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Abstract

In the first chapter of this thesis a singularly perturbed convection-diffusion
equation with a source term which is continuous but whose first derivative con-
tains a point of discontinuity is considered. The solution features a boundary
layer and a weak interior layer. A numerical method is constructed which
involves a Shishkin mesh fitted at the boundary layer, but not at the interior
layer. The method is shown, both theoretically and by numerical experi-
ments, to be uniformly convergent with respect to the singular perturbation
parameter.

In the second chapter we consider the following boundary value problem
in a domain Ω, the unit square.

Luε ≡ ε∆uε + p1
∂uε
∂x

+ p2
∂uε
∂y

− quε = f in Ω,

uε(x, 0) = gs(x), uε(x, 1) = gn(x), x ∈ (0, 1)

uε(0, y) = gw(y), uε(1, y) = ge(y) y ∈ (0, 1)

gs(0) ̸= gw(0),

where p1, p2 and q are positive constants and 0 < ε ≤ 1, and the boundary
data are smooth except at the point (0, 0), Analogously to the methods in-
troduced in [45] we derive a pointwise bound on the solution which highlights
the influence of the boundary conditions at the corners of the domain, as well
as that of the singular perturbation parameter ε.

In the final chapter we examine experimentally the performance of numer-
ical methods comprising domain decomposition and Schwarz iterative tech-
niques ( [67], [72], [73] and [91]) extended to the class of singularly perturbed
convection-diffusion problems with more general boundary conditions as de-
scribed above.
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Chapter 1

Introduction

We are concerned with singularly perturbed convection-diffusion equations in

one and two dimensions. Examples of such equations are widespread, e.g.,

in the modelling of the dispersal of a pollutant in a river, semi-conductor

equations, financial modelling, flows in chemical reactors, etc. [74, 89, 72, 64,

10, 9, 40, 49, 68, 103, 16]. Singularly perturbed differential equations depend

on a perturbation parameter, ε ∈ (0, 1], which, in the case of convection-

diffusion equations, multiplies the weaker diffusion term [96, 17, 106, 77]. As

ε approaches zero, the solution of such an equation (or its derivatives) may

become unbounded, in narrow ε-dependent subdomains known as boundary

(or interior) layers and it does not converge to the solution of the reduced

problem where ε is set to zero [74, 89, 34, 72, 96, 24, 97]. The numerical

solution of such equations is of interest where asymptotic expansions may not

be helpful or possible [89].

Standard numerical methods fail when applied to singularly perturbed

problems due to the very small domains in which boundary or interior layers

appear [21, 96, 63]. Fitted operator methods such as Allen-Southwell are re-

stricted in their applicability [96], while complication of construction as well
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as theoretical techniques needed to bound error estimates have limited the ex-

tension of complex fitted meshes such as Bakhvalov meshes to two dimensions

[21]. Fitted mesh methods comprising standard monotone finite difference op-

erators on simple piecewise-uniform meshes (with fine meshes in layer regions

and coarse meshes elsewhere, separated by carefully chosen transition points),

known as Shishkin meshes, have been shown to be robust, layer-resolving

or parameter-uniform methods applicable to a wide class of linear problems

[91, 21, 51, 95]. That is, they generate numerical approximations of the exact

solution and its derivatives at each point of the solution domain for all values

of ε, which satisfy pointwise error bounds independent of ε; the amount of

work required to compute such approximations must also be ε-independent

[21]. Robustness refers to the stability of the finite difference operator, e.g.,

the upwind finite difference operator, which preserves the monotonicity of the

original problem [21, 72]. Much work has been done on the application and

analysis of this and related methods, see [21, 72, 89, 34, 62, 50, 60, 37, 93, 94,

19, 36, 83, 20, 58, 65, 4] and survey articles [59, 88]. For adaptations of this

method to problems featuring nonsmooth data, corner singularities, interior

layers, see [92, 71, 81, 32, 33, 30, 31, 107, 107].

In Chapter 2 we are concerned with the use of this method in solving

a two-point boundary value problem for a singularly perturbed convection-

diffusion problem with singular perturbation parameter ε. We examine the

case where the source term in the differential equation is continuous but has

a point of discontinuity in its first derivative, in addition to which there is a

possible discontinuity in the first derivative of the convection coefficient, at

some point in the interior of the domain. This causes an interior layer in the

exact solution of the problem, besides which there is a boundary layer at the

outflow boundary point.
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When the convection coefficient, the source term and their first deriva-

tives are continuous over the domain a boundary layer appears at the outflow

boundary point. We shall refer to the convection coefficient, the source term

and the domain as a, f and Ω respectively. It was shown by Miller et al.

