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Abstract

In the first chapter of this thesis a singularly perturbed convection-diffusion
equation with a source term which is continuous but whose first derivative con-
tains a point of discontinuity is considered. The solution features a boundary
layer and a weak interior layer. A numerical method is constructed which
involves a Shishkin mesh fitted at the boundary layer, but not at the interior
layer. The method is shown, both theoretically and by numerical experi-
ments, to be uniformly convergent with respect to the singular perturbation
parameter.

In the second chapter we consider the following boundary value problem
in a domain €2, the unit square.

Ou, Ou, ,
Lu. = eAu, "i_pll +p2l —qu. = fin €,
ox dy

UE(ZL‘,O) = gs($)7 US(ZE, 1) = gn(I)a YIS (0’ 1)
u:(0,y) = gu(y), u:(1,y) = ge(y) vy € (0,1)
9s(0) # 9u(0),

where py, ps and ¢ are positive constants and 0 < € < 1, and the boundary
data are smooth except at the point (0,0), Analogously to the methods in-
troduced in [45] we derive a pointwise bound on the solution which highlights
the influence of the boundary conditions at the corners of the domain, as well
as that of the singular perturbation parameter ¢.

In the final chapter we examine experimentally the performance of numer-
ical methods comprising domain decomposition and Schwarz iterative tech-
niques ( [67], [72], [73] and [91]) extended to the class of singularly perturbed
convection-diffusion problems with more general boundary conditions as de-
scribed above.
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Chapter 1

Introduction

We are concerned with singularly perturbed convection-diffusion equations in
one and two dimensions. Examples of such equations are widespread, e.g.,
in the modelling of the dispersal of a pollutant in a river, semi-conductor
equations, financial modelling, flows in chemical reactors, etc. [74, 89, 72, 64,
10, 9, 40, 49, 68, 103, 16]. Singularly perturbed differential equations depend
on a perturbation parameter, ¢ € (0, 1], which, in the case of convection-
diffusion equations, multiplies the weaker diffusion term [96, 17, 106, 77]. As
e approaches zero, the solution of such an equation (or its derivatives) may
become unbounded, in narrow e-dependent subdomains known as boundary
(or interior) layers and it does not converge to the solution of the reduced
problem where ¢ is set to zero [74, 89, 34, 72, 96, 24, 97]. The numerical
solution of such equations is of interest where asymptotic expansions may not
be helpful or possible [89].

Standard numerical methods fail when applied to singularly perturbed
problems due to the very small domains in which boundary or interior layers
appear [21, 96, 63]. Fitted operator methods such as Allen-Southwell are re-

stricted in their applicability [96], while complication of construction as well



as theoretical techniques needed to bound error estimates have limited the ex-
tension of complex fitted meshes such as Bakhvalov meshes to two dimensions
[21]. Fitted mesh methods comprising standard monotone finite difference op-
erators on simple piecewise-uniform meshes (with fine meshes in layer regions
and coarse meshes elsewhere, separated by carefully chosen transition points),
known as Shishkin meshes, have been shown to be robust, layer-resolving
or parameter-uniform methods applicable to a wide class of linear problems
[91, 21, 51, 95]. That is, they generate numerical approximations of the exact
solution and its derivatives at each point of the solution domain for all values
of €, which satisfy pointwise error bounds independent of e; the amount of
work required to compute such approximations must also be e-independent
[21]. Robustness refers to the stability of the finite difference operator, e.g.,
the upwind finite difference operator, which preserves the monotonicity of the
original problem [21, 72]. Much work has been done on the application and
analysis of this and related methods, see [21, 72, 89, 34, 62, 50, 60, 37, 93, 94,
19, 36, 83, 20, 58, 65, 4] and survey articles [59, 88]. For adaptations of this
method to problems featuring nonsmooth data, corner singularities, interior
layers, see [92, 71, 81, 32, 33, 30, 31, 107, 107].

In Chapter 2 we are concerned with the use of this method in solving
a two-point boundary value problem for a singularly perturbed convection-
diffusion problem with singular perturbation parameter €. We examine the
case where the source term in the differential equation is continuous but has
a point of discontinuity in its first derivative, in addition to which there is a
possible discontinuity in the first derivative of the convection coefficient, at
some point in the interior of the domain. This causes an interior layer in the
exact solution of the problem, besides which there is a boundary layer at the

outflow boundary point.



When the convection coefficient, the source term and their first deriva-
tives are continuous over the domain a boundary layer appears at the outflow
boundary point. We shall refer to the convection coefficient, the source term
and the domain as a, f and () respectively. It was shown by Miller et al.
[72] (with the assumption a, f € C3(2)) and by Farrell et al. [21] (assuming
a,f € C*(Q)) that a similar problem can be solved with uniform conver-
gence with respect to € using a standard upwind finite difference method on
a Shishkin mesh. In terms of finite element methods, Sun and Stynes [102]
constructed a parameter-uniform convergent Galerkin finite element method
comprising piece-wise polynomial test functions on a Shishkin mesh for sin-
gularly perturbed convection-diffusion problems with ¢ and f assumed to be
sufficiently smooth, i.e., no interior layers were present. Additionally, Guo and
Stynes [35] examined an e-uniform convergent streamline diffusion method on
a Shishkin mesh for a singularly perturbed time-dependent convection diffu-
sion equation with constant convection coefficient and f € L*(Q).

The case where the convection coefficent has a sign change at one or more
points in the domain was considered by Farrell et al. in [22] and by O’Riordan
in [78]. The solution of such a problem contains a strong interior layer. It was
shown that an upwind finite difference method on a Shishkin mesh fitted to
the interior layer generates e-uniformly convergent numerical approximations
to the solution. Problems with a discontinuous source term were examined by
the same authors in [23]. The numerical method introduced here featured a
Shishkin mesh fitted to both the boundary and weak interior layer. We show
both theoretically and by means of computational experiments that when the
source term is barely continuous, a numerical method which consists of a
Shishkin mesh fitted only to the boundary layer and not to the interior layer,

and a standard upwind finite difference operator generates e-uniformly conver-



gent numerical approximations to the solution and its derivatives in the global
maximum norm. This is the most appropriate norm for the measurement of er-
ror in the case of singularly perturbed problems, due to the narrowness of layer
regions [72, 21, 96, 12]. The construction of piecewise-uniform meshes requires
a priori knowledge of the location and width of the layer region. Such knowl-
edge is obtained by means of studying the behaviour of, and deriving bounds
on, solutions and their derivatives; these bounds are required for the error
analysis of numerical methods. For examples see [39, 61, 41, 42, 43, 18, 13|.
In [46], Kellogg and Stynes consider a singularly perturbed convection-
diffusion problem on a half-plane with a discontinuity in the boundary data
which gives rise to an interior layer. In [45] and [47], the same authors examine
a singularly perturbed convection-diffusion problem on the unit square with
parabolic and exponential boundary layers and derive pointwise bounds on the
solution and its derivatives - the dependence of the bounds on the regularity
and compatibility of the data, as well as on the singular perturbation param-
eter, is made explicit. Analogous results were obtained in [75, 76] for related
problems with a Neumann boundary conditions. Survey articles [44] and [4§]
review recent results and open problems related to elliptic boundary value
problems whose solutions have both boundary layers and corner singularities.
In [2] Andreev considers a five-point upwind scheme on a Shishkin mesh
for a singularly perturbed convection-diffusion problem on a rectangle with
Dirichlet boundary conditions, with the compatibility conditions dropped at
three of the four vertices and finds that the error of the discrete solution is
of O(N~'In® N) in the discrete maximum norm. He obtains a similar re-
sult in [3], where he examines a Dirichlet problem for a singularly perturbed
steady state convection-diffusion equation with constant coefficients on the

unit square, without compatibility conditions at the corners.



In Chapter three we are concerned with obtaining a bound on the solu-
tion of a two-dimensional singularly perturbed convection-diffusion problem,
which features exponential boundary layers and incompatible outflow bound-
ary data. We were interested in studying the nature of the solution in order to
help design a numerical method to solve this type of problem; see Chapter 4.
The problem is decomposed into a number of simpler elliptic half and quarter
plane problems, which have continuous boundary conditions, with one excep-
tion. The functions which comprise the source term and boundary conditions
are smoothly extended as required as per [26]. In considering integrability
conditions, the solution to the problem on each quarter plane is obtained by
means of the Green’s function written in terms of modified Bessel functions.
The integrability conditions which result show that, once the source term and
boundary conditions are themselves such that the integrals are convergent,
then the solution to each half or quarter plane problem does not grow to in-
finity in the open domain. Pointwise bounds are obtained for the solutions of
these problems plus a remainder function by means of standard comparison
principle arguments. The bounds on all components are then combined to
produce the final result.

In Chapter 4 we are concerned with obtaining a numerical solution to
a sample problem of the type dealt with in Chapter 3. Where the bound-
ary conditions are sufficiently smooth and compatible, such a problem can be
solved with uniform accuracy with respect to the singular perturbation param-
eter using a standard finite difference operator on special piece-wise uniform
meshes such as Shishkin meshes [21]. We design a method which is almost
parameter-uniform, using domain decomposition to isolate neighbourhoods of
discontinuities together with Schwarz iterative technique and Shishkin meshes.

It was shown by MacMullen et al. [67] that a numerical method based



on Schwarz iterative technique and Shishkin domain decomposition produces
parameter-uniformly accurate solutions in the case of singularly perturbed lin-
ear convection-diffusion problems in two dimensions with sufficiently smooth
and compatible boundary data. Similarly, in another paper by MacMullen et
al. [66], it was shown that a two-point boundary-value problem for a singularly
perturbed reaction-diffusion equation can be solved with parameter-uniform
accuracy using a discrete Schwarz method with a Shishkin subdomain parame-
ter. Miller et al. examined discrete Schwarz methods for singularly-perturbed
reaction-diffusion problems with boundary and interior layers [73]. Their nu-
merical method differed from those used by MacMullen et al. in [67] and [66]
in that Shishkin, and not uniform, meshes were used on the subdomains. Mad-
den and Stephens devised and analysed a discrete Schwarz method on three
overlapping subdomains for a coupled system of one-dimensional reaction-
diffusion equations in [101] and achieved rapid convergence due to subdomain
overlaps which are just outside the boundary layers. More recently, Kopteva et
al applied overlapping Schwarz domain decomposition to semilinear reaction-
diffusion equations in one and two dimensions [52, 53]. For further examples,
see [69, 14, 14, 56, 57, 105, 104, 54, 55, 25].

In terms of designing a numerical method comprising domain decomposi-
tion and Schwarz iterative technique to deal with discontinuous boundary data
there are a number of considerations. Broadly, they are the overlap require-
ment and appropriate tolerance for the discrete Schwarz method, the shape of
our subdomains, the nature of the corner singularity at the outflow corner and
need for suitable iterative solvers with preconditioning, see [5, 100, 15, 70, 90].
In order to examine the performance of the Schwarz method in general, we
first applied the method to a problem with continuous boundary conditions.

This highlighted many issues: the need to translate the differential equation



using a type of integrating factor prior to converting to polar coordinates for
the quarter-disk region; the need for scaling in this polar region (see p.62 of
[74]) the permissible size of the radius of the quarter-disk region; the mini-
mum overlap width needed between subdomains in order for the method to
converge to the correct solution; the need for preconditioning of the iterative
solver in MATLAB; and the question of a suitable tolerance for the Schwarz
method (a tolerance of order 10~* is appropriate given the order of pointwise
errors for the method).

Having optimised the performance of the Schwarz method applied to prob-
lems with continuous boundary conditions, we then turned our attention to
the discontinuous case. Given the bound obtained in Chapter 3 on the sin-
gular component of the solution to a problem similar in nature to the one
under consideration here, and through numerical experiments, it was clear
that the influence of the corner singularity was such that an alteration was
required to our initial domain decomposition in order to cluster more nodes
at the outflow corner while maintaining the minimum overlap region needed
for the Schwarz method. In the discontinuous case the influence of the corner
singularity is such that the radius of the quarter-disk region at the outflow
corner must not be set too large, since the influence of the discontinuity is
greatest in the region where r < ¢. In order to meet the overlap requirement
imposed by the Schwarz method and at the same time restrict the size of
the quarter-disk region, we found a domain decomposition consisting of our
main domain, the unit square, overlapping with a quarter-disk subregion, of
radius proportional to £ at the outflow corner gave optimal results for the
discontinuous case. We include numerical results for this method which show
a significant improvement on existing methods. Some alternative Schwarz

methods were also considered for comparison purposes, including a method



with an alternative translation applied to the differential equation in the polar
region and a method using a square subregion at the outflow corner rather

than a quarter-disk region.



Chapter 2

Singularly perturbed
convection-diffusion problems
with boundary and weak
interior layers: partially-fitted

mesh method

2.1 Statement of the Problem

A singularly perturbed convection-diffusion equation in one dimension with a
source term whose first derivative is discontinuous is considered on the unit
interval Q = (0,1). A single discontinuity in the derivative of the source term
f is assumed to occur at a point d € (2. Additionally, there is a possible
discontinuity in the first derivative of the convection coefficient at some point
in 2. One dimensional convection-diffusion boundary value problems with

a a sign change in the convection coefficient were examined by Farrell et al.



in [23]. Their theoretical and numerical results showed that the strong inte-
rior layer which appears in the solution of such problems can be discretely
solved using a Shishkin mesh fitted to the interior layer. They examined
one dimensional convection-diffusion boundary value problems with a discon-
tinuous source term in [23]. Whereas, their numerical method featured a
Shishkin mesh fitted to both the boundary and weak interior layer, we show
both theoretically and through computational experiments that, with a barely
continuous source term, a numerical method where a Shishkin mesh is fitted
only to the boundary layer and not to the interior layer is robust. We do not
consider problems including a zero-order term; the analysis in the presence
of a reaction term would differ substantially from the analysis undertaken in
this chapter.

We introduce the notation Q= = (0,d) and O = (d,1) and denote the
jump at d in any function by [w](d) = w(d") — w(d~). The corresponding

two-point boundary value problem is

(
Find u. € C*(2) such that,
eu + a(x)u. = f for all x € Q,

(Pe)
ue(0) = ug, ue(l) = uyq,

| a(x) > a >0, for all x € Q,

where a, f € C°(Q) N C*Q~ U Q™). In [21], singularly perturbed prob-
lems of this type with a, f € C?(Q) were examined. In such a situation the
solution u. is in C*(2). The case in which the source term has a discontinuity
at one or more points in the interior of the domain was examined in [23],
where the solution u, is in C'(Q)NC?*(Q~UQ™T). In this chapter we construct
and analyse a parameter-uniform numerical method for problems of the form
(P.).

Let L. denote the differential operator occurring in (P.), which is defined as

10



Lw = e + a(z)w'.

Then L. satisfies the following minimum principle on €.

Lemma 2.1. Suppose a function w € C°(Q) N C*Q~UQT) satisfies

w(0) >0, w(l) >0,

Lw(r) <0, 2€Q UQ" and [w'](d) <0,
then
w(z) >0 for all x € Q.

Proof. The proof here is analogous to that in [23]. Let

e~ @=d)/2ey (), x < d,

w(z) =
e—(az(x—d))/?av(x>’ x>d.
For x € Q™
L.w= efal(xfd))/%(gv// + (CL _ &1)?}’ N E(CL . %)U>
2e 2
and x € QF
L.w = efag(a:fd))/%(gv// + (CL . 042)1/ . g_;(a _ %)U)

11



Assume o > as > ay. Let ¢ be a point at which v attains its minimum value
in Q. If v(q) > 0, there is nothing to prove. Therefore suppose that v(g) < 0,
the proof is completed by showing that this leads to a contradiction.

With the above assumption on the boundary values, either ¢ € Q~ U QT

or q=d. If ¢ € Q™ then

651

ng(q) _ e_al(q_d))/QE[gv'/(q) + (a(q) . ozl)v’(q) -5

(alg) = —)v(g)] >0

which is a contradiction, since v”(¢q) = 0, v'(¢) > 0 and v(q) < 0 by assump-

tion. Similarly, if ¢ € Q" then

&%) %)

(a(q) = 5 )v(g)] >0

Lew(q) = e~ D20 (q) + (alq) — a2)'(q) — o 2

which is also a contradiction.

The only possibility remaining is that ¢ = d. Note that

Since ¢ = d is where v(z) is assumed to attain a negative minimum, [v[(d) > 0
and v(d) < 0. Therefore for ay < as, [w'](d) > 0, which is the required contra-

diction. O

Throughout this chapter we measure all functions in the L* norm,

[w|p = sup |w(z)].
zeD

The above minimum principle is used to establish the following a priori

12



bound on the exact solution.

Lemma 2.2. Let u. be a solution of (P.), then

1
luell < max{fuol, lur|} + ~|.fllo-

Proof. The result is proved using the arguments from [23]. Let ¢.(z) =
max{|ug|, |u1\}+(1—x)@:|:u€(x). Clearly ¢4 (x) € C*(Q), therefore [¢,.](d) =
0. It is also clear that ¢4(0) > 0, ¥4(1) > 0 and for each z € QU
Qf Loy (x) < 0. It follows from the minimum principle that ¢4 (z) > 0

for all z € Q, from which the required result immediately follows. [J

Lemma 2.3. The derivatives ul®) of the solution u. of (P.) satisfy the bounds

[ulq < Ce ™ maz{||f|l, llul}, k=1, 2
luPllena < Ce*maz{[I£Il, [If loa uel}
where C depends only on ||a| and ||a’||q\q.

