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ABSTRACT

Vibrational energy harvesting has become relevant as a
power source for the reduced power requirement of electronics
used in wireless sensor networks (WSNSs). Vibrational energy
harvesters (VEHS) are devices that can convert ambient kinetic
energy into electrical energy using three principal transduction
mechanisms: piezoelectric, electromagnetic and electrostatic.

In this paper, a macroscopic two degree-of-freedom (2Dof)
nonlinear energy harvester, which employs velocity
amplification to enhance the power scavenged from ambient
vibrations, is presented. Velocity amplification is achieved
through sequential collisions between free-moving masses, and
the final velocity is proportional to the mass ratio and the
number of masses. Electromagnetic induction is chosen as the
transduction mechanism because it can be readily implemented
in a device which uses velocity amplification.

The experimental results are presented in Part A of this
paper, while in Part B three theoretical models are presented:
(1) a coupled model where the two masses of the non-linear
oscillator are considered as a coupled harmonic oscillators
system; (2) an uncoupled model where the two masses are not
linked and collisions between masses can occur; (3) a model
that considers both the previous cases. The first two models act
as necessary building blocks for the accurate development of
the third model.

This final model is essential for a better understanding of
the dynamics of the 2-Dof device because it can represent the
real behaviour of the system and captures the velocity
amplification effect which is a key requirement of modelling
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device of interest in this work. Moreover, this model is essential
for a future optimization of geometric and magnetic parameters
in order to develop a MEMS scale multi-degree-of-freedom
device.

INTRODUCTION

The reduction of both size and power consumption of the
electronics employed by portable devices has enabled many
applications for wireless sensors networks (WSNs). The
majority of these networks are battery powered and therefore
require routine battery replacements, which leads to high
maintenance costs. These costs are compounded as the size of
the WSN increases and for situations where sensors are placed
in difficult to access locations.

This problem can be tackled using energy harvesting
techniques, which convert ambient energy to useable electrical
power. There is often an abundance of unused ambient energy
in the vicinity of WSNs that can be used as power sources,
including heat, vibrations, solar light and electromagnetic
radiation. Among all these different sources, kinetic energy,
available from ambient vibration, is one of the most common
forms. Usually a simple harmonic oscillator system, consisting
of a spring supporting a single mass, is used to convert the
Kinetic energy into electrical energy via piezoelectric,
capacitive or inductive methods. These linear oscillators have,
due to system constraints, a resonant frequency that needs to be
tuned to the main frequency of the ambient vibrations. The
spectrum of real vibrations is broad-band, however, with



predominance at low frequency (sub 100 Hz) and typical
spectra decrease with 1/w?[2] at high frequency the spectrum.

In the literature, different methods have been suggested to

overcome this problem of narrow bandwidth harvesters.
Todorov et al. [3], illustrated a method to increase harvester
bandwidth varying the resonant frequency of an electro-active
beam, such as a beam with a piezoelectric element attached;
using attached capacitors that alter the beam’s stiffness, while
Challa et al. [4] used a magnetic force to improve the
bandwidth. Gu [5] proposed a method to convert low frequency
vibrations to high frequency self-oscillation using impacts
between beams as a method to harvest energy from low
frequency ambient oscillations. Other methods use multimodal
harvesters; Ferrari [6] showed that piezoelectric cantilever
beams of different lengths, which have different resonance
frequency, can be used to increase a harvester’s bandwidth.
Yang [7] instead harvested energy from three resonance modes
of a beam by employing multiple inductive generators at
specific locations along the beam. Cottone et al. [8] also
showed that the use of nonlinear systems, in particular of a
bistable system, improves the performance of an energy
harvester. Another approach is to employ multi-degree-of-
freedom systems as used by Kim et al. [9], where a single mass
device was designed to harvest energy from translational and
from rotational degrees of freedom. Petropoulos et al. [10]
proposed a device based on a 2-Degree-of-freedom (2-Dof)
coupled harmonic oscillator that had two resonant peaks.
These approaches focus on increasing the bandwidth at low
frequencies of the harvester, but new methods for enhance both
the bandwidth and the power of the harvested energy are
required.