[72] (with the assumption a, f ∈ C3(Ω)) and by Farrell et al. [21] (assuming

a, f ∈ C2(Ω)) that a similar problem can be solved with uniform conver-

gence with respect to ε using a standard upwind finite difference method on

a Shishkin mesh. In terms of finite element methods, Sun and Stynes [102]

constructed a parameter-uniform convergent Galerkin finite element method

comprising piece-wise polynomial test functions on a Shishkin mesh for sin-

gularly perturbed convection-diffusion problems with a and f assumed to be

sufficiently smooth, i.e., no interior layers were present. Additionally, Guo and

Stynes [35] examined an ε-uniform convergent streamline diffusion method on

a Shishkin mesh for a singularly perturbed time-dependent convection diffu-

sion equation with constant convection coefficient and f ∈ L2(Ω).

The case where the convection coefficent has a sign change at one or more

points in the domain was considered by Farrell et al. in [22] and by O’Riordan

in [78]. The solution of such a problem contains a strong interior layer. It was

shown that an upwind finite difference method on a Shishkin mesh fitted to

the interior layer generates ε-uniformly convergent numerical approximations

to the solution. Problems with a discontinuous source term were examined by

the same authors in [23]. The numerical method introduced here featured a

Shishkin mesh fitted to both the boundary and weak interior layer. We show

both theoretically and by means of computational experiments that when the

source term is barely continuous, a numerical method which consists of a

Shishkin mesh fitted only to the boundary layer and not to the interior layer,

and a standard upwind finite difference operator generates ε-uniformly conver-
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gent numerical approximations to the solution and its derivatives in the global

maximum norm. This is the most appropriate norm for the measurement of er-

ror in the case of singularly perturbed problems, due to the narrowness of layer

regions [72, 21, 96, 12]. The construction of piecewise-uniform meshes requires

a priori knowledge of the location and width of the layer region. Such knowl-

edge is obtained by means of studying the behaviour of, and deriving bounds

on, solutions and their derivatives; these bounds are required for the error

analysis of numerical methods. For examples see [39, 61, 41, 42, 43, 18, 13].

In [46], Kellogg and Stynes consider a singularly perturbed convection-

diffusion problem on a half-plane with a discontinuity in the boundary data

which gives rise to an interior layer. In [45] and [47], the same authors examine

a singularly perturbed convection-diffusion problem on the unit square with

parabolic and exponential boundary layers and derive pointwise bounds on the

solution and its derivatives - the dependence of the bounds on the regularity

and compatibility of the data, as well as on the singular perturbation param-

eter, is made explicit. Analogous results were obtained in [75, 76] for related

problems with a Neumann boundary conditions. Survey articles [44] and [48]

review recent results and open problems related to elliptic boundary value

problems whose solutions have both boundary layers and corner singularities.

In [2] Andreev considers a five-point upwind scheme on a Shishkin mesh

for a singularly perturbed convection-diffusion problem on a rectangle with

Dirichlet boundary conditions, with the compatibility conditions dropped at

three of the four vertices and finds that the error of the discrete solution is

of O(N−1 ln2N) in the discrete maximum norm. He obtains a similar re-

sult in [3], where he examines a Dirichlet problem for a singularly perturbed

steady state convection-diffusion equation with constant coefficients on the

unit square, without compatibility conditions at the corners.
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In Chapter three we are concerned with obtaining a bound on the solu-

tion of a two-dimensional singularly perturbed convection-diffusion problem,

which features exponential boundary layers and incompatible outflow bound-

ary data. We were interested in studying the nature of the solution in order to

help design a numerical method to solve this type of problem; see Chapter 4.

The problem is decomposed into a number of simpler elliptic half and quarter

plane problems, which have continuous boundary conditions, with one excep-

tion. The functions which comprise the source term and boundary conditions

are smoothly extended as required as per [26]. In considering integrability

conditions, the solution to the problem on each quarter plane is obtained by

means of the Green’s function written in terms of modified Bessel functions.

The integrability conditions which result show that, once the source term and

boundary conditions are themselves such that the integrals are convergent,

then the solution to each half or quarter plane problem does not grow to in-

finity in the open domain. Pointwise bounds are obtained for the solutions of

these problems plus a remainder function by means of standard comparison

principle arguments. The bounds on all components are then combined to

produce the final result.

In Chapter 4 we are concerned with obtaining a numerical solution to

a sample problem of the type dealt with in Chapter 3. Where the bound-

ary conditions are sufficiently smooth and compatible, such a problem can be

solved with uniform accuracy with respect to the singular perturbation param-

eter using a standard finite difference operator on special piece-wise uniform

meshes such as Shishkin meshes [21]. We design a method which is almost

parameter-uniform, using domain decomposition to isolate neighbourhoods of

discontinuities together with Schwarz iterative technique and Shishkin meshes.

