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A B S T R A C T

The use of composite laminates for advanced structural applications has increased recently, due in part to
their ability for tailoring material properties to meet specific requirements. In this regard, variable stiffness
(VS) designs have potential for improved performance over constant stiffness designs, made possible by
fibre placement technologies which permit steering of the fibre path to achieve variable in-plane orientation.
However, due to the expanded, large design space, computationally expensive routines are required to fully
explore the potential of VS designs. This computational requirement is further complicated when VS composites
are deployed for applications involving nonlinear large deflections which often necessitate complex 3D stress
predictions to accurately account for localised stresses. In this work, we develop a geometrically nonlinear
strong Unified Formulation (SUF) for the 3D stress analysis of VS composite structures undergoing large
deflections. A single domain differential quadrature method-based 1D element coupled with a serendipity
Lagrange-based 2D finite element are used to capture the kinematics of the 3D structure in the axial and cross-
sectional dimensions, respectively. Predictions from SUF compare favourably against those in the literature as
well as with those from ABAQUS 3D finite element models, yet also show significant enhanced computational
efficiency. Results from the nonlinear large deflection analysis demonstrate the potential of variable stiffness
properties to achieve enhanced structural response of composite laminates due to the variation of coupling
effects in different loading regimes.
1. Introduction

Compared to conventional materials, carbon fibre reinforced poly-
mer (CFRP) composite laminates offer high-stiffness, good fatigue re-
sistance and good strength-to-weight properties that make them desir-
able for advanced structural applications in many industries such as
aerospace, sport and medical [1,2]. With excellent design flexibility
with respect to fibre orientation, stacking sequence, through-thickness
material, and geometric properties, it is feasible to tailor composite
materials to meet specific requirements [2,3]. In terms of material de-
sign variables, CFRP laminates offer the potential for constant stiffness
(CS) or variable stiffness designs (VS) [4,5]. While a single domain
structure with uniform, optimised stacking sequence is often the goal of
CS designs, a variation in stiffness properties as a function of spatial lo-
cation is the purpose of VS designs [5,6]. Therefore, VS designs possess
greater design space that can potentially achieve better performance
compared to CS designs. The current ongoing development of fibre
placement technologies such as Automated Fibre Placement (AFP) [7,
8], Tailored Fibre Placement (TFP) [9,10] and Continuous Tow Shear-
ing (CTS) [11,12] has bolstered the production of VS laminates for
industrial applications.

∗ Corresponding author.
E-mail address: saheed.ojo@ul.ie (S.O. Ojo).

Several works have demonstrated the advantages of VS over CS
designs in buckling and postbuckling performance [13–15], stiffness
properties [16–18], and elastic response [19,20]. Given this potential,
VS laminates have been employed to achieve improved aeroelastic
response of composite wings [21], enhanced buckling response of stiff-
ened blade panels [22], and better performance characteristics of wind
turbine systems [23]. In spite of this promising potential, industrial
applications are challenged by considerations such as manufacturing
defects and the optimisation of gaps and overlaps, which should be
addressed to ensure sufficiently good quality of VS composites. In
addition, since VS composites are characterised by complex 3D stresses,
employing an accurate and efficient computational framework is es-
sential to fully explore the structural responses of VS laminates for
enhanced applications.

Prediction of global phenomena such as vibration and buckling or
local phenomena such as stresses and delamination is an important
consideration when exploring the potential of VS designs. Towards
this aim, Ak-barzadeh et al. [24] investigated the structural responses
of VS composites under the influence of shear deformation and em-
bedded manufacturing defects, whereas Diaz et al. [25] proposed a
https://doi.org/10.1016/j.tws.2021.107672
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Fig. 1. Cartesian frame of reference for (a) Laminate stack, (b) constant stiffness
orientation, and (c) variable stiffness orientation.

numerical method to evaluate interlaminar stresses in VS compos-
ites. Similarly, a p-version finite element (FE) model was proposed
in [26,27] to investigate the natural modes of vibration, stresses and
nonlinear bending deflection of VS laminates using a Reddy-type third-
order shear deformation theory, although Groh and Weaver [28] later
showed that the Reddy-type model leads to static inconsistencies at
clamped boundaries. Furthermore, Soriano and Díaz [29] studied the
failure process of VS composites using 3D FE analysis combined with
continuum damage mechanics. Moreover, to achieve computationally
efficient outcomes in the analysis of VS laminates, Demasi et al. [30]
adopted equivalent single layer, layerwise and zigzag models based on
FE methods. Despite the improved efficiency over 3D FE models for
some simple laminate stacking sequences studied in [30], the potential
of these models for analysis of complex and arbitrary lay-ups remains
unclear. In addition, FE-based models often require fine meshes which
may be computationally expensive to extensively exploit the merits
of VS designs. To this end, high-order methods which can guarantee
high levels of accuracy combined with faster solution than FE methods
become desirable.

The Differential Quadrature Method (DQM) has been widely applied
for analysis of CS composite structures, see [31–33] for example, due
to its promising characteristics of spectral accuracy and fast compu-
tation. In the context of VS applications, the Generalised Differential
Quadrature (GDQ) has been used to study free vibration and static re-
sponse of doubly-curved shell structures reinforced by curvilinear fibres
in [34,35] while Groh and Weaver applied DQM for accurate stress
analysis of VS laminates based on a third-order zig-zag theory within
a Hellinger-Reissner mixed variational framework [36]. Furthermore,
Luan et al. [37] employed a fifth-order zigzag theory within a Hellinger-
Reissner mixed formulation and a mixed inverse DQM approach for
accurate stress analysis of VS laminates under different loading con-
ditions. Although DQM implementation of the zigzag formulation for
analysis of VS composites leads to significant computational savings
over 3D FE solutions, further studies by Patni et al. [38] show that
high fidelity models with enriched kinematics are required to resolve
the discrepancies in the prediction of transverse stresses which affect

delamination. To this end, a high-order serendipity-Lagrange based

2

FE model within Unified Formulation (UF) framework was proposed
in [38], which yields accurate predictions for linear static analysis of
VS laminates.

To a large extent, the theory of UF has been employed for a vari-
ety of mechanics problems ranging from linear to nonlinear analyses
(see [39–41]), due to the generic qualities of the kinematics adopted
that allow for arbitrary expansion of displacement variables, leading
to accurate prediction of local and global response of composite struc-
tures. With regards to geometrically nonlinear analysis, Pagani and Car-
rera [40,41] demonstrated that UF implemented within a FE framework
is able to capture large displacements/rotations, in-plane deformation,
localised buckling, cross-sectional warping, bending–torsion coupling
and other high-order phenomena in thin and thick composite struc-
tures. Consistent with the benefits of UF for geometrically nonlinear
analysis by Pagani and Carrera, Ojo and Weaver [42] proposed a DQM-
based geometrically nonlinear strong UF (SUF) model to extend the
capabilities of the linear strong UF model proposed in [31] for analysis
of CS composites. Outcomes show significant improvement in terms of
accuracy and efficiency over the FE-based model developed in [41].
In a bid to explore the potential of the newly developed geometrically
nonlinear SUF, this study extends the capability of SUF to investigate
the structural response of VS laminates undergoing large deflections.
Considering the merits of VS designs for a variety of structural ap-
plications, it is important to understand the role of VS properties in
achieving improved performance especially in nonlinear, large deflec-
tion applications. With this aim in mind, SUF is employed to investigate
the effect of tow-steering on the behaviour of composite laminates
under large bending and compressive loads. In addition, since efficient
prediction of nonlinear 3D stresses is an important requirement to fully
characterise large deflections in engineering structures, the potential
of SUF for computationally efficient nonlinear analysis of composite
structures is assessed comparatively with the models in the literature
and ABAQUS model. The rest of the paper is arranged as follows.

The basic formulation for geometrically nonlinear SUF and sub-
sequent discretisation by DQM are presented in Sections 2 and 2.1.
Derivations of the constitutive and geometric components of the tan-
gent stiffness matrix are presented in Section 2.2 while Section 3 is
dedicated to description of the arc-length routine employed for solution
of the nonlinear system. In Section 4, settings for numerical test are
explained while mathematical description of the constitutive relations
of variable fibre architecture is also outlined. Numerical results and dis-
cussions are further presented in Section 4 before the final concluding
remarks are detailed in Section 5.

2. Nonlinear strong unified formulation

According to the theory of Unified Formulation (UF), the displace-
ment components

[

𝑢𝑥, 𝑢𝑦, 𝑢𝑧
]

in the three dimensions, 𝑥, 𝑦 and 𝑧 axes of
the beam-type structure of length 𝐿 in the cartesian coordinate system
are represented by the relation (see Fig. 1),

𝒖(𝑥, 𝑦, 𝑧) = 𝐹𝜏 (𝑥, 𝑧)𝒖𝜏 (𝑦), (1)

where 𝐹𝜏 is a function that captures the cross-sectional deformation and
can be expanded to any order 𝜏 for enrichment of the beam’s kinemat-
ical description. The Serendipity Lagrange expansion (SLE) introduced
in [43] idealises the beam’s cross-sectional behaviour accurately and
efficiently without the need for remeshing or loss of numerical stability.
Therefore, this work adopts the SLE function to represent 𝐹𝜏 and
readers are referred to [43] for its detailed formulation. The Green–
Lagrange strain components 𝑬 =

[

𝐸𝑥𝑥, 𝐸𝑦𝑦, 𝐸𝑧𝑧, 𝐸𝑦𝑧, 𝐸𝑥𝑧, 𝐸𝑥𝑦
]

and the
econd-Piola Kirchoff stress components 𝑺 =

[

𝑆𝑥𝑥, 𝑆𝑦𝑦, 𝑆𝑧𝑧, 𝑆𝑦𝑧, 𝑆𝑥𝑧,
𝑆𝑥𝑦

]

take the form:

=
(

𝑩𝑙𝜏 + 𝑩𝑛𝑙𝜏

)

𝒖𝜏 (𝑦), (2)

= 𝑪̃𝑬, (3)
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𝑩𝑙𝜏 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐹𝜏,𝑥 0 0

0 𝜕
𝜕𝑦

𝐹𝜏 0

0 0 𝐹𝜏,𝑧

0 𝐹𝜏,𝑧
𝜕
𝜕𝑦

𝐹𝜏

𝐹𝜏,𝑧 0 𝐹𝜏,𝑥

𝜕
𝜕𝑦

𝐹𝜏 𝐹𝜏,𝑥 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (4a)

𝑩𝑛𝑙𝜏 = 1
2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐹𝑝,𝑥𝐹𝜏,𝑥𝑢𝑝𝑥 𝐹𝑝,𝑥𝐹𝜏,𝑥𝑢𝑝𝑦 𝐹𝑝,𝑥𝐹𝜏,𝑥𝑢𝑝𝑧

𝐹𝑝𝐹𝜏
𝜕𝑢𝑝𝑥
𝜕𝑦

𝜕
𝜕𝑦

𝐹𝑝𝐹𝜏
𝜕𝑢𝑝𝑦
𝜕𝑦

𝜕
𝜕𝑦

𝐹𝑝𝐹𝜏
𝜕𝑢𝑝𝑧
𝜕𝑦

𝜕
𝜕𝑦

𝐹𝑝,𝑧𝐹𝜏,𝑧𝑢𝑝𝑥 𝐹𝑝,𝑧𝐹𝜏,𝑧𝑢𝑝𝑦 𝐹𝑝,𝑧𝐹𝜏,𝑧𝑢𝑝𝑧

𝐹𝑝𝐹𝜏,𝑧
𝜕𝑢𝑝𝑥
𝜕𝑦

+ 𝐹𝑝,𝑧𝐹𝜏𝑢𝑝𝑥
𝜕
𝜕𝑦

𝐹𝑝𝐹𝜏,𝑧
𝜕𝑢𝑝𝑦
𝜕𝑦

+ 𝐹𝑝,𝑧𝐹𝜏𝑢𝑝𝑦
𝜕
𝜕𝑦

𝐹𝑝𝐹𝜏,𝑧
𝜕𝑢𝑝𝑧
𝜕𝑦

+ 𝐹𝑝,𝑧𝐹𝜏𝑢𝑝𝑧
𝜕
𝜕𝑦

𝐹𝑝,𝑥𝐹𝜏,𝑧𝑢𝑝𝑥 + 𝐹𝑝,𝑧𝐹𝜏,𝑥𝑢𝑝𝑥 𝐹𝑝,𝑥𝐹𝜏,𝑧𝑢𝑝𝑦 + 𝐹𝑝,𝑧𝐹𝜏,𝑥𝑢𝑝𝑦 𝐹𝑝,𝑥𝐹𝜏,𝑧𝑢𝑝𝑧 + 𝐹𝑝,𝑧𝐹𝜏,𝑥𝑢𝑝𝑧

𝐹𝑝𝐹𝜏,𝑥
𝜕𝑢𝑝𝑥
𝜕𝑦

+ 𝐹𝑝,𝑥𝐹𝜏𝑢𝑝𝑥
𝜕
𝜕𝑦

𝐹𝑝𝐹𝜏,𝑥
𝜕𝑢𝑝𝑦
𝜕𝑦

+ 𝐹𝑝,𝑥𝐹𝜏𝑢𝑝𝑦
𝜕
𝜕𝑦

𝐹𝑝𝐹𝜏,𝑥
𝜕𝑢𝑝𝑧
𝜕𝑦

+ 𝐹𝑝,𝑥𝐹𝜏𝑢𝑝𝑧
𝜕
𝜕𝑦

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (4b)

𝑪̃ =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐶11 𝐶12 𝐶13 𝐶14 𝐶15 𝐶16

𝐶12 𝐶22 𝐶23 𝐶24 𝐶25 𝐶26

𝐶13 𝐶23 𝐶33 𝐶34 𝐶35 𝐶36

𝐶14 𝐶24 𝐶34 𝐶44 𝐶45 𝐶46

𝐶15 𝐶25 𝐶35 𝐶45 𝐶55 𝐶56

𝐶16 𝐶26 𝐶36 𝐶46 𝐶56 𝐶66

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (4c)

Box I.
here Eqs. (4a)–(4c) are given in Box I. Invoking the principle of
irtual work, the equilibrium relations for static deformation can be
ealised as,

𝐿𝑖𝑛𝑡 − 𝛿𝐿𝑒𝑥𝑡 = 0, (5)

here 𝛿𝐿𝑖𝑛𝑡 and 𝛿𝐿𝑒𝑥𝑡 represent, respectively, the virtual strain energy
nd virtual work of external loadings. The virtual strain energy is
urther explicitly expressed as,

𝐿𝑖𝑛𝑡 = ∫𝑉
𝛿
(

𝐸𝑥𝑥𝑆𝑥𝑥 + 𝐸𝑦𝑦𝑆𝑦𝑦 + 𝐸𝑧𝑧𝑆𝑧𝑧 + 𝐸𝑦𝑧𝑆𝑦𝑧 + 𝐸𝑥𝑧𝑆𝑥𝑧 + 𝐸𝑥𝑦𝑆𝑥𝑦
)

𝒅𝑽 .