Proof. The proof is analogous to that in [21], Lemma 3.2, p. 44. Integrating

by parts, we get

/j aul(t)dt = au [ — /Ow(a’us)(t)dt

13



and so

|/<f—m@@MﬂSHﬂH%W%W
0

where C' depends on |[ja|| and ||a'||¢. By the Mean Value Theorem there

exists a point z € (0,¢) such that

therefore
leul(z)] < 2 uc]. (2.1)
Integrating the differential equation in (P.) we get

/Oz(eu'gl + a(x)ul)(t)dt = /Oz f(t)dt

and so
il (2) = <u0) = [ (f — aut)(o)ie
By combining this result with (2.1) we get
leu ()] < LfIl + Clluell

Using the integrated differential equation again, with z = x we obtain the

14



required bound when k£ = 1. Finally, from the differential equation we have
eu! = f —au for all x € Q
and
eu! = (f —aul) for all z € Q\{d}

€

from which the required bounds for k = 2, 3 respectively follow. [

Consider the following decomposition of the solution into boundary and

interior layer components

Ue = Ve + We

where v, can be written as v, = vy + €v; + vy and we define the functions

vg € CHQ), v; € CO(N) and vy € C(N) as follows

avy = f, v € Q,

CLUi = _Ugv xr e Q\{d}v
’Ul(].) =0
L.vg = =Y, € Q\{d}

UQ(O) == ’UQ(]_) == Ug(d) = 0.

Therefore v, is defined as

15



Find v.C%(Q) such that

The layer component w, € C°(€) is then the solution of the homogeneous

problem

We further decompose w, as follows

We = W1 + Wo

where the boundary layer component w; satisfies

wy € CQ(Q),
L.w, =0, x €€,
wy(0) = u.0) — v:(0),

wy (1) =0

16



and the interior layer component wy satisfies

We € CO(Q),
ngg = 0, x e UQ+,
ws(0) = 0,w(1) = 0,

[w5)(d) = —[v](d).

Lemma 2.4. The component v. of the solution u. of (P.) and its derivatives

satisfy the bounds

|v®||g-uar < C(A+e*7%), k=0, 1, 2, 3.

[v](d)] < Ce

where C' 1s a constant independent of €.
Proof. The first part of the proof is analogous to that in [21]. By the triangle

inequality we have

[ve] < Jvo| + elva] + &*Jus.

Since vy is independent of e, the first two terms on the right-hand side are
bounded. Note that vy is the solution of a problem similar to that defining
ue, therefore by Lemma (2.3) the required bounds for £ = 0, 1,2 follow. For

k = 3 we have v = (f — avl)’, which leads to the required bound.

In order to bound |[v2](d)|, we obtain bounds on the jump at d in the first
derivative of each of the components of v.. Since vy € C*(Q2), [vp](d) = 0. As
noted above, v; is independent of € and v, is the solution of a problem similar

to that defining u., therefore we have |[v}](d)] < C and |[vj](d)| < Ce™l.

Collecting the inequalities yields the required bound.[]

17



Lemma 2.5. The boundary layer component wy of the solution u. of (P:) and

its derivatives satisfy the bounds
\wgk)\ < Ce ke forallz e, k=0, 1, 2, 3.

where C' is a constant independent of €.
Proof. Analogously to the proof in [21], p. 46, we introduce the two mesh

functions
E(z) = lwi(0)]e >/ £ wy ()

Clearly ¢*(0) > 0,9*(1) > 0, [¢"*](d) = 0 and L.* = —|w(0)[%(a —
a)e=*®/¢ < 0. Therefore, by Lemma 2.1, ¥ > 0, for all z € Q, from which
required bound on w; follows.

In order to bound w| we integrate by parts and use the pointwise bound

for |w;| established above, as follows

1
/ aw; (t)dt’ =

By the Mean Value Theorem, there exists a point z € (1 — ¢, 1) such that

1
aw |} —/ (a'wl)(t)dt‘ < Ce ov/e, (2.2)

wy (1) —wi (1 — 6)| _ |w1(1 —¢)

| < Cgflefa(lfs)/s < Cgflefa/s'
£ £

jwi (2)] = |

(2.3)

We now integrate the differential equation defining w; to give

cwl (z) = ew (1) + / (au) ()dt. (2.4)

18



Therefore, using (2.2) and (2.3) we have
1
wl (1)) = |~ wi(e) + [ (aup)(e)a] < O
Using (2.4) and (2.2) we get
|ew! (x)] < Ceo®/®

from which the required bound for k£ = 1 follows. Using the differential equa-

tion again we have

"o / m /
cw] = —aw] and ew) = (— w})

from which the bounds for & = 2, 3 respectively are obtained. [J]

Lemma 2.6. The interior layer component wy of the solution u. of (P.) and

its deriwatives satisfy the following bounds, for k=0, 1, 2, 3.

jwa(z)] < Ce®

ng—ke—a$/87 z e
ws?| <

Ce?ke—ale=d)/e o c QF

where C' is a constant independent of ¢.
Proof. The proof is analogous to that in [23]. We bound ws using Lemma

2.1 and the barrier function ¢*(z) = ¢(x) & wo(x) where ¢(z) is defined as

follows
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Clearly ¥*(0) > 0,9 &+ (1) > 0, L.y* < 0 and [¢'*](d) < 0. Therefore, by
Lemma 2.1, 1% > 0, for all 2 € €, from which required bound on w, follows.

In order to bound w), we introduce the function ws(x) = we(x) — we(d),
from which it follows that L.w = 0, = € Q~, w(0) = —wy(d), w(d) = 0.

Consider the mesh functions
Yt = Cee %/ £ ()

It is clear that ¥*(0) > 0, ¥*(d) > 0 and L.p* < 0, therefore = > 0, x €
Q~, from which we obtain |@(x)| < Ce?e~**/¢. Then, as in Lemmas 2.5 and

2.6

[ orie = oot - [“waro

< Oe?e /e, (2.5)

By the Mean Value Theorem there exists a point z € (d — ¢, d) such that

- w(d) —i(d—¢),  a(d—e)
jw'(z)| = | 5 ==
S Clﬁe_ad/g
< Clee™ ™ 1z e Q. (2.6)

Now integrating the differential equation defining w we get

d
e (x) = ew(d) + / (@) (t)dt (2.7)
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Using (2.5) and (2.6) we then obtain

e (d)] < |ed(z)| +| / (') (1)t

< CEQB—ax/E (28)

From (2.7) and (2.5) it then follows that |[@/(z)| < Cee /%, z € Q~, the

required bound for k = 1. From the differential equation we have

ew"(z) = —aw'(z) and

s () = —(ad) (2)

from which the bounds for £k = 2, 3 can be obtained for all x € (2~.
It only remains to obtain similar bounds for z € Q*. Consider the following

barrier function
YE(z) = Cele@=D/e 4 ()

Then, by Lemma 1 |[i0(7)| < Ce2e~*@=9/e. Repeating the arguments above

and choosing z € (1 —¢,1) we have

| / (ad')(t)dt| < Ce2e—e=d)e
d

’U~)(Z>’ < C/Ee—a(x—d)/a

e (d)| < Ceem@=d/e

Then, repeating the earlier arguments we obtain the required bounds for k£ =

1,2, 3 z€Qf. O
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2.2 Discrete Problem

We now introduce a fitted mesh for (P.). On © a Shishkin mesh of N mesh
intervals is constructed as follows. The domain, € is subdivided into the 3
subintervals

[0, o] U [0, d] U [d, 1]

d
9

for some ¢ such that 0 < ¢ < On the first two subintervals, uniform
meshes with % mesh-intervals are placed. A uniform mesh with % mesh-
intervals is placed on the third subinterval. We use this subdivision as it is
necessary to locate a mesh point at x = d in order to obtain bounds on the
error in the scaled discrete derivatives; however, for the purposes of numerical
computations, this is not required.

The points of the mesh contained in the domain Q= U QT are denoted by
QY ={z;:1<i<

3

N N

Clearly, /4 = 0, znj2 = d and QY = {2;}{'. The mesh is fitted to (P.) by

choosing o as follows
o = min{ -, ilnN}
2 «
The three mesh widths are denoted in the following way
4o 4(d — o)

h=— H=—— """ [,=
N7 1 N ) 2

2(1 — d)
N

We use a standard upwind finite difference operator on the Shishkin mesh Q.

Therefore the fitted mesh method for (P.) is
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Find a mesh function U, such that,
(P.) LNU. = 6?U. + a(x;) DYU. = f(x;) for all x € QN U {d},
U.(0) = ug, U.(1) = uy, [DU(d)] =0

where

Ziy1t —Zi  Zi— Zia 2 and DV 7, = Ziy1 — Z;
Tip1 — T4 LTj — Tj—1 Tjp1 — Ti—1 Tit1 — T4

(5221' — (

The following lemma establishes a discrete minimum principle, analogous to

the continuous minimum principle in Lemma 1.

Lemma 2.7. Suppose a mesh function Z satisfies

Z(0) >0, Z(1) >0, L¥Z(z;) < 0, for all z; € QY,

and

D+Z($N/2) - Diz(QZN/Q) S 0

then

Z(x;) > 0 for all z; € QY.

Proof. The proof is analogous to that in [23]. Let z;, be any point at which
7 attains its minimum value on QY. If Z(x,) > 0 then there is nothing to
prove. Therefore suppose that Z(x,) < 0. From the hypothesis it is clear that
p # 0, N, that is, z, € Q. First consider the case z, # d, without loss of

generality assume x, > d. Since Z(z,) is the minimum value

D Z(x,) > 0> D™ Z(x,)
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which implies that
LY Z(z,) 2 0

In order to avoid a contradiction we must have LY Z(x,) = 0, which implies

that
Z(xp) = Z(xp-1) = Z(Tp+1)

Repeating this argument at x,.; we eventually conclude that Z(xy) < 0,
which is a contradiction.

We now consider z,, = d, therefore
D" Z(xznss) > 0> D™ Z(xns2) > DT Z(xN)2)
implying that
Z(xN/Q—l) = Z($N/2) = Z(J:N/2+1)

Repeating the earlier argument yields the desired conclusion. [J

2.3 Error Analysis

The discrete solution U, can be decomposed, analogously to the continuous

case, as follows.

U=V, + W,
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where V. and W, are respectively the solutions of the problems

Lévva = f(x:), @i € in\{d},

‘/5(0> - Us(())a Ve(l) = Ua(l)v Ve(d) = Us(d)‘

LYW, =0, x; € QN\{d},
W.(0) = w(0), W.(1) =0,

[DWe(d)] = =[DV(d)]

We denote the jump in the discrete derivative of a mesh function Z at the
point x; = d by [DZ(d)] = DT Z(d) — D~ Z(d). As in the continuous case we
further decompose W, as W, = W7 + W5 where W is defined as the solution
of

L?Wl =0, z; € Qi.v U {d},

W1(0) = w.(0), Wi(1) = 0.

and Wy is defined as the solution of

LéVWQ = 0, x; € Qév\{d},
WQ(O) - Wg(l) — O,

[DW3(d)] = —[DVe(d)] — [DW:(d)] (2.9)

Combining the discrete and continuous decompositions we arrive at an anal-
ogous decomposition of the error, U, — u. = V. — v. + W. — w.. Therefore we
can estimate the error U. — u. by estimating the errors V. — v. and W, — w.

separately.
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Lemma 2.8. At each mesh point z; € QN the non-layer component of the
error satisfies the estimates

CN_1<d - l’i),l'i < d,

(Ve = ve) ()| <

CNil(l — l’i)7l’i > d.
where C' 1s a constant independent of € and N.
Proof. The proof here is analogous to that in [23]. Consider the local trun-
cation error

d2

d
N _ N _ 2
Lg (V;‘ - Us) - (Ls - Lg )Us - 5(@ -0 )UE + a(£ — D+)UE.

Therefore by standard local truncation error estimates and Lemma 2.4 we

have

a(z;) 3
LYW ) ()] < S e — 2o+ 2 (s — ) o) < O

Wl M

for all #; € QN\d. With the barrier functions

¢:ﬁ:( )_ CN*l(d_xi)i(‘/g—Ug)(xi)’ 3171'<d
i CN7Y1 —a) £ (V. —v)(xi), 73 > d

and Lemma 2.7 the proof is completed in the usual manner. [J

Lemma 2.9. For all N > 4 and at each mesh point z; € QN U{d} the singular

component of the error satisfies the estimate

‘(Wl - wl)(xl)] S CNil In N

where C' is a constant independent of € and N.
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Proof. Using the arguments from [21], we will first examine the case 0 = d/2,
which implies that e! < C'ln N and h = H;. Consider the local truncation
error

a(z;)
2

LYWy —wy) < =(2i41 — z0) |0l || + (Ti1 — 251)||w®|| < Ce2N—Lemomi/e

Wl M

(2.10)

We introduce the two mesh functions

2 h/e _ _ )
e S N Y o (W — wn) (@), i < N2

+ . . .
1/}1' y;/QC;EZtIfYZ))/ e 'N 1Yii(W1—w1)($i), Z:N/Q

L O I N-Y, + (W — wy)(y), i > NJ2,

Yns2 v(a—7)

where v is any constant satisfying 0 < 7 < « and Y; is the solution of the

constant coefficient finite difference problem

(0 +4DT)Y; =0, 1 <i< N —1,

Yy =1, Yy =0. (2.11)
Then
1+ (Ya — D, i < NJ2
v — (Yny2 — 1) / (2.12)
Ynyori, i > N/2
where

A1 vh
b=szp_p =1t
A_i —A_N ’}/HQ
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and Yy satisfies

(e8> + D) YN/ =0

therefore
D+7"N/2 /\ + A
Yy =(1-— ML
N/2 ( D_lN/2 2
where
+ _ 7 1
Drng = T e A AN2H1
oy 1
It is easy to see that
0<Yyp<L (2.14)

We have, from (2.12), (2.13) and (2.14)

—2[1 = Yyole @it/ < N/2
Dy, <) et Y / (2.15)

— YN e V@m=d/z > N/2

It is clear that ¢/ > 0, ¥% = 0 and using (2.10) and (2.15) we obtain the

following for i < N/2
1 Ce2h/e

LNyF = T o wg—lN—l(a(xi) —)DTY; £ LY (W) — wy)

S Cg—QN—l(e—a:Ei_l/é _ a(xl) B fye—"/xi_1/6)
a—

< 0.
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When i = N/2

Li-vl/’zj\tr/z = Yve v(e—7) e "N~ Ha(x;) — ’Y>D+YN/2 + LéV(W1 — w)

< C€—2N—1(6—aa¢N/2_1/5 _ a’(xl) — /yefyh/s)

< R 5

< 0.

Finally, when i > N/2
1 C 2vHs /e
LY = e N ) = DY LYW — )
S 06_2N_1(6_a$i_1/6 _ a('xl) - ’ye—’y(:l:i_l—d)/é)
o=

< 0.

Therefore using the discrete minimum principle in Section 2.3 of [21] we

conclude that 17" > 0. And so for all z; € QY Ud, i < N/2 we have

Y, Cle2rh/e
Wi —wy)| < ! e INTE
|( 1 1)|— ]_—YN/Q’}/(O[—’}/)
<CN 'InN
since
Y; 1
<

1-— YN/Q —1- YN/2

2 A(l—-AN?)
TNTA AT

2 ¢

<1+ % <0
SIY SR sC

=1
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When i = N/2 we have

|(W1 _ w1)| < Mg_lj\[_l
(o =)

<CN 'InN.