It was shown by MacMullen et al. [67] that a numerical method based
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on Schwarz iterative technique and Shishkin domain decomposition produces

parameter-uniformly accurate solutions in the case of singularly perturbed lin-

ear convection-diffusion problems in two dimensions with sufficiently smooth

and compatible boundary data. Similarly, in another paper by MacMullen et

al. [66], it was shown that a two-point boundary-value problem for a singularly

perturbed reaction-diffusion equation can be solved with parameter-uniform

accuracy using a discrete Schwarz method with a Shishkin subdomain parame-

ter. Miller et al. examined discrete Schwarz methods for singularly-perturbed

reaction-diffusion problems with boundary and interior layers [73]. Their nu-

merical method differed from those used by MacMullen et al. in [67] and [66]

in that Shishkin, and not uniform, meshes were used on the subdomains. Mad-

den and Stephens devised and analysed a discrete Schwarz method on three

overlapping subdomains for a coupled system of one-dimensional reaction-

diffusion equations in [101] and achieved rapid convergence due to subdomain

overlaps which are just outside the boundary layers. More recently, Kopteva et

al applied overlapping Schwarz domain decomposition to semilinear reaction-

diffusion equations in one and two dimensions [52, 53]. For further examples,

see [69, 14, 14, 56, 57, 105, 104, 54, 55, 25].

In terms of designing a numerical method comprising domain decomposi-

tion and Schwarz iterative technique to deal with discontinuous boundary data

there are a number of considerations. Broadly, they are the overlap require-

ment and appropriate tolerance for the discrete Schwarz method, the shape of

our subdomains, the nature of the corner singularity at the outflow corner and

need for suitable iterative solvers with preconditioning, see [5, 100, 15, 70, 90].

In order to examine the performance of the Schwarz method in general, we

first applied the method to a problem with continuous boundary conditions.

This highlighted many issues: the need to translate the differential equation
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using a type of integrating factor prior to converting to polar coordinates for

the quarter-disk region; the need for scaling in this polar region (see p.62 of

[74]) the permissible size of the radius of the quarter-disk region; the mini-

mum overlap width needed between subdomains in order for the method to

converge to the correct solution; the need for preconditioning of the iterative

solver in MATLAB; and the question of a suitable tolerance for the Schwarz

method (a tolerance of order 10−4 is appropriate given the order of pointwise

errors for the method).

Having optimised the performance of the Schwarz method applied to prob-

lems with continuous boundary conditions, we then turned our attention to

the discontinuous case. Given the bound obtained in Chapter 3 on the sin-

gular component of the solution to a problem similar in nature to the one

under consideration here, and through numerical experiments, it was clear

that the influence of the corner singularity was such that an alteration was

required to our initial domain decomposition in order to cluster more nodes

at the outflow corner while maintaining the minimum overlap region needed

for the Schwarz method. In the discontinuous case the influence of the corner

singularity is such that the radius of the quarter-disk region at the outflow

corner must not be set too large, since the influence of the discontinuity is

greatest in the region where r ≤ ε. In order to meet the overlap requirement

imposed by the Schwarz method and at the same time restrict the size of

the quarter-disk region, we found a domain decomposition consisting of our

main domain, the unit square, overlapping with a quarter-disk subregion, of

radius proportional to ε at the outflow corner gave optimal results for the

discontinuous case. We include numerical results for this method which show

a significant improvement on existing methods. Some alternative Schwarz

methods were also considered for comparison purposes, including a method

7



with an alternative translation applied to the differential equation in the polar

region and a method using a square subregion at the outflow corner rather

than a quarter-disk region.
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Chapter 2

Singularly perturbed

convection-diffusion problems

with boundary and weak

interior layers: partially-fitted

mesh method

2.1 Statement of the Problem

A singularly perturbed convection-diffusion equation in one dimension with a

source term whose first derivative is discontinuous is considered on the unit

interval Ω = (0, 1). A single discontinuity in the derivative of the source term

f is assumed to occur at a point d ∈ Ω. Additionally, there is a possible

discontinuity in the first derivative of the convection coefficient at some point

in Ω. One dimensional convection-diffusion boundary value problems with

a a sign change in the convection coefficient were examined by Farrell et al.
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in [23]. Their theoretical and numerical results showed that the strong inte-

rior layer which appears in the solution of such problems can be discretely

solved using a Shishkin mesh fitted to the interior layer. They examined

one dimensional convection-diffusion boundary value problems with a discon-

tinuous source term in [23]. Whereas, their numerical method featured a

Shishkin mesh fitted to both the boundary and weak interior layer, we show

both theoretically and through computational experiments that, with a barely

continuous source term, a numerical method where a Shishkin mesh is fitted

only to the boundary layer and not to the interior layer is robust. We do not

consider problems including a zero-order term; the analysis in the presence

of a reaction term would differ substantially from the analysis undertaken in

this chapter.