(6)

pplying partial integration-by-parts to Eq. (6) after substituting for
reen–Lagrange strain components using Eqs. (2)–(4), the virtual strain
nergy relation becomes,

𝛿𝐿𝑖𝑛𝑡 = ∫𝛺
𝛿
(

𝑢𝑥𝜏𝐹𝜏𝑆𝑥𝑦 + 𝑢𝑦𝜏𝐹𝜏𝑆𝑦𝑦 + 𝑢𝑧𝜏𝐹𝜏𝑆𝑦𝑧

)

𝒅𝜴
|

|

|

|

|

𝑦=𝐿

𝑦=0

+ 1
2 ∫𝛺

𝛿
(

𝑢𝑥𝜏

[

𝜕𝑢𝑥
𝜕𝑦

𝑆𝑦𝑦 +
𝜕𝑢𝑥
𝜕𝑧

𝑆𝑦𝑧

+
𝜕𝑢𝑥
𝜕𝑥

𝑆𝑥𝑦

]

𝐹𝜏 + 𝑢𝑦𝜏

[ 𝜕𝑢𝑦
𝜕𝑦

𝑆𝑦𝑦 +
𝜕𝑢𝑦
𝜕𝑧

𝑆𝑦𝑧 +
𝜕𝑢𝑦
𝜕𝑥

𝑆𝑥𝑦

]

𝐹𝜏

+ 𝑢𝑧𝜏

[

𝜕𝑢𝑧
𝜕𝑦

𝑆𝑦𝑦 +
𝜕𝑢𝑧
𝜕𝑧

𝑆𝑦𝑧+

𝜕𝑢𝑧
𝜕𝑥

𝑆𝑥𝑦

]

𝐹𝜏

)

𝒅𝜴
|

|

|

|

|

𝑦=𝐿

𝑦=0
+ ∫𝑉

𝛿
(

𝑢𝑥𝜏

[

𝐹𝜏,𝑥𝑆𝑥𝑥 + 𝐹𝜏,𝑧𝑆𝑥𝑧 − 𝐹𝜏
𝜕𝑆𝑥𝑦

𝜕𝑦

]

+ 𝑢𝑦𝜏

[

𝐹𝜏,𝑥𝑆𝑥𝑦 − 𝐹𝜏
𝜕𝑆𝑦𝑦

𝜕𝑦
+

𝐹𝜏,𝑧𝑆𝑦𝑧
]

+ 𝑢𝑧𝜏

[

𝐹𝜏,𝑧𝑆𝑧𝑧 − 𝐹𝜏
𝜕𝑆𝑦𝑧 + 𝐹𝜏,𝑥𝑆𝑥𝑧

])

𝒅𝑽

𝜕𝑦

3

+ 1
2 ∫𝑉

𝛿
(

𝑢𝑥𝜏

[

𝐹𝜏,𝑥
𝜕𝑢𝑥
𝜕𝑥

𝑆𝑥𝑥 + 𝐹𝜏,𝑧
𝜕𝑢𝑥
𝜕𝑧

𝑆𝑧𝑧+

𝐹𝜏,𝑧
𝜕𝑢𝑥
𝜕𝑦

𝑆𝑦𝑧 +
(

𝐹𝜏,𝑧
𝜕𝑢𝑥
𝜕𝑥

+ 𝐹𝜏,𝑥
𝜕𝑢𝑥
𝜕𝑧

)

𝑆𝑥𝑧 + 𝐹𝜏,𝑥
𝜕𝑢𝑥
𝜕𝑦

𝑆𝑥𝑦

−
(

𝜕2𝑢𝑥
𝜕𝑦2

𝑆𝑦𝑦 +
𝜕2𝑢𝑥
𝜕𝑦𝜕𝑧

𝑆𝑦𝑧 +
𝜕2𝑢𝑥
𝜕𝑦𝜕𝑥

𝑆𝑥𝑦

)

𝐹𝜏−
(

𝜕𝑢𝑥
𝜕𝑦

𝜕𝑆𝑦𝑦

𝜕𝑦
+

𝜕𝑢𝑥
𝜕𝑧

𝜕𝑆𝑦𝑧

𝜕𝑦
+

𝜕𝑢𝑥
𝜕𝑥

𝜕𝑆𝑥𝑦

𝜕𝑦

)

𝐹𝜏

]

+ 𝑢𝑦𝜏

[

𝐹𝜏,𝑥
𝜕𝑢𝑦
𝜕𝑥

𝑆𝑥𝑥 + 𝐹𝜏,𝑧
𝜕𝑢𝑦
𝜕𝑧

𝑆𝑧𝑧 + 𝐹𝜏,𝑧
𝜕𝑢𝑦
𝜕𝑦

𝑆𝑦𝑧+

(

𝐹𝜏,𝑧
𝜕𝑢𝑦
𝜕𝑥

+ 𝐹𝜏,𝑥
𝜕𝑢𝑦
𝜕𝑧

)

𝑆𝑥𝑧 + 𝐹𝜏,𝑥
𝜕𝑢𝑦
𝜕𝑦

𝑆𝑥𝑦 −

(

𝜕2𝑢𝑦
𝜕𝑦2

𝑆𝑦𝑦

+
𝜕2𝑢𝑦
𝜕𝑦𝜕𝑧

𝑆𝑦𝑧 +
𝜕2𝑢𝑦
𝜕𝑦𝜕𝑥

𝑆𝑥𝑦

)

𝐹𝜏 −
( 𝜕𝑢𝑦

𝜕𝑦
𝜕𝑆𝑦𝑦

𝜕𝑦

+
𝜕𝑢𝑦
𝜕𝑧

𝜕𝑆𝑦𝑧

𝜕𝑦
+

𝜕𝑢𝑦
𝜕𝑥

𝜕𝑆𝑥𝑦

𝜕𝑦

)

𝐹𝜏

]

+ 𝑢𝑧𝜏

[

𝐹𝜏,𝑥
𝜕𝑢𝑧
𝜕𝑥

𝑆𝑥𝑥 + 𝐹𝜏,𝑧
𝜕𝑢𝑧
𝜕𝑧

𝑆𝑧𝑧

+ 𝐹𝜏,𝑧
𝜕𝑢𝑧
𝜕𝑦

𝑆𝑦𝑧 +
(

𝐹𝜏,𝑧
𝜕𝑢𝑧
𝜕𝑥

+

𝐹𝜏,𝑥
𝜕𝑢𝑧
𝜕𝑧

)

𝑆𝑥𝑧 + 𝐹𝜏,𝑥
𝜕𝑢𝑧
𝜕𝑦

𝑆𝑥𝑦 −
(

𝜕2𝑢𝑧
𝜕𝑦2

𝑆𝑦𝑦 +
𝜕2𝑢𝑧
𝜕𝑦𝜕𝑧

𝑆𝑦𝑧 +
𝜕2𝑢𝑧
𝜕𝑦𝜕𝑥

𝑆𝑥𝑦

)

𝐹𝜏

−
(

𝜕𝑢𝑧
𝜕𝑦

𝜕𝑆𝑦𝑦

𝜕𝑦
+

𝜕𝑢𝑧
𝜕𝑧

𝜕𝑆𝑦𝑧

𝜕𝑦
+

𝜕𝑢𝑧
𝜕𝑥

𝜕𝑆𝑥𝑦

𝜕𝑦

)

𝐹𝜏

])

𝒅𝑽 .

(7)

In this work, it assumed that the fibre orientation varies along the
axial dimension, 𝑦, such that the material coefficient tensor, 𝑪̃(𝑦), is
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a function of 𝑦. Therefore, the product rule is applied to derivatives of
stresses along the 𝑦-axis in Eq. (7), since stresses are function of 𝒖(𝑦)
and 𝑪̃(𝑦). In compact form, Eq. (7) is rewritten as,

𝛿𝐿𝑖𝑛𝑡 = ∫𝛺
𝛿𝒖𝑇𝜏 𝐹𝜏𝑪

(

𝑩𝑙𝑠 + 𝑩𝑛𝑙𝑠

)

𝒖𝑠𝒅𝜴
|

|

|

|

𝑦=𝐿

𝑦=0

+ 2∫𝛺
𝛿𝒖𝑇𝜏 𝑩

𝑇
𝑛𝑙1𝜏

𝑪
(

𝑩𝑙𝑠 + 𝑩𝑛𝑙𝑠

)

𝒖𝑠𝒅𝜴
|

|

|

|

𝑦=𝐿

𝑦=0
+

∫𝑉
𝛿𝒖𝑇𝜏

(

𝑩
𝑇
𝑙𝜏
𝑪̃
(

𝑩𝑙𝑠 + 𝑩𝑛𝑙𝑠

)

𝒖𝑠
)

𝒅𝑽

+ 2∫𝑉
𝛿𝒖𝑇𝜏 𝑩

𝑇
𝑛𝑙2𝜏

𝑪̃
(

𝑩𝑙𝑠 + 𝑩𝑛𝑙𝑠

)

𝒖𝑠𝒅𝑽 ,

(8)

here 𝑩𝑙𝜏 , 𝑩𝑛𝑙1𝜏 , 𝑩𝑛𝑙2𝜏 and 𝑪 are given in Box II, where H𝜏𝑠,𝜇 = 𝐹𝜏𝐹𝑠,𝜇 ,
𝜏,𝜗𝑠,𝜇 = 𝐹𝜏,𝜗𝐹𝑠,𝜇 H𝜏,𝜗𝑠 = 𝐹𝜏,𝜗𝐹𝑠, H𝜏𝑠 = 𝐹𝜏𝐹𝑠, for 𝜗, 𝜇 = 𝑥, 𝑧.

The components of the secant stiffness matrix are finally obtained
fter expanding Eq. (8),

𝛿𝐿𝑖𝑛𝑡 = 𝛿𝒖𝑇𝜏

⎛

⎜

⎜

⎜

⎜

⎜

⎝

∫𝛺
𝐹𝜏𝑪𝑩𝑙𝑠d𝛺

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝚷𝑙𝜏𝑠

+ ∫𝛺
𝐹𝜏𝑪𝑩𝑛𝑙𝑠d𝛺

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝚷𝑙𝑛𝑙𝜏𝑠

+ 2∫𝛺
𝑩

𝑇
𝑛𝑙1𝜏

𝑪𝑩𝑙𝑠d𝛺
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝚷𝑛𝑙𝑙𝜏𝑠

+2∫𝛺
𝑩

𝑇
𝑛𝑙1𝜏

𝑪𝑩𝑛𝑙𝑠d𝛺
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝚷𝑛𝑙𝑛𝑙𝜏𝑠

⎞

⎟

⎟

⎟

⎟

⎟

⎠

|

|

|

|

|

|

|

|

|

|

|

|

𝑦=𝐿

𝑦=0

𝒖𝑠+

𝛿𝒖𝑇𝜏

⎛

⎜

⎜

⎜

⎜

⎜

⎝

∫𝑉
𝑩

𝑇
𝑙𝜏
𝑪̃𝑩𝑙𝑠𝒅𝑽 + ∫𝑉

𝐹𝜏𝑸𝑩𝑙𝑠𝒅𝑽
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐊𝑙𝜏𝑠

+ ∫𝑉
𝑩

𝑇
𝑙𝜏
𝑪̃𝑩𝑛𝑙𝑠𝒅𝑽 + ∫𝑉

𝐹𝜏𝑸𝑩𝑛𝑙𝑠𝒅𝑽
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐊𝑙𝑛𝑙𝜏𝑠

+

2∫𝑉
𝑩

𝑇
𝑛𝑙2𝜏

𝑪̃𝑩𝑙𝑠𝒅𝑽 + 2∫𝑉
𝑩

𝑇
𝑛𝑙1𝜏

𝑸𝑩𝑙𝑠𝒅𝑽
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐊𝑛𝑙𝑙𝜏𝑠

+2∫𝑉
𝑩

𝑇
𝑛𝑙2𝜏

𝑪̃𝑩𝑛𝑙𝑠𝒅𝑽 + 2∫𝑉
𝑩

𝑇
𝑛𝑙1𝜏

𝑸𝑩𝑛𝑙𝑠𝒅𝑽
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐊𝑛𝑙𝑛𝑙𝜏𝑠

⎞

⎟

⎟

⎟

⎟

⎟

⎠

𝒖𝑠.

