments with good
accuracy while using few cells. In other words, the idea of the new
approach is based on conservation of the total mass in the system
(rather than other moments). In addition, the number density distribu-
tion of coagulated micelles is also captured by the proposed approach.
In addition to the constant and sum kernels, computational and ana-
lytical results are also compared for the physically-relevant Brownian
kernel, which has been considered for modelling many processes in
pharmaceutical sciences.

Even though the new approach captures the zeroth order moment
well, conservation of the zeroth order moment is not guaranteed. In
the future, We will therefore development an approach that preserves
both zeroth and first order moments consistently. In addition, we
will consider different expressions for the kinetics of proteolysis (for
example second order kinetics) to see the impact of the kinetics on
the size distribution of coagulated micelles. Due to the higher accu-
racy and efficiency of the proposed scheme, we will also extend this
technique to track multiple properties of the system by considering a
multidimensional equation [37,38].
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Appendix. Analytical solutions for different moments

Let us now derive the analytical solutions for a enzymatic coag-
ulation process corresponding to the constant and sum kernels. For
deriving the moments, we assume 𝑔(𝑥, 0) = 𝑓 (𝑥, 0) = exp(−𝑥). Integrate
the original equation (1) with respect to variable 𝑥 from 0 to ∞, and
after simplification we get the following relation:
𝑑𝜇𝑘(𝑡)
𝑑𝑡

= 𝐾1𝑒
−𝐾1𝑡

∫

∞

0
𝑥𝑘𝑓 (𝑥, 0)𝑑𝑥 + 1

2 ∫

∞

0 ∫

∞

0

[

(𝑥 + 𝑥′)𝑘 − 𝑥𝑘 − 𝑥′𝑘
]

× 𝛽(𝑥, 𝑥′)𝑓 (𝑥′, 𝑡)𝑓 (𝑥, 𝑡)𝑑𝑥𝑑𝑥′. (A.1)

These equations in terms of 𝜇𝑘(𝑡) will be solved using Picard’s iterative
technique.

For example, for the sum kernel 𝛽(𝑥′, 𝑥′, 𝑡) = 𝛽0(𝑡)(𝑥 + 𝑥′) and 𝑘 = 0,
the above expression after simplification takes the following form:
𝑑𝜇0(𝑡)
𝑑𝑡

= 𝐾1𝑒
−𝐾1𝑡𝜇0(0) − 𝛽0𝜇1(0)

[

2 − 𝑒−𝐾1𝑡
]

𝜇0(𝑡). (A.2)

Integrating with respect to 𝑡 from 0 to 𝑡 gives

𝑚0(𝑡) = 𝑚0(0) +𝐾1𝑚0(0)∫

𝑡

0
𝑒−𝐾1𝑡𝑑𝑡 − 𝛽0𝜇1(0)

× ∫

𝑡

0
(2 − 𝑒−𝐾1𝑡𝑚0)(𝑡)𝑑𝑡 for 𝑖 = 0, 1, 2,… . (A.3)

Implementing Picard’s iterative formula, we have

𝑚𝑖+1
0 (𝑡) = 𝑚0(0) +𝐾1𝑚0(0)

[

1 − 𝑒−𝐾1𝑡
]

− 𝛽0𝜇1(0)∫

𝑡

0
(2 − 𝑒−𝐾1𝑡)𝑚𝑖

0(𝑡)𝑑𝑡 for 𝑖 = 0, 1, 2,… . (A.4)

Here 𝑚0
0 = 𝑚0(0), 𝑚1(0) and 𝑚2(0) denote the zeroth, first and second

order moments, respectively at time 𝑡 = 0. Similarly, for other values
of 𝑘, the different order moments can be derived.

Table A.3
Exact solutions for zeroth, first and second order moments corresponding to constant
kernel.

Second iteration of
𝑚0(0)
24𝐾2

1

(

−𝑚3
0(0)𝐾

2
1 𝑡

3𝛽30 + 12𝑚2
0(0)𝐾

2
1 𝑡

2𝛽20 + 12𝑚3
0(0)𝑒

−𝐾1 𝑡𝐾1𝑡𝛽
2
0

zeroth moment
(𝜇0(𝑡))

+12𝑚2
0(0)𝑒

−𝐾1 𝑡𝛽20 + 6𝑚0(0)𝑒−2𝐾1 𝑡𝐾1𝛽0 − 48𝑚0(0)𝐾2
1 𝑡𝛽0 − 12𝛽20𝑚

2
0(0)

−48𝑚0(0)𝑒−𝐾1 𝑡𝐾1𝛽0 + 42𝑚0(0)𝛽0𝐾1 − 24𝑒−𝐾1 𝑡𝐾2
1 + 48𝐾2

1

)

First moment
(𝜇1(𝑡))

𝑚1(0)(2 − 𝑒−𝐾1 𝑡)

Second moment
(𝑚2(𝑡))

𝑚2(0)(2 − 𝑒−𝐾1 𝑡) + 4𝑡 + (1∕(2𝐾1))(1 − 𝑒−2𝐾1 𝑡) − (4∕(𝐾1))(1 − 𝑒−𝐾1 𝑡)

Table A.4
Exact solutions for zeroth, first and second order moments corresponding to sum
kernel.

Second iteration of
𝑚0(0)
𝐾2

1

(

2𝐾2
1 + 2𝐾2

1 𝑡
2 + 0.5𝑒−2𝐾1 𝑡𝐾1 + 2𝑒−𝐾1 𝑡𝐾1𝑡 − 4𝐾2

1 𝑡 + 0.5𝑒−2𝐾1 𝑡

zeroth moment
(𝜇0(𝑡))

−4𝐾1𝑒−𝐾1 𝑡 − 2𝐾1𝑡 − 𝑒−𝐾1 𝑡 + 3.5𝐾1 + 0.5 −𝐾2
1 𝑒

−𝐾1 𝑡
)

First moment
(𝜇1(𝑡))

𝑚1(0)(2 − 𝑒−𝐾1 𝑡)

Second iteration of −
𝑚2(0)
𝐾2

1

(

−8𝛽20𝐾
2
1 𝑡

2 − 8𝑒−𝐾1 𝑡𝐾1𝑡𝛽
2
0 − 8𝛽0𝐾2

1 𝑡 + 8𝛽20 𝑡𝐾1 + 𝑒−𝐾1 𝑡𝐾2
1

second moment
(𝑚2(𝑡))

+𝛽0𝑒−2𝐾1 𝑡𝐾1 − 2𝛽20 𝑒
−2𝐾1 𝑡 − 2𝐾2

1 + 7𝐾1𝛽0 − 2𝛽20
)
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R

Fig. 10. Evolution of different moments and the number density for the Brownian kernel 𝛽(𝑥, 𝑦) =
(

𝑥1∕3 + 𝑦1∕3
) (

𝑥−1∕3 + 𝑦−1∕3
)

.
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