In this paper and it sister paper [1] a macroscopic 2-Dof
nonlinear energy harvester is presented, which employs
velocity amplification to enhance both the power and the
bandwidth of the energy scavenged from ambient vibrations.
Velocity amplification is achieved through sequential collisions
between two free-moving masses, and the final velocity is
proportional to the mass ratio and the number of masses.
Electromagnetic induction is chosen as the transduction
mechanism because it can be readily implemented in a device
which uses velocity amplification. In Part A of the paper, the
experimental results are presented, while in this Part B a full
model for the system is presented. The model is developed in
three different steps that capture important features of the
dynamics of the harvester: in Section | there is a description of
the system; in Section Il the harvester is modelled as a 2-Dof
coupled inductive system with two masses connected by
springs; in Section IllI, impacts between the masses and
between each mass and the housing are considered. A full
model in Section 1V combines the two key features of the
previously developed models. Therefore, the models discussed
in Section Il and Section Il are essential building blocks to
ensure the final model is implemented accurately. Finally,
Section V shows how the complete model can be used as a
design tool for optimising system parameters in order to

develop a future MEMS scale multi-degree-of-freedom
harvester.

NOMENCLATURE
Symbol Parameter Units
A Acceleration g or m/s?
P Power w
R Resistance Q
\Y \oltage \%
e Coefficient of Restitution -
f Frequency Hz
g Gravitational acceleration 9.81 m/s’
k Spring stiffness N/m
m Mass kg
t Time S
v Velocity m/s
z Mass coordinate m
(0] Magnetic flux Wb

SECTION I: SYSTEM OF INTEREST

The system examined in this paper is shown in Figure 1. A
completed description of the harvester is reported in Part A of
the paper [1]. It consists of two masses, a large primary mass
and a smaller secondary one, that can move vertically on
stainless steel guiderails with compression springs affixed to
the base and cap and also inside the primary mass. The spring
are highly restitutive so that the energy losses between Mass 1
and the housing and between the two masses are minimised.
Inductive transduction is employed: a coil is embedded in the
secondary mass Mass 2 and four high energy density rare earth
sintered neodymium iron boron (NdFeB) permanent magnets
are magnetically attached to the inside of the primary mass
Mass 1. When the coil moves, an electrical current is induced
according to Faraday’s law into the coil and electric power is
dissipated across a resistive load, R;.

According to Faraday’s law, the inductive voltage is given
by Vemt = Blv, where B is the magnetic field experienced by the
coil of total length I; v is the relative velocity between the coil
and the magnet. Since the coil is within the secondary mass and
the magnets are inside the primary mass, improving the
velocity of the secondary mass will increase the output voltage
and the output power (P, ~ v?). The velocity of the secondary
mass can be increased by exploiting the velocity amplification
technique. Following an impact the final velocity of the
secondary mass, Vy, is equal to:

(e+2)my, +(m, —em,)v,,
v, = 111 2 1/Y2 1)

m, +m,

where e is the restitution coefficient and the subscripts i and f
refer to the initial state before the impact and the final state
after the impact, respectively.
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Figure 1. 2-Dof energy harvester and its schematization. The
coil is embedded within m;

SECTION II: COUPLED MODEL

The first model to approximate the harvester behaviour is
the 2-Dof spring-mass damper oscillator, shown in Figure 2a
and 2b. The two masses are connected to the housing of the
device by means of springs with stiffness k; and the masses are
connected in series by a spring with stiffness k,. An
acceleration y is applied to the device and the two masses move
with vertical coordinates z; and z,. The dynamics of the system
can be represented with three coupled differential equations:
two of which describe the mechanical motion of the masses,
and the third describes the voltage generated in the coil.

a) AMMMHnHnmmImY
ksl dsl

V,= Bl(dz,/dt)

V,= Bl(dz,/df)

Y Base displacement

Figure 2. Schematic representation of a coupled 2-Dof system harvester
when a) it is at rest and b) when it is working. hg,:; and hy, are the z-
coordinate of the springs at rest, while z; and z, are the z-coordinates of the
masses after they have moved from their rest position.

