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Abstract
We study the spreading solutions of the nonlinear
diffusion equation 𝑐𝑡 = [(𝜈 + 𝑐)𝑐𝑥]𝑥 when the far-field
diffusivity 𝜈 is small. Themethod of strained coordinates
is used to construct a uniform asymptotic correction to
the similarity solution of the unperturbed problem. The
equation provides a possible analogue to similar models
of fluid jets and plumes.
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1 INTRODUCTION

The porous medium equation (e. g., Refs. 1–3) is a nonlinear diffusion equation given by

𝑐𝑡 = [𝑐𝑐𝑥]𝑥, (1)

where 𝑐will generally represent the density or concentration of a certain substance, 𝑥 and 𝑡 repre-
sent space and time, and the subscripts indicate partial derivatives. Examples of its derivation arise
in the consideration of the spread of a compressible fluid in a porous medium, where the variable
𝑐 can represent either the fluid density or its pressure, and in saturated groundwater flow, where
𝑐 would represent the elevation of the water table.
It is well known that a local release of the diffusing substance governed by (1) leads to its spread

as a self-similarly evolving profile of compact support, bounded by fronts (where 𝑐 = 0) that propa-
gate outward at finite speed.Our interest here is in the casewhere the diffusivity 𝑐 in (1) ismodified
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to be non-zero when 𝑐 = 0. In particular, we will study the equation

𝑐𝑡 = [(𝜈 + 𝑐)𝑐𝑥]𝑥, (2)

subject to the initial release of a finite quantity at 𝑥 = 0, represented as a delta function. The
dimensionless parameter 𝜈 will be assumed to be small. We thus suppose that

𝑐 → 0 as 𝑥 → ±∞, 𝑐 = 2𝛿(𝑥) at 𝑡 = 0. (3)

This choice is not very restrictive, since when 𝜈 = 0, any initial localized profile will tend to the
similarity solution of (1) (which satisfies (3)) as 𝑡 increases.
In fact, (2) may be a suitable modification of the porous medium equation to take into account

the fact that the boundary condition in the far field is not that 𝑐 = 0. For example, in the spread
of a compressible fluid of (dimensionless) density 𝜌 in a porous medium, an appropriate far field
boundary condition for its governing porous medium equation would be 𝜌 = 𝜈, corresponding
to far field atmospheric air density. Putting 𝜌 = 𝑐 + 𝜈 regains (2) (with the boundary condition
𝑐 = 0).
However, our principalmotivation for this study lies in themotion of turbulent jets and plumes,

in which a turbulent fluid flows into a quiescent ambient fluid. The plume is distinguished from
the jet by the fact that its motion is partly or largely driven by its own buoyancy; themotion of a jet
is due to its initial momentum. Theories for suchmotions have been pursued for almost a century.
Plumes occur ubiquitously in nature. Examples include volcanic eruptions, submarine black

smokers, or simply smoke rising from a chimney. An example of a laboratory plume is shown in
Figure 1. The equations governing the spread of a turbulent plume are outlined in thework of Gar-
vey and Fowler.4 The mathematical theory to describe plumes was first proposed by Schmidt5,6
who provided a set of partial differential equations representing conservation of mass, momen-
tum, and buoyancy. He used the lubrication approximation, in which the plume is considered to
be narrow, and also the Boussinesq approximation, in which the variability of the density is only
taken into account in the momentum equation. The buoyancy equation refers to conservation of
the quantity that causes the density variation; for a thermal plume, this would be the temperature,
and the buoyancy equation would be the energy equation, for example.
Schmidt used an eddy viscosity representation to describe the turbulence of the plume, with

the eddy viscosity being described using Prandtl’s mixing length theory. Schmidt took the mixing
length to be the plume width. Experimental results indicate that the average plume structure
is self-similar: for a cylindrical plume, the variables depend on 𝑟∕𝑧, where 𝑟 is radial distance
from the plume axis, and 𝑧 is height above the source. It is also found that the radial profiles of
vertical velocity and buoyancy are well represented by Gaussians (e. g., Ref. 7). Schmidt solved the
similarity form of his equations (which are thus reduced to a set of ordinary differential equations)
using themethod of Frobenius, and found good agreementwith his experimental results. It should
be noted that Schmidt’s use of an eddy viscosity gives the model a diffusive character (𝑧 playing
the rôle of time) in which the solution domain is implicitly infinite in the radial direction, with
boundary conditions (of zero velocity and buoyancy) being applied at 𝑟 = ∞.
A different approach was initiated by Taylor,10 and pursued by Batchelor8 and Morton et al.9