And when ¢ > N/2 we have

Y;; 062’7H2/€

Wy —wy)| < ————— 7 IN7!
|( 1 1)|— YN/Q'Y(Q{_'Y)
2vHs /e
< ri—Ce e INT!
Y(a—=7)
<CN'InN

We now consider the case where 0 = £In N and give separate proofs in
the coarse and fine mesh subintervals. First take z; € [0, 1]. By the triangle

inequality

|(Wh —wi)(z:)] < [Wi(x)| + [wi(z)]

By Lemma 2.5 we have

lwy (z;)] < Ce™@%i/fe < Ce™@/c = CNL,

To bound |Wi(x;)| we introduce a mesh function Y; which is the solution of

the constant coefficient finite difference problem

(02 +aDT)Y; =0, 1 <i< N —1,

Yo =1, Yy = 0.
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Then

1+ (YN/4 —1)l;, 1 < N/4
Y; = YN/4 + (YN/Q — YN/4)TTLZ', N/4 <1 < N/2
Yny2 ni, © > N/2

where

1—A"° ah
= AT
AT A R
m; AN p\SN/A 1 c
1 1
AP — AN o H,
n; = s A2 =1+
AN AN €

and Yy/4, Yo satisty

(862 + OéD+)YN/4 = 0,

(e6* + aD* )Yy =0

respectively. Also, from (2.16) we have

/

—2(1 = Yya) im0 < N/4

DTY; = _%(YN/4_YN/2)ﬁa N/4 <i< NJ/2
1 1

i—1

A
—ay -2
\ - N/2A2—N/2_A,N’

i> N/2
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It is easy to see that

- a >\7N/4
D lN/4— 1\ N/ >0
-1
+ a A
D mpyy/4 = 81_A;N/4 >0
D « L o
L e 7
2% ANt
a A
Dtnyjpp=———"2— (2.20)
—N/2
Solving (2.18) and using (2.20) it can be shown that
0< Yy <VYyu<l. (2.21)
Combining (2.21) and (2.19) it is clear that
DYY; <0, 1<i<N-1 (2.22)

We now observe the inequality, analogous to that in [21], for all N > 1

(1+ )N < 4NT! (2.23)

4Iln N
N
Also note that
ah 1
A=1+—=1+4N"1InN. (2.24)
€

Combining the above inequalities we obtain

AN <N (2.25)
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Then, from (2.20) and (2.25) we obtain

4Nt

0< ED_ZNM < T AN 1 <8N!
§D+mN/4 > Ail

0< =D myp < % <8N
— §D+nzv/2 > X

which we use to establish the following inequality
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D~ lyya(1 — Argha Doz

0<Ynu= 2 Dmnys
N B D+n
(D~ lIya+ 252Dy ) (1 — 2552 D_mjj\:r//zz) — 2 Dtmp,
_ Ar+A DTn
D7 lja(1 = 2582 =)

D (S
2 D7inp ( 2 D_mN/Q)
N+ Ay D+mN/4 A+ Ay D+nN/2

2 D_mN/Q)

< 16N 1-—
N ( Al + AQ D+TLN/2

2A,
<16N' 1+ 8N—1)
o ( A+ A

< 48N!
We introduce the 2 mesh functions
e = [Wi(0)]Y; & Wi(x))

Clearly ¥5 > 0, ¥5 = 0, and LY¢yF = |[W,(0)|(a(z;) —a)DTY; < 0. Therefore
by the discrete minimum principle in Section 2.3 of [21] it follows that ;" >

0, 1 <i< N —1. Using Lemma 2.5 we have, for all x; € [0, 1]
(Wi ()] < [Wh(0)[Y; < [Wi(0)[Yn < CNT*

as required
To complete the proof we use the arguments from [21]. We must show
that the result holds for z; € (0, o), since for i = 0 there is nothing to prove.

From (2.10) and ¢ = £In N we have

LéV(Wl —wy) < Coe 2N~ le—owi-1/e (2.26)
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For i € [0, N/4] we introduce the two mesh functions

n Ce*h/e Lar—1  Ar—1
1/)1' :mag_ N_ Y;+CN_ j:(Wl_wl)<xZ)

where is v is as defined above and, for all i € [0, N/4],

AN/ vh
Y=o ATt
DYy, < —Lemmnle <0 0 <Y < 1.

15

Then ¢F > 0, 2/1?5 2 0 and LY w;t < 0, therefore by the discrete minimum
principle in Section 2.3 of [21], ¥ > 0 for all 4 € [0, N/4], from which the

required result follows. [

Lemma 2.10. The following parameter-uniform bound holds for N > 8
|(Wy —ws)(x;)] < CN'In N

where C'is a constant independent of N and €.
Proof. The proof is analogous to that in [23]. We start by obtaining a bound

on |[D(Wy — ws)(d)]], firstly re-writing the expression as follows:

[D(Wa = ws)(d)] = [DW5(d)] — [Dws(d)]

= [L(d)] = [DVe(d)] + [wh(d)] — [Dws(d)] — [DWi(d)].

3

Furthermore note that

()] — [DVi(d)] = L(d*) — D vu(d) - (v;<d> - Dv5<d>) D0 — Vo) (d).
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By the triangle inequality
[D(ve = VO)J| < [DT(ve = V2)| + | D™ (v- = V2)|
Asin [21] on [d, 1], |eD*(ve — V.)(z;)] < CN~! and by Lemma (2.8)
|D™ (v = Vo)(d)| = [(ve — Vo) (d — Hi)/Hy| < CN7Y
Therefore,
[D(ve = Vo)(@)]| < C(eN) ™"
Additionally note that
[v2(d)] = [Dv(d)]| < CN7H ol |lg-var <CNT
Therefore
|[vi(d)] — [DVz(d)]] < C(eN) ™.
Similarly
()] = [Dus(d)] = whla*) = D) — (w(d) = D un(d)).
And so

[wh(d)] — [Dws(d)]| < CHal|wS | ja.ar bz + CHl[wS |-,

< CHy + CHye ®d-H/e < o N1
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Finally, we have
[Dwi(d)]| < (Hy + Hy)w](d — Hy)| < Ce™2e @ /E < ONT,

since e~d-Hi)/e < g=ald=4/N)/e < g=ad/2  Note that by the arguments in

[21] and by Lemma 2.9, |[D(w; — W;)(d)]| < C(eN)~'In N. Therefore by the

triangle inequality we have
[D(wy — Wy)(d)]] < C(eN)'InN.

We now consider the local truncation error on QY. Using the bounds on the
derivatives of ws and standard local truncation error bounds we obtain the
following for z; € (d, 1)

a(z;)

9
LY (We = w2) ()] < 5 (i = zim) 057 oy + =5 (i = 20) w5

[zi,241]
S OH26—(X(JJi_1—d)/€

< CON~ L

For x € [0, d) we have

|LY (Wy — wo) ()| < C(h + Hy)e @lo—h/e

< CN7 L

Finally, for z; € (0,0) we get

|LY (Wy — wy) ()| < Ch < ON7L
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In summary we have

LY (Wy —wy)| < CN7' and |[D(wy — Wa)(d)]] < C(eN)"'InN.

The remainder of the proof is analogous to that in [23]. Consider the following

mesh functions

y L >

¢%7 $i§2 d>

¢pf=CN'InN +CN ' InN(1 — ;) £ (Wo — ws)(z)

where 1); is defined as follows
(e6> +aD )y =0, ¥y =1, vy =0.
Then ¢3 > 0, ¢ =0, LN¢* < 0 and [Dé*(d)] < 0, from which the required

bound follows.

Theorem 2.11. Let U., u. be, respectively, the solutions of (PY) and (P.).
Then for all N > 4

sup [|(Uz — u.)(2)|loy < CN“'InN

0<e<l

where C'is a constant independent of N and €.

Proof. This result is obtained by combining Lemmas 2.8, 2.9 and 2.10. [J

Lemma 2.12. For all N > 8§

sup ||(U. — us)(‘rl)Hﬂé\f <CN 'InN

0<e<l1

where U, is the piecewise linear interpolant of U, on Q and C is a constant

independent of N and € and C is a constant independent of € and N.
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Proof. The proof is analogous to that in [21]. Let @. be the piecewise linear

interpolant of the values of u. at the mesh points QY i.e.
N
Ue = Zua(x2)¢z($)

=0
where ¢;(x) is the piecewise linear function defined by ¢;(x;) = ¢; ;, for all
i, j €10, N]. By the triangle inequality we have

”UE_UEH < HUE_EEH + ||t — ue|. (2.27)

To bound the first term on the right-hand side, note that

0. — . = 3 (Vs — ) (@)én(a)

=0

By Theorem 2.11 we have
|(U. — ue)(z;)| < CN'In N
and since ¢;(z) > 0 and || 0" ¢4 < 1, it is easy to see that
|U. — .|| <OCN'InN.

It remains to bound the second term on the right-hand side. Note the
classical estimate for linear interpolation, ¢ € [0, N — 1] and f € C?*(£),

where Qz = (331', .Z'H_l) and X; € Qz

(F = @) < 5o — 21 ")

0. (2.28)

We now decompose the interpolation error analogously to the decomposition
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of the exact solution u,

Ue — Ue = Ve — Ve + Ws — W,

where v, and w, are the piecewise linear interpolants of the values of v, and
w, respectively at the mesh points V. We bound each of the two components

on the right-hand side separately. From (2.28) and Lemma 2.4 we have
7. — v.|| < CN72. (2.29)
and, for all z; € Q;,
(W, — we) ()] < C(2ip1 — 15)% 2 (2.30)
When ¢ = ¢ we have ¢! < C'In N. Therefore from (2.30) we get
(. = we) ()| < C(N"'In N)*,
In the case where o = £1In N we have, from (2.30)
(2 = we) () o, o) < C(2N72 < CNT I N
and from Lemma 2.5 we have
(@1 = w1) (@), 1) < 2l|wn|fp,y < Ce /= CN7".
From Lemma 2.6 we have, for z; € [0, 1]

(@2 — ws) (;)]] < CN72.
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Therefore,
| (W, — w.)(z)|]| < CN~*InN. (2.31)

The proof is completed by combining (2.29) and (2.31) and using the triangle

inequality. [J

Lemma 2.13. For each z; € QY U {0} and all z € Q; we have
le(DTus(x;) —ul(x))| < CN'In N

where C' is a constant independent of N and .

Proof. The proof is analogous to that in [21]. It is clear that
(D ue (27) — uz(2))| < (D we(ws) — vl(2)] + |e(DFwe () — wi())].

We will therefore complete the proof by bounding each term on the right-hand

side separately. Note the following identity for any function ¢ € C?(;)

D*(zs) — ¢/(2) = — / _ /t_ (1) - /t_ S (232

Tit1 — T4

from which we get

[\CRNGV]

1D ¢(x:) — ¢'(2)] < 5 (i1 — 20) 16" [l (2.33)

We can then use this inequality, along with Lemma 2.4, to bound the first

term on the right-hand side as follows

3
e[ D () — ol (2)] < O (wir — mi)llevtllo, SONT! (234)
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For the second term we have
elDTwe(:) — wi(w)| < e|DTwi(w:) — wi(z)] + | D wa(xs) — wh()].
By Lemma 2.6 the second term on the right-hand side is bounded as follows
e[ D () — wh(@)] < O (s — w)lewlla, < CN
For the first term on the righthand side we have
1D () — i (@)] < O (win — ) lewfll, < C (wun — ). (235)

We first consider the case where o = d/2, therefore z;,1 — x; = CN~! and
e} < C'"InN, yielding the required bound. In the case where o = SIn N
note that for z € [0, o) we have z;,; — z; = 40 N~!, from which the required
result follows from (2.35).

It only remains to consider the case where ¢ = £InN and z; € [0, 1).
Using the differential equation for w; and integrating by parts and applying

Lemma 2.5 we get

/ sw'l’(t)dt‘ =
t=x;

The required bound is then obtained by using the above result and (2.32) for

/ (a'wy)(t)dt — (awr)(t)|{_,,| < Ce /s = ON~1.
t=x;

cw,. U

Lemma 2.14. For each z; € QY U {0} we have
(D (Ve(2:) — ve(2))]| < ONT

where C' is a constant independent of N and ¢.
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Proof. The proof is analogous to that in [21]. Let e; = (V. — v.)(x;) and

7; = LNe;, therefore ey = 0 and, by Lemma 2.8 we have

|5€N—1|

leDTen_1| =
—IN-1

< CeN!

We now prove the claim for i € [0, N —2]. Rewriting the relation 7; = LYe;

we get

eD%e; —eD% e 1+ (1/2)(zj41 — zj_1)alx;) D e; = (1/2) (w01 — xj-1) 75

Summing and rearranging we obtain

N-1 N—-1
eD%eil < leD¥en |+ (1/2) Y (@i — )|l + (1/2)] Y (25401 — xj-1)alz;) Dre;).
Jj=t+1 Jj=i+1

The first term on the right-hand side has already been bounded. It was
established in the proof of Lemma 2.8 that |7;] < CN~', therefore the second
term is also bounded by C N~!. It only remains to bound the final term on
the right-hand side. Note that

+ Tjt1 — Tj-1 Lj—Tj—2

(@j41 — wj—1)a(z;)D7e; = —————a(x;)ej41 —

al(rj_1)e;
Tje1 — 1 T;— Ty ( J 1) J

~ I T () — alwyon))e;

Lj+1 = Lj
Tjy1 — Tj—1  Tj — Tj—2
ot j-1 4 J )a(x-,l)e-.
Til1 — T, T;— T I I
Jj+1 J J Jj—1

Summing both sides we have, for i < N/4
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xX; — Tj_
> (w41 —2j1)a(z;)Dre; = ——————a(w;)eis
=it Tig1 — X4
N1
- S (a(wy) — a(wia))e
jmip1 AL T

+ (1= z)a(@nzam)enys = alen/a)enja)
1

H,

+ (1= ) (a(@np-)enye — alenz2)enjzi)
2

For N/4 <i < N/2 some or all of the second last term on the right-hand side
will be zero. For ¢ > N/2 the second last term on the right-hand side will be

zero and some or all of the last term will be zero. From Lemma 2.8 we know

le;] < CN™L. For i # N/2 we have x;i;—f;l < 2 and for i = N/2 we have

ITN/241 — TN/2-1 . H1+H2 B (1—d)—|—2(d—0‘) < 2

xN/2+l_$N/2 H2 1-4d - 1—d
Additionally,
H, 1—-3d—20 1—2d
[1——=[= | <] <1
H, 1—-d 1—-d
Therefore we have the following for all ¢ € [0, N — 2]
N-1
Y (@01 —z5-1)alz;)Dhe;| < ONT!
J=i+1

from which the required result is obtained. [J

Lemma 2.15. For all x; € QY U {0} we have

leDY (W, —w.)(z;)| < CN'InN
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where C' is a constant independent of N and €.

Proof. By the triangle inequality we have

DT (We = we) ()] < [eDT(Wh — wi) ()] + [eDT (Wa — w) ()]

The first term on the righthand side may be bounded using the arguments
in Section 3.5 of [21]. In the case of the second term, the proof is analogous
to that in [23]. We first obtain the required bound on [d,1]. Let ¢; = (W5 —

wy)(z;) and 7; = L¥e;. Note that we can show that for x; > d

|(Wy — ws)(2;)] < CN"'In N(1 — xy) (2.36)

using the following barrier function

1—5(32‘

1—d

¢i=CN'InN

Since ey = 0, we have, from (2.36), [eD%ex_1| < CeN~'In N. Rewriting the

relation 7; = LY¢; as follows we have

1 1
€D+€j — €D+€j_1 + §<Zlfj+1 — l’j_l)(l<33j)D+€j = §($j+1 — .ij_l)Tj.

Summing and rearranging we get

N-1 N-1
1 1
leD¥e;| < |eDTen_1| + 3 E (i1 — xj) |+ §| E (zj41 — zj_1)a(z;) DT ey).
j=it1 j=i+1

We have already bounded the first term on the righthand side. The second
term is also bounded since 7; < CN~'. In the case of the third term we apply
the arguments from the proof of Lemma 2.14 to obtain the required bound.

In order to obtain a similar bound on the subdomain [0,d], we define
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Wa(x) = Wa(x) — Wa(d) which satisfies

LYW, =0 for all z; € QY

Wa(0) = —Wa(d), Wald) =0, Wy(1) = —Wy(d).

Then for x; < d we have

D+(W2 - wg)(l}) = D+(W2 - wg)(d) + D+(VNVQ - U~J2>($Z)

The first term on the righthand side is already bounded and in the case of the
second term we repeat the arguments above over [0, d| to obtain the required

bound. [

Theorem 2.16. For all N > 8 and each i € [0, N — 1] we have

sup [|e(DTU(z;) — ul)||g, <CN 'InN

0<e<1

Proof. See [21] for the proof. [
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2.4 Numerical Results

We will now look at some computational results for specific problems of the

type described in Section 2.1. Consider the following:

eul +a(z)u' = f, x € (0,1)

2z + 1, J?S%,
where a(x) = <
3z +1, 332%.
\
(
11—z, xﬁ%,
and f(x) =
x, x>%.

(2.37)

We solve this problem numerically using (PY) and the fitted meshes described

in Section 2.2 The global error is approximated by

EYN = max |UN - Us*,
2;€0524288

The approximate global error computed using (PY) is depicted in Fig. 2.1
for N = 64 and € = 10~*. On the same plot we have shown the corresponding
approximate global error when a fully fitted mesh is used. The fully fitted
mesh is identical to the partially fitted mesh in the boundary layer region,
and has a further fine mesh region starting at = d, of thickness o* =
min{(1 —d)/2, £In N}. Therefore we have x4 = 0, Tn/2 = d as before and

additionally now have x3n/4 = d + 0*. The mesh is fitted to The four mesh
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widths are denoted in the following way

do 4(d — o)
h = — h = ——
VAR N
4o* 41 —d—o")
H, = Hy=——— ~ "~/
L VA N

The global errors for the numerical solution on the partially fitted mesh for
various values of N and e compared to the reference solution (the numerical
solution on the fully fitted mesh with N = 524288) are presented in Table
2.1, along with the uniform convergence rates computed using the double grid
approach, where

BY = ma [UY - 024

DY = max |UY — U2N|, DV = max DY,
J)iEQéV 5

pn = log, DY /D,

This table verifies the convergence result. Table 2.2 gives the analogous com-
puted errors and uniform convergence rates for the scaled discrete derivatives.
Again, the theoretical error estimate is confirmed.

Consider a second example:

eul +u' = f,
us(0) =0, u(l) =0,

where f(z) = (x — 1/2)%3 (2.38)

Fig. 4.2 shows the approximate global error computed on partially and
fully fitted meshes for N = 64 and € = 107, Tables 2.3 and 2.4, analogously

to Tables 2.1 and 2.2, present the approximate global errors for the numerical
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Figure 2.1: Approximate global error for problem (2.37) with ¢ = 0.0001

N = 64.

and

Table 2.1: Global errors E'év and the uniform order of convergence py for the discrete solution, partially
fitted mesh method (PX) applied to problem (2.37).