To derive the equation describing the voltage, the
transduction mechanism can be modelled as an RL circuit
(Figure 3).

R

2
() L

Ry

W

Figure 3. Coil equivalent circuit

As the coil moves in the magnetic field of the four
magnets, the flux linkage with the coil changes and an open
circuit voltage, Vo, is generated according to Faraday’s law:
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V.. =—
oc dt dt

where N is the number of turns of the coil, B is the magnetic
field, I is the length of the coil and z is the coil displacement.
With reference to Figure 3, the current in the circuit is i =V /R,
and the voltage across the resistor is given by:

V,=Blz—R,i— L%/,

. R,+R R
V,+V, (LT) =BlL—Lz'
e e

VL + VL(UC = SC(‘)CZ.I (3)

where w=R|/L. is the characteristic cut-off frequency of the
circuit and o6.=Bl is the conversion factor. The mechanical
system equations are described as a coupled harmonic oscillator
with spring stiffness k; and k, and viscous damping d; and d»:

(myZ; + (dy +dy)z; + (kg + kz)(Z1 - hspl) =
=dyz; + kz(Zz - hSpZ) -my —mg
| Moz, + dyzy + ky(2, — hey) =
=dy7; + k2(21 - hspl) —aV,—m,y —m,g (4)
where:
e gy is the z-coordinate of the bottom spring at rest;
o hgy is the z-coordinate of the centre spring at rest;
e a=BI/R is the conversion factor;
e alisthe magnetic force due to the transduction
mechanism acting only on the secondary mass, because the

conversion of kinetic to electrical energy is assumed to
only affect the secondary mass in this model.

The complete system equations are given by combining
equations 3 and 4. The values of the geometric and magnetic
parameters of the physical system are shown in Table 1. The
damping coefficients d; and d, are experimental values and
their measurements are presented in Annex A.

Table 1. Parameters used for the coupled 2-Dof system

Parameter Value
Primary mass m;=509 g
Secondary mass m, =15.5467g
Magnetic field B =0.05

k; = 4.05*10° N/m
k, = 1.23*10° N/m
R, = 3.5Q

L, = 622*10° H

Bottom spring stiffness
Top spring stiffness
Coil resistance

Coil inductance

Two types of simulation are carried out. The trend of the
output RMS voltage for different excitation frequencies is
presented in Figure 4. There are peaks at 20 Hz and 46 Hz
corresponding to the resonance frequencies of Mass 1 and Mass
2 respectively. It is evident that the peak at the lower frequency

is higher than the peak at 46 Hz, in line with expected values
1
2
modes is significant because the bandwidth of the harvester is
increase and choosing the geometric parameters the two
resonance frequencies can be changed.

based on a linear system: f,.., = \/% The presence of two
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Figure 4. Output voltage vs excitation frequency for sinusoidal excitation
at a;ms=0.3g. Peaks at 20 Hz and 46 Hz, corresponding to the resonance
frequencies of the two masses, are evident.

Figure 5 illustrates that the velocities of the two masses is
similar, in fact this model cannot predict velocity amplification
that is the key feature of our device, and a model that allows the
masses to move freely and to collide is needed. Therefore,
another feature will be added to the model in the next section
that accounts for impacts between the masses.
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Figure 5. Velocity of the two masses for a sinusoidal excitation of a,ms =
0.3gand f=20Hz



SECTION Illl: UNCOUPLED MODEL

In this section, the system is simulated as uncoupled, and
impacts are accounted for between the two masse

Figure 6 shows the velocity amplification process and
illustrates a collision between two masses. According to the
conservation of total momentum and energy, the final velocity
of the secondary mass, vy, is given in equation (1).
Rodgers et al. [11] demonstrated that for a series of n-bodies of
progressive smaller mass that impact sequentially, the velocity
gain is proportional to n, if e = 1. For realistic systems,
however, e < 1 and the velocity gain does not increase
indefinitely with n, but reaches a limit value.