This last paper has perhaps become the central pillar of subsequent theoretical developments. In
this approach, the plume is taken to be of finite width, but the use of an eddy viscosity is eschewed.
Instead, theReynolds-averaged conservation laws are cross-sectionally integrated, usingTaylor’s10
proposed condition for entrainment at the plume edge. This provides a set of ordinary differen-
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GARVEY and FOWLER 3 of 12

F IGURE 1 A laboratory plume. Photograph courtesy of Andy Woods.

tial equations for the moments of the variables. Closure of the equations can be achieved if the
shapes of the cross-sectional profiles of the variables are assumed, and Fox11 showed that Taylor’s
entrainment condition could then be deduced from the integrated conservation laws. It should
be noted that if the plume is of finite width, then the derivation of the cross-sectionally averaged
equations requires the Reynolds stress terms to vanish at the plume edge; this is in distinction to
Schmidt’s assumption.
These differing approaches raise the issue of whether a theoretical model of a plume should

consider it to have finite or infinite width. In practice, this may seem to make little difference,
becauseGaussians decay so rapidly, but it doesmake a difference to themathematical formulation
of the problem, since the finite width plume theory of Morton et al.9 requires an entrainment
condition to be prescribed, whereas the infinite plume theory does not.
Garvey and Fowler4 considered this issue from a theoretical viewpoint. If we presume that

an eddy viscosity 𝜈𝑇 is appropriate, then if 𝜈𝑇 remains positive, the plume formally extends to
infinity. The problemwith this is that far from the plume, the ambient fluid will have a molecular
viscosity 𝜈𝐿; this will be much less than the turbulent value, and this variation of viscosity
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4 of 12 GARVEY and FOWLER

precludes the existence of a similarity solution, despite extensive experimental evidence that
plumes are indeed self-similar.
Alternatively, we might suppose that the eddy viscosity vanishes when the vertical velocity 𝑤

vanishes; it then turns out that because of the resulting degenerate diffusion (the eddy viscos-
ity vanishes at the plume edge), the plume has finite width, but in addition, the entrainment
condition is a consequence of the model, rather than having to be prescribed. The problem with
this is that the resulting velocity profile reaches zero at the plume edge, and does not display the
Gaussian tail.
Our hypothesis to reconcile these discrepancies is to suppose that a more realistic choice of vis-

cosity is to take it to be 𝜈𝐿 + 𝜈𝑇 , where 𝜈𝑇 is generally much larger than the molecular value, but
vanishes when 𝑤 = 0. It is this choice which motivates our study of the simpler problem (2), rep-
resenting as it does the same diffusive structure of the plume model, and in which the diffusivity
combines the small “laminar” value 𝜈 and the larger “turbulent” value 𝑐. With 𝜈 being small, we
expect that the similarity solution of the unperturbed (𝜈 = 0) model will remain approximately
valid, but the non-zero value of 𝜈 enables the existence of a decaying tail. The present paper aims
to validate this description as a proof of concept, which may then be applied to the more complex
plume model.

2 THEMETHOD OF STRAINED COORDINATES

Our aim is to provide an asymptotic approximation to the solution of (2) when 𝜈 is small, in the
form of a perturbation to the similarity solution, which can be written as

𝑐 =

⎧⎪⎪⎨⎪⎪⎩
3

2𝑥𝑓

[
1 −

𝑥2

𝑥2
𝑓

]
, 𝑥 < 𝑥𝑓,

0, 𝑥 > 𝑥𝑓,

(4)

where the moving front is given by

𝑥𝑓 = 32∕3𝑡1∕3 (5)

e. g., Refs. 1, 12. On the face of it, this provides two parts of an outer solution that can be smoothly
joined by a boundary layer at 𝑥 = 𝑥𝑓 . Specifically, if we put