Number of intervals N

€ 64 128 256 512 1024 2048

1 9.04E-04 4.48E-04 2.24E-04 1.12E-04 5.58E-05 2.78E-05
22 4.02E-03 1.94E-03 9.86E-04 5.11E-04 2.51E-04 1.20E-04
24 1.64E-02 8.21E-03 4.16E-03 2.12E-03 1.05E-03  5.18E-04
26 1.46E-02 8.71E-03 5.10E-03 2.91E-03 1.68E-03 9.39E-04
2—8 1.52E-02 8.50E-03 4.88E-03 2.68E-03 1.56E-03 8.39E-04
2-10 1.58E-02 8.92E-03 4.93E-03 2.75E-03 1.52E-03 8.31E-04
212 1.60E-02 9.12E-03 5.09E-03 2.88E-03 1.62E-03 8.68E-04
2—14 1.61E-02 9.18E-03 5.14E-03 2.93E-03 1.66E-03 9.03E-04
2—16 1.61E-02 9.19E-03 5.15E-03 2.94E-03 1.67E-03 9.15E-04
2—18 1.61E-02 9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.18E-04
2—20 1.61E-02 9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.19E-04
2—22 1.61E-02 9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.19E-04
=24 1.61E-02 9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.19E-04
2—26 1.61E-02  9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.19E-04
228 1.61E-02 9.20E-03 5.16E-03 2.95E-03 1.68E-03 9.19E-04
2—30 1.61E-02 9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.19E-04
PN 9.33E-01 7.47E-01 7.91E-01 6.97E-01 7.67E-01 8.43E-01

solution and the pointwise errors for the discrete derivative respectively, again

confirming the theoretical error estimates.

2.5 Summary

We considered a two-point boundary value problem for a singularly perturbed

convection diffusion equation with a singular perturbation parameter ¢ and

a source term whose first derivative and convection coefficients are discontin-
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Table 2.2: Maximum pointwise errors Eév, and the uniform order of convergence py in the scaled

discrete derivatives for the partially fitted mesh method (PY) applied to problem (2.37).

Number of intervals N

€ 64 128 256 512 1024 2048
1 1.59E-02 8.01E-03 4.02E-03 2.01E-03 1.01E-03 5.03E-04
- 3.36E-02 1.72E-02 8.75E-03 4.45E-03 2.22E-03 1.10E-03
8.67E-02  4.80E-02 2.55E-02 1.32E-02 6.66E-03  3.34E-03
7.73E-02  4.94E-02 3.01E-02 1.76E-02 1.01E-02 5.60E-03
7.58E-02 4.77TE-02 2.88E-02 1.67E-02 9.54E-03 5.27E-03
7.61E-02 4.80E-02 2.87E-02 1.66E-02 9.41E-03 5.21E-03
7.62E-02 4.81E-02 2.89E-02 1.68E-02 9.55E-03 5.27E-03
7.63E-02 4.82E-02 2.89E-02 1.69E-02 9.61E-03 5.32E-03
7.63E-02 4.82E-02 2.89E-02 1.69E-02 9.63E-03 5.34E-03
7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.34E-03
7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03

NSNS e
[ S G SR EF R
S ® o s wOo ®OEN

—22 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03
-2 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03
—26 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03
—28 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03
—30 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03
PN 5.43E-01 6.79E-01 7.26E-01 7.61E-01 &8.19E-01 8.61E-01

20 210 ‘ ‘ ‘ ‘ 20 210

15 15 1

10 10 1

5 5 1

0 0

5 . ! : : 5 : : : :

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Approximate global error on partially-fitted mesh Approximate global error on fully-fitted mesh

Figure 2.2: Approximate global error for problem (2.38) with ¢ = 0.0001 and
N = 64.

uous. We constructed a numerical method for solving this problem, which
generates e-uniformly convergent numerical approximations to the the solu-
tion and its derivatives. The method consists of the standard upwind finite
difference operator on a Shishkin mesh fitted only to the boundary layer and
not to the interior layer. It is worth noting that, in view of the bounds ob-
tained on the scaled discrete derivative for this problem, then it is possible to

extend the results of this chapter to the case where there are multiple such
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Table 2.3: Global errors E'év and the uniform order of convergence py for the discrete solution, partially
fitted mesh method (PX) applied to problem (2.38).

Number of intervals N

€ 128 256 512 1024 2048

1 7.96E-04 3.47E-04 1.59E-04 7.51E-05 3.62E-05 1.77E-05
22 6.90E-03 3.39E-03 1.67E-03 8.27E-04 4.11E-04 2.05E-04
2—4 2.84E-02 1.65E-02 8.39E-03 4.23E-03 2.12E-03 1.06E-03
26 3.16E-02 1.78E-02 1.01E-02 5.73E-03 3.23E-03 1.80E-03
2-8 3.42E-02 1.92E-02 1.06E-02 5.85E-03 3.21E-03 1.76E-03
2-10 3.52E-02 2.00E-02 1.11E-02 6.13E-03 3.35E-03 1.81E-03
212 3.54E-02 2.02E-02 1.13E-02 6.29E-03 3.46E-03 1.88E-03
2—14 3.55E-02 2.03E-02 1.14E-02 6.33E-03 3.50E-03 1.92E-03
2—16 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03
2—18 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.52E-03 1.93E-03
2—20 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03
2—22 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03
=24 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03
226 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03
228 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.52E-03 1.93E-03
2—30 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03
PN 8.00E-01 7.48E-01 8.18E-01 8.22E-01 8.38E-01  8.46E-01

Table 2.4: Maximum pointwise errors EN, and the uniform order of convergence

discrete derivatives for the partially fitted mesh method (PY) applied to problem (2.38).

e

pn in the scaled

Number of intervals N

€ 128 256 512 1024 2048
1 1.70E-02 8.51E-03 4.26E-03 2.13E-03 1.06E-03  5.29E-04
22 4.32E-02 2.27E-02 1.17E-02 5.91E-03 2.97E-03 1.49E-03
2—4 1.15E-01 7.58E-02 4.21E-02 2.22E-02 1.14E-02 5.80E-03
2-6 1.18E-01 7.87E-02 4.95E-02 2.98E-02 1.73E-02 9.83E-03
28 1.21E-01 8.04E-02 5.02E-02 3.00E-02 1.73E-02 9.76E-03
2-10 1.22E-01 8.14E-02 5.09E-02 3.04E-02 1.75E-02 9.84E-03
212 1.23E-01 8.17E-02 5.12E-02 3.06E-02 1.77TE-02 9.95E-03
2—14 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02  1.00E-02
216 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02 1.00E-02
2—18 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02  1.00E-02
2—20 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02  1.00E-02
2—22 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02 1.00E-02
224 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02  1.00E-02
226 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02  1.00E-02
2—28 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02  1.00E-02
2—30 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02  1.00E-02
PN 4.28E-01 5.67E-01 6.69E-01 7.41E-01 7.91E-01 8.26E-01

discontinuities in the domain.

We introduced a minimum principle for the

discrete problem and a decomposition of the discrete solution, by means of

which we proved the e-uniform convergence in the global maximum norm of

the approximations generated by the numerical method. Numerical results

presented were consistent with the theoretical results.
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Chapter 3

A singularly perturbed
convection-diffusion problem
with discontinuous boundary

data

3.1 Introduction

We consider the following boundary value problem in a domain €2, the unit

square.

Lu, = eAu, —i—pl% —i—pg% —qu. = fin Q,
ox dy

UE(JI,O) = g‘s($)7 ue($7 1) = gn(x)v YRS (Ov 1)
u:(0,y) = gu(y), us(1,y) = ge(y) y € (0,1)

95(0) # 9w(0), (3.1)
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where pi, po and ¢ are positive constants and 0 < ¢ < 1. While it is unusual
to exclude the case where ¢ = 0, subsequent analysis (Lemma (3.2)) requires

it. For f(z,y) and the boundary data it is assumed that

fe€C?™(Q), gy Gn, Guw, g € C**([0,1]) (3.2)

for some non-negative integer [ and o € (0,1) and that ¢7*(1) = 0, ¢2(1) =
0V m, n <2 We will use the Hélder space C"*(Q2) where 0 < a < 1.
While in this thesis we consider only problems with constant coefficients, it
may be possible to extend these bounds to the case of variable coefficients
under certain assumptions. However, due to the complexity of the analysis
here, even in the case of constant coefficients, to extend this analysis to the
case of variable coefficients would be challenging.

Throughout this thesis we are concerned with the numerical solution of
singularly perturbed problems with discontinuous data. The problem above
exhibits exponential layers along the outflow boundaries, a corner boundary
layer at the outflow boundary corner as well as a singularity of the solution
discontinuity in a neighbourhood of this corner. Whereas in [45] Kellogg and
Stynes examine a singularly perturbed convection-diffusion problem on the
unit square with parabolic and exponential boundary layers. In contrast, the
problems we consider differ in the direction of the flow, which is diagonal
across the domain. This gives rise to a different decomposition of the solu-
tions, therefore different expression of the solution in terms of modified Bessel
functions and increased difficulty in bounding derivatives.

In [45] and [47], Kellogg and Stynes considered a singularly perturbed
convection-diffusion problem on the unit square with exponential and charac-

teristic boundary layers and potential corner singularities at all four corners
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of the domain and obtained bounds for the solution of the problem and its
derivatives. In [75] and [76] the authors obtained bounds on the solutions
to related problems with Neumann boundary conditions. Discontinuities in
the boundary data at inflow corners give rise to corner singularities which are
propagated through the domain. Such problems are difficult to solve numeri-
cally, a special mesh is required to deal with the consequent solution behaviour
across the domain. In this chapter we analyse the behaviour of the solution
and derivatives of the problem outlined above with the objective of using
this information to design an appropriate domain decomposition numerical
method, with a suitably adapted mesh, to solve a similar problem in Chapter
4. While the analysis broadly follows a similar structure to that used in [45],
the bounds we obtain differ due to the nature of the flow and layers involved.
Additionally, there are significant differences in the decomposition of the solu-
tion and increased difficulty in the bounding of the higher derivatives of some

of the components.

3.2 Decomposition

S is defined to be the solution of the incoming half-plane problem

LSlzf*, T <1,

Si(Ly)=g:(y), Vy € R, (3.3)
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on the domain Il,.q. And S5 is defined to be the solution of the incoming

half-plane problem

LSQZO, y <1,

So(x,1) = gi(x) — Sj(x,1), Vo € R, (3.4)

on the domain II,.;. Note that f*, gy, g2, g%, g are smooth extensions of
fs Gns 9e, Gs, Gw respectively which die off at infinity, [26], that ¢} and g}
smoothly go to zero approaching the corner (1,1) and that S; is a smooth
extension of S; along the boundary of II,. The functions S; and S, will be a
good approximations to u. away from exponential layer regions and corners.
In order to deal with the outflow boundary layers and to correct the boundary
conditions along = = 0, y = 0, E; is defined to be the solution of the outgoing

half-plane problem:

LE, =0, x>0,

Ey(0,y) = =S7(0,y) — S5(0,y), Yy € R, (3.5)

on the domain II, and Fs is defined to be the solution of the outgoing half-

plane problem:

LEQZO, y>0,

on the domain II,, where S} and S5 are smooth extensions of S; and S, along
the boundaries of II, and II, respectively.
S1+ Sy + E1 + E5 satisfies L(S1 + So + E1 + Es) = f on Q but does not agree

with the boundary data for u. on any of the four sides of Q.
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Figure 3.1: Boundary data on Q, S1 + So + F1 + E»

We introduce zgg to deal with the disagreement between S; + Sy + E; + Eo and
the boundary data g,, and gs on the sides x = 0 and y = 0 respectively. The
corner function zgg(x,y) is defined as the solution of the outgoing quarter-

plane problem

Lzgo =0, x >0, y >0,
200(2,0) = gi(x), x >0,

200(0,9) = g,,(y) — E5(0,y), y > 0, (3.7)

on the domain Q).

S1+ So + E1 4 Es + zgg differs from the boundary data g, and g, on the sides
y =1 and =z = 1 respectively.

Similarly, z;; deals with the disagreement between S + S + E1 + Es + zgo
and the boundary data g, and g. on the sides y = 1 and x = 1 respectively

and is defined as the solution of the incoming quarter-plane problem on the

56



2 AV)-EH0.Y)

/ (.1
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Figure 3.2: Domain and boundary conditions, zgo

Sn(OHELEL D EoX, D420 (3,1)

2l V)

0 (%)

(L Dz A P gHE DT EHA TES+A)S

Figure 3.3: Boundary data on Q, S1 + So + E1 + Es + 2
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domain ()

Lz =0, x <1, y <1,
z11(x, 1) = —Ef (2,1) — Ej(x,1) — 250(x, 1), o <1,

a(Ly) = —E7(Ly) — E5(1,y) — 250(1,9) + (x(y) — 1)S3(L,y), y <1,

(3.8)

where Ef, E3, 25, and S5 are smooth extensions of Ey, Es, zpo and Sy re-

spectively along the boundaries of )3 and x, a smooth cut-off function [45],

satisfying

0, t< 1/2
x(t) =
1, t> 2/3

ensures that no incompatibilities are introduced at the corners of (2.

B D) =B 1) -z (1) 1)

e

-E(Ly)EA(LY)
-Z 50 (Ly) .
+((y)-1) 8 o(Ly)

-
s

Figure 3.4: Domain and boundary conditions, z11

As in [45] set 4. = u. — (S1+ Sa+ Ey + Eo + 20 + z11). Then 4. is the solution
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of the problem

where

gn(x> = 07
Guw(y) = —211(0,y),
9e(y) = —x(y)S5(1,y). (3.10)

The data of the problem (3.9) are compatible to arbitrary order at the corners
(0,0) and (1,1). However, as compatibility conditions at corners (1,0) and
(0,1) may not be satisfied, we introduce functions zjy and zp; to deal with

these incompatibilities. The corner function z1g is defined by the problem

Lzyy=0, x <1, y>0,
210(33', O) = —X(Q?)ZB(Q},O), xr < 17

z10(Ly) = —x(y)S5(1,y), y > 0. (3.11)
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(0.1)

2(¥) ST2(Ly)

v

[

(%) 2 11 (x.0)

(1.0)

Figure 3.5: Domain and boundary conditions, z1g

The corner function zy; is defined to be the solution of the following problem

Lzyy =0, x>0, y<1,
zo1(7,1) = (L= x(2))21 (2, 1), 2 >0,

201(0,y) =0, y < L. (3.12)

As in [45] set U, = @, — (210 + 201). Then 4.(z,0) satisfies

La. =0 € Q,

i (1,y) = ge(y), 0<y <1 (3.13)
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(1-(x)) 2 11 (x.1)

S
Y
Y

(0.1)

(1.0)

Figure 3.6: Domain and boundary conditions, zy;

where

gs(r) = —(1 = x(x))z11 (7, 0) — 201 (, 0),
gn(r) = —(1 = x(2))z11 (7, 1) — 210(7, 1),
Guw(y) = —211(0,y) — 210(0,9),

ge(y) - _201<1ay)' (314)

We examine the boundary data (3.14). Note that, near (0,0),

gs(z) = —211(x,0)

Ju(y) = —211(0,y),

since zp1(z,0) and 210(0, y) both equal zero at (0,0). As z1; is smooth at (0, 0)
it follows that the data are compatible at (0,0) to arbitrary order. Similar
arguments hold near the remaining corners of 2. Therefore it follows that the

data are compatible to arbitrary order at all four corners of 2. In this way
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we arrive at the following decomposition

Ua:Sl+SQ+E1+E2+Z()0+211+Z()1+210+’L~65. (315)

3.2.1 Summary of alternative decomposition

We include a brief descriptions of an alternative decomposition of the solu-
tion composed only of quarter-plane problems. Such a decomposition appears
appropriate given the characteristic layers present. However, due to the dif-
ficulty in attaining bounds on mixed derivatives in quarter-plane domains,
for the purposes of analysis we proceeded with the decomposition detailed in
the previous section, which permits the bounding of mixed derivatives on its
half-plane components.

