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Cauchy homogenisation methods are based on the assumption that materials show size independent be- 

haviour. For example, the effective bending modulus of a beam is constant for all cross-sectional areas 

and is equal to the tensile modulus. However, as demonstrated by numerous authors, the stiffness of 

heterogenous materials under non uniform loading (e.g. bending) can be influenced by size effects, when 

the microstructural size scale is comparable to the macroscopic one. In other words, an effective elastic 

modulus can underestimate or overestimate the bending stiffness depending on the specimen size. In 

this work, the effect of the thickness dimension on the effective bending modulus of composite plies is 

investigated. The composite is represented by cylindrical fibres uniformly distributed in a uniform ma- 

trix. The cases of fibres stiffer and more compliant than the matrix are considered. The results show that 

the effective bending modulus depends on fibre volume fraction ratio, mismatch of fibre/matrix material 

properties and the number of fibres through the thickness. The implications for the analysis of bending 

of thin ply composites are discussed. 

© 2020 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY license. ( http://creativecommons.org/licenses/by/4.0/ ) 
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1. Introduction 

Classical homogenisation techniques are based on the assump-

tion that effective material properties are independent of sam-

ple size and applied boundary conditions. However, the proper-

ties of heterogenous materials can be size dependent under non-

uniform loading, if the influence of the microstructural length

scale is sufficiently large to affect the overall macroscopic be-

haviour ( Wheel et al., 2015 ). Recent success in the manufacture

of thin ply fibre reinforced polymer composites, i.e. plies as thin

as 20 μm in Innovations and Testbeds (2018) , has motivated in-

terest in the investigation of size effects in composite plies. Ex-

perimental evidence of size dependent bending behaviour is re-

ported in the literature for materials with fibrous or granular

structures, such as cortical bone ( Yang and Lakes, 1982 ), crys-

talline marble ( Vardoulakis et al., 1998 ) and porcelain ( Ece and

e Nakagawa, 2002 ), cellular materials, such as metallic foams

( Brezny and Green, 1990; Andrews et al., 2001 ) and honeycomb

panels ( Yasui, 20 0 0 ), and composite materials, such as fibre-

reinforced concrete ( Nguyen et al., 2013 ). Materials with inclu-
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ions more compliant than the matrix were shown experimentally

o have increasing stiffness with decreasing size ( Beveridge et al.,

013 ). However, contradictory size effects are also reported in

he literature for cortical bone, showing that the size effect

ay be controlled not just by the stiffness of the inclusions

ut also by their surface area to volume ratio ( Choi et al.,

990 ). 

Generalized continuum theorems can be used to incorporate

ize dependent material behaviour by including additional degrees

f freedom, e.g. micropolar theory, or by considering higher deriva-

ives of displacements, e.g. strain gradient theories, Eringen (1972) ,

ringen and Edelen (1972) ; Eringen (2012) . Size effects in het-

rogenous materials can also be formulated through the use of a

osserat characteristic length to derive material properties in gen-

ralised continua. Bigoni and Drugan (2007) formulated Cosserat

ffective moduli for composite materials for the case of inclusions

ore compliant than the matrix. In this case, the effective mod-

lus increases with decreasing size, a phenomena termed ‘posi-

ive size effect’ in Wheel et al. (2015) . However, it is shown in

igoni and Drugan (2007) that Cosserat effective properties could

ot be defined for the case of inclusions stiffer than the matrix,

ignificantly limiting its applicability. In Gao and Mahmoud (2014) ,

ao (2015) the Cosserat theory was modified to include additional

ize dependent surface effects to allow for this case, resulting in
nder the CC BY license. ( http://creativecommons.org/licenses/by/4.0/ ) 
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Nomenclature 

v Vertical deflection of a beam 

x Longitudinal position along a beam 

E m 

Elastic modulus of matrix 

E f Elastic modulus of fibre 

r Fibre radius 

A j Cross sectional area for material j ( j = f, m for fibre 

or matrix, respectively) 

d Fibre spacing 

α Dimensionless geometry parameter, r / d 

v f Fibre volume fraction 

t Thickness of lamina 

E Effective tensile elastic modulus calculated by rule 

of mixture ̂ E b Effective bending elastic modulus 

D Bending stiffness 

R m 

Highest value of modulus variation parameter 

κ Curvature ̂ D Bending stiffness of composite beam 

M Bending moment 

E Young’s modulus ̂ l Bending characteristic length 

f ( α, β) Length scale function 

L Length of composite beam 

N max Maximum value of N 

I Second moment of area with respect to the neutral 

axis 

I Second moment of area of the equivalent ho- 

mogenised cross section 

u i Displacement degree of freedom for i = 1 , 3 corre- 

sponding to x, y and z -axis 

X 1 Coordinate of a cross-section in 1 direction 

X 2 Coordinate of a cross-section in 2 direction 

X 3 Coordinate of a cross-section in 3 direction 

N Number of fibres 

β Dimensionless material parameter, E f / E m 

ε11 Longitudinal strain 

I n 
x | j Second moment of area of the n th material region, 

with respect to the neutral axis ( x -axis), for material 

j ( j = f, m for fibre or matrix, respectively) 

I c | j Second moment of area with respect to centroidal 

axis ( c -axis), for material j ( j = f, m for fibre or ma- 

trix, respectively) 