𝑥 = 𝑥𝑓 + 𝜈𝑋, 𝑐 = 𝜈𝐶, (6)

then the leading order solution for 𝐶 is found to be

𝐶 + ln𝐶 = −𝑥̇𝑓𝑋, (7)

which satisfies

𝐶 ∼ −𝑥̇𝑓𝑋 − ln(−𝑋) as 𝑋 → −∞. (8)
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GARVEY and FOWLER 5 of 12

The linear term matches to the similarity solution, but the logarithmic term must match to the
second-order term in 𝑥 < 𝑥𝑓 .
Thismakes it awkward to provide a uniform approximation, and our purpose is to show that the

use of themethod of strained coordinates allows a uniform approximation to be obtained, without
the necessity to consider separate approximations in regions close to and far from the front. This
method is suggested for two reasons: the singularity of the unperturbed solution at 𝑥 = 𝑥𝑓 is in
reality shifted to 𝑥 = ∞, and the higher order terms in the perturbation expansion become more
singular at 𝑥 = 𝑥𝑓; these are both features that suggest the method of strained coordinates.
Many of the details of the calculations of the present section are contained in the thesis of

Garvey:13 see Section 3.2 on pages 69–76. The similarity solution (4) with (5) motivates a change
of variables

𝜂 =
𝑥

32∕3𝑡1∕3
, 𝑐 =

1

32∕3𝑡1∕3
𝑓(𝜂, 𝜏), 𝜏 = ln 𝑡, 𝜀 = 32∕3𝜈, (9)

whence 𝑓 satisfies

𝑓𝜏 =
1

3
(𝜂𝑓)𝜂 +

1

9

[(
1

3
𝜀𝑒

1

3
𝜏
+ 𝑓

)
𝑓𝜂

]
𝜂

; (10)

importantly, 𝑓 is symmetric in 𝜂, and

𝑓 → 0 as 𝜂 → ±∞, ∫
∞

0

𝑓 𝑑𝜂 = 1. (11)

The similarity solution when 𝜀 = 0 is

𝑓0 =
3

2
(1 − 𝜂2) (12)

for 𝜂 < 1, and 𝑓0 = 0 for 𝜂 > 1.
For small positive 𝜀, and assuming 𝑡 ≪ 𝜀−3, we adopt the method of strained coordinates (Refs.

14, 15) by writing

𝜂 = 𝑠 + 𝜀𝜂1(𝑠, 𝜏) + 𝜀2𝜂2(𝑠, 𝜏) … ,

𝑓 = 𝑓0(𝑠) + 𝜀𝑓1(𝑠, 𝜏) + 𝜀2𝑓2(𝑠, 𝜏) … , (13)

and on expanding, we find that, if we define

𝜙 = 𝑓1 + 3𝑠𝜂1, (14)

then 𝜙 satisfies

𝜙𝜏 = −
1

3
𝑒
1

3
𝜏
+

1

3

[
1

2
(1 − 𝑠2)𝜙𝑠

]
𝑠
. (15)

In view of the evenness of 𝑓, we have that 𝜂1 is odd and 𝑓1 is even; therefore, also 𝜙 is even.
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6 of 12 GARVEY and FOWLER

The constraint on 𝑓1 is that it should be nomore singular than 𝑓0 at 𝑠 = 1 (Ref. 15), and, in fact,
we can choose it to satisfy

𝑓1 = 0 at 𝑠 = 1, (16)

and the integral constraint in (11) then leads to

∫
1

0

𝜙 𝑑𝑠 = 0. (17)

It is only the particular solution of (15) that is relevant, and this is

𝜙 = 𝑒
1

3
𝜏
[Φ(𝑠) − 1], (18)

where Φ satisfies Legendre’s equation

[(1 − 𝑠2)Φ′]′ − 2Φ = 0, (19)

subject to Φ being even, and

∫
1

0

Φ 𝑑𝑠 = 1. (20)

One solution of (19) is the hypergeometric function

𝐹

[
𝑎, 𝑏, 1,

(1 − 𝑠)