(10)

where 𝑸 represents the first-order derivative of the material stiffness
tensor 𝑪, and the terms containing 𝑸 account for VS properties which
vanish in the case of CS laminates, since 𝑪 is constant in the axial
dimension of the structure. The derivation of 𝑸 for SUF is discussed
in Section 4. Based on Eq. (10), the secant stiffness operator and its
boundary components are respectively expressed as,

𝐊𝑆𝜏𝑠
= 𝐊𝑙𝜏𝑠 +𝐊𝑙𝑛𝑙𝜏𝑠 +𝐊𝑛𝑙𝑙𝜏𝑠 +𝐊𝑛𝑙𝑛𝑙𝜏𝑠 , (11a)

𝚷𝑆𝜏𝑠
= 𝚷𝑙𝜏𝑠 +𝚷𝑙𝑛𝑙𝜏𝑠 +𝚷𝑛𝑙𝑙𝜏𝑠 +𝚷𝑛𝑙𝑛𝑙𝜏𝑠

|

|

|

𝑦=𝐿

𝑦=0
. (11b)

Explicit expressions for the components of 𝐊𝑆𝜏𝑠
and 𝚷𝑆𝜏𝑠

are given
in Appendix.

Note: subscripts 𝑙, 𝑙𝑛𝑙, 𝑛𝑙𝑙, 𝑛𝑙𝑛𝑙 represents linear, linear–nonlinear,
nonlinear–linear, and nonlinear–nonlinear components of the secant
stiffness operator while 𝜏 and 𝑠 represent the order of SLE function.

Based on Eq. (5), Eq. (10) and (11), the governing equation and
boundary conditions for geometrically nonlinear static analysis of a
general beam-type composite structure are given as,

𝐊 𝒖 (𝑦) − 𝐪 (𝑦) = 0, (12a)
𝑆𝜏𝑠 𝑠 𝜏

4

𝚷𝑆𝜏𝑠
𝒖𝑠
|

|

|

𝑦=𝐿

𝑦=0
− 𝐩𝜏 = 0, (12b)

where 𝐪𝜏 (𝑦) consists of external load contributions from volume forces,
line forces and concentrated force while 𝐩𝜏 accounts for external load
contributions from surface forces at the edges of the beam. Equa-
tion (12) constitutes a 1D nonlinear strong UF system of equations
which can be expanded to any order for solution of geometrically
nonlinear problems.

2.1. Differential quadrature method (DQM)

In line with the DQM approach described in [44], the solution of
the one-dimensional system of equations, i.e., Eq. (12), is assumed to
take a form in which 𝒖𝑠 and 𝐪𝑠 are approximated as,

𝒖𝑠(𝑦) =
𝑁
∑

𝑖=1
𝐿𝑖 (𝑦) 𝒖𝑖𝑠, (13a)

𝐩𝑠(𝑦) =
𝑁
∑

𝑖=1
𝐿𝑖 (𝑦)𝐩𝑖𝑠, (13b)

while higher derivatives of 𝒖𝑠 are approximated as,

𝜕𝒖𝑠(𝑦)
𝜕𝑦

|

|

|

|𝑦𝑖
=

𝑁
∑

𝑗=1
𝑎(1)𝑖𝑗 𝒖𝑗𝑠, for 𝑖, 𝑗 = 1,… , 𝑁, (14a)

𝜕2𝒖𝑠(𝑦)
𝜕𝑦2

|

|

|

|

|𝑦𝑖

=
𝑁
∑

𝑗=1
𝑎(2)𝑖𝑗 𝒖𝑗𝑠, for 𝑖, 𝑗 = 1,… , 𝑁, (14b)

where 𝐿𝑖 (𝑦), 𝑎(1)𝑖𝑗 and 𝑎(2)𝑖𝑗 are weighting coefficients of the control
variables, with their first and second derivatives respectively, defined
by sets of base polynomials (see [44]). Based on Eq. (14), the governing
Eq. (12) can be generalised as,

𝐊𝑆𝑖𝑗𝜏𝑠
𝒖𝑖𝑠 − 𝐪𝑗𝜏 = 0, (15a)

𝚷𝑆𝑖𝑗𝜏𝑠
𝒖𝑖𝑠

|

|

|

𝑦=𝐿

𝑦=0
− 𝐩𝑗𝜏 = 0, (15b)

Equation (15) constitutes the fundamental nucleus of the nonlinear
system governing equations and boundary conditions which can be
expanded to any arbitrary order of 𝜏, 𝑠 = 1,… ,𝑀 and 𝑖, 𝑗 = 1,… , 𝑁
o form the global system of equations,

𝑆𝒖 − 𝐪 = 0, (16)

.2. Derivation of the tangent stiffness matrix

Equation (16) represents a nonlinear system of equations which re-
uire a nonlinear solution algorithm to determine the equilibrium state.
herefore, an incremental linearised scheme described in Section 3 is

mplemented here. To determine the incremental displacement 𝛿𝒖 in
he linearised system of equations, the tangent stiffness matrix, 𝐊𝑇 ,
s computed which is typically derived from the linearisation of the
ariational formulation as follows,
(

𝛿𝐿𝑖𝑛𝑡
)

= ∫𝑉
𝛿𝑬𝑇 𝛿𝑺𝒅𝑽 + ∫𝑉

𝛿
(

𝛿𝑬𝑇 )𝑺𝒅𝑽 . (17)

Using the procedure outlined in Section 2, the linearisation of consti-
tutive relation is derived as,

∫𝑉
𝛿𝑬𝑇 𝛿𝑺𝒅𝑽 = 𝛿𝒖𝑇𝜏

(

𝚷𝑙𝜏𝑠 + 2𝚷𝑙𝑛𝑙𝜏𝑠 +𝚷𝑛𝑙𝑙𝜏𝑠 + 2𝚷𝑛𝑙𝑛𝑙𝜏𝑠

)

𝛿𝒖𝑠
|

|

|

|

𝑦=𝐿

𝑦=0

+ 𝛿𝒖𝑇𝜏
(

𝐊𝑙𝜏𝑠 + 2𝐊𝑙𝑛𝑙𝜏𝑠 +𝐊𝑛𝑙𝑙𝜏𝑠+

2𝐊𝑛𝑙𝑛𝑙𝜏𝑠

)

𝛿𝒖𝑠, (18)

while the geometric component of the tangent stiffness matrix is ob-

tained through second-order linearisation of the Green–Lagrange strain
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𝑩𝑙𝜏 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐹𝜏,𝑥 0 0

0 − 𝜕
𝜕𝑦

𝐹𝜏 0

0 0 𝐹𝜏,𝑧

0 𝐹𝜏,𝑧 − 𝜕
𝜕𝑦

𝐹𝜏

𝐹𝜏,𝑧 0 𝐹𝜏,𝑥

− 𝜕
𝜕𝑦

𝐹𝜏 𝐹𝜏,𝑥 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (9a)

𝑩𝑛𝑙1𝜏 = 1
2

⎡

⎢

⎢

⎢

⎢

⎢

⎣

H𝜏𝑝,𝑥𝑢𝑝𝑥 H𝜏𝑝,𝑥𝑢𝑝𝑦 H𝜏𝑝,𝑥𝑢𝑝𝑧

H𝜏𝑝
𝜕𝑢𝑝𝑥
𝜕𝑦

H𝜏𝑝
𝜕𝑢𝑝𝑦
𝜕𝑦

H𝜏𝑝
𝜕𝑢𝑝𝑧
𝜕𝑦

H𝜏𝑝,𝑧𝑢𝑝𝑥 H𝜏𝑝,𝑧𝑢𝑝𝑦 H𝜏𝑝,𝑧𝑢𝑝𝑧

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (9b)

𝑩𝑛𝑙2𝜏 = 1
2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

H𝜏,𝑥𝑝,𝑥𝑢𝑝𝑥 H𝜏,𝑥𝑝,𝑥𝑢𝑝𝑦 H𝜏,𝑥𝑝,𝑥𝑢𝑝𝑧

−H𝜏𝑝

(

𝜕2𝑢𝑝𝑥
𝜕𝑦2

+
𝜕𝑢𝑝𝑥
𝜕𝑦

𝜕
𝜕𝑦

)

−H𝜏𝑝

(

𝜕2𝑢𝑝𝑦
𝜕𝑦2

+
𝜕𝑢𝑝𝑦
𝜕𝑦

𝜕
𝜕𝑦

)

−H𝜏𝑝

(

𝜕2𝑢𝑝𝑧
𝜕𝑦2

+
𝜕𝑢𝑝𝑧
𝜕𝑦

𝜕
𝜕𝑦

)

H𝜏,𝑧𝑝,𝑧𝑢𝑝𝑥 H𝜏,𝑧𝑝,𝑧𝑢𝑝𝑦 H𝜏,𝑧𝑝,𝑧𝑢𝑝𝑧

H𝑝𝜏,𝑧

𝜕𝑢𝑝𝑥
𝜕𝑦

− H𝑝,𝑧𝜏

( 𝜕𝑢𝑝𝑥
𝜕𝑦

+ 𝑢𝑝𝑥
𝜕
𝜕𝑦

)

H𝑝𝜏,𝑧

𝜕𝑢𝑝𝑦
𝜕𝑦

− H𝑝,𝑧𝜏

( 𝜕𝑢𝑝𝑦
𝜕𝑦

+ 𝑢𝑝𝑦
𝜕
𝜕𝑦

)

H𝑝𝜏,𝑧

𝜕𝑢𝑝𝑧
𝜕𝑦

− H𝑝,𝑧𝜏

( 𝜕𝑢𝑝𝑧
𝜕𝑦

+ 𝑢𝑝𝑧
𝜕
𝜕𝑦

)

H𝑝,𝑥𝜏,𝑧𝑢𝑝𝑥 + H𝑝,𝑧𝜏,𝑥𝑢𝑝𝑥 H𝑝,𝑥𝜏,𝑧𝑢𝑝𝑦 + H𝑝,𝑧𝜏,𝑥𝑢𝑝𝑦 H𝑝,𝑥𝜏,𝑧𝑢𝑝𝑧 + H𝑝,𝑧𝜏,𝑥𝑢𝑝𝑧

H𝑝𝜏,𝑥

𝜕𝑢𝑝𝑥
𝜕𝑦

− H𝑝,𝑥𝜏

( 𝜕𝑢𝑝𝑥
𝜕𝑦

+ 𝑢𝑝𝑥
𝜕
𝜕𝑦

)

H𝑝𝜏,𝑥

𝜕𝑢𝑝𝑦
𝜕𝑦

− H𝑝,𝑥𝜏

( 𝜕𝑢𝑝𝑦
𝜕𝑦

+ 𝑢𝑝𝑦
𝜕
𝜕𝑦

)

H𝑝𝜏,𝑥

𝜕𝑢𝑝𝑧
𝜕𝑦

− H𝑝,𝑥𝜏

( 𝜕𝑢𝑝𝑧
𝜕𝑦

+ 𝑢𝑝𝑧
𝜕
𝜕𝑦

)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (9c)

𝑪 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐶16 𝐶26 𝐶36 𝐶46 𝐶56 𝐶66

𝐶12 𝐶22 𝐶23 𝐶24 𝐶25 𝐶26

𝐶14 𝐶24 𝐶34 𝐶44 𝐶45 𝐶46

⎤

⎥

⎥

⎥

⎥

⎦

, (9d)

Box II.
𝚷

w
c

as,

∫𝑉
𝛿
(

𝛿𝑬𝑇 )𝑺𝒅𝑽 = 𝛿𝒖𝑇𝑠 ∫𝛺
diag

⟨

𝑩̃
𝑇
𝑛𝑙1𝜏𝑠

𝑺
⟩

dΩ
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝚷𝜎𝜏𝑠

𝛿𝒖𝜏

|

|

|

|

|

|

|

|

|

|

|

|

𝑦=𝐿

𝑦=0

+ 𝛿𝒖𝑇𝑠 ∫𝑆
diag

⟨

𝑩̃
𝑇
𝑛𝑙2𝜏𝑠

𝑺
⟩

dS
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐊𝜎𝜏𝑠

𝛿𝒖𝜏 , (19)

here 𝑺 =
[

𝜏𝑥𝑦, 𝜎𝑦𝑦, 𝜏𝑦𝑧
]𝑇 , whereas 𝑩̃𝑛𝑙1𝜏𝑠 and 𝑩̃𝑛𝑙2𝜏𝑠 are given in

Box III.
Note: 𝜕

𝜕𝑦 and 𝜕∗

𝜕𝑦 are derivative operators for displacement and stress
variables, respectively.