E 1 Elastic modulus of first material for a laminated 

beam 

E 2 Elastic modulus of second material for a laminated 

beam 

t 1 Thickness of layer in laminated beam with first ma- 

terial property 

t 2 Thickness of layer in laminated beam with second 

material property 

R Modulus variation parameter 

α0 Local maximum or minimum of function R in terms 

of α
N Number of fibres corresponding to R 

R Limiting value of R to have a significant size effect 

ε max 
11 

Maximum longitudinal strain in the far field region ̂ E bl Effective bending modulus of laminate 

ecreasing effective modulus with decreasing size. ( Gortsas et al.,

018 ) used the boundary element method to determine the length

cale parameter to be used in a strain gradient theory model for

 composite beam under transverse bending (as opposed to longi-
udinal bending examined in our work). The results showed that,

s for the Cosserat theory, the length scale parameter for a gradi-

nt elastic material cannot be defined for the case of fibres stiffer

han the matrix. In Wheel et al. (2015) , Euler-Bernoulli beam the-

ry was used to formulate the stiffness expression for a compos-

te laminate beam consisting of layers (plies) with different elas-

ic moduli loaded in three point bending. Their study showed that

he nature of the size effect (termed size softening or size stiffen-

ng) is governed by the relative stiffness of the outer layer—a stiff

uter layer yields a positive size effect (stiffening), a more com pli-

nt outer layer gives the opposite result (softening). Furthermore, a

haracteristic Cosserat length was defined for a micropolar beam,

ollowing ( Beveridge et al., 2013 ), which was only applicable for

he case of a stiffer outer layer. The work of Frame et al. (2017) ex-

ends the work of Wheel et al. (2015) , applying the general ap-

roach developed in Wheel et al. (2015) to the case of cortical

one. 

Our work follows a similar approach to that in

heel et al. (2015) . The study in Wheel et al. (2015) exam-

ned the size effect for multiple composite plies of different

tiffness. Our focus is at the microstructural ply level incorporating

bre/matrix interactions. Fibres as represented as circular cylin-

ers uniformly distributed in a homogenous matrix. Both cases of

ompliant and stiff fibres, relative to the matrix, are considered.

y the use of Euler–Bernoulli beam theory, the effective bending

odulus is determined, which is shown to be size dependent.

pecifically, the effective bending modulus is a function of fi-

re volume fraction, mismatch of fibre/matrix modulus and the

umber of fibres through the thickness (or equivalently the ply

hickness). The results have been validated through 3D FE analysis.

he effective bending stiffness is used to define explicitly the

haracteristic length used in the formulation of a micopolar beam

tiffness. The results are consistent with the work of Bigoni and

rugan (2007) in which they showed, using strain energy min-

misation, that the Cosserat characteristic length for composite

aterials depends on fibre radius, volume fraction ratio and

ismatch of material properties. The novelty of this work is the

dentification and quantification of the size effect for a composite

ly under bending in the fibre direction, taking into account the

bre/matrix geometry and material mismatch at the microstruc-

ural level. This is the first paper to specifically address this issue

sing a combination of analytical and finite element approaches.

hile this paper focuses at the ply level, we expect that the

ize effect identified in this work will also affect the bending be-

aviour of a multi-ply laminate of the type studied in Wheel et al.

2015) . 

The paper is laid out as follows: Section 2 derives the equation

or the equivalent bending modulus using Euler–Bernoulli beam

heory. Section 3 provides FE validation of the results of Section 2 .

ection 3 derives the characteristic length for a generalised con-

inuum based on the equivalent bending modulus. Conclusions are

rovided in Section 4 . Appendix A and Appendix B provide addi-

ional detail on the derivation of the equations. 

. Euler–Bernoulli beam model of thin ply composite with 

niform fibre distribution 

According to Euler–Bernoulli beam theory, there is a linear re-

ationship between bending moment, M , and curvature, κ , for a

eam, 

 = Dκ, (1) 

here D is the bending stiffness and κ is the second derivative of

eflection, v , with respect to position along the beam, x , 
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Fig. 1. Cross section of composite beam analysed, with N cylindrical fibres of radius, r, and spacing d. (a) Odd number of fibres; (b) Even number of fibres; (c) Lamina under 

pure bending. 
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κ = 

d 2 v 
dx 2 

. (2)

For a homogeneous cross section with elastic modulus E and sec-

ond moment of area I with respect to the neutral axis, D = EI. 

In this work, we consider a composite ply under pure bending.

The bending stiffness for the composite cross-section, ̂ D , is deter-

mined by summing the product of the elastic modulus of each ma-

terial (fibre and matrix) with the second moment of area about

the neutral axis of the cross section. The effective bending modu-

lus, ̂ E b , is then defined as the ratio of ̂ D to the homogenised sec-

ond moment of area about the neutral axis, defined as I . We con-

sider a cross section of N fibre-matrix unit cells repeated through

the ply thickness, as in Fig. 1 . Cylindrical fibres are uniformly dis-

tributed and arranged symmetrically about the central axis, which

is the neutral axis for the bending problem. Two classes of prob-

lem, having odd or even number of fibres, N , are shown separately

in Fig. 1 (a) and (b), respectively. The plate is under pure bending

in the longitudinal (fibre) direction, as illustrated in Fig. 1 (c). The

elastic moduli are designated E f and E m 

for the fibre and matrix,

respectively. 