2

]
, 𝑎 + 𝑏 = 1, 𝑎𝑏 = 2, (21)

and denoting this as 𝑃(𝑠), we can determine

𝑃(𝑠) =

∞∑
0

𝑝𝑛(1 − 𝑠)𝑛, 𝑝𝑛 =

𝑛−1∏
0

(𝑟2 + 𝑟 + 2)

2𝑛𝑛!2
, (22)

with 𝑝0 = 1. This function is analytic in −1 < 𝑠 < 3, with a logarithmic singularity at 𝑠 = −1. An
even solution is then 𝑃(𝑠) + 𝑃(−𝑠), but this is of no use, since we need the local behavior near
𝑠 = 1, for which (22) does not help (for 𝑃(−𝑠)). Frobenius’s method gives an independent solution
of the form

𝑃(𝑠) ln

(
1 − 𝑠

2

)
− 𝐺(𝑠), 𝐺 =

∞∑
1

𝑝𝑛ℎ𝑛(1 − 𝑠)𝑛, ℎ𝑛 =

𝑛−1∑
0

{
2

𝑟 + 1
−

2𝑟 + 1

𝑟2 + 𝑟 + 2

}
; (23)

the coefficients 𝑝0 = 1, 𝑝1 = 1, 𝑝2 = 0.5, 𝑝3 = 0.22, and 𝑝𝑛 continues to decrease by a factor
of slightly more than 2 as 𝑛 increases. The coefficients ℎ1 = 1.5, ℎ2 = 1.75, ℎ3 = ℎ4 = 1.79, and
thereafter ℎ𝑛 decreases very slowly to a limit of ℎ∞ ≈ 1.66.
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GARVEY and FOWLER 7 of 12

To select a linear combination which is even, we define

Φ∗ = 𝐺(𝑠) − 𝑃(𝑠)

{
𝛼 + ln

(
1 − 𝑠

2

)}
, (24)

and we choose 𝛼 so that Φ∗′(0) = 0; this yields

𝛼 =
𝑃′(0) ln 2 + 𝑃(0) + 𝐺′(0)

𝑃′(0)
≈ 1.561, (25)

and it follows that

Φ =
Φ∗(𝑠)

∫
1

0

Φ∗(𝑠) 𝑑𝑠

, (26)

where the normalizing factor is chosen to satisfy (20). From (19), we see that
∫ 1

0
Φ∗(𝑠) 𝑑𝑠 = lim𝑠→1

{
(1 − 𝑠)Φ∗′

}
, and thus, from (24), ∫ 1

0
Φ∗(𝑠) 𝑑𝑠 = 1, so that Φ(𝑠) = Φ∗(𝑠).

Returning whence we came, we have

𝑓1 + 3𝑠𝜂1 = 𝑡1∕3
[
𝐺(𝑠) − 1 − 𝑃(𝑠)

{
𝛼 + ln

(
1 − 𝑠

2

)}]
. (27)

If there is no straining (𝜂1 = 0), then 𝑓1 is singular at 𝑠 = 1 (and thus also at 𝑠 = −1), and the
purpose of the straining is to remove the singularity. There is no unique way to do so, as is normal
in this procedure. In view of (16), we require

𝜂1 ∼
1

3
𝑡1∕3

[
ln

(
2

1 − 𝑠

)
− (1 + 𝛼)

]
as 𝑠 → 1; (28)

a simple choice of an odd 𝜂1 is to take

𝜂1 =
1

3
𝑡1∕3

[
ln

(
1 + 𝑠

1 − 𝑠

)
− (1 + 𝛼)𝑠

]
, (29)

and consequently,

𝑓1 = 𝑡1∕3
[
𝐺(𝑠) − 1 − 𝑃(𝑠)

{
𝛼 + ln

(
1 − 𝑠

2

)}
− 𝑠 ln

(
1 + 𝑠

1 − 𝑠

)
+ (1 + 𝛼)𝑠2

]
. (30)