In Eq. (19), diag
⟨

𝑩̃
𝑇
𝑛𝑙1𝜏𝑠

𝑺
⟩

and diag
⟨

𝑩̃
𝑇
𝑛𝑙2𝜏𝑠

𝑺
⟩

are 3 × 3 diagonal
atrices, whose diagonal terms are the components of the column

ectors 𝑩̃
𝑇
𝑛𝑙1𝜏𝑠

𝑺 and 𝑩̃
𝑇
𝑛𝑙2𝜏𝑠

𝑺, respectively. Therefore, explicitly, the
geometric stiffness operator for the interior and boundaries of the 1D
structure is expressed as,

𝐊𝜎𝜏𝑠 = ∫𝑉

(

𝐹𝜏,𝑥𝐹𝑠,𝑥𝑆𝑥𝑥 − 𝐹𝜏𝐹𝑠𝑆𝑦𝑦
𝜕2

𝜕𝑦2
− 𝐹𝜏𝐹𝑠

𝜕∗

𝜕𝑦
(

𝑆𝑦𝑦
) 𝜕
𝜕𝑦

+ 𝐹𝜏,𝑧𝐹𝑠,𝑧𝑆𝑧𝑧 + 𝐹𝜏,𝑧𝐹𝑠𝑆𝑦𝑧
𝜕
𝜕𝑦

−

𝜏𝐹𝑠,𝑧𝑆𝑦𝑧
𝜕
𝜕𝑦

− 𝐹𝜏𝐹𝑠,𝑧
𝜕∗

𝜕𝑦
(

𝑆𝑦𝑧
)

+ 𝐹𝜏,𝑥𝐹𝑠,𝑧𝑆𝑥𝑧 + 𝐹𝜏,𝑧𝐹𝑠,𝑥𝑆𝑥𝑧

+ 𝐹𝜏, 𝐹𝑠𝑆𝑦𝑥
𝜕 − 𝐹𝜏𝐹𝑠,𝑥𝑆𝑦𝑥

𝜕 −

𝑥 𝜕𝑦 𝜕𝑦

5

𝐹𝜏𝐹𝑠,𝑥
𝜕∗

𝜕𝑦
(

𝑆𝑦𝑥
)

− 𝐹𝜏𝐹𝑠𝑆𝑦𝑦
𝜕
𝜕𝑦

− 𝐹𝜏𝐹𝑠,𝑧𝑆𝑦𝑧 − 𝐹𝜏𝐹𝑠,𝑥𝑆𝑦𝑥

)

𝐈dS, (21a)

𝜎𝜏𝑠 = ∫𝛺

(

𝐹𝜏𝐹𝑠𝑆𝑦𝑦
𝜕
𝜕𝑦

+ 𝐹𝜏,𝑧𝐹𝑠𝑆𝑦𝑧 + 𝐹𝜏,𝑥𝐹𝑠𝑆𝑥𝑦

)

𝐈dΩ, (21b)

here 𝐈 is a 3 × 3 identity matrix. The 𝑆 terms in Eq. (21a) represent
orresponding stress components with the material stiffness tensor 𝑪

replaced by its first-order derivative 𝑸.

In accordance with Eqs. (17)–(21), linearisation of the virtual strain
energy relation can be rewritten as,

𝛿
(

𝛿𝐿𝑖𝑛𝑡
)

= ∫𝑉
𝛿𝑬𝑇 𝛿𝑺𝒅𝑽 + ∫𝑉

𝛿
(

𝛿𝑬𝑇 )𝑺𝒅𝑽 =

𝛿𝒖𝑇𝜏

⎛

⎜

⎜

⎜

⎜

⎝

𝚷𝑙𝜏𝑠 + 2𝚷𝑙𝑛𝑙𝜏𝑠 +𝚷𝑛𝑙𝑙𝜏𝑠 + 2𝚷𝑛𝑙𝑛𝑙𝜏𝑠 +𝚷𝜎𝜏𝑠
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝚷𝑇𝜏𝑠

⎞

⎟

⎟

⎟

⎟

⎠

𝛿𝒖𝑠

|

|

|

|

|

|

|

|

|

|

𝑦=𝐿

𝑦=0

+

𝛿𝒖𝑇𝜏

⎛

⎜

⎜

⎜

⎜

⎝

𝐊𝑙𝜏𝑠 + 2𝐊𝑙𝑛𝑙𝜏𝑠 +𝐊𝑛𝑙𝑙𝜏𝑠 + 2𝐊𝑛𝑙𝑛𝑙𝜏𝑠 +𝐊𝜎𝜏𝑠
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐊𝑇𝜏𝑠

⎞

⎟

⎟

⎟

⎟

⎠

𝛿𝒖𝑠. (22)

𝐊𝑇𝜏𝑠 and 𝚷𝑇𝜏𝑠 are the fundamental nuclei of the tangent stiffness
operator in the interior and boundaries of the beam, respectively. After
applying DQM discretisation, the tangent stiffness operators can be
generalised as 𝐊𝑇𝑖𝑗𝜏𝑠 and 𝚷𝑇𝑖𝑗𝜏𝑠 which can be expanded to any order
to form the global tangent stiffness matrix, 𝐊 .
𝑇
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w
t
a

𝐠

𝑩̃𝑛𝑙1𝜏𝑠 =
1
2

⎡

⎢

⎢

⎢

⎢

⎢

⎣

H𝜏𝑠,𝑥 H𝜏𝑠,𝑥 H𝜏𝑠,𝑥

H𝜏𝑠
𝜕
𝜕𝑦

H𝜏𝑠
𝜕
𝜕𝑦

H𝜏𝑠
𝜕
𝜕𝑦

H𝜏𝑠,𝑧 H𝜏𝑠,𝑧 H𝜏𝑠,𝑧

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (20a)

𝑩̃𝑛𝑙2𝜏𝑠 =
1
2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

H𝜏,𝑥𝑠,𝑥 H𝜏,𝑥𝑠,𝑥 H𝜏,𝑥𝑠,𝑥

−H𝜏𝑠

(

𝜕2

𝜕𝑦2
+ 𝜕

𝜕𝑦
𝜕∗

𝜕𝑦

)

−H𝜏𝑠

(

𝜕2

𝜕𝑦2
+ 𝜕

𝜕𝑦
𝜕∗

𝜕𝑦

)

−H𝜏𝑠

(

𝜕2

𝜕𝑦2
+ 𝜕

𝜕𝑦
𝜕∗

𝜕𝑦

)

H𝜏,𝑧𝑝,𝑧 H𝜏,𝑧𝑝,𝑧 H𝜏,𝑧𝑝,𝑧

H𝜏,𝑧𝑠
𝜕
𝜕𝑦

− H𝜏𝑠,𝑧

(

𝜕
𝜕𝑦

+ 𝜕∗

𝜕𝑦

)

H𝜏,𝑧𝑠
𝜕
𝜕𝑦

− H𝜏𝑠,𝑧

(

𝜕
𝜕𝑦

+ 𝜕∗

𝜕𝑦

)

H𝜏,𝑧𝑠
𝜕
𝜕𝑦

− H𝜏𝑠,𝑧

(

𝜕
𝜕𝑦

+ 𝜕∗

𝜕𝑦

)

H𝜏,𝑧𝑠,𝑥 + H𝜏,𝑥𝑠,𝑧 H𝜏,𝑧𝑠,𝑥 + H𝜏,𝑥𝑠,𝑧 H𝜏,𝑧𝑠,𝑥 + H𝜏,𝑥𝑠,𝑧

H𝜏,𝑥𝑠
𝜕
𝜕𝑦

− H𝜏𝑠,𝑥

(

𝜕
𝜕𝑦

+ 𝜕∗

𝜕𝑦

)

H𝜏,𝑥𝑠
𝜕
𝜕𝑦

− H𝜏𝑠,𝑥

(

𝜕
𝜕𝑦

+ 𝜕∗

𝜕𝑦

)

H𝜏,𝑥𝑠
𝜕
𝜕𝑦

− H𝜏𝑠,𝑥

(

𝜕
𝜕𝑦

+ 𝜕∗

𝜕𝑦

)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (20b)

Box III.
Fig. 2. Load configurations for clamped-free CS and VS composites under (a) Load Q1, with p0 = 3 MPa, (b) Load Q2, with P = 25.73 MN, (c) Load Q3, with P = 2.14 MN.
d
o

3. Arc-length solution scheme

Solving Eq. (16) requires finding the equilibrium configuration of
the structure under the action of applied forces. In this case, Eq. (16) is
reconfigured, in line with the arc-length scheme described in [45], as

𝐊𝑇 𝛿𝒖 = 𝛿𝜆𝐪𝑟𝑒𝑓 − 𝐠(𝒖, 𝜆), (23a)

𝑐 (𝛿𝒖, 𝛿𝜆) = 0, (23b)

here 𝐪𝑟𝑒𝑓 is the reference load, 𝜆 is the unknown scaling load parame-
er, and 𝐠(𝒖, 𝜆) is the global residual of nodal forces which is expressed
s,

(𝒖, 𝜆) ≡ 𝐊𝑆𝒖 − 𝐪 = 0. (24)

Eqs. (23)–(24) constitute the essential elements to implement the arc-
length method. For the sake of brevity, readers are referred to [45] for
a detailed routine of the arc-length procedure.

4. Numerical examples

To assess the accuracy and efficiency of the proposed SUF model, we
consider geometrically nonlinear static analysis of composite laminated
beams with geometric and material configurations given in Table 1.
In addition, three load configurations are considered as illustrated in
Fig. 2, where different CS and VS composite configurations are subject
to clamped-free conditions with either uniformly distributed surface
 o

6

load (Q1), or compression (Q2), or shear load (Q3). Numerical vali-
dation of our SUF model against models proposed in the literature and
ABAQUS 3D FE models is performed for geometrically nonlinear static
analysis of some CS laminates to compare respective computational
efficiencies. Furthermore, analysis of VS laminates using the SUF model
is performed in which the fibre angle, 𝜃𝑘 (y), which varies along the
axial direction of each ply is defined according to the representation
proposed by Gürdal and Olmedo [19] as,

𝜃𝑘 (y) =
2
(

𝜃𝑘1 − 𝜃𝑘o
)

L
|

|

|

|

𝑦 − L
2
|

|

|

|

+ 𝜃𝑘o , (25)

where 𝜃𝑘1 and 𝜃𝑘o represent, respectively, the fibre angle at the edge
and midspan of the beam-type structure. Subject to Eq. (25), additional
contributions to the structural stiffness matrix of VS laminates result
from the first-order derivative of the material stiffness tensor, which
is given at a material point, 𝑖, according to the DQM representation
as,

𝑸̃𝑖 =
𝜕𝑪̃
𝜕𝑦

|

|

|

|

|𝑦𝑖

=
𝑁
∑

𝑗=1
𝑎(1)𝑖𝑗 𝑪̃𝑗 , for 𝑖, 𝑗 = 1,… , 𝑁, (26)

It is noted that Gürdal and Olmedo’s representation of 𝜃𝑘 (y) leads to a
iscontinuous fibre angle at the beam’s midspan since there is a change
f fibre orientation in this position. Therefore, accurate representation
f the derivative of the material stiffness tensor requires separation of
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d

T
T

𝑸

𝑸

w
q

𝑸

Fig. 3. Load–deflection equilibrium curves of isotropic cantilever beam under shear load obtained at position 𝑥 = 𝑏
2
, 𝑦 = 0, 𝑧 = ℎ

2
for (a) transverse displacement (b) axial

isplacement.
Table 1
Material and geometric properties of the test sample of composite laminates.

Material properties

𝐸1

(GPa)

𝐸2 = 𝐸3

(GPa)

𝐺12 = 𝐺13

(GPa)

𝐺23

(GPa)
𝑣12 𝑣13 𝑣23

Material M1a 144.8 9.65 4.14 3.45 0.3 0.63 0.40
Material M2 2.9 2.9 − − 0.33 0.33 0.33

Geometric properties

Laminate Length(m) Layer thickness (m) Orientations Width(m)

L1 9 [0.3]2 [⟨0o|0o⟩ ∕ ⟨90o|90o⟩]b 1
L2 9 [0.3]2 [⟨0o|10o⟩ ∕ ⟨90o|80o⟩]b 1
L3 9 [0.3]2 [⟨0o|10o⟩ ∕ ⟨90o|70o⟩]b 1
L4 1 [0.05]1 [⟨0o|0o⟩]b 0.05

aMaterial orientation is rotated around the Z-axis by 90◦ to match the reference configuration in Fig. 1.
b[
⟨

𝜃𝑘1 |𝜃
𝑘
o
⟩

] represents the 𝜃𝑘1 laminate orientation angle at the laminate edge and 𝜃𝑘o is the laminate orientation angle at the
midspan.
able 2
est configurations for validation of constant stiffness laminates.
Test Load Material Laminate

1 Q3 M2 L4
2 Q1 M1 L1
3 Q2 M1 L1

the material domain into two 𝑦1 =
[

𝑦𝑑1 𝑦𝑑2
]T such that,

̃ 𝑑1
𝑖 =

𝜕𝑪̃
𝑑1
𝑖

𝜕𝑦𝑑1

|

|

|

|

|

|𝑦𝑑1𝑖

=
𝑁𝑑1
∑

𝑗=1
𝑎𝑑1(1)𝑖𝑗 𝑪̃

𝑑1
𝑗 , for 𝑖, 𝑗 = 1,… , 𝑁𝑑1 , (27a)

̃ 𝑑2
𝑖 =

𝜕𝑪̃
𝑑2
𝑖

𝜕𝑦𝑑2

|

|

|

|

|

|𝑦𝑑2𝑖

=
𝑁𝑑2
∑

𝑗=1
𝑎𝑑2(1)𝑖𝑗 𝑪̃

𝑑2
𝑖 , for 𝑖, 𝑗 = 1,… , 𝑁𝑑2 , (27b)

here variables with superscripts 𝑑1 and 𝑑2 represent corresponding
uantities in the material domains 1 and 2, respectively. Finally, given

Eq. (27), 𝑸̃𝑖 can be computed as,

̃ = 𝑸̃
𝑑1 ∪ 𝑸̃

𝑑2 , (28)

4.1. Validation of the SUF model

The test configurations for CS laminates used for numerical valida-
tion are given in Table 2, in which geometric, material and laminate
nomenclatures are defined according to Table 1. In this context, three
tests are considered as detailed in Table 2.
7

Isotropic cantilevered beam under shear load (Test 1)
Test 1 comprises a clamped-free isotropic beam with geometric,

material and load configurations given in Table 1. The SUF model
is implemented using a 35-node single domain DQM-based 1D beam
element while one fifth-order SLE 2D element is used to describe the
cross-sectional kinematics leading to a total of 2415 degrees of freedom
(DOF). It is evident from Fig. 3 that SUF estimates of global axial and
transverse deflections agree well with the weak Unified Formulation
(WUFPatni) model proposed in [46]. In addition, good agreement is
recorded for axial and shear stresses in Fig. 4, highlighting the accuracy
of the SUF model. Although, WUFPatni and the present SUF model
use the same order of degrees of freedom for this configuration, it
is instructive to note that the WUFPatni model requires 4209 DOF to
achieve convergence. Therefore, the SUF model is able to save almost
50% of the computational effort compared to the WUFPatni model. More
importantly, when compared with the results of the 3D model obtained
by ANSYS software [46], which uses 139,623 DOF, the SUF model
saves up to two orders of degrees of freedom to achieve convergence,
highlighting the efficiency of the proposed model.