In order to calculate the bending rigidity, ̂ D , of the cross sec-

tion, the second moment of area with respect to the neutral axis

for each fibre and matrix region should be calculated separately. 
The bending stiffness is then, 

̂ 

 = E m 

N+1 
2 ∑ 

n =1 

I n x | m 

+ E f 

N+1 
2 ∑ 

n =1 

I n x | f , (3)

hen the number of fibres, N , is odd and 

̂ 

 = E m 

N 
2 ∑ 

n =1 

I n x | m 

+ E f 

N 
2 ∑ 

n =1 

I n x | f , (4)

hen the number of fibres, N , is even. In Eqs. (3) and (4) , I n 
x | j is the

econd moment of area of the n th material region, with respect to

he neutral axis ( x -axis), for material j ( j = f, m for fibre or matrix,

espectively). The parallel axis theorem is used to calculate the sec-

nd moment of area with respect to the neutral axis, which is par-

llel to the centroidal axis ( c -axis) of each material region and I c | j 
s the second moment of area with respect to the c-axis for mate-

ial j (where j = f, m for fibre or matrix, respectively), with cross

ectional area A j for j = f, m, 

 

n 
x | j = 

⎧ ⎪ ⎨ ⎪ ⎩ 

I c| j + A j ( (n − 1) d ) 2 if N odd and 1 ≤ n ≤ N + 1 

2 

I c| j + A j 

(
(2 n − 1) d 

2 

)
2 if N even and 1 ≤ n ≤ N 

2 

(5)
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Fig. 2. Modulus variation for fibres stiffer than matrix ( β > 1) as a function of number of fibres, N . (a) β = 1 . 1 ; (b) β = 2 ; (c) β = 20 ; and, (d) β = 200 . 
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The effective bending modulus, ̂ E b , is calculated as the ratio of

ending stiffness of the heterogenous medium, ̂ D , calculated using

qs. (3) or (4) , to the second moment of area, I , of the equivalent

omogenised cross section, 

 

 b = 

̂ D 

I 
, (6) 

ith 

 = 

dt 3 

12 

= 

N 

3 d 4 

12 

, (7) 

here t is the ply thickness = Nd, as in Fig. 1 . Combining

qs. (3) to (7) (see Appendix A ) we obtain, 

 

 b = E + 

πα2 (3 α2 − 1)(β − 1) 
2 

E m 

, (8) 

N 
here α is the dimensionless geometry parameter, α = r/d, and β
s the dimensionless material ratio, β = E f /E m 

. Note that for the

quare packing arrangement in Fig. 1 , the maximum value of α is

.5. In Eq. (8) E is the tensile modulus calculated by the rule of

ixtures for a composite, 

 = E m 

(
πα2 (β − 1) + 1 

)
, (9) 

oting that volume fraction, v f = πα2 . 

Eq. (8) shows that the effective bending modulus is given by

he effective tensile modulus, which is size independent, plus an

dditional contribution, which is size dependent, due to the na-

ure of the heterogenous material, i.e. through the dependence on

, β and N . Eq. (8) shows that for a thick ply ( N → ∞ ), the sec-

nd term is negligible, so ̂  E b = E , which is consistent with assump-

ions of classical homogenisation techniques. Also, if the medium is
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Fig. 3. Modulus variation vs geometry ratio, α for fibres stiffer than matrix ( β > 1). (a) N = 3; (b) N = 5. 

Fig. 4. Schematic diagram of R vs α for fibres stiffer than matrix. The maximum 

value of R is obtained at α = α0 . 
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comprised of a single material ( β = 1 ), no size effect is produced,̂ E b = E . 

In order to investigate size softening or stiffening of a com-

posite ply, two cases are considered. In the first case we assume

that the fibres are stiffer than the matrix ( β > 1). From geomet-

rical considerations, 0 ≤ α ≤ 0.5. Therefore, the second term in

Eq. (8) is always negative so ̂ E b < E . In other words, size soften-

ing occurs for β > 1 and E therefore overestimates the effective

bending modulus. For the second case with fibres more compli-

ant than the matrix ( β < 1), the second term in Eq. (8) is always

positive so ̂ E b > E . In other words, size stiffening occurs and E un-

derestimates the effective bending modulus. These results are con-
istent with the work of Wheel et al. (2015) , in which the bend-

ng stiffness of a composite beam with K plies of two materials

 E 1 and E 2 ) and thicknesses ( t 1 and t 2 ) has been investigated. In

heel et al. (2015) , the effective bending modulus for the lami-

ate, ̂ E bl , is given by, 

̂ 

 bl = E + f 

(
K, 

E 1 
E 2 

, 
t 1 
t 2 

)
, (10)

nd the function f was obtained from Euler–Bernoulli beam theory.

n this work, the size effect at the individual ply level is investi-

ated, explicitly accounting for fibre/matrix geometry, which is not

ddressed in Wheel et al. (2015) . 

.1. Criterion to define a thin composite ply 

In the previous section, we have shown that a heterogenous

aterial can show size dependent behaviour. In order to quantify

he size effect, a modulus variation parameter, R , is defined as the

elative difference between the bending elastic modulus and the

ensile modulus (based on the rule of mixtures), i.e., 

 = 

̂ E b − E 

E 
= 

πα2 (3 α2 − 1)(β − 1) 

N 

2 (πα2 (β − 1) + 1) 
. (11)

hus, R represents the level of heterogeneity—the greater the mag-

itude of R , the more heterogeneous is the medium. As discussed

reviously, for fibres stiffer than the matrix ̂ E b < E ⇒ R < 0 ; for fi-

res more compliant than matrix, ̂  E b > E ⇒ R > 0 . From Eq. (11) we

an determine for a given material mismatch, β , a value of geom-

try ratio, α, which maximises R , i.e., 

∂R 

∂α
= 3 πα4 

0 (β − 1) + 6 α2 
0 − 1 = 0 . (12)

e define α0 to be the value of α satisfying Eq. (12) , 

2 
0 = 

√ 

1 + 

π

3 

(β − 1) − 1 

π(β − 1) 
. (13)
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Fig. 5. Local maximum α0 and maximum modulus variation R m vs material mismatch ratio β for fibres stiffer than matrix. (a) Local maximum, α0 , vs material mismatch 

ratio, β , for fibres stiffer than the matrix; (b) Maximum modulus variation, R m , for fibres stiffer than the matrix. 