Equations (29) and (30), together with (13), provide an approximate solution of the perturbed
model. In view of (29), we see that as 𝑠 → 1 and thus 𝑓 → 0, 𝜂 → ∞, providing a decaying tail to
the distribution. However, the tail is not Gaussian, but exponential. In detail, we have, as 𝑠 → 1,

𝑓 ∼ 0.463 exp

[
3(1 − 𝜂)

𝜀𝑡1∕3

]
for 𝜂 ≳ 1, (31)
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8 of 12 GARVEY and FOWLER

F IGURE 2 Method of lines solution of (2) showing 𝑐(𝑥, 𝑡) as a colored contour plot using a value 𝜀 = 0.1 (or
equivalently 𝜈 ≈ 0.0481). The black line gives the front position when 𝜀 = 0.

where the prefactor is 6 𝑒−(1+𝛼). (We use the symbol ‘≳’ to denote “greater than or of the same
order as.”) Our overall solution is given by

𝜂 = 𝑠 +
1

3
𝜀𝑡1∕3

[
ln

(
1 + 𝑠

1 − 𝑠

)
− (1 + 𝛼)𝑠

]
,

𝑓 =
3

2

(
1 − 𝑠2

)
+ 𝜀𝑡1∕3

[
𝐺(𝑠) − 1 − 𝑃(𝑠)

{
𝛼 + ln

(
1 − 𝑠

2

)}
− 𝑠 ln

(
1 + 𝑠

1 − 𝑠

)
+ (1 + 𝛼)𝑠2

]
. (32)

3 NUMERICAL RESULTS

We have solved the partial differential equation (2) numerically using the method of lines, and
here we compare the results to the approximate solution (32). The initial condition is taken to be
a Gaussian approximation of the Dirac delta function,

𝑐(𝑥, 0) =
1√
2𝜋𝜀𝐿

exp

(
−
𝑥2

2𝜀2
𝐿

)
, (33)

and we use a value 𝜀𝐿 = 0.0005. The infinite spatial domain is replaced by [−𝑥𝑚, 𝑥𝑚], so that the
numerical boundary conditions are taken as

𝑐 = 0 on 𝑥 = ±𝑥𝑚. (34)

The value of 𝑥𝑚 used in the calculations is 𝑥𝑚 = 10.
First, Figure 2 shows the numerical solution of (2) as a color map. This figure highlights how

the inclusion of 𝜈 affects the solution of the nonlinear diffusion equation. If 𝜈 = 0, the similarity
solution would have a sharp boundary (indicated by the black line), but with 𝜈 > 0, it can be seen
that the front is spread out.
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GARVEY and FOWLER 9 of 12
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F IGURE 3 Method of lines solution of (2) for 𝜈 = 0.1. The value of 𝜀 = 32∕3𝜈 ≈ 0.208.

0 2 4 6
0

0.5

1

1.5
t=0.1
t=1
t=5

F IGURE 4 The same three plots of the numerical solution as in Figure 3, but returned to the original
variables 𝑐 and 𝑥.

Next, we show in Figure 3 the effect of 𝜈 > 0 on the similarity solution. If 𝜈 = 0, then 𝑓 → 0 as
𝜂 → 1 independently of 𝑡. For 𝜈 > 0, the solution spreads slowly in similarity space, and acquires
an exponentially decaying tail. The same sequence of plots is shown in Figure 4, but now plotting
𝑐 as a function of 𝑥 at different times. The corresponding asymptotic approximate solutions are
not shown, as they are not readily distinguishable.
A comparison of the numerical and asymptotic solutions for a value of 𝜀 = 0.1 is given in

Figure 5, which shows ln 𝑐 versus 𝑥 for different times. The dashed lines represent the asymp-
totic approximation in (32), while the full lines give the numerical solution. The log-linear plot
allows the discrepancies between the numerical and asymptotic solutions to be illustrated. At
small times, the approximate solution is uniformly good, but it deviates from the exponential tail
at larger times. The numerical solution appears at first sight to retain its exponential tail, but its
slope departs increasingly from that of the asymptotic solution.
What is surprising about this is not so much that it occurs, but that the departure is so rapid.