Constant stiffness composite under bending load (Test 2)
Test 2 consists of a two-layer cross-ply laminate with structural and

load configurations described according to Tables 1 and 2, and Fig. 2b,
respectively. The laminate which is subject to a clamped-free boundary
condition and a constant transverse load per unit area, p0, undergoes
large bending deflections. Results obtained from SUF are benchmarked
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Fig. 4. Through the thickness (a) normalised axial stress, and (b) normalised shear stress, obtained at position 𝑥 = 𝑏
2
, 𝑦 = 𝐿

2
for isotropic cantilever beam under shear load.
Fig. 5. Transverse load–deflection equilibrium curve for [0/90] laminate at 𝑥 = 𝑏
2
, 𝑦 =

0, 𝑧 = ℎ
2

under tranversely distributed load.

gainst Pagani and Carrera’s layerwise model (herein referred to as L-
odels) proposed in [41] and ABAQUS 3D FE models. According to

ig. 5, SUF estimates of transverse deflection throughout the loading
egimes compare well with results obtained from L- and ABAQUS 3D
E models. Comparatively, SUF achieved convergence of the solution
or the nonlinear problem with a third-order 2D SLE element for each
ayer coupled with a 17-node DQM beam element leading to 1020
OF, while it was reported in [41] that the L-model requires a total
f 5124 DOF to accurately capture the global and local response of this
est configuration. Furthermore, the ABAQUS 3D model is completed
ith 43,200 C3D20R reduced integration 3D solid elements which gives
78,397 DOF in total. Therefore, SUF demonstrates improved efficiency
ver L- and ABAQUS models for this study. It should be noted that
BAQUS results were obtained using a somewhat coarse mesh due

o limitation of computational capacity, hence the minor discrepancy
etween results obtained from SUF and L-model and estimates from the
BAQUS model.

ostbuckling response of CS composite beam under compression (Test 3)
In this setting (see Table 2), the cross-ply laminate is subject to com-

ression load P under a clamped-free condition (see Fig. 2c) in which
he postbuckling behaviour of the composite structure is investigated.
lobal deflection of the laminate is then validated against both an L-
odel and an ABAQUS 3D FE model. Instructively, to the best of the

uthors’ knowledge, this is the first study to present ABAQUS validation
f this laminate configuration. According to Fig. 6, the potential of
8

Fig. 6. Transverse load–deflection equilibrium curve for [0/90] laminate under
compression at 𝑥 = 𝑏

2
, 𝑦 = 0, 𝑧 = ℎ

2
.

SUF to accurately predict the global response of the structure from the
linear regime through the deep postbuckling regime is evident, as the
result satisfactorily agrees with estimates from both L- and ABAQUS 3D
FE models. The ABAQUS model was undertaken using 43,200 C3D20R
reduced integration solid elements constituting 578,397 DOF while SUF
achieved convergence with 2520 DOF (consisting of a fifth-order 2D
element per layer and a 21-node DQM-based 1D beam element). In
terms of accuracy, SUF and the L-model are better than the ABAQUS
model which is attributed to the limitation of computational capacity
under current hardware limitations to sufficiently refine the ABAQUS
model. Nonetheless, all three models show good general agreement
throughout the loading regimes. However, SUF shows superior effi-
ciency to ABAQUS models since far fewer degrees of freedom are
required to attain convergence.

4.2. Analysis of variable stiffness (vs) composites

VS composites can be considered by tow steering of individual plies
in a two-layer cross-ply laminate. Two laminate configurations were
selected comprising: (a) 0◦ bottom layer steered at 10◦ at the midspan
and 90◦ topmost layer steered at 80◦at the midspan and (b) 0◦ bottom
layer steered at 10◦ at the midspan and 90◦ topmost layer steered at
70◦at the midspan. Essentially, the properties of these VS laminates
differ by steering the 90◦ layer at different angles at the midspan while
the steering of the 0◦ layer is fixed at an orientation angle of 10◦

at the midspan. These configurations allow the effect of steering of
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Fig. 7. Variations of the first-order derivative of VS laminate axial stiffness along the fibre direction for (a) Laminate L2, and (b) Laminate L3.
Fig. 8. Variations of the first-order derivative of VS laminate in-plane shear stiffness along the fibre direction for (a) Laminate L2, and (b) Laminate L3.
individual layers to be investigated for enhanced performance. The in-
plane variation of material stiffness, modelled as a continuous function
within a ply along the axial dimension leads to extra terms to those
from CS considerations in the SUF’s structural stiffness matrix, which
depend on the first-order derivatives of material stiffnesses denoted
as 𝑸̃. Figs. 7 and 8 show variations of the first-order derivatives of
axial and in-plane shear stiffnesses of individual layers along the fibre
direction, 𝑦. With these variations, it is possible to explore the potential
of SUF for capturing different coupling effects as well as other non-
classical effects in the VS laminates. In general, the converged results
of all VS laminates reported in this section are realised with a fifth-
order SLE element for each layer and single domain DQM-based beam
element with 27–35 nodes, leading to a total number of 3240–4200
DOF. Test configurations for the analysis of VS laminates are given in
Table 3.

ABAQUS modelling of VS composites
Variable stiffness (VS) composites cannot be modelled directly in

ABAQUS. Therefore, a Python script [47] was used to define the
equivalent problem in ABAQUS using the Riks algorithm with three-
dimensional finite elements. In particular, the beam is discretised by
using a C3D20R element, a 20-node quadratic brick with reduced
integration. For each element, three integration points through the
thickness is specified. For all ABAQUS results presented in this section,
9

Table 3
Test configurations for variable stiffness laminates.

Test Load Material Laminate

4 Q1 M1 L2, L3
5 Q3 M1 L2, L3
6 Q2 M1 L2, L3

each beam is discretised with 43,200 3D solid elements, which corre-
sponds to a total of 578,397 DOF, where each cubic element has side
length of 50 mm. In this manner, volumetric locking effects typical of
three-dimensional FE are avoided [48].

For the beam with load Q1 configuration, a surface load is applied
without a following rotation. Whereas, for both load Q2 and Q3 con-
figurations, the load is introduced using a multi-point constraint (MPC)
approach as shown in Fig. 9. More precisely, all nodes lying on the
vertical surface of the beam are connected to a control node where the
concentrated force (in the Y direction for the load Q2 configuration
or in the Z direction for the load Q3 configuration, respectively) is
applied. For all geometries under consideration, boundary conditions
𝑢𝑥 = 𝑢𝑦 = 𝑢𝑧 = 0 are applied to the entire surface of the beam lying on
the XZ plane at Y = L (see Fig. 9).
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Fig. 9. Detail of the MPC constraint and boundary conditions.

To the best of our knowledge, for both load Q2 and Q3 configura-
ions, no work has been presented in the literature showing compar-
sons between equilibrium curves obtained with UF and those obtained
ith ABAQUS using the Riks algorithm with three-dimensional FE
nalysis.
10
VS Composite beam under bending load (Test 4)

Fig. 10 reveals good agreement of global deflections for different
VS laminates between ABAQUS 3D FE and SUF models throughout
the loading regimes. These results demonstrate the potential of SUF
for accurate prediction of the behaviour of VS structures under large
displacements and rotations. In addition, SUF demonstrates superior
computational efficiency compared to ABAQUS since SUF uses 3240
DOF (consisting of one fifth-order SLE 2D element per layer and a 27-
node DQM 1D beam element) to converge against 578,397 DOF for
ABAQUS model.

Under a transversely distributed load, the VS laminates L2 and
L3 show negligible deviation in their global and local behaviours, as
illustrated in Figs. 10 and 11. Considering that the variable stiffness
property in laminates L2 and L3 affects the axial and shear stiffnesses
of the beam according to Figs. 7 and 8, it can be deduced that there is
a minimal contribution of variable fibre orientation to the deformation
of the beam under bending load. Moreover, compared with the cross-
ply CS laminate, there is no substantial change in the global bending
behaviour. However, Fig. 11 shows that there is a glaring deviation
between the local behaviour of VS and CS structures in this context,
which is evident in the transverse shear stress distribution of the 0◦ tow-
steered layer. This deviation is primarily attributed to discrepancies in
the local bending behaviour of VS and CS structures. Since a 0◦ tow-

◦
steered layer is much stiffer than a 90 tow-steered layer, the local
Fig. 10. Transverse load–deflection equilibrium path of deformed states of VS and [0/90] laminates at 𝑥 = 𝑏
2
, 𝑦 = 0, 𝑧 = ℎ

2
under transversely distributed load p0 = 3 MPa for (a)

L1 and L2 laminates (b) L1 and L3 laminates.
Fig. 11. Through the thickness (a) normalised axial stress, and (b) normalised transverse shear stress, obtained at position 𝑥 = 0, 𝑦 = 𝐿
2

, for VS and [0/90] laminates under
ransversely distributed load p0 = 3 MPa.
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bending behaviour of the 3D structure is dominated by the response
of the 0◦ layer.

VS composite beam under shear load (Test 5)
Fig. 12 shows satisfactory agreement between ABAQUS 3D FE and

UF models for this test configuration. The global and local responses
f the cantilevered VS laminates, i.e, L2 and L3, under a shear load are
imilar to those under bending in terms of the role of the 0◦ tow-steered
ayer in the overall structural response. Notably, global and local
eformations are controlled by bending. The global response of the
S laminates is dominated by the contributions of the 0◦ tow-steered

ayer, whereas the responses of the CS and VS structures differ only by
ocal bending. The effects of in-plane or out-of-plane shear couplings
re negligible in the structural response of the two VS configurations
ue to steering of the 90◦ layers (see Fig. 13).

ostbuckling response of VS composite beam (Test 6)
Due to the discrete representation of the continuous tow-steered

ibre, ABAQUS requires a fine mesh to accurately capture the response
f VS laminates considered herein. With 43,200 C3D20R elements, the
BAQUS model requires at least 578,397 DOF to converge to estimates

rom SUF which uses up to 4200 DOF to achieve convergence (see
ig. 14).

Comparing the structural responses of VS and CS laminates in
igs. 15 and 16, it can be observed that tow-steering shifts the structural
esponse of the CS laminates from a stiff to a less stiff configuration
t different loading regimes. In line with Figs. 7 and 8, tow-steering
ffects the in-plane and out-of-plane shear properties of the composite
eam. Due to the variation of these properties along the axial dimension
f the composite beam, different sections of the beam may experi-
nce different modes of deformation under large compression loads.
onsequently, the VS laminates may exhibit different variable stiffness
tructural configurations under different loading phases, a phenomenon
hat is attributed to fluctuations of the contributions of the bending–
orsion and compression–bending couplings to the behaviour of VS
aminates. In the less stiff configuration after the critical buckling
oad, the VS structures exhibit greater compliance to the moderate
ompression load than the CS laminate due to higher contribution of
ompression–bending coupling to the structural response. This phe-
omenon leads to higher stresses in the VS laminates compared to
S laminates in this loading regime, as shown in Fig. 15. As the
ompression of the beam becomes large, the VS laminates experience
arge rotations and displacements, and bending–torsion effects become
he dominant mechanism of deformation. In this regard, according to
ig. 14, the CS laminate experiences higher bending deformation com-
ared to VS laminates leading to a stiffer response of the VS structures.
his observation is corroborated by Fig. 16, where VS laminates exhibit

ower levels of transverse shear stress than CS laminates. Therefore,
ow-steering can be used to achieve variable structural response under
ifferent loading regimes.