Fig. 6. Thin ply definition for fibres more stiffer than matrix. (a) Number of fibres N as function α and β; (b) Maximum number of fibres, N max , for which a size effect will 

be evident. 
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f  
he largest value of modulus variation, R m 

, for a given material

ismatch ratio, β , is then obtained, 

 m 

= 

6 

(√ 

1 + 

π

3 

(β − 1) − 1 

)
− π(β − 1) 

N 

2 π(β − 1) 
. (14) 

Eq. (13) shows that α0 depends only on material mismatch

atio, β , and is independent of ply thickness, here quantified by

umber of fibres, N . Furthermore, while α0 is a local minimum for

bres stiffer than the matrix, it is a local maximum for fibres more

ompliant than matrix. 

While a size effect exists at any size scale, through Eq. (8) , it

s important to determine when such an effect is significant (i.e.

easurable). For this purpose, we consider that a size effect ex-
sts when | R | > R , with R appropriately selected for the problem

f interest. We also define a limiting thickness, defined by the

umber of fibres, N , for a given α and β for which | R | > R . From

q. (12) this is given by, 

 = 

√ ∣∣∣∣(πα2 

R 

)
(3 α2 − 1)(β − 1) 

πα2 (β − 1) + 1 

∣∣∣∣. (15) 

hus, a thin ply is a ply with number of fibres N ≤ N satisfy-

ng | R | ≥ R . Furthermore, N reaches its maximum value N max for

 given material mismatch ratio, β , at geometry ratio α0 . 

In the subsequent sections we examine separately the size ef-

ect under bending, quantified through the above equations for the
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Fig. 7. Modulus variation for fibres more compliant than matrix as a function of number of fibres: (a) β = 0 ; (b) β = 0 . 2 ; (c) β = 0 . 5 ; and, (d) β = 0 . 9 . 

Fig. 8. Modulus variation vs geometry ratio for fibres more compliant than matrix: (a) N = 3; (b) N = 5;. 
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Fig. 9. Schematic graph of R vs α for fibres more compliant than matrix. 
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wo cases: β > 1, fibres stiffer than the matrix, and β < 1 fibres

ore compliant than matrix. In this study R = 0 . 05 . 

.2. Size effect in composite plies for fibres stiffer than the matrix 

As discussed in Section 2.1 , for fibres stiffer than the matrix,

> 1, the effective bending modulus decreases with decreasing

ly thickness (anti size effect). In other words, the elastic modulus

alculated by the rule of mixture overestimates the effective bend-

ng modulus, and R < 0. The results for the relevant range of α, β
nd N are plotted in Fig. 2 . Fig. 2 shows that by increasing the ma-

erial mismatch ratio, β , for the relevant range 0.1 ≤ α ≤ 0.5, the

agnitude of R increases, so the size effect is enhanced, ̂ E � E .
b 

ig. 10. Local maximum α0 and maximum modulus variation R m vs material mismatch ra

ariation, R m . 
herefore, for a constant ply thickness, N , the medium with the

tiffest fibres will see the greatest size effect. Note that this does

ot imply that increasing the fibre stiffness reduces the bending

odulus, as the homogenised modulus, E , increases with increas-

ng fibre stiffness. 

In Fig. 3 the dependence of R on geometry ratio, α, is shown.

s discussed in Section 2.1 , it is showed that for each value of

there is a value of α for which the magnitude of R is a max-

mum. Comparing Fig. 3 (a) and (b) also confirms that this value

s independent of N . Fig. 4 , shows a schematic diagram of the

ariation of R with α, where smaller values of α correspond to

atrix dominated conditions and larger values of α correspond

o fibre dominated conditions. The highest heterogeneity level

largest magnitude of R ) occurs for α = α0 between these extreme

alues. 

Fig. 5 (a) shows that α0 decreases with increasing β , which

eans that for larger values of β , the maximum value of modu-

us variation, R m 

, occurs at a smaller value of α. As β increases

 m 

becomes almost independent of β and depends only on N . This

an be deduced by taking the limit of Eq. (14) , 

lim 

→∞ 

R m 

= lim 

β→∞ 

6 

(√ 

1 + 

π

3 

(β − 1) − 1 

)
− π(β − 1) 

N 

2 π(β − 1) 
= − 1 

N 

2 
. 

(16) 

ig. 5 (b) shows R m 

as a function of β for different numbers of fi-

res, N and also shows the asymptotic line for each value of N

alculated by Eq. (16) . As an example, taking N = 3 in Eq. (16) ,

 R m 

| ≈ 11% for large values of β . 

Fig. 6 (a) identifies those conditions for which significant size

ffects are observed for a range of values of α and β . In this

gure, N is the maximum number of fibres in a ply for which

 R | > R = 5% . For values of N > N size effects are not significant

or the particular combination of α and β . For all values of α,

 increases with increasing β . When α is increased the value

f N increases until the value of α0 is reached and then N de-

reases. Fig. 6 (b) shows the value of N max , which is the maximum

alue of N for which size effects may be observed for a value of
tio β; (a) Local maximum, α0 vs material mismatch ratio β; (b) Maximum modulus 
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Fig. 11. Thin ply definition for fibres more compliant than matrix: (a) Number of fibres N as function α and β; (b) Maximum number of fibres, N max , for which a size effect 

will be evident. 
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β (for α = α0 ). For example, for β ≥ 40 (a typical value for a

glass fibre polymer composite) significant size effects are observed

for N ≤ 4. 