We introduce the notation Ω− = (0, d) and Ω+ = (d, 1) and denote the

jump at d in any function by [ω](d) = ω(d+) − ω(d−). The corresponding

two-point boundary value problem is

(Pε)



Find uε ∈ C2(Ω) such that,

εu′′ε + a(x)u′ε = f for all x ∈ Ω,

uε(0) = u0, uε(1) = u1,

a(x) > α > 0, for all x ∈ Ω,

where a, f ∈ C0(Ω) ∩ C2(Ω− ∪ Ω+). In [21], singularly perturbed prob-

lems of this type with a, f ∈ C2(Ω) were examined. In such a situation the

solution uε is in C
4(Ω). The case in which the source term has a discontinuity

at one or more points in the interior of the domain was examined in [23],

where the solution uε is in C
1(Ω)∩C2(Ω−∪Ω+). In this chapter we construct

and analyse a parameter-uniform numerical method for problems of the form

(Pε).

Let Lε denote the differential operator occurring in (Pε), which is defined as

10



Lεω = εω′′ + a(x)ω′.

Then Lε satisfies the following minimum principle on Ω̄.

Lemma 2.1. Suppose a function ω ∈ C0(Ω̄) ∩ C2(Ω− ∪ Ω+) satisfies

ω(0) ≥ 0, ω(1) ≥ 0,

Lεω(x) ≤ 0, x ∈ Ω− ∪ Ω+ and [ω′](d) ≤ 0,

then

ω(x) ≥ 0 for all x ∈ Ω̄.

Proof. The proof here is analogous to that in [23]. Let

ω(x) =

 e−(α1(x−d))/2εv(x), x < d,

e−(α2(x−d))/2εv(x), x ≥ d.

For x ∈ Ω−

Lεω = e−α1(x−d))/2ε(εv′′ + (a− α1)v
′ − α1

2ε
(a− α1

2
)v)

and x ∈ Ω+

Lεω = e−α2(x−d))/2ε(εv′′ + (a− α2)v
′ − α2

2ε
(a− α2

2
)v)

11



Assume α > α2 > α1. Let q be a point at which v attains its minimum value

in Ω̄. If v(q) ≥ 0, there is nothing to prove. Therefore suppose that v(q) < 0,

the proof is completed by showing that this leads to a contradiction.

With the above assumption on the boundary values, either q ∈ Ω− ∪ Ω+

or q = d. If q ∈ Ω− then

Lεω(q) = e−α1(q−d))/2ε[εv′′(q) + (a(q)− α1)v
′(q)− α1

2ε
(a(q)− α1

2
)v(q)] > 0

which is a contradiction, since v′′(q) = 0, v′(q) > 0 and v(q) < 0 by assump-

tion. Similarly, if q ∈ Ω+ then

Lεω(q) = e−α2(q−d))/2ε[εv′′(q) + (a(q)− α2)v
′(q)− α2

2ε
(a(q)− α2

2
)v(q)] > 0

which is also a contradiction.

The only possibility remaining is that q = d. Note that

[ω′](d) = [v′](d) +
α1 − α2

2ε
v(d)

Since q = d is where v(x) is assumed to attain a negative minimum, [v′](d) ≥ 0

and v(d) < 0. Therefore for α1 < α2, [ω
′](d) > 0, which is the required contra-

diction. □

Throughout this chapter we measure all functions in the L∞ norm,

∥w∥D = sup
x∈D

|w(x)|.

The above minimum principle is used to establish the following a priori
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bound on the exact solution.

Lemma 2.2. Let uε be a solution of (Pε), then

∥uε∥ ≤ max{|u0|, |u1|}+
1

α
∥f∥Ω̄.

Proof. The result is proved using the arguments from [23]. Let ψ±(x) =

max{|u0|, |u1|}+(1−x)∥f∥
α
±uε(x). Clearly ψ±(x) ∈ C2(Ω̄), therefore [ψ′

±](d) =

0. It is also clear that ψ±(0) ≥ 0, ψ±(1) ≥ 0 and for each x ∈ Ω− ∪

Ω+, Lεψ±(x) ≤ 0. It follows from the minimum principle that ψ±(x) ≥ 0

for all x ∈ Ω̄, from which the required result immediately follows. □

Lemma 2.3. The derivatives u
(k)
ε of the solution uε of (Pε) satisfy the bounds

∥u(k)ε ∥Ω̄ ≤ Cε−kmax{∥f∥, ∥uε∥}, k = 1, 2

∥u(3)ε ∥Ω̄\d ≤ Cε−3max{∥f∥, ∥f ′∥Ω̄\d, ∥uε∥}

where C depends only on ∥a∥ and ∥a′∥Ω\d.