S is defined to be the solution of the incoming quarter-plane problem

LS=f" <1, y<l1,
S(e,1) = gife), o < 1,

S(Ly) =g:(y), y <1 (3.16)

Let E be the solution to the outgoing quarter-plane problem

LE =0, x>0, y>0,
E(z,0) = =S*(z,0), z > 0,

E0,y) =-5"(0,y), y >0, (3.17)

where S* is a smooth extension of S along the boundaries of @);. The cor-

ner function zg(z,y) is defined as the solution of the outgoing quarter-plane
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problem

Lzgo =10, x >0, y >0,
z00(x,0) = gi(x), = >0,

200(0, ) = g (y), y > 0. (3.18)

211 is defined as the solution of the incoming quarter-plane problem

Lz =0, x <1, y<1,
211(x, 1) = —E*(x,1) — 250(x, 1), x < 1,

le(lay) = _E*(17y) - Z;O(Ly)v y < 17 (319)

where E* and 2, are smooth extensions of £ and zyy along the boundaries of

(2. The corner function zjq is defined by the problem

Lzig=0, x <1, y >0,
210(7,0) = —x(7)z11(x,0), = < 1,

The corner function zg; is defined to be the solution of the following problem

Lzp1 =0, x>0, y <1,
201(x,1) =0, = > 0,

201(0,y) = —x()211(0, ), y < 1. (3.21)

As before let . be the remainder function on the unit square. In this way we
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arrive at the following alternative decomposition

Ue = S+E+Z()1 +210+ZOO—|—211+1~L€. (322)

3.3 Bounds on components

3.3.1 Smooth components S; and 5
Growth conditions and Maximum Principle: 5

The analysis is analogous to that in [45]. Consider the incoming half plane

problem below:

0 0
LUE&AU—}-pl—U—i—pQ—U—qv:f, x <1,y € (—o0,00),
ox dy

v(1,y) = he(y), y € (—00,00)

(3.23)

where py, p; and ¢ are positive constants. Setting vy (x,y) = ePr=+P2v)/2ey (g )

we have

4’ Avy — K20y = fi(z,y), © <1,y € (=00, 00),
vi(L,y) = hea(y) = €Y% he(y), y € (—00,00)

(3.24)
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where fi(x,y) = deeP1@+P20)/2% £ (1 ) and k% = p? + p2 + 4eq. Set

§=(1—2)/2¢, n=(1-y)/2,
’02(577’]) = Ul(xvy)7 f2(§7n) = f1(96,y),

he,2(77) = he1(y)

yielding the Helmholtz equation

Avy — K2y = fo(&,1), € > 0,1 € (—o0,00),
U2(O>U) = heﬁ(n)v ne (—OO, OO)

(3.25)

The Green’s function for this problem is

G(§m;0,7) = %[Ko(npl) — Ko(kp2)] (3.26)

where

pr=y(0 =+ (—1)?

p2=(E+0)2+(n—1)

and K, is a modified Bessel function of the second kind [87]. With

ps =+ n—1)%
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we have the solution formula for (3.25) as follows

(€)= —o- / N / " o) Kolip) — Kolwpo)drdo
+ %“ /_ h he,g(T)[%Kl(mpg)]dT

(3.27)

As in [45], the solution of (3.25) exists and is given by (3.27) provided the
functions f; and hg are such that the integrals are convergent.

In examining the finiteness of the integrals, note that
|Ko(kp1)| + | Ko(kp2)| < C|Ko(kp1)]

and that in the case of 0 < 2¢, 7 < 21 we have Ky(t) < C|ln(t)| for 0 <t <1

and fol |Int|dt is finite. For o > 2¢ and 7 > 27,

= E=aP+ =P
= Ve =P+ =P

1
>§VO'2+T2

and, as in [45], using the bound derived from (9.6.23) in [1], |K;(¢)| < Ct~1/2e

for t > 1, we obtain the following integrability condition for the f, integral

|/|| 2|€/| ) |(0-2+7_2>1/4f2(0_77_)en/2(02+72)1/2d7d0’ .
o> r|>2|n

In the case of the hy integrals note that ps cannot be zero, therefore we need

only establish that large o and 7 do not cause the integral to become infinitely
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large. For 7 > 21 we have p3 > 7/2 and the integrability condition is as follows

/ 7_3/2|h612(7)|6_m—/2d7' < 00.
I7[>2[n]

Reverting to the original variables and setting r = (2%+?)!/2 the integrability

conditions become

| / / r V2|, )T 2 gy e < oo,
lz|>1 J|y|>1

/ 2 ()l P gy < 0o (3.28)
|

y|>1
We then obtain the following maximum principle.

Lemma 3.1. Let ® € C?(Il,;) satisfy L® <0, ®(1,y) >0V y € R on

and let p = min{py, p2}

1 00
|/ / (1+7)" V2Ll P/ *dydx| < oo,

/ (1+ ly) 21D (1, y)le /% dy < oo, (3.20)

o0

then ® >0 in I1,.q.
U € C3(L) satisfies |LU(z,y)| < [L8(z,9)] in Ty and [U(1,y)] <
®(1,y), Yy eR, then |U(z,y)| < ®(z,y) in 1,.,.0

Sy is defined to be the solution of the incoming half-plane problem

LSQZf*, T <1,

So(1,y) =0, Vy € R. (3.30)

Much of the analysis on Sy, S; and S, which follows is analogous to that in

[45]; however, a number of modifications are used in Lemma 3.4 due to the
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differing nature of the operator L defined in (3.1), compared with that in [45].
We use the Sobolev space W™ >(S) with the norm || - ||;s,00,¢ and where m = 0

we write || - ||oo.s-

Lemma 3.2. Let n be a non-negative integer. Let f* € W™ (Il,«1). Then

DnS < Hf*Hn,OO:Hx<1
|| i 0||OO,HZ<1 — q .

Proof. From the boundary conditions DjSy(1,y) = 0 V y. Differentiating
(3.30) we get L(DySo) = Dy f* on Il,<1. Let w(x,y) = % on I, 1.
Then w(l,y) = |DgSo(1,y)| ¥V y. Also, [L(w(z,y))| = [[Dyf lleem,e, and

|L(DySo)| = | D, f*| on <1, therefore the result follows by Lemma 3.1. [J

Lemma 3.3. Let n be a non-negative integer. Let f* € W™Hoo(T,q).

Then there exists a constant C' such that

||D1’DZSO||OO,HI<1 S C||f*||n+1,oo7nz<1'

Proof. Let

(1 =2)|| Dy f*[| o, m12<1
w(z,y) = ;/1 = V(z,y) € M.

Then w(1,y) = 0= |DySo(1,y)| V y from the boundary conditions,

Lw(z,y) <0 and

(1—x)q

| Lw(z,y)| = [1+ Dy f* oo, s

> |L(DySo)(z,y)]-

Therefore by Lemma 3.1
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1—

T
e L

| Dy Solx, y)| <

on Il,.1. As Dy So(1,y) = 0 V y the inequality implies that

D} So(1,y) — D;So(x,
D001, 9)] = |t DI D)

z—1- 11—z
D5 ey

- (3.31)

Also,
L(D.DS)| = |DuDLf*| < Doy f ottycrs ¥ (2) € et (3.32)

Using (3.31) and (3.32) and a constant barrier function,

HD;JC*”oo,de + HDxDZf*Hoo,qu

Wizx,y) =
( y) 1 q

the desired result is obtained.[]
Given a differential operator D = DDy, set |D| = m + n.

Lemma 3.4. Let m and n be non-negative integers. Set D = D;'Dy. Let

fre WIPH2o(IL, 1), Then there exists a constant C' such that

ID:DSollserecr < ClIF ip2serea + 1DSolloct, oy + 1Dy DSolloom1,,

+ |’D5DSO||OO,H1<1 + ||D2DSO||OO7Hz<1]'
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Proof. Let

L D (1) + paDy DSo(1y) — aDSo(1, )

P

§0<1],y) = DSO(]-?y) - DSO('ray) +

s0 So(1,y) =0V y and

LSy(z,y) = [Df*(1,y) — Df*(z,y)] +eD2DSo(1,y)

e(l—x
+ =T 2D (1,0) + 1DIDSI(1.9) - 4DIDS(1.)

L p2(1pl— x) [—DyDf*(1,y) + p2D;DSy(1,y) — ¢D,DSo(1,y)]
_ q(lp: DD (Ly) + psDyDSo(L,y) — aDSo(Ly)] .

Therefore

|LSo(z, )| < (1 =) f ipprceita + el DyDSolloorr, o,

e(l—x .
D 0 4 ) 102D ot + D2 DSolletcs + 1D2DSolor, o]

D1
p2(1 — ) .
+ p—1<1 + 2+ q) [|1DyDfNootscr + 1D2DSo||0o,11, <, + 1Dy DSt 011, |
+ o (1 +p2+ @) [IDf*loomiz<t + [[DyDSolloo 11,1 + [[1DSolloo,11,1] -

The following barrier function can then be used to bound So:

¢(9€,y) = 01{8(1 - x)”DiDSOHOO,Hx<1

1l—x .
e p)+ (1= )" lprzeottea + 1DSo]l o,

+ 1Dy DSollscr,cr + 1Dy DSolloc.tt, s + 1Dy DSolloom, i ]} (3.33)
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Since ¥(1,y) =0, Ly (z,y) < 0 and

(L (,y)| > |LSo(z, y), (3.34)

then for all y

DSOJ(l,y) — lim DSO(L?/) - DSD(:an)

r—1— 1—2z
= 1m .
rz—1~ 1—2z

Since |So(x,y)| < (z,y) ¥V (z,y) € T, it is easy to see that

1
DSya(Ly) = D (1y) + i—ijDsou,y) — gDS(1,y)]]

< 01{5[||D2D50||007Hz<1
i 2e — py

L D 2,00,m0er + 1D S0 |00, 11, <4

+ 1Dy DSollsc 11,1 + 1Dy DSollsert, e + 1Dy DSolloc 11,.,1}- (3.35)
Now L(DSy) = D f*, therefore

(eD2DSy + EDzDSO)(l, y) =Df*(1,y) — p1D.DSy(1,y)

Using the above we see that

((D2DSy + D2DSo)(1,y)| < Co{p[l|[D2DSol|so,m1,-.]

+ 21/l D120, 00 + 1D S0l 00 11,

+ 1Dy DSolloot1,; + 1Dy DSolloott,; + 1Dy DSolloo11,: ]}
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Therefore

(D2DSo) (1, y)| < Ci{palll DyDSollo 1.,

+ 211Dl 42,00,y + 1D S0llo0 11,2

+ | DyDSollso,11,, + 102D Sollos 11, + 105 DSo (1, 4)llsorm,,]}

+ ||D§DSO(1;ZJ)||oo,Hz<1 Vy.
Finally,
L(D;DSo)(x,y) = DiDf*(z,y) ¥ (w,y) € .
Using the above and the barrier function:

(I)('Tvy) = Cl{p1|’D§DSOHOO,Hm<1
+ 2[[/ l1p2.c0mm.a + [1DSollse 1,0

+ 1Dy DSolloo 1., + 1Dy DSolloo,mr,, 1}

L 122D e
q

and the maximum principle we obtain the desired result. [J

(3.36)

Theorem 3.5. Let m and n be non-negative integers. Let f* € WmHTmeo,

Then

||D;nDZSO||OO7HI<1 “ < C||f*||m+n,oo,Hz<17

where C' 1s a constant independent of €.

Proof. We use induction on m and note that the cases m = 0, 1 are proved in

Lemmas 3.2 and 3.3. Let k& be a positive integer and assume that the result
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is true for m = 0,1, ..., k. Let n be a non-negative integer. Applying Lemma

3.4 with D = D’u,j_lD;Z and using the inductive hypothesis we see that

1Dz Dy llsot, < CULF lkns1 + 1DSolloo,tt, <o
+ 11Dy DSolloott,cr + 1Dy DSolloott, 1 + 105 DSolloom1,1)

< ClLf* lrtnt 10000

That is, the result is true for m = k + 1, completing the proof.[J

We can use the above result to obtain a bound for S; by reducing (3.3) to

the case of homogeneous boundary conditions by letting
Ulz,y) = Si(z,y) —g:(y) Ve <l y € R (3.37)
Then
LU(z,y) = [*(z.y) —eg:"(y) —pogi'(y) +ag:(y) Vo <1,y € R
and U(1,y) =0V y. Using (3.37) and Theorem 3.5 it is easy to see that

1D Dy Silloo i,y < 107 DyUllconyer + 1Dy ¢ lloo

y<1

< C(||f*||m+n,oo,ﬂy<1 + ||g:||n+2,OO,R>‘

By the same arguments a similar result hold for S5 as follows:

1D Dy Salloomty< < CUL oo myr + (192 lInt2.00 + (197 [lm2,00%):

73



3.3.2 Exponential layer components F; and FE,
Growth conditions and Maximum Principle: F;

E is defined to be the solution of the outgoing half-plane problem given in
Section 3.2, (3.5). Growth conditions for a smiliar problem are shown in
[45], Section 3.1. We use the following maximum principle in order to obtain

bounds on Fj.

Lemma 3.6. Let ® € C*(IL,) satisfy L® < 0, ®(0,y) >0V y € R on II,

and

/ (1 + ly) 21D (1, y)le /% dy < oo, (3.38)

o0

then ® > 0 in II,.4.
IfU € C?(11,) satisfies |LU (z,y)| < |L®(z,y)| in U, and |U(0,y)| < ®(0,y), Vy €
R, then |U(z,y)| < ®(z,y) in 11,.0

Lemma 3.7. Let E1(0,y) = E19(y) V y. Note that |E1 || was bounded ¥V y

i section 8.3.1 . Then

|Ev(z,y)] < Col| Brollsope ™V (z,y) € 1L, (3.39)
where Cy = 1. And since || E1 gll2,00x was bounded ¥ y in section 3.3.1 then
By (z,y)| < Cl||E1,0||2700,]1@6_1:8_”””/E V (z,y) € I, (3.40)

where Cy = (p% +p1)(1 4 pa + 2q).

Proof. Let ¢(z,y) = ||Eiolleore /¢, therefore ¥(0,y) = ||Fiollor >
[ E1(0, )]

V oy and [Ly(z,y)] = qeP**|Erglleer > |LE)| = 0V (z,y) € I,

74



Therefore, by Lemma 3.6, (3.39) can be shown to be true. In order to
prove that (3.40) is true we must first bound |E;.(0,y)|. Let 0(x,y) =

Ey(z,y) — E1o(y)e /¢ on II,. Then 6(0,y) = 0V y and
LO(x,y) = —e "B o (y) + p2 B o(y) — 20B10(y))-
Therefore

|1L0(z, y)| < e P[] BY gllook + P2l B plloo + 24l Brolloo,z]-

Let
4e —p1x/2¢e —pizx/e " /
(z,y) = P(e —e )ENEY olloor + P2l B plloor + 24| E1 0|0 r)-
1

Then £(0,y) =0 =6(0,y) V y and

a2 | YD piapre e
|LE(2,y)| = (772 + e/ — e/ e B glloo s + pll Bl olloe.z + 20 Evolloo 2]

1

> e P || BY oo + P2l B olloo + 2001 B olloo 8]

> |LO(x,y)| V (v,y) € IL,.

Therefore by Lemma 3.6 |0(z,y)| < &(x,y) V (x,y) € I, that is

pafe < Y0 piajre _ —praje
|Br(w,y) = Broly)e ™| < Gl 12— e e B glloc.k + Pall B g loom
1

24| E10 || oo,r]-
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Now

L — Ey(0
B (0,9)] = | tim 2189 = £10y)

z—0t T

z—0t T

] |€<x7y)‘ . e—plr/a _ 1
< IS\ I e P —1
- xll}Igl‘*‘ xT + |E1’O(y>| :L‘ligl"' X

2

P1
= p—l(éHEi’,oHoo,R + P2l B plloo + 24/ B0l o) + —1ELo(y)]

< Cie7 Y| By, 02,00 -
Applying (3.39) to E;, yields
1By 2(2,y)] < C1|| By ollacore e on I,

as desired.]

Theorem 3.8. Let m and n be non-negative integers and let m denote the
smallest even integer that satisfies m > m. Note that

”El,oHm+n,oo,R€_me—Pw/ev (z,y) € I,. Then
D7D Ey (2, )| < Col| B ol 0028 e P17,

Proof. We start by assuming that n = 0 and prove the result using strong
induction on m. Note that the cases m = 0,1 were proven in the previous
lemma. With n = 0, assume that the result is true for m = 0,1, ..., k where
k is some positive integer. It has already been shown that || Ey l/z= o g and
| E10ll777 00 g are finite in Section 3.3.1. The function E ,, satisfies LE; 4, = 0

on I, and E,,(0,y) = EYy(y) V y, ie., E1,y, is the solution of a problem
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similar to (3.5), but with boundary data EY . Let
Ci = plCi_l + (1 + p2 + Q)Ci_g, 1= 2, 3, ceey (341)

where Cy and C] are as defined in the previous lemma. Applying the inductive

hypothesis to £ ,, with m =k — 1 we see that

’Dl;ilEl,yy (2,9)| < Cral|E1yy ||H,oo,R€7kH€iplm/E

< CrallBrollprroope eV (2,y) € M. (342)

Now LE; = 0 is differentiated k — 1 times with respect to z and rearranged

to obtain

|eDE B, (2,y)| = |(—eDE ' D2Ey — p\DEE, — ps DY 1Dy By + qDE By ) (2, y)|
< (CrarllBrolliroore ™ + p1Ck|| Eroll pome ™"

+ p2Cr_1|| Er o

FoorE g0k B Hﬁ,oo,Rgikﬂ)eiplx/g

< Chr1l| Erollfgoepe e ™V (2,y) € 1L,

using (3.42),(3.41) and the inductive hypothesis. Thus we have proven the
result for the case m = k + 1 and, by the principle of induction, the proof is
complete for the case n = 0. For n > 0, apply the result just proven to the
function D} Ey, which satisfies a problem similar to (3.5) but with boundary

data Efn) 4

By the same arguments a similar result holds for F5 as follows:
| D3 Dy Ex(,y)| < K| Baollmmoore e V", (3.43)

where Ky = 1, K| = (p% +pa)(1+p1 +2q) and K; = poKio1 + (1 + p1 +
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q)Ki_Q, 1= 27 3, ,D

3.3.3 Outflow corner component zy,

Growth conditions and Maximum Principles on the right-upper

quarter plane, (),

Consider the outgoing quarter plane problem on @ = {(z,y) € R* : z >

0,y >0}

0 0
LvEgAv+p1—v+p2—U—qv:f, x>0,y >0,
ox y

U(JT,O) = hs(x)v x>0,

U(O7y) = hw(fU)» y>0

(3.44)

where p1, po and ¢ are positive constants as before. Applying similar trans-
formations and change of variables as in [45], Section 3.1 we have the Green’s

function for this problem as follows

GEm;0.7) = = Kolp) — Folwps) — Kolrps) + Kolwpn)]  (3.45)

where

p1=(—0)2+(n—1)2,
pr =/ (E—0)2+ (n+71)2,
ps=(E+0)2+(n—1),

pr=~(E+0)?2+(n+7)°

78



and K, is a modified Bessel function of the second kind [87]. With

;= VET =7,
p= VET T,
pr =V (§—0)2+n?

ps =\ (E+ o)+

we have the solution formula for the Helmholtz equation derived from (3.44)

as follows
1 o0 o
va(&,m) = —g/o /0 folo, ) [Ko(kp1) — Ko(kp2) — Ko(kps) + Ko(kpa)]drdo
= [ b (D) ) = - )i
2 [ b (0) ) = - K ()

(3.46)

The solution of the Helmholtz equation exists and is given by (3.46) pro-
vided the functions fs, hy s and hg,, are such that the integrals are convergent.
In addition, if f; is negative and hs 5 and hy,, are non-negative, then v, is non-
negative since it can easily be shown that (3.45) is positive by rewriting it as

either

Kp2 Kpa
/ K (t)dt — / Ky (t)dt
Kp1 Kp3

or
KpP3 Kp4a
/ K (t)dt — / Ky (t)dt
KpP1 Kp2
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and noting that py — p1 > py — p3 and ps — p1 > py — p2 respectively (since

p2— p1 = pf_’fpz, etc.) and that Ki(t) is a decreasing function of ¢.