2.3. Size effect in composite plies with fibres more compliant than 

the matrix 

As discussed in Section 2.1 , for fibres more compliant than the

matrix ( β < 1), size stiffening occurs, with the effective bending

modulus increasing with decreasing size. In other words the elas-

tic modulus calculated by the rule of mixture underestimates the

effective bending modulus ( R > 0). Fig. 7 shows values of R for a

wide range of α, β and N values. It shows that for a constant value

of N , the modulus variation R is larger for smaller values of mate-

rial mismatch ratio, β , and reaches its maximum at β = 0 , which

corresponds to cylindrical voids in a matrix. Thus, if we have two

plies with the same thickness, a ply with the smallest value of

β shows a greater size effect. This trend is illustrated directly in

Fig. 8 where R is plotted as a function of β . In some cases, though

not all, there is a local maximum for a given β value at which the

greatest heterogeneity occurs, R m 

. Fig. 9 shows a schematic dia-

gram of the dependence of the modulus ratio R on geometry ratio

α for a given value of β . Two possibilities occur—for the curve la-

belled 2 there is a local maximum corresponding to α0 calculated

from Eq. (13) . For the curve labelled 1, the solution to Eq. 13 lies

outside the physical range, α ≥ 0.5 and therefore α0 is taken equal

to 0.5. Eq. (13) shows that values of β ≤ 0.15 correspond to curve

1 in Fig. 9 ; values of β > 0.15 correspond to curve 2 in Fig. 9 as

shown in Fig. 8 . 

Fig. 10 (a) shows the values of α0 as a function of material mis-

match ratio, β . Values of β < 0.15 correspond to case 1 in Fig. 9 ,

i.e. the value of α0 lies outside the physical range of α. Fig. 10 (b)

shows that the largest value of modulus variation R m 

� 10% for the

cases considered is for N = 3 and β = 0 . As for the case of β > 1,

Fig. 11 (a) determines the number of fibres, N , for which signifi-

cant size effects are observed for the range of α and β values ex-

amined. Fig. 11 (b) shows that the thickest ply to have significant
ize effect ( R � 5%) has N max = 4 fibres, corresponding to α0 = 0 . 5

or β = 0 . 

A comparison of | R | values from the current and previous sec-

ions are plotted together for α = 0 . 3 and α = 0 . 5 in Fig. 12 . Here

 range of β values greater than and less than 1 are considered

ogether. Fig. 12 (a) shows that for α = 0 . 3 , | R | is greater for fibres

tiffer than the matrix, β > 1, as when β > 1, 0.15 ≤ α0 ≤ 0.45

see Fig. 5 (a)), while Fig. 12 (c) shows that for α = 0 . 5 , | R | is greater

or fibres more compliant than the matrix, β < 1, as when β < 1,

.4 ≤ α0 ≤ 0.5 (see Fig. 10 (a)) 

. Finite-element validation of results 

In this section, the results derived in Section 2 have been val-

dated through full 3 D linear elastic FE simulations of a ply un-

er bending load. The FE model is illustrated in Fig. 13 . Fig. 13 (a)

hows the geometry of the model. The heterogeneous composite

eam is modelled with a representative volume element (RVE) of

idth d , thickness t = Nd and half length L /2. Symmetric bound-

ry conditions are applied on the back surface and pure bend-

ng about the x 3 axis is applied as a linear traction in the x 1 
irection on the front surface. Periodic boundary conditions are

pplied to the left and right surfaces of the model. In order to

pply Euler Bernoulli beam theory, consistent with the approxi-

ations used in the derivation of Eq. 8 and subsequent results

n Section 2 , the length of the beam, L , should be significantly

reater than the ply thickness, t ( L / t > 5) ( Kosmatka, 1995 ) and

ndependent of end effects. Therefore the value L = 6 t is chosen

or the model. A cross section of a typical FE model is illustrated

n Fig. 13 (b) for a model containing three fibres. The commercial

E code, Abaqus, with linear reduced integration hexahedral ele-

ents (C3D8R) was employed ( Hibbitt et al., 2018 ). Linear geome-

ry has been assumed, consistent with the Euler–Bernoulli assump-

ion in Section 2 . In the model shown in Fig. 13 (b) there are a to-

al number of 622,459 nodes (1,867,377 degrees of freedom) with

97,240 3D elements. Meshing was done such that the nodes on

he left and right faces in Fig. 13 (a) correspond to each other, en-
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Fig. 12. Modulus variation vs material mismatch ratio. (a) α = 0 . 3 ; 0 < β < 70 (b) α = 0 . 3 ; 0 < β < 4 (c) α = 0 . 5 ; 0 < β < 70 (d) α = 0 . 5 ; 0 < β < 4. 
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bling periodic boundary conditions on these surfaces to be imple-

ented, as shown in Eq. 17 . Node 2, indicated in Fig. 13 (a), is fully

estrained. 

u i 〈 le f t〉 = u i 〈 right〉 − u i 〈 node 1 〉 for i = 1 , 2 

 3 〈 le f t〉 = u 3 〈 right〉 − u 3 〈 node 1 〉 = 0 (17) 

Fig. 14 shows contours of longitudinal strain ( ε 11 / ε 
max 
11 

) where

 

max 
11 

is the maximum longitudinal strain in the far field region

 X 1 > t ) for a model with N = 3 fibres, α = 0 . 25 and β = 10 . The

ongitudinal strain, ε11 , is the dominant strain under pure bending

nd the other strain components are an order of magnitude lower.

ig. 14 (a) shows that close to the surface where the tractions are

pplied the strain distribution does not correspond to pure bend-

ng, due to edge effects. However, sufficiently far from the surface,
 1 > t , the strains are linear in X 2 and do not depend on co-

rdinate X 1 . Thus the Euler-Bernoulli condition of plane sections

emaining plane is satisfied, even in the case of a mismatched

aterial. It may, however, be noted that the longitudinal stress

 σ 11 ) is not uniform at the fibre/matrix boundary due to the ma-

erial mismatch, even far from the surface where the tractions are

pplied. 