. Conclusion

A geometrically nonlinear strong Unified Formulation (SUF) has
een developed for the three-dimensional large deflection analysis of
onstant stiffness (CS) and variable stiffness (VS) composite structures.
or accurate representation of the continuous tow-steered fibre trajec-
ory by the SUF model, the material domain is separated into two parts
o enable the fibre angle discontinuity at the beam’s midspan to be cap-
ured. On the other hand, ABAQUS 3D FE modelling of VS structures is
ccomplished by a discrete representation of the fibre orientation, thus
ecessitating a fine mesh for convergence. The proposed geometrically
onlinear SUF is shown to accurately capture the behaviour of VS and
S laminates undergoing nonlinear large deflections due to different

oading conditions. In addition, SUF exhibits superior efficiency over
eak-formulation-based models in the literature as well as from our

wn ABAQUS 3D FE solutions. The SUF model requires a maximum of

11
2520 DOF and 4200 DOF, respectively, to capture the 3D behaviour
of the CS and VS laminates, thereby outperforming the computational
efficiencies, for similar levels of accuracy, of the weak-formulation
SLE-UF model [46], weak-formulation layerwise-UF model [41] and
ABAQUS 3D FE model by 44%–99%. Based on the outcomes of the
large deflection analysis, it is shown that, under different loading
conditions, VS laminates of similar structural configurations exhibit
different behaviours under different loading conditions in terms of the
roles of individual tow-steered plies. Under bending and shear loading
conditions, the structural responses of VS and CS structures differ by
local stress redistribution. However, under compression, VS properties
may facilitate variable structural configurations under different load-
ing regimes, highlighting the potential of tow-steering to tailor and
enhance properties of composite structures.

Although not affecting our conclusions, it is noted that due to
the limitation of computational capacity, optimum refinement of the
ABAQUS 3D FE models could not be accomplished leading to small
discrepancies between SUF and ABAQUS estimates, with the former
providing slightly greater accuracy.
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Appendix. Components of the linear and nonlinear stiffness ma-
trices

Linear components of the boundary operator

𝛱𝑙𝜏𝑠𝑥𝑥 = 𝐸56
𝜏𝑠,𝑧

+ 𝐸16
𝜏𝑠,𝑥

+ 𝐸66
𝜏𝑠

𝜕
𝜕𝑦

, 𝛱𝑙𝜏𝑠𝑥𝑦 = 𝐸46
𝜏𝑠,𝑧

+ 𝐸66
𝜏𝑠,𝑥

+ 𝐸26
𝜏𝑠

𝜕
𝜕𝑦

,

𝛱𝑙𝜏𝑠𝑥𝑧 = 𝐸36
𝜏𝑠,𝑧

+ 𝐸56
𝜏𝑠,𝑥

+ 𝐸46
𝜏𝑠

𝜕
𝜕𝑦

,

𝛱𝑙𝜏𝑠𝑦𝑥 = 𝐸25
𝜏𝑠,𝑧

+ 𝐸12
𝜏𝑠,𝑥

+ 𝐸26
𝜏𝑠

𝜕
𝜕𝑦

, 𝛱𝑙𝜏𝑠𝑦𝑦 = 𝐸24
𝜏𝑠,𝑧

+ 𝐸26
𝜏𝑠,𝑥

+ 𝐸22
𝜏𝑠

𝜕
𝜕𝑦

,

𝑙𝜏𝑠𝑦𝑧 = 𝐸23
𝜏𝑠,𝑧

+ 𝐸25
𝜏𝑠,𝑥

+ 𝐸24
𝜏𝑠

𝜕
𝜕𝑦

,

𝛱𝑙𝜏𝑠𝑧𝑥 = 𝐸45
𝜏𝑠,𝑧

+ 𝐸14
𝜏𝑠,𝑥

+ 𝐸46
𝜏𝑠

𝜕
𝜕𝑦

, 𝛱𝑧𝑦 = 𝐸44
𝜏𝑠,𝑧

+ 𝐸46
𝜏𝑠,𝑥

+ 𝐸24
𝜏𝑠

𝜕
𝜕𝑦

,

𝑙𝜏𝑠𝑧𝑧 = 𝐸34
𝜏𝑠,𝑧

+ 𝐸45
𝜏𝑠,𝑥

+ 𝐸44
𝜏𝑠

𝜕
𝜕𝑦

,

Linear components of the stiffness operator

𝐾𝑙𝜏𝑠𝑥𝑥
= 𝐸55

𝜏,𝑧𝑠,𝑧
+ 𝐸15

𝜏,𝑧𝑠,𝑥
+ 𝐸15

𝜏,𝑥𝑠,𝑧
+ 𝐸11

𝜏,𝑥𝑠,𝑥
+
(

𝐸56
𝜏,𝑧𝑠

− 𝐸56
𝜏𝑠,𝑧

+ 𝐸16
𝜏,𝑥𝑠

− 𝐸16
𝜏𝑠,𝑥

) 𝜕
𝜕𝑦

− 𝐸66
𝜏𝑠

𝜕2

𝜕𝑦2
− 𝐸

56
𝜏𝑠,𝑧

− 𝐸
16
𝜏𝑠,𝑥

− 𝐸
66
𝜏𝑠

𝜕
𝜕𝑦

,

𝐾𝑙𝜏𝑠𝑥𝑦
= 𝐸45

𝜏,𝑧𝑠,𝑧
+ 𝐸56

𝜏,𝑧𝑠,𝑥
+ 𝐸14

𝜏,𝑥𝑠,𝑧
+ 𝐸16

𝜏,𝑥𝑠,𝑥
+
(

𝐸25
𝜏,𝑧𝑠

− 𝐸46
𝜏𝑠,𝑧

+ 𝐸12
𝜏,𝑥𝑠

− 𝐸66
𝜏𝑠,𝑥

) 𝜕
𝜕𝑦

− 𝐸26 𝜕2 − 𝐸
46

− 𝐸
66

− 𝐸
26 𝜕 ,
𝜏𝑠 𝜕𝑦2 𝜏𝑠,𝑧 𝜏𝑠,𝑥 𝜏𝑠 𝜕𝑦
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𝐾

Fig. 12. Transverse load–deflection equilibrium path of deformed states of VS and [0/90] laminates at 𝑥 = 𝑏
2
, 𝑦 = 0, 𝑧 = ℎ

2
under shear load P = 2.14 MN for (a) L1and L2 laminates

(b) L1 and L3 laminates.
Fig. 13. Through the thickness (a) axial stress, and (b) shear stress, obtained at position 𝑥 = 𝑏
2
, 𝑦 = 𝐿

2
, for VS and [0/90] laminates under shear load P = 2.14 MN.
Fig. 14. Transverse load–deflection equilibrium curves for VS and [0/90] laminates under compression at 𝑥 = 𝑏
2
, 𝑦 = 0, 𝑧 = ℎ

2
for (a) L1and L2 laminates (b) L1 and L3 laminates.
𝐾𝑙𝜏𝑠𝑥𝑧
= 𝐸35

𝜏,𝑧𝑠,𝑧
+ 𝐸55

𝜏,𝑧𝑠,𝑥
+ 𝐸13

𝜏,𝑥𝑠,𝑧
+ 𝐸15

𝜏,𝑥𝑠,𝑥
+
(

𝐸45
𝜏,𝑧𝑠

− 𝐸36
𝜏𝑠,𝑧

+ 𝐸14
𝜏,𝑥𝑠

− 𝐸56
𝜏𝑠,𝑥

) 𝜕
𝜕𝑦

− 𝐸46
𝜏𝑠

𝜕2

𝜕𝑦2
− 𝐸

36
𝜏𝑠,𝑧

− 𝐸
56
𝜏𝑠,𝑥

− 𝐸
46
𝜏𝑠

𝜕
𝜕𝑦

,

𝑙𝜏𝑠𝑦𝑥
= 𝐸45

𝜏,𝑧𝑠,𝑧
+ 𝐸14

𝜏,𝑧𝑠,𝑥
+ 𝐸56

𝜏,𝑥𝑠,𝑧
+ 𝐸16

𝜏,𝑥𝑠,𝑥
+
(

𝐸46
𝜏,𝑧𝑠

− 𝐸25
𝜏𝑠,𝑧

+ 𝐸66
𝜏,𝑥𝑠

− 𝐸12
𝜏𝑠,𝑥

) 𝜕
𝜕𝑦
12
− 𝐸26
𝜏𝑠

𝜕2

𝜕𝑦2
− 𝐸

25
𝜏𝑠,𝑧

− 𝐸
12
𝜏𝑠,𝑥

− 𝐸
26
𝜏𝑠

𝜕
𝜕𝑦

,

𝐾𝑙𝜏𝑠𝑦𝑦
= 𝐸44

𝜏,𝑧𝑠,𝑧
+ 𝐸46

𝜏,𝑧𝑠,𝑥
+ 𝐸46

𝜏,𝑥𝑠,𝑧
+ 𝐸66

𝜏,𝑥𝑠,𝑥
+
(

𝐸24
𝜏,𝑧𝑠

− 𝐸24
𝜏𝑠,𝑧

+ 𝐸26
𝜏,𝑥𝑠

− 𝐸26
𝜏𝑠,𝑥

) 𝜕
𝜕𝑦

− 𝐸22
𝜏𝑠

𝜕2

𝜕𝑦2
− 𝐸

24
𝜏𝑠,𝑧

− 𝐸
26
𝜏𝑠,𝑥

− 𝐸
22
𝜏𝑠

𝜕
𝜕𝑦

,
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𝐾

𝐾

𝐾

𝐸

Fig. 15. Through the thickness (a) normalised axial stress, and (b) normalised shear stress, obtained at position 𝑥 = 𝑏
2
, 𝑦 = 𝐿

2
, for VS and [0/90] laminates under compression

load, 0.65p0, with p0 = 25.73MN.
Fig. 16. Through the thickness (a) normalised axial stress, and (b) normalised shear stress, obtained at position 𝑥 = 𝑏
2
, 𝑦 = 𝐿

2
, for VS and [0/90] laminates under compression

load, p0 = 25.73MN.
𝐾𝑙𝜏𝑠𝑦𝑧
= 𝐸34

𝜏,𝑧𝑠,𝑧
+ 𝐸45

𝜏,𝑧𝑠,𝑥
+ 𝐸36

𝜏,𝑥𝑠,𝑧
+ 𝐸56

𝜏,𝑥𝑠,𝑥
+
(

𝐸44
𝜏,𝑧𝑠

− 𝐸23
𝜏𝑠,𝑧

+ 𝐸46
𝜏,𝑥𝑠

− 𝐸25
𝜏𝑠,𝑥

) 𝜕
𝜕𝑦

− 𝐸24
𝜏𝑠

𝜕2

𝜕𝑦2
− 𝐸

23
𝜏𝑠,𝑧

− 𝐸
25
𝜏𝑠,𝑥

− 𝐸
24
𝜏𝑠

𝜕
𝜕𝑦

,

𝑙𝜏𝑠𝑧𝑥
= 𝐸35

𝜏,𝑧𝑠,𝑧
+ 𝐸13

𝜏,𝑧𝑠,𝑥
+ 𝐸55

𝜏,𝑥𝑠,𝑧
+ 𝐸15

𝜏,𝑥𝑠,𝑥
+
(

𝐸36
𝜏,𝑧𝑠

− 𝐸45
𝜏𝑠,𝑧

+ 𝐸56
𝜏,𝑥𝑠

− 𝐸14
𝜏𝑠,𝑥

) 𝜕
𝜕𝑦

− 𝐸46
𝜏𝑠

𝜕2

𝜕𝑦2
− 𝐸

45
𝜏𝑠,𝑧

− 𝐸
14
𝜏𝑠,𝑥

− 𝐸
46
𝜏𝑠

𝜕
𝜕𝑦

,

𝑙𝜏𝑠𝑧𝑦
= 𝐸34

𝜏,𝑧𝑠,𝑧
+ 𝐸36

𝜏,𝑧𝑠,𝑥
+ 𝐸45

𝜏,𝑥𝑠,𝑧
+ 𝐸56

𝜏,𝑥𝑠,𝑥
+
(

𝐸23
𝜏,𝑧𝑠

− 𝐸44
𝜏𝑠,𝑧

+ 𝐸25
𝜏,𝑥𝑠

− 𝐸46
𝜏𝑠,𝑥

) 𝜕
𝜕𝑦

− 𝐸24
𝜏𝑠

𝜕2

𝜕𝑦2
− 𝐸

44
𝜏𝑠,𝑧

− 𝐸
46
𝜏𝑠,𝑥

− 𝐸
24
𝜏𝑠

𝜕
𝜕𝑦

,

𝑙𝜏𝑠𝑧𝑧
= 𝐸33

𝜏,𝑧𝑠,𝑧
+ 𝐸35

𝜏,𝑧𝑠,𝑥
+ 𝐸35

𝜏,𝑥𝑠,𝑧
+ 𝐸55

𝜏,𝑥𝑠,𝑥
+
(

𝐸34
𝜏,𝑧𝑠

− 𝐸34
𝜏𝑠,𝑧

+ 𝐸45
𝜏,𝑥𝑠

− 𝐸45
𝜏𝑠,𝑥

) 𝜕
𝜕𝑦

− 𝐸44
𝜏𝑠

𝜕2

𝜕𝑦2
− 𝐸

34
𝜏𝑠,𝑧

− 𝐸
45
𝜏𝑠,𝑥

− 𝐸
44
𝜏𝑠

𝜕
𝜕𝑦

,

𝑖𝑗
𝜏,𝜗𝑠,𝜇

= ∫𝛺
𝐶𝑖𝑗𝐹𝜏,𝜗𝐹𝑠,𝜇d𝛺, 𝐸𝑖𝑗

𝜏𝑠,𝜇
= ∫𝛺

𝐶𝑖𝑗𝐹𝜏𝐹𝑠,𝜇d𝛺,

𝐸𝑖𝑗
𝜏,𝜗𝑠

= ∫𝛺
𝐶𝑖𝑗𝐹𝜏,𝜗𝐹𝑠d𝛺, 𝐸𝑖𝑗

𝜏𝑠 = ∫𝛺
𝐶𝑖𝑗𝐹𝜏𝐹𝑠d𝛺.