-

m,

Figure 6. Depiction of the velocity amplification process through pairwise
elastic collision for a double-mass system

The device under examination is modelled as shown in
Figure 7. The restitution coefficients for the collision between
Mass 1 and Mass 2 and for the collision between Mass 1 and
the bottom base were calculated and the measurements are
presented in Annex A.

vl

Figure 7. Schematic model for the uncoupled 2-Dof harvester

The model takes into account the fact that the secondary
mass is inside the primary mass, as shown in Figure 7, and so
can impact on the bottom and on the top of the primary mass.

Similar to what is reported in Cottone et al [12], the governing
equations of the system are:

mZz +d,2, =-m(g+VY) for O<z<z+h and z<L-h
m,Z, +d,2, =—aV, —m,(g+Yy) forz+h<z<S +z-h,
VL + a)cVL = 5cwc (zz - Z.1) (5)

where geometrical quantities L, Sy, hy, hmasst, ho are shown in

Figure 8 and the following nomenclature applies:

e ¢=BI/R is the conversion factor;

o w=R//L is the cut-off frequency

e  .=Bl is the conversion factor

ey isthe excitation acceleration,

e g isthe gravitational acceleration

e d; and d, are the damping coefficients due to the
interaction of the masses with the central guide shaft of the
device.

Simulations were carried using the Euler-Maruyama
Method [13], which allows the positions of the masses to be
controlled at every time-step and the occurrence of impacts can
be checked. After each impact the position of the mass is
unchanged for the following time step, but the velocity is
update according to Equation 1. The values of all the
parameters used in the simulations are shown in Tables 1 and 2.

Table 2. Parameters used for the uncoupled 2-Dof system

Parameter Value

Height of the first mass h,=19.22:10° m
Height of the second mass h,=29.25 - 10°m
Dimension of the gap inside m; h,=40.12 - 10°m
Coordinate of the top wall inside m; S,=h,+h;-9.28:10° m

Cap Height L=81.65-10°m
Restitution coeff. between m; and m, e,=0.91
Restitution coeff. between m1 and base e,=0.96
Excitation acceleration ams=19
Excitation frequency f=19 Hz

Figure 8 shows the displacements of the two masses, the
velocity and the voltage generated when the system is excited
with a sinusoidal acceleration at 19 Hz and 1g. The RMS
voltage across the load resistor is 0.18 V and the output power
is 2.35 mW. Figure 9 is used to investigate the velocity of the
two masses during operation of the system, and focuses on a
smaller time-frame compared to Figure 8. It can be seen that
the velocity of the secondary mass reaches considerably higher
value compared to the primary mass, which verifies that
velocity amplification is being modelled adequately by this
approach. This is an important feature to properly capture as it
is the mechanism that enhances the power produced by the 2-
Dof system. This a key feature for the complete model which is
described in the next section.
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Figure 9. Velocity of the two masses. The velocity of the secondary mass
b) Velocity reaches higher values compared to the primary.

— SECTION IV: COMPLETE MODEL
— 2dof velocity 2

The dynamics of the harvester consists of two main steps:
it can be seen that the springs transfer forces between the
masses only for short time while the system is active and, at
other times, the masses are free to move away from each other
and do not interact. In this section, the two models developed
previously are combined into a more complete model that
considers both the cases of springs transferring forces between
masses and free motion of the masses. A single degree-of-
freedom (1-Dof) system is first developed and then extended
for the 2-Dof system described in Section I.