In order to calculate the effective bending modulus from the

E model, corresponding to the values obtained in Section 2 ,

he displacement v = u 2 as a function of X 1 on the mid-plane

f the model ( X 2 = t/ 2 ) is obtained from the FE analysis. The

urvature, κ , is then determined from Eq. (2) . The total mo-

ent, M , through the RVE cross section is obtained from the ap-



36 N. Nourmohammadi, N.P. O’Dowd and P.M. Weaver / International Journal of Solids and Structures 196–197 (2020) 26–40 

Fig. 13. Thin ply FE model: (a) FE model of thin ply; (b) FE mesh of cross-section. 

Table 1 

Comparison of FE and analytical solution 

for uniform fibre distribution, N = 3 . 

α β
(

M 

κ I 

)
FEM 

/ E ̂ E b / E 

0.25 100 0.91 0.91 

0.25 90 0.90 0.91 

0.25 50 0.93 0.92 

0.40 50 0.97 0.94 

0.40 30 0.94 0.95 

0.40 0.001 1.07 1.06 

0.40 0.01 1.07 1.06 

0.40 0.05 1.08 1.05 
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2

plied traction. The effective bending modulus is determined from

Eq. (8) . 

A comparison between the FE model and the analytical solu-

tions is provided in Table 1 for N = 3 . The values chosen are those

which give the most significant size effect, as determined from

Section 2 for N = 3 . In general the FE predictions and the analyt-

ical solution are in close agreement. The largest effect for cases

with β > 1 is obtained for β = 100 and occurs for both the ana-

lytical and FE results. For the case α = 0 . 4 , β = 50 there is some

discrepancy between the FE and analytical result. This is thought

to be due to numerical errors in the FE mesh. For the cases β < 1

the FE predictions are in good agreement with the analytical re-

sults, with the FE model predicting a somewhat larger size effect

than the analytical solution. 

4. Equivalent thin ply composite model for a generalized 

continuum 

The bending behaviour of a heterogeneous composite ply has

been investigated in Section 2 using Euler–Bernoulli beam theory,

with the size effect directly determined through the formulation of

the effective bending modulus ̂  E b . An equivalent way to capture the

same behaviour is to consider a micropolar homogenised medium
n which the body is subjected to additional micro-moments ( Yang

t al., 2002; Park and Gao, 2006 ). We can thus rewrite the ef-

ective bending modulus determined from Eq. (18) to be consis-

ent with the formulation for a micopolar beam with a charac-

eristic length 

ˆ l , following the approach of Wheel et al. (2015) ,

everidge et al. (2013) , i.e. 

̂ 

 b = E 

(
1 + 

(̂ l 

t 

)
2 

)
, (18)

here t is ply thickness and in our work t = Nd. Thus we obtain

rom Eq. (18) (see Appendix B ), ̂ l 

t 
= 

1 

N 

√ 

πα2 (3 α2 − 1)(β − 1) 

πα2 (β − 1) + 1 

. (19)

q. (19) shows that the characteristic length, ˆ l is an explicit func-

ion of the microstructure, through the geometry ratio α and ma-

erial mismatch ratio β . We can rewrite, Eq. (19) in the general

orm (see Appendix B ), ̂ l 

t 
= 

1 

N 

√ 

f (α, β) , (20)

here 

f (α, β) = 

πα2 (3 α2 − 1)(β − 1) 

πα2 (β − 1) + 1 

. (21)

Fig. 15 shows f ( α, β) for a range of α and β values. For β < 1,

hen f ( α, β) > 0 for all values of α so the characteristic length is a

eal value. For β > 1, f ( α, β) < 0 for all values of α. Thus, the char-

cteristic length, ˆ l , obtained from Eq. (20) is not a real value for

> 1. This result is consistent with the results of Bigoni and Dru-

an (2007) , where it was shown that a real value for the bending

haracteristic length could not be obtained if the reinforcement is

tiffer than the matrix. For the case of fibres stiffer than a matrix,

 combination of the micropolar theory with the surface elasticity

odel can be used in which an additional material length scale,

esponsible for surface effect, is identified ( Gao and Mahmoud,

014 ). 
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Fig. 14. Longitudinal strain distribution, ε11 , obtained from FE analysis for a model with N = 3 fibres, α = 0 . 25 and β = 100 . In the figure ε11 is normalised by ε max 
11 , where 

ε max 
11 is the maximum longitudinal strain in the far-field region X 1 > t . (a) Longitudinal strain contour in the RVE; (b) Longitudinal strain at cross-section S 1 , X 1 = t; (c) 

Longitudinal strain at cross-section S 1 , X 1 = 1 . 25 t . 
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. Conclusions 

In this work, the size effect resulting from the bending of a

omposite ply with cylindrical fibres uniformly distributed in a

atrix has been investigated through the use of Euler–Bernoulli

eam theory. It has been shown that the effective bending modu-

us depends on fibre/matrix material mismatch, fibre volume frac-

ion and ply thickness. It has been shown that composites with

bres stiffer than the matrix have a negative size effect (effec-
ive bending stiffness decreases as the size decreases) so the elas-

ic modulus calculated by the rule of mixtures will overestimate

he bending modulus for thin plies. Conversely, size stiffening

s predicted when the fibres are compliant than the matrix, so

he effective modulus calculated by the rule of mixtures under-

stimates the bending modulus in this case. These results have

een confirmed by 3D linear elastic FE modelling. It is found

hat significant size effects are observed when the number of fi-

res through the ply thickness, N ≤ 4. In other words, size ef-
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Fig. 15. Length scale function, f , in Eq. (20) as function of β for different values of 

α. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. A.16. Fibre-Matrix geometry: (a) Fibre; (b) Matrix. 

w  

t  

a  

a  

r

I  

A  

w  

c  

t

D  

w  

r  

t  

fi

O

 

s

I  

w  

1  

T  

E

I  

=  

F

I  

=  

T

D  
fects are significant when the ply thickness is less than 4 times

the fibre spacing. Typically, in a fibre reinforced composite ma-

terial, fibre spacing, d = 15 μm. Thus, we expect size effects to

be significant when the ply thickness is less than 60 μm. The

results can be interpreted in terms of a bending characteristic

length for a micropolar beam, with the characteristic length de-

termined directly from the microstructural length scale. However,

for a micropolar formulation this characteristic length is only de-

fined for the case when the fibres are more compliant than the

matrix. 
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Appendix A. Detailed derivation of effective bending modulus 

The equations given in Section 2 are derived in this appendix

for odd and even number of fibres. 

Referring to Fig. A.16 , the overall second moment of area of the

composite ply is determined by considering the fibre and matrix

regions in turn. Define 

I c| f = 

1 

4 

π r 4 , (A.1)

A f = π r 2 , (A.2)
here I c | f is the second moment of area of the fibre about the cen-

roidal axis, as shown in Fig. A.16 (a), and A f is the cross sectional

rea of the fibre, of radius, r . Similarly, the second moment of area

nd cross sectional area of the matrix as illustrated in Fig. A.16 (b)

egion are defined as, 

 c| m 

= 

1 

12 

d 4 − 1 

4 

π r 4 , (A.3)

 m 

= d 2 − π r 2 , (A.4)

here d is the fibre spacing. The bending stiffness, ̂ D , of a

ross section of width d , containing N uniformly distributed fibres

hrough the thickness, as illustrated in Fig. A.17 , is then given by 

̂ 

 = 

N ∑ 

n =1 

E m 

I n x | m 

+ 

N ∑ 

n =1 

E f I 
n 
x | f , (A.5)

here E m 

and E f are the Youngs moduli of the fibre and matrix,

espectively and N is the number of fibres. We consider separately

he cases of odd ( Fig. A.17 (a)) and even ( Fig. A.17 (b)) numbers of

bres. 

dd number of fibres 

The second moment of area about the neutral axis of the cross

ection (the x -axis in Fig. A.17 ) is given by 

 

n 
x | j = I c| j + A j (n − 1) 2 d 2 , (A.6)

here n is the current fibre/marix region (ranges from 2 to (N +
) / 2 ) and the subscript j refers to matrix ( j = m ) or fibre ( j = f ).

he second moment of area for n = 1 is given by Eq. (A.1) or

q. (A.3) . 

Specifically for the fibre, 

 

n 
x | f = I c| f + A j (n − 1) 2 d 2 (A.7)

 

1 

4 

π r 4 + π r 2 (n − 1) 2 d 2 . (A.8)

or the matrix, 

 

n 
x | m 

= I c| m 

+ A j (n − 1) 2 d 2 (A.9)

 

1 

12 

d 4 − 1 

4 

π r 4 + (d 2 − π r 2 )(n − 1) 2 d 2 . (A.10)

he overall bending stiffness, ̂ D , is then 

̂ 

 = 2 

N+1 
2 ∑ 

n =2 

(
E m 

I n x | m 

+ E f I 
n 
x | f 

)
+ E m 

I c| m 

+ E f I c| f (A.11)

https://doi.org/10.13039/501100001602
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Fig. A.17. Fibres orientation in matrix: (a) Odd number of fibres; (b) Even number of fibres. 
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i

∑

= 2 

N+1 
2 ∑ 

n =2 

[ 
E m 

(
1 

12 
d 4 − 1 

4 
π r 4 + (d 2 − π r 2 )(n − 1) 2 d 2 

)
+ E f 

(
1 

4 
π r 4 + π r 2 (n − 1) 2 d 2 

)] 
+ E m 

(
1 

12 
d 4 − 1 

4 
π r 4 

)
+ E f 

(
1 

4 
π r 4 

)
(A.12) 

 

N 

4 

(
π r 4 (E f − E m 

) + 

1 

3 
E m 

d 4 
)

+ 2 d 2 

N+1 
2 ∑ 

n =2 

(n − 1) 2 
(
π r 2 (E f − E m 

) + E m 

d 2 
)
.

(A.13) 

Defining β = 

E f 

E m 

and α = 

r 

d 
, Eq. (A.13) becomes 

̂ 

 = 

1 

4 
E m 

Nd 4 
(
πα4 (β − 1) + 

1 

3 

)
+ 2 E m 

d 4 

N+1 
2 ∑ 

n =2 

(n − 1) 2 
(
πα2 (β − 1) + 1 

)
.