𝐸
𝑖𝑗
𝜏𝑠,𝜇

= ∫𝛺
𝑄̃𝑖𝑗𝐹𝜏𝐹𝑠,𝜇d𝛺, 𝐸

𝑖𝑗
𝜏𝑠 = ∫𝛺

𝑄̃𝑖𝑗𝐹𝜏𝐹𝑠d𝛺.

𝑖, 𝑗 = 1, 2,… , 6 and𝜗, 𝜇 = 𝑥, 𝑧
13
Linear–nonlinear coupling components of the boundary operator

𝛱𝑙𝑛𝑙𝜏𝑠𝑥𝑖 =
1
2 ∫𝑆

{[

𝑢𝑝𝑖𝐶16𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶36𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 +
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶46𝐹𝑝𝐹𝜏𝐹𝑠,𝑧

+ 𝑢𝑝𝑖𝐶56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 + 𝑢𝑝𝑖𝐶56𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥+
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶66𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 +
(

𝐶26
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐹𝑝𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠

+𝑢𝑝𝑖𝐶66𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

) 𝜕
𝜕𝑦

]}

dS

𝛱𝑙𝑛𝑙𝜏𝑠𝑦𝑖 =
1
2 ∫𝑆

{[

𝑢𝑝𝑖𝐶12𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶23𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 +
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶24𝐹𝑝𝐹𝜏𝐹𝑠,𝑧

+ 𝑢𝑝𝑖𝐶25𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 + 𝑢𝑝𝑖𝐶25𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥+

.
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶26𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 +
( 𝜕𝑢𝑝𝑖

𝜕𝑦
𝐶22𝐹𝑝𝐹𝜏𝐹𝑠

+𝑢𝑝𝑖𝐶24𝐹𝑝,𝑧𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶26𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

) 𝜕
𝜕𝑦

]}

dS

𝛱𝑙𝑛𝑙𝜏𝑠𝑧𝑖 =
1
2 ∫𝑆

{[

𝑢𝑝𝑖𝐶14𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶34𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 +
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶44𝐹𝑝𝐹𝜏𝐹𝑠,𝑧

+ 𝑢𝑝𝑖𝐶45𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 + 𝑢𝑝𝑖𝐶45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥+
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶46𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 +
(

𝐶24
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐹𝑝𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶44𝐹𝑝,𝑧𝐹𝜏𝐹𝑠

+𝑢𝑝𝑖𝐶46𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

) 𝜕
]}

dS

𝜕𝑦
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F

L

𝐾

For 𝑖 = 𝑥, 𝑦, 𝑧.

Nonlinear–linear coupling components of the boundary operator

𝛱𝑛𝑙𝑙𝜏𝑠𝑖𝑥 = ∫𝑆

{[ 𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶25𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 +
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶12𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧

+ 𝑢𝑝𝑖𝐶14𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 + 𝑢𝑝𝑖𝐶16𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥

+
( 𝜕𝑢𝑝𝑖

𝜕𝑦
𝐶26𝐹𝑝𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶66𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

)

𝜕
𝜕𝑦

]}

dS

𝛱𝑛𝑙𝑙𝜏𝑠𝑖𝑦 = ∫𝑆

{[ 𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶24𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 +
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶26𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶44𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧

+ 𝑢𝑝𝑖𝐶46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶46𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 + 𝑢𝑝𝑖𝐶66𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥

+
( 𝜕𝑢𝑝𝑖

𝜕𝑦
𝐶22𝐹𝑝𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶24𝐹𝑝,𝑧𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶26𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

)

𝜕
𝜕𝑦

]}

dS

𝛱𝑛𝑙𝑙𝜏𝑠𝑖𝑧 = ∫𝑆

{[ 𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶23𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 +
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶25𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶34𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧

+ 𝑢𝑝𝑖𝐶45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶36𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 + 𝑢𝑝𝑖𝐶56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥

+
( 𝜕𝑢𝑝𝑖

𝜕𝑦
𝐶24𝐹𝑝𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶44𝐹𝑝,𝑧𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶46𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

)

𝜕
𝜕𝑦

]}

dS

For 𝑖 = 𝑥, 𝑦, 𝑧.

Nonlinear–nonlinear components of the boundary operator

𝛱𝑛𝑙𝑛𝑙𝜏𝑠𝑗𝑖 =
1
2 ∫𝑆

{ 𝜕𝑢𝑞𝑗
𝜕𝑦

[

𝑢𝑝𝑖𝐶12𝐹𝑞𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶23𝐹𝑞𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧

+
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶24𝐹𝑞𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 + 𝑢𝑝𝑖𝐶25𝐹𝑞𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧

+ 𝑢𝑝𝑖𝐶25𝐹𝑞𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 +
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶26𝐹𝑞𝐹𝑝𝐹𝜏𝐹𝑠,𝑥

+
(

𝐶22
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐹𝑞𝐹𝑝𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶24𝐹𝑞𝐹𝑝,𝑧𝐹𝜏𝐹𝑠

+𝑢𝑝𝑖𝐶26𝐹𝑞𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

) 𝜕
𝜕𝑦

]

+ 𝑢𝑞𝑗
[

𝑢𝑝𝑖𝐶14𝐹𝑞,𝑧𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶34𝐹𝑞,𝑧𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧

+
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶44𝐹𝑞,𝑧𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 + 𝑢𝑝𝑖𝐶45𝐹𝑞,𝑧𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧

+ 𝑢𝑝𝑖𝐶45𝐹𝑞,𝑧𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 +
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶46𝐹𝑞,𝑧𝐹𝑝𝐹𝜏𝐹𝑠,𝑥

+
( 𝜕𝑢𝑝𝑖

𝜕𝑦
𝐶24𝐹𝑞,𝑧𝐹𝑝𝐹𝜏𝐹𝑠

+𝑢𝑝𝑖𝐶44𝐹𝑞,𝑧𝐹𝑝,𝑧𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶46𝐹𝑞,𝑧𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

) 𝜕
𝜕𝑦

]

+ 𝑢𝑞𝑗
[

𝑢𝑝𝑖𝐶16𝐹𝑞,𝑥𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 + 𝑢𝑝𝑖𝐶36𝐹𝑞,𝑥𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧

+
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶46𝐹𝑞,𝑥𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 + 𝑢𝑝𝑖𝐶56𝐹𝑞,𝑥𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧

+ 𝑢𝑝𝑖𝐶56𝐹𝑞,𝑥𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 +
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶66𝐹𝑞,𝑥𝐹𝑝𝐹𝜏𝐹𝑠,𝑥

+
( 𝜕𝑢𝑝𝑖

𝜕𝑦
𝐶26𝐹𝑞,𝑥𝐹𝑝𝐹𝜏𝐹𝑠

+𝑢𝑝𝑖𝐶46𝐹𝑞,𝑥𝐹𝑝,𝑧𝐹𝜏𝐹𝑠 + 𝑢𝑝𝑖𝐶66𝐹𝑞,𝑥𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

) 𝜕
𝜕𝑦

]}

dS

or 𝑖, 𝑗 = 𝑥, 𝑦, 𝑧.

inear–nonlinear coupling components of the stiffness operator

𝑙𝑛𝑙𝜏𝑠𝑥𝑖
= 1

2 ∫𝛺

{

𝑢𝑝𝑖
[

𝐶11𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶15𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑧

+ 𝐶15𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑥 + 𝐶55𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶16𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶56𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶16𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶66
𝜕2 𝐹𝑝,𝑥𝐹𝜏𝐹𝑠 − 𝑄̃16𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥
𝜕𝑦2

14
−𝑄̃56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃66
𝜕
𝜕𝑦

𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

]

+ 𝑢𝑝𝑖
[

𝐶15𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶13𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶55𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶35𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶14𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶45𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶56𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶36𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2
− 𝑄̃56𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥

−𝑄̃36𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

+
𝜕𝑢𝑝𝑖
𝜕𝑦

[

𝐶16𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶14𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶56𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶45𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶12𝐹𝑝𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶25𝐹𝑝𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶66𝐹𝑝𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶46𝐹𝑝𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶26𝐹𝑝𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2

− 𝐶56𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 − 𝐶36𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝐶46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

− 𝐶16𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 − 𝐶56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 − 𝐶66𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

−𝑄̃66𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 − 𝑄̃46𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃26𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

−
𝜕2𝑢𝑝𝑖
𝜕𝑦2

[

𝐶66𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 + 𝐶46𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 + 𝐶26𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

}

d𝛺

𝐾𝑙𝑛𝑙𝜏𝑠𝑦𝑖
= 1

2 ∫𝛺

{

𝑢𝑝𝑖
[

𝐶16𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶56𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶14𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶45𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶66𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶46𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶12𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶25𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶26𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2

− 𝑄̃12𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 − 𝑄̃25𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧

−𝑄̃26𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

+ 𝑢𝑝𝑖
[

𝐶56𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶36𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶45𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶34𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶46𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶44𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶25𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶23𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶24𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2
− 𝑄̃25𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥

−𝑄̃23𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃24𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

+
𝜕𝑢𝑝𝑖
𝜕𝑦

[

𝐶66𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶46𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶46𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶44𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶26𝐹𝑝𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶24𝐹𝑝𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶26𝐹𝑝𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶24𝐹𝑝𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶22
𝜕2

𝜕𝑦2
𝐹𝑝𝐹𝜏𝐹𝑠

− 𝐶25𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 − 𝐶23𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝐶24𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

− 𝐶12𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 − 𝐶25𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 − 𝐶26𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

−𝑄̃26𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 − 𝑄̃24𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃22𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

−
𝜕2𝑢𝑝𝑖
𝜕𝑦2

[

𝐶26𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 + 𝐶24𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 + 𝐶22𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

}

d𝛺

𝐾𝑙𝑛𝑙𝜏𝑠𝑧𝑖
= 1

2 ∫𝛺

{

𝑢𝑝𝑖
[

𝐶15𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶55𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶13𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶35𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶56𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶36𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶14𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶45𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶46
𝜕2

𝜕𝑦2
𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

− 𝑄̃14𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 − 𝑄̃45𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧
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−𝑄̃46𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

+ 𝑢𝑝𝑖
[

𝐶55𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶35𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶35𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶33𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶45𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶34𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶34𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶44
𝜕2

𝜕𝑦2
𝐹𝑝,𝑧𝐹𝜏𝐹𝑠 − 𝑄̃45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥

−𝑄̃34𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃44𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

+
𝜕𝑢𝑝𝑖
𝜕𝑦

[

𝐶56𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶45𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶36𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶34𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶25𝐹𝑝𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶23𝐹𝑝𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶46𝐹𝑝𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶44𝐹𝑝𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶24𝐹𝑝𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2

− 𝐶45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 − 𝐶34𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝐶44𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

− 𝐶14𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 − 𝐶45𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 − 𝐶46𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

−𝑄̃46𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 − 𝑄̃44𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃24𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

−
𝜕2𝑢𝑝𝑖
𝜕𝑦2

[

𝐶46𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 + 𝐶44𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 + 𝐶24𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

}

d𝛺

For 𝑖 = 𝑥, 𝑦, 𝑧.