In examining the finiteness of the integrals, note that
[ Ko(kp1)| + [Ko(rp2)| + [Ko(kps)| + [Ko(rpa)| < C[Ko(rp1)]

and that in the case of 0 < 2¢, 7 < 21 we have Ky(t) < C|In(t)| for 0 <t <1

and fol |Int|dt is finite. For o > 2¢ and 7 > 27,

> —Vo? + 72

and, as in [45], using the bound derived from (9.6.23) in [1], |K;(t)| < Ct~1/2e

for t > 1, we obtain the following integrability condition for the f5 integral

/ / (0 + 7'2)_1/4|f2(0, T)|€_"“/2("2+T2)1/2d7'da < 00.
2 J2

n

In the case of the hy integrals note that neither ps; nor p; can be zero, therefore
we need only establish that large o and 7 do not cause the integrals to become
infinitely large. For o > 2¢ and 7 > 21 we have p5 > 7/2 and p; > 0/2 and

the integrability conditions are as follows

/ 0_3/2|h2,s(0)|6_””/2d0 < 00,
2¢

/ 732y (1) €2 < 0.
2

n

1/2

Reverting to the original variables and setting r = (z%+y?)/? the integrability
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conditions become

/ / 7,—1/2’f(x, y)|6—(m+p1r+pzy)/2sdydx < 00,
r=2s Jy=2t

/ x73/2|hs(x>|ef(mc+plac)/25dx < 00,
2

S

/ y—3/2|hw(y)|e—(ny+p2y)/2€dy < 0. (3.47)
2

We then obtain the following maximum principles for ¢); and Q). respectively.

Lemma 3.9. Let ® € C*(Q,) satisfy L® < 0 on Q1, ®(x,0) >0 for x > 0,
®(0,y) >0 fory >0 and

/ / (14 7)) Y2Ld(z, y)e~ P/ dydz| < oo,
z=0 Jy=0
/ (1+2)7320(x,0)e % dz < oo,
0

/ (1+y) %28 (0,y)e ™/ *dy < oo,
0

where p = min{py,pa}. Then ® > 0 in Q.. If U € C*Q,) satisfies
[LU(z,y)| < [L®(x,y)| in Q1 and [U(z,0)] < &(x,0) for z >0, |U(0,y)| <
®(0,y) fory >0, then |U(x,y)| < ®(z,y) in Q. O

Remark 3.10. The above proof applies to problems with continuous boundary
data but can be extended as follows to problems with discontinuous boundary

data as set out below, from private correspondence with N. Kopteva, 2012:

Let g(y) be the boundary condition function. Consider a sequence of con-
tinuous functions g, (y) such that it converges to g(y). Let the sequence g, gen-
erate the sequence of solutions U, ; one can apply the comparison principle to
each Uy, and using an appropriate barrier function, show |Uy,(x,y)| < ®(x,y).

Then take the limit to prove |U(x,y)| < ®(x,y).
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Alternatively, for any elliptic problem Lu = f subject to u = g on the
boundary, one can represent the unique solution via the Green’s function, G,
and its normal derivative, K, as u = fQ Gf + faﬂ Kg. Here f and g can be
continuous or discontinuous. If the problem satisfies the maximum principle
(for any continuous and smooth f and g), then one concludes that G > 0
and K > 0. Now, using the solution representation formula with possibly

discontinuous f > 0 and g > 0, one also concludes that v > 0. [

Lemma 3.11. Define Q. = {(x,y) € R?* : 2 >0, y >0, /22 + 32 > €} and
let ® € C%(Q.) satisfy L® <0 on Q. and ®(x,y) >0 for (z,y) € .

/ / (1+7)"V2Ld (2, y)e” P2 dyda| < oo,
z=¢ Jy=¢
/ (1+2)732®(x,0)e P/ *dr < oo,

/ (1+1y)*2®(0,y)e ™/ *dy < oo,

where p = min{py,p2}. Then ® > 0 in Q.. If U € C?*(Q.) satisfies
LU, y)| < [L0(z,3)| in Q. and [U(z,y)| < B(z,y) for (z,y) € -, then
U(z,y)| < ®(z,y) in Q.. U

We give two different sets of analysis showing how zpg can be bounded.
The following lemma is analogous to Lemma 4.1 in [45]. In the region of the
corner of ()1 the analysis is by means of Green’s functions expressed in terms
of modified Bessel functions of the second kind. A maximum principle is used

on the remainder of the domain. An alternative method is given subsequently.
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Lemma 3.12. For all x,y € ()1 we have

|200(x7y)| S O7 r S g,

200 (2, y)| < max{]|g o1 190 lloc.0n e 7% + 1| g lloore ¢

+ ||g:||oo,Q1€_py/6, r>e.

Proof. Since zy is discontinuous at (0,0), the maximum principle Lemma
3.9 cannot be used directly to obtain the desired bound on the whole domain,
Q1. Instead, we first establish a bound on zgg where » < ¢ using modified
Bessel functions to give a solution formula for (3.7). We can then bound
200 on the remaining portion of the domain using an appropriate maximum
principle. As in Section 3.3.1, using the Green’s function stated in terms of
modified Bessel functions for the translated problem, we arrive at the following

solution formula for (3.7).

Kl(:‘i’f’g}/zéf) . K1<I€T6/2€)

= Tt E5(0,t dt
sl ) = g [ e g ) — B0 ) P 7o)
N e~ (Pre+pay) /22y /oo P15l g s )[Kl(/w7/2s) B Kl(/ﬂ“g/Zs)]dS
2em B r T
0 7 8
(3.48)

where 75 = \/#? + (y — 1), 76 = \/2® + (y +1)% 17 = \/(z —s)* +y* and
rs = /(x4 5)? + y2. In the case where r < ¢ we have

R o B e

Ut [P K““I:”g’}ds

:Il+[2+J1+J2, (349)
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since x < € and y < . In order to bound I;, note that x < e and |t — y| <

e imply that xr5/2e < C, therefore Ki(kr5/2¢) < Ce/rs from [1], (9.6.9).

Therefore,
C
e[ (G-
€ Jp—yl<e 75 T8
A e
=C — — —)dt
[t—y|<e (7”52) ngj)
x x
< C/ ——dt + C’/ ——dt
t—yl<e T2+ (y — 1)? t—yl<e T2+ (y +1)?
t— t
—Ctan' () 4 ctant () < (3.50)
xr xr

For I, |t — y| > e implies that xr5/2e > k/2 > p/2 > 0, therefore by [1],

(9.7.2)
Ki(krs/2¢) < 0(2)1/261%/25 < C(:_5)1/2en|ty/2s_
Therefore,
L <% L iyl gy  CF b e gy

e [t—y|>e (7”5)3/2 Ve [t—y|>e (r6)3/2

Since x < r5 and ¢ < 5, m‘5_3/2 < r5_1/2 < e=Y2 therefore
L <Ce? / e Mt qr < ) (3.51)
lt—y|>e

The terms J; and J; can be bounded in a similar fashion, and so by combining
(3.49), (3.50) and (3.51) we attain the desired bound on zyy where r < e.

When r > ¢ let 0 = max{]lg: o, |0/l }e 7% + g 0,67/ +
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192 |06 7Y%, then

) . —pr/e [Py ]
26 = = {6 . b Z114 2z + pay = ]+
* —pzx/e 1 2 * —py/e 1 2
— llg0lloc.coc€ Z(pr = p7) + 4] —llgilloc.e ~(pp2 = 1) +q

<0
and |LO| > |Lzgl|. For all (z,y) such that /2% 4+ y?> = ¢ we have

0(z,y) = max{}lg:lls.0. |90 lls.0. e 7 + lgillc.a.e ™ + g2 e 7 > C

since x < € and y < ¢ in this case.

Then for y =0, =z > ¢

0(x,0) = (max{||g: e [9ll00.} + 9l )e ™ + 92l

> zo0(, 0) = g5 ().

And forz =0, y > ¢

0(y,0) = (max{llg:llc.0. 195 llc.0.} + 192 e )e ™ + il

> 200(0,y) = g, (y) — E2(0,y),

and E5(0,y) is bounded by Ce™?2¥/¢. Therefore by our maximum principle,

Lemma (3.11), the result follows. O

It is possible to extend the analysis above to bound the first derivatives
of zp0, as in ([45]) using the Leibniz integral rule. The complexity of the
expression of higher derivatives in terms of modified Bessel functions, however,

renders this method extremely complex for obtaining bounds on derivatives
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of zpp beyond the first ones. Alternatively we can bound zgg on the entire
quarter-plane domain using the maximum principle given in Lemma (3.9) and

Remark (3.10), as follows.

Lemma 3.13. For all x,y € ()1 we have

200 (2, )] < max{l|g;lloc., gulloc.aiye 7" + 1oy lloore ¢

+ g2 oo™

Proof. Let 0(z.4) = maax{[lg?lrs 195 oo e/ 19 o€ P+ e ",
then LO(z,y) < 0 as before and |Lzo(x,y)| < |LO(z,y)|. Also, |zp0(z,0)| =
|93 (z)| < 6(x,0). Now,

200(0,%) = g5 (y) — E2(0,y) and

0(0,y) = (max{|g:llsc.cr 192 llc.01} + 192 loc.@0)e ™ + N1 gilloos

therefore, given the bound obtained on |Ey(z,y)| in (3.43), the desired result

follows. OJ

Lemma 3.14. For all x,y € Q1 we have

200, (2, )| < max{]|g} w1 190 lloo. Ye P75 4 [l lloc.ue P77
+ 192 lloc.oue 5™
|200.2(, y)| < max{[|g:[loo.: 195 loo.0u Y775 + [|ghlloo@ue ™7™

+ 1192 loore

Proof. Let 8(z,y) = max{[2loe.ans 195 loecas Je 777 + g lowigre 7/ +
Hg;‘Hoo’Qle_py/Eg_l, then Lé(x,y) < 0 as before and |Lzog,(x,y)| < |LO(x,y)|.

86



Also, |zp0y(z,0)] =0 < 6(x,0). Now,

ZOO,y(Ov y) - gg (y) - Eé(oa y) and

6(07 y) - (max{||g:||007Q1’ ||gZ)||007Q1} + Hg:“OO,QJe_py/sg_l + HgZ;HOO,le

therefore, given the bound obtained on |E%(z,y)| in (3.43), the desired result

follows. The bound on |zgo| is obtained in a similar fashion. [

Theorem 3.15. For all x,y € Q1 we have

| Dy z00(, y)| < max{[|g loo.@r 195 1o Y /%™ + |9 oo,/
+ (195 loo.ue /5™
|D?200(xa y)| S maX{Hg:Hoo,Qu Hg;ku”oo,Ql}@_pT/aé_m + ||gfv||oo7Q1€_p$/86_m

+ 1192 loore

where m,n are non-negative integers.

Proof. The proof is by induction. Note that the cases n = 0,1 were proven
in the previous lemmas. Assume that the result is true for n = 0,1,...,k
where k is some positive integer. We then use the barrier function, 6(x,y) =
max{[|g; |c.qr: 195 lloc.ai Y /2™ g0 o€/ + |2 lloo.@ue /7™,
and Lemma (3.9) to prove the case for n = k+1, as in Lemma (3.14). Thus by
the principle of induction the proof is complete. The proof for | D" zpq(x, y)|

is similar.O]
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3.3.4 Inflow corner component zi;
Growth conditions and Maximum Principle on @),

Consider the incoming quarter plane problem on Qy = {(z,y) € R? : z <

Ly <1}

0 0
vasAv+p1—v+p2—v—qv:f, r<ly<l,
ox y

v(z,1) = hy(2z), z <1, v(l,y) = he(y), y <1,

(3.52)

where p;, po and g are positive constants as before. We apply the same
transformations as in 3.3.1 and using a change of variables we have the solution

formula for the transformed problem on @)

w6 =5 [ [ flom)Eolpy) ~ Knlps) ~ Kolwps) + Ko(wpoldrdo

0
nK 1 1
— hop, —K - —K d
+ e (U))[p5 1(kps) Py 1(kps)|do
€k /0 1 1
+ = ho o (T)|—Ki(kp7) — — K1 (kpg)|dT.
[ )l ) = - Kaep)]

(3.53)

As in Section 3.3.3, the solution to (3.52) exists and is given by (3.53) once
f2, hon and ho. are such that the integrals are convergent. Additionally, it
can easily be shown that if f, is negative and hy, and h.s are non-negative

then v, is non-negative. Using similar arguments to those in Section 3.3.3 we
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obtain the following integrability conditions.

/ / (02 4+ 7274 f5(o, 7')|e_“/2(”2+72)1/2d7d0 < 00
lo|>2[] / |7[>2]n]
ol onlo)le o < 00,
3/2 h ’ n|a|/2d
lo|>2[¢]

/| ; 17|73/ | hgo (7)€" 2dr < 0. (3.54)
T|>2|n
In terms of the original variables the conditions are
[ e ey < o,
|z[>2]s| J|y[>2]¢]
/ |x|‘3/2]hn(x)|e‘(“+7’1)|‘”‘/25dx < 00,
|z[>2]s|
[ e ey < oo 359
y|>2|t

Our maximum principle for Q) then follows:

Lemma 3.16. Let ® € C*(Q,) satisfy L® <0 on Qq, ®(x,1) >0 forx <1,

O(1,y) >0 fory <1 and

1 1
/ / (1+7)"YV2Ld(z, y)e P/ % dyds| < oo,
r=—00 J y=—00

1
/ (1+ |2))732®(z, 1)e P dz < oo,

o0

1
[ sty < o

o0

Then ® > 0 in Qq. If U € C*(Q2) satisfies |LU (z,y)| < |L®(z,y)| in Qa2 and
|U(xz,1)| < ®(x,1) forx <1, [ULy)| < ®(1,y) fory <1, then |U(z,y)| <

O(x,y) in Q. O
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Lemma 3.17. For all x,y € Q)2 we have

|z11(z, v)| < C

Proof. Let £(z,y) = C. Then L{ = —qC < 0, {(z,1) = C > |z11(z, 1)
and £(1,y) = C > |z11(1,y)|, since these boundary conditions are defined in
terms of zj,, By, E5 and S5 which are smooth extensions of zyy, Ey, E2 and
Sy respectively and can be shown to be of O(g) (209, E1 and Ey) and O(1)

(S3) along the boundary of Q2. By Lemma 3.16 the result follows. O
Lemma 3.18. For all x,y € Q2 we have

211,y (z, )| < Ce™!

211,02, y)| < Ce™!

Proof. Let O(x,y) = Ce™!, then LO(z,y) < 0 and |Lz11,(x,y)| < |LO(x,y)|.

Also, |z11,4(2z,1)] =0 < 6(x,1). Now for y <1,

2y(Ly) = =B (Ly) = B5 (Ly) — z50(L,y) + (x(y) = 1)'S5(L,y) + (x(y) — 1S5 (1,y),

0(1,y) = Ce 1.

Therefore, given the bounds already obtained on |E’ (x, y)|, | E5(x, y)|, |200(x, y)]
and |S5|, the desired result follows. The bound on |21 4| is obtained in a sim-

ilar fashion. O

Theorem 3.19. For all z,y € Q3, with n, m being non-negative integers we
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have

| Dyzu(z,y)| < Ce™

|D 2 (2, y)| < Ce™™

Proof. The proof is by induction. Note that the cases n = 0,1 were proven in
the previous lemmas. Assume that the result is true for n = 0,1, ..., k where k

—k and

is some positive integer. We then use the barrier function, 6(x,y) = Ce
Lemma (3.16) to prove the case for n = k + 1, as in Lemma (3.18). Thus by
the principle of induction the proof is complete. The proof for | D z11(z,y)|

is similar.O]

3.3.5 Corner components z;y and zy;
Maximum Principle on ()3

The open domain Q3 is defined as Q3 = {(x,y) € R?> : x > 0,y < 1}. Using

the approach of 3.3.3 and 3.3.4 we obtain the following maximum principle.