Proof. The proof is analogous to that in [21], Lemma 3.2, p. 44. Integrating

by parts, we get

∫ x

0

au′ε(t)dt = auε|x0 −
∫ x

0

(a′uε)(t)dt
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and so

|
∫ x

0

(f − au′ε)(t)dt| ≤ ∥f∥+ C∥uε∥,

where C depends on ∥a∥ and ∥a′∥Ω\d. By the Mean Value Theorem there

exists a point z ∈ (0, ε) such that

u′ε(z) =
uε(ε)− uε(0)

ε

therefore

|εu′ε(z)| ≤ 2∥uε∥. (2.1)

Integrating the differential equation in (Pε) we get

∫ z

0

(εu′′ε + a(x)u′ε)(t)dt =

∫ z

0

f(t)dt

and so

εu′ε(z)− εu′ε(0) =

∫ z

0

(f − au′ε)(t)dt.

By combining this result with (2.1) we get

|εu′ε(0)| ≤ ∥f∥+ C∥uε∥.

Using the integrated differential equation again, with z = x we obtain the
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required bound when k = 1. Finally, from the differential equation we have

εu′′ε = f − au′ε for all x ∈ Ω̄

and

εu′′′ε = (f − au′ε)
′ for all x ∈ Ω̄\{d}

from which the required bounds for k = 2, 3 respectively follow. □

Consider the following decomposition of the solution into boundary and

interior layer components

uε = vε + wε

where vε can be written as vε = v0 + εv1 + ε2v2 and we define the functions

v0 ∈ C1(Ω), v1 ∈ C0(Ω) and v2 ∈ C0(Ω) as follows

av′0 = f, x ∈ Ω,

v0(1) = uε(1)

av′1 = −v′′0 , x ∈ Ω\{d},

v1(1) = 0

Lεv2 = −v′′1 , x ∈ Ω\{d}

v2(0) = v2(1) = v2(d) = 0.

Therefore vε is defined as
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Find vεC
0(Ω) such that

Lεvε = f, x ∈ Ω− ∪ Ω+

vε(0) = v0(0) + εv1(0)

vε(d) = v0(d) + εv1(d)

vε(1) = uε(1).

The layer component wε ∈ C0(Ω) is then the solution of the homogeneous

problem

Lεwε = 0,

wε(0) = uε(0)− vε(0), wε(1) = 0,

[w′
ε](d) = −[v′ε](d).

We further decompose wε as follows

wε = w1 + w2

where the boundary layer component w1 satisfies

w1 ∈ C2(Ω),

Lεw1 = 0, x ∈ Ω,

w1(0) = uε0)− vε(0),

w1(1) = 0
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and the interior layer component w2 satisfies

w2 ∈ C0(Ω),

Lεw2 = 0, x ∈ Ω− ∪ Ω+,

w2(0) = 0, w2(1) = 0,

[w′
2](d) = −[v′ε](d).

Lemma 2.4. The component vε of the solution uε of (Pε) and its derivatives

satisfy the bounds

∥v(k)ε ∥Ω−∪Ω+ ≤ C(1 + ε2−k), k = 0, 1, 2, 3.

|[v′ε](d)| ≤ Cε

where C is a constant independent of ε.

Proof. The first part of the proof is analogous to that in [21]. By the triangle

inequality we have

|vε| ≤ |v0|+ ε|v1|+ ε2|v2|.

Since v0 is independent of ε, the first two terms on the right-hand side are

bounded. Note that v2 is the solution of a problem similar to that defining

uε, therefore by Lemma (2.3) the required bounds for k = 0, 1, 2 follow. For

k = 3 we have εv′′′ε = (f − av′ε)
′, which leads to the required bound.

In order to bound |[v′ε](d)|, we obtain bounds on the jump at d in the first

derivative of each of the components of vε. Since v0 ∈ C1(Ω), [v′0](d) = 0. As

noted above, v1 is independent of ε and v2 is the solution of a problem similar

to that defining uε, therefore we have |[v′1](d)| ≤ C and |[v′2](d)| ≤ Cε−1.

Collecting the inequalities yields the required bound.□
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Lemma 2.5. The boundary layer component w1 of the solution uε of (Pε) and

its derivatives satisfy the bounds

|w(k)
1 | ≤ Cε−ke−αx/ε for all x ∈ Ω̄, k = 0, 1, 2, 3.

where C is a constant independent of ε.