Velocity (m/s)

0 05 1 15 2 25 3 35 4 e e S
Tl AN\
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06 : . . ; B Gt

2 dof \/oltage

04 ‘N‘ m P s,
0.2 ol e T

Fy
hs;_)rinf-é L % kl dlg g de

o

02

Voltage(V)

_____ l__'
v
-0.4 J

08 Figure 10. Schematic model for the 1-Dof system

L 1 15 5 25 CR— 4 The model has a logic step that checks the position of the
Time (s) mass at each time-step. With reference to Figure 10, the mass

can be in one of three different states:
Figure 8. Simulated displacement, velocity and voltage for the uncoupled 1. it can temporarily come in contact with the bottom spring,
model as function of time. which allows that spring to transfer load to or from the

mass;



2. the mass can contact the top spring and transfer load

to/from it: . a) Dlslplacem(?nt | | |
3. the mass is not interacting with the housing and neither sl —330:121 |
spring is exerting forces on it. - —
The equations that represent these three conditions are: '
<= D04}
£
m,Z; +dy2, + Ky (2 = hopring) -V =-my(g +§)  for Zl<hspring (6) "ac'; 0035
mZ +d2 -aV, =-m(g+§) forz >h_. andz +h <S -h_. E oo
O
m,Z, +d,2, +k (2, +h, =S, + hspring) —-aV, =-my(g+Y) %_ 0.025
[
for Zl +hm >Sh -hspring a 0.02F
These equations were again solved using the Euler- auisT
Maruyama Method [13], and the position of the mass was 0.1 u
checked during each time-step in a similar manner to that — : . . A ;
described in Section I1I. Once the model implementation was a L - . 3 4 5 B
verified, it was further enhanced for the 2-Dof system, by imes)
considering the positions of the two masses. With reference to b) Velocity
Figure 7 and similarly to that discussed above for Figure 10, 4 , , , , :
each mass can have three different positions: transferring load — 2-dofvelocity 1
through the spring at the bottom; transferring load through the 3t bl

top spring; or not in contact and so no spring forces are active
on it. In total there are nine different combinations for the
relative position of the masses; hence nine different sets of
system equations that combine harmonic oscillator and free
motion equations, must be considered.

Simulations were carried out to verify the correct
behaviour of the model and the plot of the displacements of the
masses; their velocities and the output voltage across a 13.5Q 2¢
resistor are shown in Figure 12. These results are obtained for a
sinusoidal excitation of amplitude a;ns = 0.3g and 14 Hz. It is
interesting to note that the model captures the velocity " : y y . y
amplification of Mass 2 following impact with Mass 1. Figure . ! . " “ = .

J

et b

Velocity (m/s)

. . . Time (s
11 shows this effect by comparing the velocity of the masses, ©
illustrating that the velocity of Mass 2 (red) is considerably ¢) Voltage
higher than Mass 1 (blue). 15 . . .
1 .
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3r — 2dof velocity 2 i
2 F e
(]
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w 1H =
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4k . . . L . E Figure 12. Simulated displacement, velocity and voltage for the 2-Dof
24 28 28, . 3 32 a4 system using the complete model
Time (s)

Figure 11. Velocity of the two masses



SECTION V: VERIFICATION OF THE MODEL AND
PARAMETRIC OPTIMIZATION

The complete model can be used to optimise system
parameters in order to increase the harvested power and the
bandwidth of the response. The model can be used to readily
investigate the influence on the system response of different
geometric configurations, spring stiffnesses and magnetic
parameters. As an example, this section considers two different
system designs where the cap height, Sy, was varied (Figure 13)

and the system response examined.