Nonlinear–linear coupling components of the stiffness operator

𝐾𝑛𝑙𝑙𝜏𝑠𝑖𝑥 = ∫𝛺

{

𝑢𝑝𝑖
[

𝐶11𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶15𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶15𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶55𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶16𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶56𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶16𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶66𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2
− 𝑄̃16𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 − 𝑄̃56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧

−𝑄̃66𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

+ 𝑢𝑝𝑖
[

𝐶15𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶55𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶13𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶35𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶56𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶36𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶14𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2
− 𝑄̃14𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥

−𝑄̃45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

+
𝜕𝑢𝑝𝑖
𝜕𝑦

[

𝐶16𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶56𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶14𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶45𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶66𝐹𝑝𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶46𝐹𝑝𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶12𝐹𝑝𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶25𝐹𝑝𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶26𝐹𝑝𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2

− 𝐶14𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 − 𝐶45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝐶46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

− 𝐶16𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 − 𝐶56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 − 𝐶66𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

−𝑄̃12𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 − 𝑄̃25𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃26𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

−
𝜕2𝑢𝑝𝑖
𝜕𝑦2

[

𝐶12𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 + 𝐶25𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 + 𝐶26𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

}

d𝛺

𝐾𝑛𝑙𝑙 =
{

𝑢𝑝𝑖
[

𝐶16𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶14𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶56𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑥
𝜏𝑠𝑖𝑦 ∫𝛺

15
+ 𝐶45𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶12𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶25𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶66𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶46𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶26𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2

− 𝑄̃66𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 − 𝑄̃46𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧

−𝑄̃26𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

+ 𝑢𝑝𝑖
[

𝐶56𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶45𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶36𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶34𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶25𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶23𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶44𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶24𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2
− 𝑄̃46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥

−𝑄̃44𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃24𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

+
𝜕𝑢𝑝𝑖
𝜕𝑦

[

𝐶66𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶46𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶46𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶44𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶26𝐹𝑝𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶24𝐹𝑝𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶26𝐹𝑝𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶24𝐹𝑝𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶22𝐹𝑝𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2

− 𝐶46𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 − 𝐶44𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝐶24𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

− 𝐶66𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 − 𝐶46𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 − 𝐶26𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

−𝑄̃26𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 − 𝑄̃24𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃22𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

−
𝜕2𝑢𝑝𝑖
𝜕𝑦2

[

𝐶26𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 + 𝐶24𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 + 𝐶22𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

}

d𝛺

𝐾𝑛𝑙𝑙𝜏𝑠𝑖𝑧 = ∫𝛺

{

𝑢𝑝𝑖
[

𝐶15𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶13𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶55𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶35𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠,𝑧 +
𝜕
𝜕𝑦

𝐶14𝐹𝑝,𝑥𝐹𝜏,𝑥𝐹𝑠 +
𝜕
𝜕𝑦

𝐶45𝐹𝑝,𝑥𝐹𝜏,𝑧𝐹𝑠

− 𝜕
𝜕𝑦

𝐶56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 −
𝜕
𝜕𝑦

𝐶36𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 −
𝜕2

𝜕𝑦2
𝐶46𝐹𝑝,𝑥𝐹𝜏𝐹𝑠

− 𝑄̃56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 − 𝑄̃36𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧

−𝑄̃46𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

+ 𝑢𝑝𝑖
[

𝐶55𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶35𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶35𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶33𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶45𝐹𝑝,𝑧𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶34𝐹𝑝,𝑧𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶34𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶44𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2
− 𝑄̃45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥

−𝑄̃34𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃44𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

+
𝜕𝑢𝑝𝑖
𝜕𝑦

[

𝐶56𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑥 + 𝐶36𝐹𝑝𝐹𝜏,𝑥𝐹𝑠,𝑧 + 𝐶45𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑥

+ 𝐶34𝐹𝑝𝐹𝜏,𝑧𝐹𝑠,𝑧 + 𝐶46𝐹𝑝𝐹𝜏,𝑥𝐹𝑠
𝜕
𝜕𝑦

+ 𝐶44𝐹𝑝𝐹𝜏,𝑧𝐹𝑠
𝜕
𝜕𝑦

− 𝐶25𝐹𝑝𝐹𝜏𝐹𝑠,𝑥
𝜕
𝜕𝑦

− 𝐶23𝐹𝑝𝐹𝜏𝐹𝑠,𝑧
𝜕
𝜕𝑦

− 𝐶24𝐹𝑝𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2

− 𝐶45𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑥 − 𝐶34𝐹𝑝,𝑧𝐹𝜏𝐹𝑠,𝑧 − 𝐶44𝐹𝑝,𝑧𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

− 𝐶56𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑥 − 𝐶36𝐹𝑝,𝑥𝐹𝜏𝐹𝑠,𝑧 − 𝐶46𝐹𝑝,𝑥𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

−𝑄̃25𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 − 𝑄̃23𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 − 𝑄̃24𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

−
𝜕2𝑢𝑝𝑖
𝜕𝑦2

[

𝐶25𝐹𝑝𝐹𝜏𝐹𝑠,𝑥 + 𝐶23𝐹𝑝𝐹𝜏𝐹𝑠,𝑧 + 𝐶24𝐹𝑝𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

}

d𝛺
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Nonlinear–nonlinear components of the stiffness operator

𝐾𝑛𝑙𝑛𝑙𝜏𝑠 𝑖𝑗
= 1

2 ∫𝛺

{[(

𝐶11𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥 + 𝐶15𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧

+𝐶16𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝

)

𝐹𝜏,𝑥𝐹𝑠,𝑥

+
(

𝐶13𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝐶14𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝 + 𝐶15𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏,𝑥𝐹𝑠,𝑧

+
(

𝐶15𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥 + 𝐶55𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝐶56𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝

)

𝐹𝜏,𝑧𝐹𝑠,𝑥

+
(

𝐶35𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝐶45𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝 + 𝐶55𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏,𝑧𝐹𝑠,𝑧

−

(

𝐶16𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝,𝑥 + 𝐶66𝑢𝑗𝑞
𝜕2𝑢𝑖𝑝
𝜕𝑦2

𝐹𝑞,𝑥𝐹𝑝 + 𝐶56𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝,𝑧

)

𝐹𝜏𝐹𝑠,𝑥

−

(

𝐶36𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝐶46𝑢𝑗𝑞
𝜕2𝑢𝑖𝑝
𝜕𝑦2

𝐹𝑞,𝑥𝐹𝑝 + 𝐶56𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠,𝑧

+
[(

𝐶12𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝 + 𝐶14𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝐶16𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏,𝑥𝐹𝑠

+
(

𝐶25𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝 + 𝐶45𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 +𝐶56𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏,𝑧𝐹𝑠

]

𝜕
𝜕𝑦

−
[(

𝐶16𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥 + 𝐶56𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝐶66𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝

)

𝐹𝜏𝐹𝑠,𝑥

+
(

𝐶36𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝐶46𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝 + 𝐶56𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠,𝑧

]

𝜕
𝜕𝑦

−

(

𝐶26𝑢𝑗𝑞
𝜕2𝑢𝑖𝑝
𝜕𝑦2

𝐹𝑞,𝑥𝐹𝑝 + 𝐶46𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝐶66𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

−
(

𝐶26𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝 + 𝐶46𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝐶66𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2

]

−
[(

𝑄̃16𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥 + 𝑄̃56𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝑄̃66𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝

)

𝐹𝜏𝐹𝑠,𝑥

+
(

𝑄̃36𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝑄̃46𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝 + 𝑄̃56𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠,𝑧

]

−
(

𝑄̃26𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝 + 𝑄̃46𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝑄̃66𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

+
[(

𝐶16
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥 + 𝐶56
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 + 𝐶66
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝

)

𝐹𝜏,𝑥𝐹𝑠,𝑥

+
(

𝐶36
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 + 𝐶46
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝 + 𝐶56
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥

)

𝐹𝜏,𝑥𝐹𝑠,𝑧

+
(

𝐶14
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥 +
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧𝐶45 + 𝐶46
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝

)

𝐹𝜏,𝑧𝐹𝑠,𝑥

+
(

𝐶34
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 + 𝐶44
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝 + 𝐶45
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥

)

𝐹𝜏,𝑧𝐹𝑠,𝑧

−

(

𝐶12
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝,𝑥 + 𝐶26
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕2𝑢𝑖𝑝
𝜕𝑦2

𝐹𝑞𝐹𝑝 + 𝐶25
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝,𝑧

)

𝐹𝜏𝐹𝑠,𝑥

−

(

𝐶23
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝,𝑧 + 𝐶24
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕2𝑢𝑖𝑝
𝜕𝑦2

𝐹𝑞𝐹𝑝 + 𝐶25
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠,𝑧

+
[(

𝐶26
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝 + 𝐶46
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 + 𝐶66
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥

)

𝐹𝜏,𝑥𝐹𝑠

+
(

𝐶24
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝 + 𝐶44
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 +𝐶46
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥

)

𝐹𝜏,𝑧𝐹𝑠

]

𝜕
𝜕𝑦

−
[(

𝐶12
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥 + 𝐶25
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 + 𝐶26
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝

)

𝐹𝜏𝐹𝑠,𝑥

+
(

𝐶23
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 + 𝐶24
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝 +𝐶25
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠,𝑧

]

𝜕
𝜕𝑦

−

(

𝐶22
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕2𝑢𝑖𝑝
𝜕𝑦2

𝐹𝑞𝐹𝑝 + 𝐶24
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝,𝑧 + 𝐶26
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

−
(

𝐶22
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝 + 𝐶24
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 +𝐶26
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2

]

−
[(

𝑄̃12
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥 + 𝑄̃25
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 + 𝑄̃26
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝

)

𝐹𝜏𝐹𝑠,𝑥

+
(

𝑄̃23
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 + 𝑄̃24
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝 +𝑄̃25
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠,𝑧

]

−
(

𝑄̃
𝜕𝑢𝑗𝑞 𝜕𝑢𝑖𝑝 𝐹 𝐹 + 𝑄̃

𝜕𝑢𝑗𝑞 𝑢 𝐹 𝐹 + 𝑄̃
𝜕𝑢𝑗𝑞 𝑢 𝐹 𝐹

)

𝐹 𝐹 𝜕

22 𝜕𝑦 𝜕𝑦 𝑞 𝑝 24 𝜕𝑦 𝑖𝑝 𝑞 𝑝,𝑧 26 𝜕𝑦 𝑖𝑝 𝑞 𝑝,𝑥 𝜏 𝑠 𝜕𝑦

16
+
[(

𝐶55𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝐶56𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 + 𝐶15𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏,𝑥𝐹𝑠,𝑥

+
(

𝐶35𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝐶45𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 + 𝐶55𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏,𝑥𝐹𝑠,𝑧

+
(

𝐶13𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥 + 𝐶36𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 + 𝐶35𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧

)

𝐹𝜏,𝑧𝐹𝑠,𝑥

+
(

𝐶33𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝐶34𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 + 𝐶35𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏,𝑧𝐹𝑠,𝑧

−

(

𝐶14𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝,𝑥 + 𝐶45𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝐶46𝑢𝑗𝑞
𝜕2𝑢𝑖𝑝
𝜕𝑦2

𝐹𝑞,𝑧𝐹𝑝

)

𝐹𝜏𝐹𝑠,𝑥

−

(

𝐶45𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝,𝑥 + 𝐶44𝑢𝑗𝑞
𝜕2𝑢𝑖𝑝
𝜕𝑦2

𝐹𝑞,𝑧𝐹𝑝 + 𝐶34𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝,𝑧

)

𝐹𝜏𝐹𝑠,𝑧

+
[(

𝐶23𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 + 𝐶34𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝐶36𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏,𝑧𝐹𝑠

+
(

𝐶25𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 + 𝐶45𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 +𝐶56𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏,𝑥𝐹𝑠

]

𝜕
𝜕𝑦

−
[

(

𝐶14𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥 + 𝐶45𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝑢𝑗𝑞
𝜕𝑢𝑝𝑖
𝜕𝑦

𝐶46𝐹𝑞,𝑧𝐹𝑝

)

𝐹𝜏𝐹𝑠,𝑥

+
(

𝐶34𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝐶44𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 +𝐶45𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠,𝑧

]

𝜕
𝜕𝑦

−

(

𝐶24𝑢𝑗𝑞
𝜕2𝑢𝑖𝑝
𝜕𝑦2

𝐹𝑞,𝑧𝐹𝑝 + 𝐶44𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝐶46𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

−
(

𝐶24𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 + 𝐶44𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 +𝐶46𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠
𝜕2

𝜕𝑦2

]

−
[

(

𝑄̃14𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥 + 𝑄̃45𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝑄̃46𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐶46𝐹𝑞,𝑧𝐹𝑝

)

𝐹𝜏𝐹𝑠,𝑥

+
(

𝑄̃34𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝑄̃44𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 +𝑄̃45𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠,𝑧

]

−
(

𝑄̃24𝑢𝑗𝑞
𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 + 𝑄̃44𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝑄̃46𝑢𝑗𝑞𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

−
[(

𝐶16
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥 + 𝐶56
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝐶66
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝

)

𝐹𝜏𝐹𝑠,𝑥

+
(

𝐶36
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 + 𝐶46
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝 + 𝐶56
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠,𝑧

+
(

𝐶26
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑥𝐹𝑝 + 𝐶46
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑧 +𝐶66
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑥𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

−
[(

𝐶14
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥 + 𝐶45
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝐶46
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝

)

𝐹𝜏𝐹𝑠,𝑥

+
(

𝐶34
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 + 𝐶44
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 + 𝐶45
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠,𝑧

+
(

𝐶24
𝜕𝑢𝑗𝑞
𝜕𝑦

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞,𝑧𝐹𝑝 + 𝐶44
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑧 +𝐶46
𝜕𝑢𝑗𝑞
𝜕𝑦

𝑢𝑖𝑝𝐹𝑞,𝑧𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]

−

[(

𝐶12
𝜕2𝑢𝑗𝑞
𝜕𝑦2

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥 + 𝐶25
𝜕2𝑢𝑗𝑞
𝜕𝑦2

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 + 𝐶26
𝜕2𝑢𝑗𝑞
𝜕𝑦2

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝

)

𝐹𝜏𝐹𝑠,𝑥

+

(

𝐶23
𝜕2𝑢𝑗𝑞
𝜕𝑦2

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧 + 𝐶24
𝜕2𝑢𝑗𝑞
𝜕𝑦2

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝 + 𝐶25
𝜕2𝑢𝑗𝑞
𝜕𝑦2

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠,𝑧

+

(

𝐶22
𝜕2𝑢𝑗𝑞
𝜕𝑦2

𝜕𝑢𝑖𝑝
𝜕𝑦

𝐹𝑞𝐹𝑝 + 𝐶24
𝜕2𝑢𝑗𝑞
𝜕𝑦2

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑧

+𝐶26
𝜕2𝑢𝑗𝑞
𝜕𝑦2

𝑢𝑖𝑝𝐹𝑞𝐹𝑝,𝑥

)

𝐹𝜏𝐹𝑠
𝜕
𝜕𝑦

]}

d𝛺

For 𝑖, 𝑗 = 𝑥, 𝑦, 𝑧.
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