(A.14) 

sing the result that, 

n 
 

k =1 

k 2 = 

n (n + 1)(2 n + 1) 

6 

, (A.15) 

q. (A.14) is further simplified to give, 

̂ 

 = 

1 

4 
E m 

Nd 4 
(
πα4 (β − 1) + 

1 

3 

)
+ 2 E m 

d 4 
N(N 

2 − 1) 

24 

(
πα2 (β − 1) + 1 

)
(A.16) 

 E m 

N d 4 
(

π(β − 1) α2 

12 

(3 α2 + N 

2 − 1) + 

N 

2 

12 

)
. (A.17)

he effective bending modulus, ̂  E b , is then determined from ̂

 D as, 

 

 b = 

̂ D 

I 
= 

E m 

N d 4 

(
π(β − 1) α2 

12 

(3 α2 + N 

2 − 1) + 

N 

2 

12 

)
N 

3 d 4 

12 

= E m 

[
πα2 (β − 1) + 1 

]
+ 

πα2 (3 α2 − 1)(β − 1) 

N 

2 
E m 

= E + 

πα2 (3 α2 − 1)(β − 1) 

N 

2 
E m 

, (A.18) 

here E is the tensile modulus given by the rule of mixtures. 
ven number of fibres 

A similar derivation is used for the case of an odd number of

bres. The second moment of area about the neutral axis of the

ross section (the x -axis in Fig. A.17 ) is given by 

 

n 
x | j = I c| j + A j 

(
2 n − 1 

2 

)
2 d 2 . (A.19)

s before, 

 

n 
x | f = I c| f + A j 

(
2 n − 1 

2 

)
2 d 2 = 

1 

4 

π r 4 + π r 2 
(

2 n − 1 

2 

)
2 d 2 . (A.20)

 

n 
x | m 

= I c| m 

+ A j 

(
2 n − 1 

2 

)
2 d 2 (A.21)

 

1 

12 

d 4 − 1 

4 

π r 4 + (d 2 − π r 2 ) 
(

2 n − 1 

2 

)
2 d 2 (A.22)

̂ 

 = 2 

N 
2 ∑ 

n =1 

(
E m 

I n x | m 

+ E f I 
n 
x | f 

)
= 2 

N 
2 ∑ 

n =1 

{
E m 

[
d 4 

12 

− π r 4 

4 

+ d 2 (d 2 − π r 2 ) 
(

2 n − 1 

2 

)
2 

]
+ E f 

[
π r 4 

4 

+ π r 2 d 2 
(

2 n − 1 

2 

)
2 

]}
= 

Nπ r 4 

4 

(E f − E m 

) + 

E m 

Nd 4 

12 

+ 

(
(E f − E m 

) 
π r 2 d 2 

2 

+ 

E m 

d 4 

2 

)
×

N 
2 ∑ 

n =1 

(4 n 

2 − 4 n + 1) . (A.23) 

sing Eq. (A.15) and Eqs. (A.24) and (A.25) below, the result for D̂

s obtained, 

n 
 

n =1 

k = 

n (n + 1) 

2 

, (A.24) 
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2 ∑ 

n =1 

(4 n 

2 − 4 n + 1) = 

N 

3 − N 

6 

, (A.25)

̂ D = 

Nπα4 d 4 

4 

(βE m 

− E m 

) 

+ 

E m 

Nd 4 

12 

+ 

(
πα2 d 4 

2 

(βE m 

− E m 

) + 

E m 

d 4 

2 

)
N 

3 − N 

6 

. (A.26)

The corresponding equation for ̂ E b is 

̂ E b = 

̂ D 

I 

= 

3 Nπα4 d 4 (βE m − E m ) + E m Nd 4 + 

(
πα2 d 4 (βE m − E m ) + E m d 

4 
)
(N 

3 − N) 

N 

3 d 4 

= E m [ πα2 (β − 1) + 1] + 

πα2 (3 α2 − 1)(β − 1) 

N 

2 
E m 

= E + 

πα2 (3 α2 − 1)(β − 1) 

N 

2 
E m . (A.27)

Comparing Eqs. (A.18) and (A.27) it may be seen that the same re-

sult is obtained for an even or odd number of fibres. 

Appendix B. Characteristic length of a micropolar beam 

The equations given in Section 4 are derived in this part of ap-

pendix. According to Beveridge et al. (2013) , the stiffness, k , of a

micropolar beam with width, d , thickness t and length L under

three point bending is given by Eq. (B.1) , 

k = 4 E d 

(
t 

L 

)
3 

[
1 + 

(̂ l 

t 

)
2 

]
, (B.1)

Where ̂  l is the characteristic length of the beam. In terms of bend-

ing stiffness, ̂ D , 

k = 48 ̂

 D 

L 3 

⇒ ̂

 D = E 
dt 3 

12 

[
1 + 

(̂ l 

t 

)
2 

]
. (B.2)

The effective bending modulus ̂ E b is then calculated, 

̂ E b = 

̂ D 

I 
= E 

[
1 + 

(̂ l 

t 

)
2 

]
, (B.3)

where I is the second moment of area of the equivalent ho-

mogenised cross-section. From Appendix A , 

̂ E b = E + 

πα2 (3 α2 − 1)(β − 1) 

N 

2 
E m 

, (B.4)

where 

E = E m 

(
πα2 (β − 1) + 1 

)
. (B.5)

Rearranging in the form of Eq. (B.3) , 

̂ E b = E 

( 

1 + 

πα2 (3 α2 − 1)(β − 1) 

N 

2 
(
πα2 (β − 1) + 1 

) ) 

. (B.6)

Using Eq. (B.6) , the characteristic length of the micropolar beam is

obtained as, ̂ l 

t 
= 

1 

N 

√ 

πα2 (3 α2 − 1)(β − 1) 

πα2 (β − 1) + 1 

. (B.7)
upplementary material 

Supplementary material associated with this article can be

ound, in the online version, at doi: 10.1016/j.ijsolstr.2020.04.004 . 
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