Proof. Analogously to the proof in [21], p. 46, we introduce the two mesh

functions

ψ±(x) = |w1(0)|e−αx/ε ± w1(x)

Clearly ψ±(0) ≥ 0, ψ±(1) ≥ 0, [ψ′±](d) = 0 and Lεψ
± = −|w1(0)|αε (a −

α)e−αx/ε ≤ 0. Therefore, by Lemma 2.1, ψ± ≥ 0, for all x ∈ Ω̄, from which

required bound on w1 follows.

In order to bound w′
1 we integrate by parts and use the pointwise bound

for |w1| established above, as follows

∣∣∣∣ ∫ 1

x

aw′
1(t)dt

∣∣∣∣ = ∣∣∣∣aw1|1x −
∫ 1

x

(a′w1)(t)dt

∣∣∣∣ ≤ Ce−αx/ε. (2.2)

By the Mean Value Theorem, there exists a point z ∈ (1− ε, 1) such that

|w′
1(z)| = |w1(1)− w1(1− ε)

ε
| = |w1(1− ε)

ε
| ≤ Cε−1e−α(1−ε)/ε ≤ Cε−1e−α/ε.

(2.3)

We now integrate the differential equation defining w1 to give

εw′
1(x) = εw′

1(1) +

∫ 1

x

(aw′
1)(t)dt. (2.4)
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Therefore, using (2.2) and (2.3) we have

|εw′
1(1)| = | − w′

1(z) +

∫ 1

z

(aw′
1)(t)dt| ≤ Ce−αx/ε.

Using (2.4) and (2.2) we get

|εw′
1(x)| ≤ Ce−αx/ε

from which the required bound for k = 1 follows. Using the differential equa-

tion again we have

εw′′
1 = −aw′

1 and εw′′′
1 = (− w′

1)
′

from which the bounds for k = 2, 3 respectively are obtained. □

Lemma 2.6. The interior layer component w2 of the solution uε of (Pε) and

its derivatives satisfy the following bounds, for k=0, 1, 2, 3.

|w2(x)| ≤ Cε2

|w(k)
2 | ≤

 Cε2−ke−αx/ε, x ∈ Ω−

Cε2−ke−α(x−d)/ε, x ∈ Ω+

where C is a constant independent of ε.

Proof. The proof is analogous to that in [23]. We bound w2 using Lemma

2.1 and the barrier function ψ±(x) = ϕ(x) ± w2(x) where ϕ(x) is defined as

follows

ϕ(x) =
ε2A

α

 1, x ∈ Ω−

e−α(x−d)/ε, x ∈ Ω+.
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Clearly ψ±(0) ≥ 0, ψ ± (1) ≥ 0, Lεψ
± ≤ 0 and [ψ′±](d) ≤ 0. Therefore, by

Lemma 2.1, ψ± ≥ 0, for all x ∈ Ω̄, from which required bound on w2 follows.

In order to bound w′
2 we introduce the function w̃2(x) = w2(x) − w2(d),

from which it follows that Lεw̃ = 0, x ∈ Ω−, w̃(0) = −w2(d), w̃(d) = 0.

Consider the mesh functions

ψ± = Cε2e−αx/ε ± w̃(x)

It is clear that ψ±(0) ≥ 0, ψ±(d) > 0 and Lεψ
± ≤ 0, therefore ψ± ≥ 0, x ∈

Ω−, from which we obtain |w̃(x)| ≤ Cε2e−αx/ε. Then, as in Lemmas 2.5 and

2.6

|
∫ d

x

(aw̃′)(t)dt| =
∣∣∣∣aw̃|dx − ∫ d

x

(a′w̃)(t)dt

∣∣∣∣
≤ Cε2e−αx/ε. (2.5)

By the Mean Value Theorem there exists a point z ∈ (d− ε, d) such that

|w̃′(z)| = |w̃(d)− w̃(d− ε)

ε
| = |w̃(d− ε)

ε
|

≤ C ′εe−αd/ε

≤ C ′εe−αx/ε, x ∈ Ω−. (2.6)

Now integrating the differential equation defining w̃ we get

εw̃′(x) = εw̃(d) +

∫ d

x

(aw̃′)(t)dt (2.7)
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Using (2.5) and (2.6) we then obtain

|εw̃′(d)| ≤ |εw̃(z)|+ |
∫ d

z

(aw̃′)(t)dt|

≤ Cε2e−αx/ε (2.8)

From (2.7) and (2.5) it then follows that |w̃′(x)| ≤ Cεe−αx/ε, x ∈ Ω−, the

required bound for k = 1. From the differential equation we have

εw̃′′(x) = −aw̃′(x) and

εw̃′′′(x) = −(aw̃′)′(x)

from which the bounds for k = 2, 3 can be obtained for all x ∈ Ω−.