Since the small parameter in the expansion is 𝛿 = 𝜀𝑡1∕3 in (32), this increases as 𝑡 increases. For
the three graphs from left to right in Figure 5, the values of 𝛿 are 0.05, 0.1, and 0.17, and we might
expect the approximation to worsen, as indeed it does.
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0 2 4 6
-25

-20

-15

-10

-5

0

5
t=0.1
t=1
t=5

F IGURE 5 Numerical (full lines) and asymptotic (dashed lines, (32)) solutions of (2) in a log-linear plot of
ln 𝑐 against 𝑥 at different times using the value 𝜈 = 0.0481 (so 𝜀 = 0.1).

In fact, the basis for the approximation breaks down when 𝑐 ≪ 𝜈. This is most easily seen in
consideration of (2), where the basis for the approximation requires 𝑐 ≫ 𝜈. The transition to the
exponential tail is given by (7), for example, and this shows that as 𝑥 increases beyond the front
position, the exponential tail satisfies

𝑐 ∼ 𝜈 exp

[
−
𝑥̇𝑓(𝑥 − 𝑥𝑓)

𝜈

]
, (35)

and for 𝑥 > 𝑥𝑓 , this motivates the definition

𝑐 = 𝜈 exp

[
𝜓

𝜈

]
, (36)

whence (2) becomes approximately (ignoring the exponentially small 𝑐 ≪ 𝜈)

𝜓𝑡 = 𝜓2𝑥 + 𝜈𝜓𝑥𝑥, (37)

and (35) requires

𝜓 ∼ −𝑥̇𝑓(𝑥 − 𝑥𝑓) as 𝑥 → 𝑥𝑓. (38)

The condition that 𝑐 → 0 as 𝑥 → ∞ requires 𝜓 → −∞ there.
Equation (37) and its matching condition (38) provide a suitable approximation of the model

when 𝑥 − 𝑥𝑓 is positive and 𝑂(1). Equation (37) is just an integrated form of Burgers’ equation,
which is unsurprising since (36) is an inverse Hopf–Cole transformation. Note also that (36) is
really a WKB approximation to (2).
At leading order,𝜓𝑡 = 𝜓2𝑥, and the solution of this satisfying (38) can be obtained usingCharpit’s

method, and is given parametrically by

𝜓 = −(𝑡 − 𝜏)𝑥̇2
𝑓
,

𝑥 = 𝑥𝑓 + 2(𝑡 − 𝜏)𝑥̇𝑓, (39)
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where

𝑥𝑓 = 32∕3𝜏1∕3, 𝑥̇𝑓 =
1

31∕3𝜏2∕3
, (40)

and from this, we find

𝜓𝑥 = −𝑥̇𝑓. (41)

The second equation in (39) provides an implicit definition of 𝜏(𝑥, 𝑡), and consideration of the
graph of 𝑥 versus 𝜏 shows that for each value of 𝑡, 𝜏 is a monotonically decreasing function of 𝑥,
with 𝜏 = 𝑡 at 𝑥 = 𝑥𝑓 , and 𝜏 → 0 as 𝑥 → ∞, and specifically

𝜏2∕3 ∼
2𝑡

31∕3𝑥
as 𝑥 → ∞, (42)

and thus,

𝜓 ∼ −
𝑥2

4𝑡
as 𝑥 → ∞. (43)

We see from this that the exponential “tail” is not the real tail at all, and beyond the front, the
decaying tail is, in fact, a Gaussian (as indeed one should expect). This explains the deviation
of the asymptotic solution from the numerical solution in Figure 5, but whether it matters is a
moot point, since it is only evident when 𝑐 is exponentially small. The figure accentuates the
discrepancy, but it is not visible on a linear–linear plot.

4 CONCLUSIONS

In this work, we have shown how the method of strained coordinates can be used to obtain sat-
isfactory approximate solutions to a weakly perturbed degenerate nonlinear diffusion equation,
which serves as a prototype groundwater flow problem, but also as a toy representation of mixed
laminar-turbulent flows, such as occur in jets and plumes. It provides a useful example of this
method, which is not one that is commonly used, and it also provides a potential vehicle for the
comparable description of buoyant plumes.
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