I N ¥ Design A
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Figure 13. Schematic configurations of the harvester with two different
values for the cap height

In Figure 14, the predicted trend of the output power across
a 13.5 Q resistor is shown for S, = 81.65 mm (Design A) and S,
= 77.58 mm (Design B). In Design A, the higher height of the
cap allows the primary mass to move away from the bottom
part of the device housing, while in Design B, the lower cap
height ensures the primary mass is always in contact with at

least one of the springs that are positioned between it and the
device housing (Figure 13).
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Figure 14. Output power across a 13.5Q resistor with a) a cap height of

81.65 mm and b) a cap height of 77.58 mm for a sinusoidal excitation of

arms=0.6g for a range of frequencies

According to the experimental data presented in Figure 6
and Figure 8 of Part A, the behaviour of the system in these two
configurations is different: when S, = 77.58 mm (Figure 14b of
this paper and Figure 8 of PartA) the output power has a
maximum at 20 Hz, corresponding to the resonance frequency
of the primary mass. In fact, the harvester in this configuration
behaves in a similar fashion to a harmonic oscillator. When the
cap height is higher, at S, = 81.65 mm (Figure 14 of this paper
and Figure 6 of Part A), the primary mass can move such that it
is no longer affected by the spring force between it and the
lower part of the housing. This results in more complex
behaviour and more peaks in the output power spectrum.

The maximum output power is reached at 14 Hz compared
to 20 Hz for the low cap case. This lower frequency is caused
by allowing the free movement of masses for part of the
oscillation, which effectively reduces spring stiffness acting on
the system. This reduction in effective spring stiffness naturally
reduces the resonance peak of the system.



CONCLUSION

In this paper, a novel 2-Dof energy-harvesting device that
employs velocity amplification has been presented. Three
different approaches for modelling the system have been
investigated: (1) a fully coupled model that predicts two
resonance frequencies; (2) an uncoupled model that considers
free motion and allows impacts between masses; and (3) a
complete model that considers both transfer of forces through
springs, inelastic impacts and free motion of the masses. It has
been shown that the complete model can represent the real
behaviour of the system and captures the velocity amplification
effect well, which is a key requirement of modelling the 2-Dof
system of interest in this work.

In the final section of this paper, the model was shown to
capture the complex behaviour of the system when the cap
height was far enough from the primary mass to allow it to
move freely. When the cap height was reduced such that it
restricted the free motion of the primary mass, the model
predicted that the system would respond in a more linear
fashion, which is in agreement with the experimental
measurements in Part A of this paper. This section also
demonstrated how the complete model could be used as a
design tool for optimising system parameters. This optimization
analysis will be the focus of future work, where the goal will be
to use the model to increase both the bandwidth and the output
power of the harvester.
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ANNEX A

EXPERIMENTAL MEASUREMENT OF DAMPING AND RESTITUTION COEFFICIENT

The damping coefficients d; and d, were measured by
exciting the device with a pulse load and examining the
transient displacement of the masses. The displacements of the
masses were measured with a high speed camera. The
amplitude decrease of successive cycles is approximated as
exponential and the damping coefficient is calculated as:

y=e di,=— 2m(In(yq)-In(yp))

where y, and y, are the amplitude of the displacement at the
time istants t, and t,.

In Figure A.1 the trend of the amplitude decrease of the two
masses is shown. The values of the two coefficients are d;=
0.278 Ns/m and d,= 0.021 Ns/m.

Large mass free fall
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Figure A.1. Exponential decrement of the amplitude of transient

displacement of the two masses.

The restitution coefficients for the collisions between Mass
1 and Mass 2 and between Mass 1 and the bottom wall were
calculated by measuring the velocity of the masses before and
after impact. Figure 2 shows the positions, measured with a
high speed camera, of the masses during the analysis. The
impact that occurs at point A in Figure 8 was used to determine
the coefficient of restitution by fitting a quadratic polynomial to
the data near A according to: Al

x(t)=at?+v(ta)t+x(ta)

and the law of uniform accelerated motion was used to
calculated the velocities:

v(t)=v(ta)+2a*t
where a and v(t,) are the two coefficients of the fit.

Using Equation 4 the restitution coefficients were calculated as
€,;=0.91 and &,=0.96.

y displacement

time (s)

FigureA.2. Position of the primary mass (blue) and of the secondary mass
(red). Point A indicates the collision considered for the measurement of the
restitution coefficient.
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