It only remains to obtain similar bounds for x ∈ Ω+. Consider the following

barrier function

ψ±(x) = Cε2e−α(x−d)/ε ± w̃(x)

Then, by Lemma 1 |w̃(x)| ≤ Cε2e−α(x−d)/ε. Repeating the arguments above

and choosing z ∈ (1− ε, 1) we have

|
∫ x

d

(aw̃′)(t)dt| ≤ Cε2e−α(x−d)ε

|w̃(z)| ≤ C ′εe−α(x−d)/ε

|εw̃′(d)| ≤ Cεe−α(x−d)/ε

Then, repeating the earlier arguments we obtain the required bounds for k =

1, 2, 3, x ∈ Ω+. □
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2.2 Discrete Problem

We now introduce a fitted mesh for (Pε). On Ω a Shishkin mesh of N mesh

intervals is constructed as follows. The domain, Ω̄ is subdivided into the 3

subintervals

[0, σ] ∪ [σ, d] ∪ [d, 1]

for some σ such that 0 < σ ≤ d
2
. On the first two subintervals, uniform

meshes with N
4

mesh-intervals are placed. A uniform mesh with N
2

mesh-

intervals is placed on the third subinterval. We use this subdivision as it is

necessary to locate a mesh point at x = d in order to obtain bounds on the

error in the scaled discrete derivatives; however, for the purposes of numerical

computations, this is not required.

The points of the mesh contained in the domain Ω− ∪ Ω+ are denoted by

ΩN
ε = {xi : 1 ≤ i ≤ N

2
− 1} ∪ {xi :

N

2
+ 1 ≤ i ≤ N − 1}

Clearly, xN/4 = σ, xN/2 = d and Ω̄N
ε = {xi}N0 . The mesh is fitted to (Pε) by

choosing σ as follows

σ = min{d
2
,
ε

α
lnN}

The three mesh widths are denoted in the following way

h =
4σ

N
, H1 =

4(d− σ)

N
, H2 =

2(1− d)

N

We use a standard upwind finite difference operator on the Shishkin mesh Ω̄N
ε .

Therefore the fitted mesh method for (Pε) is
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(Pε)


Find a mesh function Uε such that,

LN
ε Uε = εδ2Uε + a(xi)D

+Uε = f(xi) for all x ∈ ΩN
ε ∪ {d},

Uε(0) = u0, Uε(1) = u1, [DU(d)] = 0

where

δ2Zi = (
Zi+1 − Zi

xi+1 − xi
− Zi − Zi−1

xi − xi−1

)
2

xi+1 − xi−1

and D+Zi =
Zi+1 − Zi

xi+1 − xi

The following lemma establishes a discrete minimum principle, analogous to

the continuous minimum principle in Lemma 1.

Lemma 2.7. Suppose a mesh function Z satisfies

Z(0) ≥ 0, Z(1) ≥ 0, LN
ε Z(xi) ≤ 0, for all xi ∈ ΩN

ε ,

and

D+Z(xN/2)−D−Z(xN/2) ≤ 0

then

Z(xi) ≥ 0 for all xi ∈ Ω̄N
ε .

Proof. The proof is analogous to that in [23]. Let xp be any point at which

Z attains its minimum value on Ω̄N
ε . If Z(xp) ≥ 0 then there is nothing to

prove. Therefore suppose that Z(xp) < 0. From the hypothesis it is clear that

p ̸= 0, N , that is, xp ∈ Ω. First consider the case xp ̸= d, without loss of

generality assume xp > d. Since Z(xp) is the minimum value

D+Z(xp) ≥ 0 ≥ D−Z(xp)
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which implies that

LN
ε Z(xp) ≥ 0

In order to avoid a contradiction we must have LN
ε Z(xp) = 0, which implies

that

Z(xp) = Z(xp−1) = Z(xp+1)

Repeating this argument at xp+1 we eventually conclude that Z(xN) < 0,

which is a contradiction.

We now consider xp = d, therefore

D+Z(xN/2) ≥ 0 ≥ D−Z(xN/2) ≥ D+Z(xN/2)

implying that

Z(xN/2−1) = Z(xN/2) = Z(xN/2+1)

Repeating the earlier argument yields the desired conclusion. □

2.3 Error Analysis

The discrete solution Uε can be decomposed, analogously to the continuous

case, as follows.