Lemma 3.20. Let ® € C%(Q3) satisfy L® < 0 on Q3, ®(x,1) >0 for x > 0,
®(0,y) >0 fory <1 and

00 1
/ / (1+7)"V2Ld (2, y)e” P2 dydr| < oo,
=0 Jy=—00

/ (1+2)7%20(x, 1)e "/ *dzr < o,
0

1
/ (1+ ly) 200, y)e 2 dy < oo,

oo

Then ® >0 in Q3. If U € C?*(Q3) satisfies |LU (x,y)| < |L®(x,y)| in D3 and
|U(z,1)| < ®(x,1) for z >0, |U0,y)] < ®(0,y) fory <1, then |U(x,y)| <
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O(x,y) in Q3. O

Maximum Principle on ()4

The open domain @ is defined as Q; = {(z,y) € R? : 2 < 1,y > 0} and the

corresponding maximum principle is as follows.

Lemma 3.21. Let ® € C*(Q.) satisfy L® <0 on Q4, ®(x,0) >0 forx <1,

®(1,y) >0 fory >0 and

1 00
/ / (1+7)"V2Ld(z, y)e” "% dydzx| < oo,
=—00 =0
=
/ (1+ |2)732®(z,0)e "1#1/2dr < oo,

/ (1+y) 3201, y)e ™/ *dy < co.
0

Then ® >0 in Q4. If U € C*(Q.) satisfies |LU (x,y)| < |L®(z,y)| in Q4 and
|U(z,0)| < ®(x,0) forz <1, |[U,y)| < ®(1,y) fory > 0, then |U(x,y)| <

O(z,y) in Q4. O

Lemma 3.22. There is a constant C such that for all z,y € Q4 = {(x,y) €

R*:x<1,y>0}
|210(2,y)| < C

and for all z,y € Q3 = {(z,y) € R?: x> 0,y < 1}
201 (2, y)| < C

Proof. Let n(z,y) = Ce. Then Ln = —qC < 0, and n(x,0) = C > |z10(x,0)|
by the definition of y and since zj; is itself bounded by C'. Finally n(1,y) >

|210(1,y)| = 0, from which the required bound follows using Lemma 3.21. The
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proof for the bound on zp; is similar, using Lemma 3.20.0]

Theorem 3.23. Analogous to Theorem 3.19 for all x,y € Q3 and Q4 respec-

tively, with n, m being non-negative integers we have

| Dy z10(,y)| < Ce™™
|DY z10(2,y)| < Ce™™
|Dyyzo1(,y)| < Ce™™

| Dy 201 (2, y)] < Ce™™

3.3.6 Remainder term u,
Maximum principle on the unit square, ()

The corresponding maximum principle on 2, the unit square, is set out below.

Lemma 3.24. Let ® € C?%(Q) satisfy L® < 0 on Q, ®(x,0) > 0 and ®(z,1) >
0 for0 <z <1, and ®(0,y) >0 and (1,y) >0 for0 <y < 1. Then & >0
in Q. If U € C*(Q) satisfies |LU(z,y)| < |L®(x,y)| in Q, |U(z,0)] < &(x,0)
and |U(z,1)| < ®(z,1) for 0 <z <1, and |U(0,y)| < ®(0,y) and |U(1,y)| <
O(1,y) for 0 <y <1, then |U(z,y)| < ®(x,y) in Q. O

Theorem 3.25. There is a constant C such that for all x,y € €1, using the

maximum principle stated above and analysis as per Section 3.3.4, we have

Dl (2,y)| < e

| DM (x,y)] < Ce™
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with n, m being non-negative integers. [

3.3.7 Solution of the original problem u.

Theorem 3.26. There is a constant C such that for all z,y € 2

uc(z,y)| < C
| Dyue(x,y)] < C(1+e7")

| D ue(z, y)] < C(1+e7™)

with n, m being non-negative integers.

Proof. Combining the bounds achieved on each of the components on the
half and quarter planes, as well as the bound on the remainder term in €2, we
obtain the above bound on u, , the solution to the original problem (3.1), and

its derivatives on 2.7

3.4 Summary

The result obtained in Theorem 3.15 and Theorem3.26 indicate that the effect
of the discontinuity in the boundary conditions at the southwest corner of the
domain (2 is greatest close to (0,0). The smaller €, the more the effect of the
discontinuity is localised: the case in which the effect of the discontinuity is
most evident is when we have large ¢ and small r and its influence decays
exponentially. This effect carries through to the other corner components
of the solution, including the remainder term. While the overall bounds in
Theroem 3.26 are somewhat disappointing the insight into this behaviour

motivates the domain decomposition numerical method described the next
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chapter, in which we seek to develop a parameter-uniform numerical method
to solve this type of problem. While error bounds are not obtained, numerical

results are presented supporting this approach.
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Chapter 4

On A Schwarz method for a
singularly perturbed
convection-diffusion problem
with discontinuous boundary

conditions

4.1 Introduction

We are concerned with a two dimensional steady state convection-diffusion
problem with discontinuous outflow boundary conditions, similar to that un-
der consideration in the previous chapter. It is well known that, where the
boundary conditions are sufficiently smooth and compatible, such a problem
can be solved with uniform accuracy with respect to the small parameter
using a standard finite difference operator on special piecewise uniform meshes

[72], [21] and [91]. Where the outflow boundary data are only weakly regular

96



and compatible, parameter-uniform solutions may also be obtained by this
method [21]. However, for large values of € (and by extension for small ¢ with
a sufficiently large number of mesh intervals), orders of convergence are small
and pointwise errors are large.

Numerical methods for singularly perturbed problems comprising domain
decomposition and Schwarz iterative techniques have been examined by a
number of authors, for example, in [72], [91], [73], [66] and [67]. In [72], Miller
et al. examine a continuous overlapping Schwarz method for a singularly
perturbed convection-diffusion equation with arbitrary fixed interface posi-
tions and find it to be uniformly convergent with respect to the perturbation
parameter. In [67] MacMullen et al. consider the corresponding discrete over-
lapping Schwarz method for the same problem and find that, in the discrete
case the numerical solution obtained converges to the solution of upwinding
on a quasi-uniform mesh. Furthermore, they show that if the interface po-
sitions for the overlapping discretised domains are based on layer-resolving
piecewise uniform fitted meshes then the numerical solutions obtained fail to
converge to the analytical solution. As an alternative they construct a discrete
non-overlapping Schwarz method on uniform meshes with artificial Dirichlet
interface conditions for singularly perturbed linear convection-diffusion prob-
lems in two dimensions with sufficiently smooth and compatible boundary
data and show it to be first order convergent for ¢ < N~1.

In the previous chapter we analysed the solution of a problem similar to
that described below and obtained bounds on its components which revealed a
localisation of the effect of the singularity which arises from the discontinuity
at the outflow corner. This behaviour suggests a domain decomposition ap-
proach to the numerical solution of the problem under consideration. While

we do not give error bounds for the methods shown in this chapter we ex-
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amine experimentally the performance of a number of domain decomposition
methods which, unlike those outlined in the previous paragraph, are extended
to the class of singularly perturbed convection-diffusion problems with more
general boundary conditions and set out numerical results for those methods.

We consider the following model problem in a domain €2, the unit square.
Oou.  Ou,

Lu=¢eAu. + —
U €u+8x+8y

us(z,0) =5 — 42t/% = gp(2), u(x,1) =1, z € (0,1)

=01n Q, (4.1)

u-(0,9) = y"* = g1(y), u.(l,y) =1, y € (0,1)

where 0 < ¢ < 1. While it is of a similar nature to the problem examined in
the previous chapter, in this chapter we do not enforce the requirement that
the coeflicient of u be less than zero. The problem exhibits regular layers along
the outflow boundaries, a corner boundary layer at the outflow boundary cor-
ner as well as a discontinuity similar to that treated in Chapter 3, see Figure
4.1. We implement domain decomposition methods to isolate the neighbour-
hood of the singularity, along with a discrete Schwarz iterative technique with
the aim of producing parameter-uniformly accurate solutions for all values of

e on the whole domain in the presence of such a singularity.
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Figure 4.1: Picture of our domain, 2, with the location of the boundary layers and
the discontinuity at the outflow corner
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4.2 Direct Method: non-iterative discrete method
on piecewise uniform fitted meshes

A tensor product of two piecewise-uniform fitted meshes Q¥ is used on €,

where the transition parameter o is chosen as
o =min{1/2,eIn N} (4.2)
along with the upwind finite difference operator

LYZ! = [e(62+62) + Df + D] Z1. (4.3)

and two mesh widths 2¢/N and 2(1 —o)/N.

The differences between the numerical solutions for various values of N
and the numerical solution for N = 256, which are indicative of nodal errors
are shown in Table 4.1, where

EYN = max |UN —U%°, EY = max EY.
$i,yj€QéV €

The computed orders of convergence for various values of N and ¢, defined by

DY = max |UN - U,
s N
LARTIIS O

Pév = log, DéV/DgN'

are shown in Table 4.2. It is clear from Tables 4.1 and 4.2 that the method
fails for problem (4.1) for large values of e. While at first glance these results

appear to be satisfactory for small ¢, since outside the corner region when a
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standard Shishkin mesh is applied the error is not significant and the error
does not propagate outside the corner region, see Fig. 4.2. However, as N
increases the results worsen for smaller values of e, see Table 4.1. It can
therefore be inferred that the bad behaviour for large ¢ will be replicated for
small ¢ where N is large enough and we conclude that the direct method fails

when applied to problem (4.1).

Approximate global error for e = 0.00001 Approximate global error for e = 0.25

Figure 4.2: Approximate global error for problem (2.38) with ¢ = 0.0001 and
N = 64.

Table 4.1: Maximum pointwise errors EN and E¥ for the Direct Method applied to problem (4.1).
Number of intervals N
16 32 64 128
0.0218 0.0243 0.0244 0.0191
0.0184  0.0227 0.0237 0.0188
0.0122 0.0190 0.0223 0.0183
0.0242 0.0150 0.0186 0.0172
0.0390  0.0223 0.0176 0.0140
0.0835 0.0471 0.0227 0.0145
0.1202 0.0739 0.0376  0.0149
0.1412  0.0907 0.0489 0.0192
0.1535  0.0992 0.0543  0.0220
0.1620 0.1045 0.0569  0.0230
0.1687 0.1084 0.0587 0.0234
0.1740 0.1116 0.0601  0.0238
0.1782 0.1141 0.0612  0.0240
—22 0.1816 0.1161 0.0621 0.0243
—24 0.1843 0.1177 0.0628  0.0245
—260.1865 0.1189 0.0634  0.0246
—28  0.1882 0.1199 0.0638 0.0248
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0.1882  0.1199 0.0638 0.0248
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Table 4.2: Computed orders of convergence pV for the Direct Method applied to problem (4.1).
Number of intervals N

€ 16 32 64

1 -0.18 -0.11  -0.08
2-1  .0.30 -0.16 -0.10
22 .0.70 -0.30 -0.15
2-3 050 -0.17 -0.30
24 040  0.00 0.00
2=6 063 0.74 0.00
2-8 043  0.66 0.69
2-10 036 055 0.68
212 035 0.53 0.62
2-14 035 0.53 0.62
2716 034 0.54 0.63
2-18 034 055 0.64
2720 034  0.56 0.65

2722 0.34 0.56 0.65

2724 034  0.57 0.66
2726 034 057 0.66
2728 0.34  0.57 0.66

4.3 Schwarz Method 1: domain decomposi-
tion with restricted overlap region

In all of Schwarz methods in this chapter we use the BiCGStab solver. Given
the location of the incompatibility it is natural to consider partitioning the

solution domain €2 into the following two overlapping subregions

Qs = (0,1°\(0,2) x (0, ), a,b>1
a

Qp = {(z,y) € (0,R)? : 2* + 3> < R*}, R=Cgo, Cr< 1

where C' is a constant, as pictured in Figure 4.3. On 2p we use the following

translation

v = @ t)/2ey,
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/vomg

Figure 4.3: Domain decomposition with restricted overlap region, Qg is pictured
with the overlapping subdomain, Qp, depicted in grey
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yielding the translated equation
2e2Av — v = 0.

In polar coordinates, required due to the shape of the subdomain and the
nature of the discontinuity in the boundary conditions (see Figure 4.4), the

equation becomes
26 (Vpy 4~y + —21)99) —v=0.
r r

We use a tensor product of uniform meshes with N intervals on this domain
in all remaining sections of this chapter.

For each k£ > 1,

k
Us[k](l'myﬁ = Ué](xi,yj), (74,y5) € Qg

— Tk
UM (;, ;) = 1[:](%;%)7 (zi,y;) € Qp N QY
where

i=0,1,..,N, j=0,1,..., N,

ITN/2 = YNj2 = O,

QY =V \ {(zs,y;)|zi < o/a,y; < o/b},

We use the same grid as in the Direct Method in Section 4.3 here also and

in all further sections of this chapter. Ui[k} is the bilinear interpolant of Uz-[k].
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Figure 4.4: The advantage of the shape of subregion Qp is that translating to polar
coordinates here enables us to smooth out the discontinuity when solving on this
subdomain. The point of discontinuity becomes our left hand boundary in polar
coordinates and we use linear interpolation to give us smooth boundary conditions
in polar coordinates.
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Then for k =1,

LYUS =0, (i) € OF,
U (i) = el ), ¥ {(@i,0)lo/a < @ <13,
{(zi, |0 <z < 1}, {(0,95)l0/b < y; < 11,{(1,y)[0 < y; <1}
Ug](xi,a/b) =G(zy), 0<z; <0/a,

Ugl](o-/avyj) = H(yj)7 0 S Y; S O-/b7
where G and H are arbitrary functions such that

G(0) = u(0,0/b), H(0) = u.(0/a,0),

G(o/a,o/b) = H(o/a,o/b).
And
Nyrlll _ D, N (1] N — il ‘
LPUP - O? (THQJ) € QPa UP (R? 9]) - US (R> 9])7

where UE](O, 6,) is a linear interpolant of g(0) and g (0).
For k > 1,

LéVUgf] = 0, (l‘i,yj) c Qg,
k rlk—1
Ug}(xl7y]) = U1[3 ](:Bi?yj)?

(.Ti,yj) € QS M QP
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and
LNUE =0, (r;,0;) € QN, UBV(R,0,) = UF (R, 0,).
We define the finite difference operators as

LYZ] = [e(62 + 5.) + D + D] 7zl

. 1 1 . .
LNZ] = 2% |62 + ;DQ + T—gég 7l -7 (4.4)

(2

where

with

D+ Z(x1,y;) = Z(xiy1,y;) — Z(ﬂfi,yj)7

Tip1 — T
_ Z(xi,y;) — Z(Ti1,Y;)
D, Z(z;,y;) = ;»—x. : i)
Z'I’i » Yj _Z$i_,y'
DgZ(l'myJ) = ( —Hxii —qy(l ! J).

The iterative process starts with solving on {2g with arbitrary boundary
values along the boundary of the notch. We then solve on (p, taking the
boundary values of the curved boundary of this domain from the interpolated
solution previously obtained on 2g. In the second iteration the boundary
values along the boundary of the notch come from the interpolated solution
obtained on €2p in the first iteration. We solve on €2p as per the first iteration.
We continue to iterate until the difference between the solutions on €2g for
successive iterations is less than 10~%. The final solution then comprises the

solution on g with the solution on {2p interpolated over the notch region.
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Figure 4.5: The iterative process
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It is important to note that, in order for the discrete overlapping Schwarz
method to converge to the correct solution, the overlap region between subdo-
mains must be sufficiently large. This can be seen in Table 4.3, which shows
the number of iterations for Schwarz Method 1 to converge for a range of

values of R for a tolerance level of

k k— _
max U (zi, ;) — ULy, ;)] < 1074
xi,ijQéV

From the definition of 2 and 2p it follows that the width of the overlap

region at its minimum point is

1 1
(CR— ?+b—2>0',

thus placing the restriction on our choice of C that

Cgr > % + b%

However, in addition to considering the necessary overlap width required
by Schwarz Method 1 for convergence, we must also bear in mind the choice
of R, the radius of the quarter-disk subregion. In the presence of the incom-
patibility we require R to be small in order to cluster more grid points in the
neighbourhood of the singularity, since it was shown the previous chapter that
the influence of the discontinuity is greatest in the region where r < . We
can see from Table 4.4 below that the computed orders of convergence are
not satisfactory for larger N as the radius chosen, 0.40, was too large. Since
the width of the overlap is proportional to o, for large values of ¢ the above

restriction imposed by this decomposition prevents us from choosing R suffi-

ciently small to resolve the singularity. This can clearly be seen the graphs
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included here in Figures 4.6 and 4.7 showing the pointwise errors for various

values of € and R.

Table 4.3: Tteration counts for Schwarz Method 1 (restricted overlap) applied to problem (4.1) for
tolerance 10~4, variable R

Cr

€ 0.36 0.37 0.38 039 040 080 1.20 1.60 2.00

1 24 15 12 10 9 4 4 3 3
2—1 25 15 12 11 10 4 4 3 3
22 26 16 13 11 10 4 4 3 3
23 27 16 13 11 10 4 4 3 3
2—4 28 17 13 11 10 4 4 3 3
2-6 30 18 14 12 10 4 4 3 3
2-8 31 18 14 12 11 4 4 3 3
2-10 31 18 14 12 11 4 3 3 3
212 32 19 14 12 11 4 3 3 3
2-14 39 19 15 12 11 4 3 3 3
216 32 19 15 12 11 4 3 3 3
218 32 19 15 13 11 4 3 3 3
2-20 33 19 15 13 11 4 3 3 3
2—22 33 19 15 13 11 4 3 3 3
2-24 33 19 15 13 11 4 3 3 3
2—26 33 19 15 13 11 4 3 3 3
2—28 33 19 15 13 11 4 3 3 3

Table 4.4: Computed orders of convergence for Schwarz Method 1 (restricted overlap) applied to
problem (4.1)with R = 0.40.

Number of intervals N
16 32 64
1.50 0.14 0.15
1.33  0.15 0.14
0.76  0.88 0.35
0.50 1.27 0.92
0.30 0.28 0.28
0.63 0.74 0.82
0.44 0.66 0.81
0.36 0.55 0.68
-12 035 0.53 0.62
-4 035 0.53 0.62
0.34 0.54 0.63
0.34 0.55 0.64
—20 034 0.56 0.65
—22 034 0.56 0.65
—24 034 0.57 0.66
—26 034 0.57 0.66
—28  0.34 0.57 0.66
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Pointwise errors

0.04

0.035

0.03

0.025

0.02

0.015

0.01

0.005

T

T

T

T

R=0.36*sigma, 0.37*sigma, 0.38*sigma, 0.39*sigma, 0.40*sigma

1 1 1 1 1 1 1 1 1 1 J

0 0.1

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
epsilon

Figure 4.6: N = 64. When R is small we get satisfactory results for the pointwise
errors using Schwarz Method 1. However, the method requires many iterations to
converge when R is small.
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0.05

R=2*sigma
0.045-
0.04 -
0.035[-
R=1.6*sigma
»0.03 -
S
5]
foos5-
2
c
©
0.0.02-
R=1.2*sigma
0.015
0.01r R=0.8*sigma
0.005 |-
R=0.4*sigma
0 Il Il Il Il Il Il Il Il Il Il J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
epsilon

Figure 4.7: N = 64. With large R we see the pointwise errors for Schwarz Method
1 blow up.

112



4.4 Schwarz Method 2: domain decomposi-
tion with maximal overlap region

In order to choose R large enough to resolve the singularity we let
Qs =1
thereby removing the restriction on the choice of R, which we define as
R=120/8,

thus ensuring that the overlap region is sufficiently large for the convergence
of the Schwarz method, pictured in Figure 4.8.
A tensor product of two piecewise-uniform fitted meshes Q¥ is used on €,

with o defined as in (4.2). Uniform meshes Q% are used on Qp.

Figure 4.8: Domain decomposition with maximal overlap.
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We use the identical translation in the polar region as in Schwarz Method
1. Our discrete iterative method is then as follows:

For each k£ > 1,

U (2,y), (x,y) € QY

OB (z,y), (z,y) € Qp N QY
where (_]Z-[k} is the bilinear interpolant of Ui[k]. Then for k =1,

Léng] = O, (Q?i,yj) € Qg,
Ufgl](xi,O) =5— 43:;/6, Uél}(:ci, 1)=1, xz; € (0,1)

UE}(Q%) = yjl‘/27 Ug}(lvyﬂ =1,y ¢ (07 1)
and
LgUE] =0, (Tiﬂ 9]-) € an 1[31](R7 ej) = Uél](R7 8j)7

where UE](O, 6,) is a linear interpolant of g(0) and gz (0).

For k > 1,

LéVUgd = O, (xiayj) c Qg,

U (i, yy) = UF Nasy;), @0 € (0,R), y; € (0,R),

and
LNUB =0, (r;,0;) € QN, UB(R,0,) = UF(R,0,).

We define the finite difference operators as in Schwarz Method 1.
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The numerical solutions are depicted in Figures 4.9 and 4.10 for N = 32
and € = 27! and 27° respectively, alongside plots of the numerical solutions
obtained by the Direct Method for the same parameters for the purpose of
comparison. In Table 4.5 the required iteration counts are given for a tolerance

level of

max UL (zi,y;) — Us™V(as,y;)| < 1074

Ti,Y;5 EQ?’

The differences between the numerical solutions for various values of N and
the numerical solution for N = 256, which are indicative of nodal errors are
shown in Table 4.6 and the computed orders of convergence for various values
of N and ¢ are shown in Table 4.7. Both tables show a notable improvement
in the magnitude of the error and the orders of convergence for large values
of € on the results obtained by the Direct Method, seen in Tables 4.1 and 4.2.
However, there is a noticeable drop in the convergence rates for intermediate

values of € which requires further consideration.

Table 4.5: Iteration counts for Schwarz Method 2 applied to problem (4.1) with domain decomposition
allowing maximal overlap.

Number of intervals N

€ 16 32 64 128 256

1 3 6 5 4 3
2—1 3 6 5 4 3
2—2 3 6 5 4 3
23 3 6 5 3 3
2—4 3 6 5 3 4
2-6 3 6 5 4 4
28 3 6 5 4 4
2-10 3 6 5 4 4
2-12 9 6 5 4 4
2-14 9 6 5 4 4
2—16 9 6 5 4 4
2—18 9 6 5 4 4
2720 9 6 5 4 4
2-22 9 6 5 4 4
2724 9 6 5 4 4
2-26 9 6 5 4 4
2—28 9 6 5 4 4
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Figure 4.10: Numerical solutions of problem (4.1) for e =276, N = 32

Table 4.6: Maximum pointwise errors EN and EN for Schwarz Method 2 applied to problem (4.1) with
domain decomposition allowing maximal overlap.

Number of intervals N

€ 16 32 64 128

1 0.0218 0.0076 0.0019 0.0004
2-1  0.018 0.0065 0.0015 0.0003
272 0.0122 0.0054 0.0025 0.0008
273 0.0242 0.0150 0.0080 0.0028
274 0.0390 0.0223 0.0114 0.0087
2-6  0.0835 0.0471 0.0227 0.0082
278 0.1202 0.0739 0.0376 0.0138
2-10 0.1412 0.0907 0.0489 0.0192
2-12 0.1535 0.0992 0.0543 0.0220
2-14 01620 0.1045 0.0569 0.0230
2-16  0.1687 0.1084 0.0587 0.0234
2-18  0.1740 0.1116 0.0601 0.0238
2-20 0.1783 0.1141 0.0612 0.0240
2722 (.1816 0.1161 0.0621 0.0243
2724 0.1843 0.1177 0.0628 0.0245
2726 0.1865 0.1189 0.0634 0.0246
2-28  (0.1882 0.1199 0.0638 0.0248
EN 01882 0.1199 0.0638  0.0248
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Table 4.7: Computed orders of convergence pév for Schwarz Method 2 applied to problem (4.1) with
domain decomposition allowing maximal overlap.
Number of intervals N

€ 16 32 64

1 1.49 1.91 1.92
21 148 2.02 2.05
272 1.13 1.34 0.93
273 050 1.23 0.91
274 0.65 028 0.28
26 063 0.74 0.82
28 043 0.66 0.81
2710 0.36 0.55 0.68
2712 035 0.53 0.62
214 035 0.53 0.62
2-16 034 0.54 0.63
2-18 034 055 0.64
2720 0.34 0.56 0.65
2722 0.34  0.56 0.65
2724 0.34  0.57 0.66
226 0.34 0.57 0.66
2728 034 057 0.66

4.4.1 Alternative translation in polar region

On Qp we use the alternative translation

w = e(m+y)/25u€ _ ¢(x, y)

where ¢ is defined as follows

o(z,y) = 10/7(7/2 — arctan(y/x))

yielding the translated equation

28 Aw — w = ¢.

This has the effect of directly resolving the discontinuity at the outflow cor-
ner. Solving the translated equation using the domain decomposition, finite
difference operators (4.4) and iterative method as before, the numerical results

obtained do not differ visibly from those for Schwarz Method 2 and for this
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reason I have not included them in this chapter.

4.4.2 Use of upwinding in the polar region

When Schwarz Method 2 is modified to use upwinding rather than central
differencing in the polar region we obtain slightly worse results for pointwise
errors and convergence rates in the case of large ¢, as seen below. Iteration

counts are not affected.

Table 4.8: Iteration counts for modified Schwarz Method 2 applied to problem (4.1) with domain
decomposition allowing maximal overlap and upwinding in the polar region.

Number of intervals N
32 64 128 256

=
=2}

N‘“\?N"N"wwwmwwwwm
[ R A Y B S A
I C S~ - NI I SC N NI
o
ot
=~
w

n

2710

NN DNNNNDNDND
L A A
NN N R e e e
XN = O © WO

2—24
2—25
2726
2—27
2728

V)

|

—

I
NNNNNNNMNNNNNNDNNDNNNWWWOWWWWWWWWW
(oK< epiNe e N o e e e M= e oMo e N o ke e N o ke e N o ke N Nl o = e Nl oN
GOt ot ot ot ot ot ot ot ot ot ot ot otototototototototototot ot
AR R R R R R R R R R R R R R R WD W W W W W W W
AR R R R R R R R R R R R R R R R R R R R R W W W W W

118



Table 4.9: Computed orders of convergence plY for modified Schwarz Method 2 applied to problem
(4.1) with domain decomposition allowing maximal overlap and upwinding in the polar region.
Number of intervals N
16 32 64
152 1.92 0.25
1.52  1.90 0.09
1.10 1.37 0.40
0.50 1.23 0.91
0.64 0.28 0.28
0.70  0.68 0.40
0.63 0.74 0.82
0.52  0.72 0.84
0.43  0.66 0.81
0.39 0.59 0.74
0.36 0.55 0.68
0.35 0.53 0.64
-12° 035 0.53 0.62
0.35 0.53 0.61
0.35 0.53 0.62
-5 034 0.54 0.62
-16 034 0.54 0.63
-7 0.34 055 0.63
0.34 0.55 0.64
0.34 0.56 0.64
—20 0.34 0.56 0.65
—2L 034 0.56 0.65
-22 0.34 0.56 0.65
-23 034 0.57 0.65
—24 034 0.57 0.66
—250.34 0.57 0.66
—26 034 0.57 0.66
-27 0.3 057 0.66
—28 034 0.57 0.66
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Table 4.10: Maximum pointwise errors Eév and EVN for modified Schwarz Method 2 applied to problem
(4.1) with upwinding in the polar region

Number of intervals N
16 32 64 128
0.0218 0.0074 0.0018 0.0013
0.0184 0.0063 0.0018 0.0012
0.0122  0.0054 0.0025 0.0012
0.0242 0.0150 0.0080 0.0028
0.0390  0.0223 0.0114  0.0087
0.0605 0.0336 0.0164 0.0078
0.0835 0.0471 0.0227 0.0082
0.1039  0.0613 0.0301  0.0109
0.1202 0.0739 0.0376  0.0138
0.1323 0.0836 0.0441 0.0168
0.1412  0.0907 0.0489 0.0192
0.1480 0.0956 0.0522 0.0210
0.1535  0.0992 0.0543  0.0220
0.1580 0.1021 0.0558 0.0226
0.1620 0.1045 0.0569 0.0230
0.1655 0.1066 0.0579  0.0232
0.1687 0.1084 0.0587 0.0234
0.1715 0.1101  0.0594 0.0236
0.1740 0.1116 0.0601 0.0238
0.1762 0.1120 0.0607 0.0239
0.1783 0.1141 0.0612  0.0240
0.1800 0.1151 0.0617 0.0242
0.1816 0.1161 0.0621  0.0243
—23 0.1831 0.1169 0.0625 0.0244
—24 01843 0.1177 0.0628  0.0245
—25 0.1855 0.1183 0.0631  0.0246
—26 0.1865 0.1189 0.0634 0.0246
—27 0.1874 0.1195 0.0636  0.0247
—28  0.1882 0.1199 0.0638 0.0248
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4.5 Schwarz Method 3: alternative domain
decomposition with square sub-region

It is interesting to consider an alternative Schwarz method with a square
subregion, Q¢ = (0, R)?, R = /8 at the outflow corner replacing the quarter-
disk region used in the two Schwarz methods above, see Figure 4.11. The finite
difference operator in this region is then the same as that used on the entire
domain, (4.3). The iterative method is essentially similar to that used in the
previous two Schwarz methods, with upwinding used in each subdomain and

a uniform mesh in the small square subdomain.

Figure 4.11: Domain decomposition with square overlap region of side 0/8, i.e.,
the overlap region is comparable magnitude to that of the quarter disk subdomain
for the domain decompostion with maximal overlap.

Our discrete iterative method is then as follows:
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For each k£ > 1,

UM(z,y), (z,y) € QY

08 (z,y), (v,y) € Qo N QY
where Ui[k} is the bilinear interpolant of Ui[k]. Then for k =1,

LéVUA[gl] = O, (.fl?i,yj) c Qg,
UM (2;,0) =5 — 42,/° UM(2;,1) =1, 2; € (0,1)

UL 0,y;) = yi%, US'(Ly;) = 1, y; € (0,1).

and
L]C\']Ug] = O, ('ri;yj) € Qg,
UL (2:,0) =5 — 42)%, UL (2;,0/8) = UL1)(21,0/8), x; € (0,0/8)
Ul 0,) = y)”*, UL (0/8,y))
= Us1)(0/8,y;), v; € (0,0/8)
For k > 1,
LéVUgc] = O, (xi,yj) S QJSY,
Uék](mz7y]> = Ugc_l](xiayj)v T; € (070-/8)a y] € (070/8)7
and
LNUM =0 ( ) ) QN U[k’} oo _ grlk—1] ) ) )
cUeo =L, xzay]) €¥lg, Us (xlayj) =Ug (xﬂy])? YIS (070/8)a yj € (070/8)-
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We define the finite difference operators as in Schwarz Method 1.

Tables 4.12 and 4.13 show that the performance of this method is no better
than that of the Direct Method for large values of € when applied to problem
(4.1). This is perhaps to be expected as, unlike Schwarz Methods 1 and 2
which use a quarter-disk subregion around the area of the discontinuity, with
a square subregion there is no translation to polar coordinates. Translating
to polar coordinates has the advantage of spreading the point of discontinuity
smoothly over the lefthand boundary of the translated subdomain. In this
method there is merely a greater concentration of meshpoints in the region of
the discontinuity; the method therefore fails in similar manner to the Direct

Method.

Table 4.11: Iteration counts for Schwarz Method 3 applied to problem (4.1).
Number of intervals N
32 64 128 256
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Table 4.12: Maximum pointwise errors EN and EVN for Schwarz Method 3 applied to problem (4.1).
Number of intervals N
16 32 64 128
0.0221  0.0246 0.0244 0.0191
0.0190 0.0235 0.0238 0.0188
0.0110 0.0204 0.0223 0.0183
0.0242 0.0150 0.0187 0.0172
0.0390 0.0223 0.0171 0.0139
0.0835 0.0471 0.0227 0.0145
0.1202 0.0739 0.0376  0.0149
0.1412  0.0907 0.0489 0.0192
0.1535 0.0992 0.0543 0.0220
0.1620 0.1045 0.0569  0.0230
0.1687 0.1084 0.0587 0.0234
—18 01740 0.1116 0.0601  0.0238
0.1782  0.1141 0.0612  0.0240
—22 0.1816 0.1161 0.0621 0.0243
—240.1843 0.1177 0.0628  0.0245
—26 0.1865 0.1189 0.0634 0.0246
—28  0.1882 0.1199 0.0638 0.0248
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0.1882  0.1199 0.0638  0.0248

Table 4.13: Computed orders of convergence pY for Schwarz Method 3 applied to problem (4.1).
Number of intervals N

€ 16 32 64

1 -0.17 -0.10 -0.07
2-1  .0.30 -0.13  -0.09
22 .0.74 -0.23 -0.14
23 050 -0.18 -0.29
24 0.42  0.01 -0.01
26 063 0.74 0.00
278 043  0.66 0.70
210 036 0.55 0.68
2-12 035 0.53 0.62
2-14 035 053 0.62
2-16 034 054 0.63
2-18 034 055 0.64
2720 034 0.56 0.65
2722 034  0.56 0.65
2724 034 057 0.66
226 034  0.57 0.66
2728 034 057 0.66
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4.6 Conclusion

The analysis in Chapter 3 revealed the localised nature of the effect of the
singularity arising from the discontinuity in the outflow boundary data, as
well as its interaction with the characteristic layers present. A number of
numerical methods motivated by the analysis in Chapter 3, are outlined above.
Numerical results for the methods discussed here in this chapter are consistent
with the behaviour indicated in Chapter 3’s analysis. The numerical method
which is best adapted to that behaviour is Schwarz Method 2. The results
obtained by this method applied to problem (4.1) with domain decomposition
allowing maximal overlap are an improvement on those obtained by the Direct
Method for this problem. However, further development of the method is
required in order to solve problem (4.1) e-uniformly as the results are not

entirely satisfactory for intermediate values of ¢.
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