Uε = Vε +Wε
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where Vε and Wε are respectively the solutions of the problems

LN
ε Vε = f(xi), xi ∈ ΩN

ε \{d},

Vε(0) = vε(0), Vε(1) = vε(1), Vε(d) = vε(d).

LN
ε Wε = 0, xi ∈ ΩN

ε \{d},

Wε(0) = wε(0), Wε(1) = 0,

[DWε(d)] = −[DVε(d)]

We denote the jump in the discrete derivative of a mesh function Z at the

point xi = d by [DZ(d)] = D+Z(d)−D−Z(d). As in the continuous case we

further decompose Wε as Wε = W1 +W2 where W1 is defined as the solution

of

LN
ε W1 = 0, xi ∈ ΩN

ε ∪ {d},

W1(0) = wε(0), W1(1) = 0.

and W2 is defined as the solution of

LN
ε W2 = 0, xi ∈ ΩN

ε \{d},

W2(0) = W2(1) = 0,

[DW2(d)] = −[DVε(d)]− [DW1(d)] (2.9)

Combining the discrete and continuous decompositions we arrive at an anal-

ogous decomposition of the error, Uε − uε = Vε − vε +Wε −wε. Therefore we

can estimate the error Uε − uε by estimating the errors Vε − vε and Wε − wε

separately.
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Lemma 2.8. At each mesh point xi ∈ Ω̄N
ε the non-layer component of the

error satisfies the estimates

|(Vε − vε)(xi)| ≤

 CN−1(d− xi), xi ≤ d,

CN−1(1− xi), xi ≥ d.

where C is a constant independent of ε and N .

Proof. The proof here is analogous to that in [23]. Consider the local trun-

cation error

LN
ε (Vε − vε) = (Lε − LN

ε )vε = ε(
d2

dx2
− δ2)vε + a(

d

dx
−D+)vε.

Therefore by standard local truncation error estimates and Lemma 2.4 we

have

|LN
ε (Vε − vε)(xi)| ≤

ε

3
(xi+1 − xi−1)∥v(3)ε ∥+ a(xi)

2
(xi+1 − xi)∥v(2)ε ∥ ≤ CN−1

for all xi ∈ Ω̄N
ε \d. With the barrier functions

ψ±(xi) =

 CN−1(d− xi)± (Vε − vε)(xi), xi ≤ d

CN−1(1− xi)± (Vε − vε)(xi), xi ≥ d

and Lemma 2.7 the proof is completed in the usual manner. □

Lemma 2.9. For all N ≥ 4 and at each mesh point xi ∈ ΩN
ε ∪{d} the singular

component of the error satisfies the estimate

|(W1 − w1)(xi)| ≤ CN−1 lnN

where C is a constant independent of ε and N .
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Proof. Using the arguments from [21], we will first examine the case σ = d/2,

which implies that ε−1 ≤ C lnN and h = H1. Consider the local truncation

error

LN
ε (W1 − w1) ≤

ε

3
(xi+1 − xi−1)∥w(3)

1 ∥+ a(xi)

2
(xi+1 − xi−1)∥w(2)

1 ∥ ≤ Cε−2N−1e−αxi−1/ε

(2.10)

We introduce the two mesh functions

ψ±
i =


1

1−YN/2

Ce2γh/ε

γ(α−γ)
ε−1N−1Yi ± (W1 − w1)(xi), i < N/2

1
YN/2

Ceγ(h+H2)/ε

γ(α−γ)
ε−1N−1Yi ± (W1 − w1)(xi), i = N/2

1
YN/2

Ce2γH2/ε

γ(α−γ)
ε−1N−1Yi ± (W1 − w1)(xi), i > N/2,

where γ is any constant satisfying 0 < γ < α and Yi is the solution of the

constant coefficient finite difference problem

(εδ2 + γD+)Yi = 0, 1 ≤ i ≤ N − 1,

Y0 = 1, YN = 0. (2.11)

Then

Yi =

 1 + (YN/2 − 1)li, i ≤ N/2

YN/2ri, i ≥ N/2
(2.12)

where

li =
λ−i − 1

λ−N/2 − 1
, λ = 1 +

γh

ε

ri =
Λ−i − Λ−N

Λ−N/2 − Λ−N
, Λ = 1 +

γH2

ε
(2.13)
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and YN/2 satisfies

(εδ2 + γD+)YN/2 = 0

therefore

YN/2 = (1−
D+rN/2

D−lN/2

λ+ Λ

2
)−1

where

D+rN/2 = −γ
ε

1

Λ− Λ−N/2+1

D−lN/2 =
γ

ε

1

λN/2 − 1
.

It is easy to see that

0 ≤ YN/2 ≤ 1. (2.14)

We have, from (2.12), (2.13) and (2.14)

D+Yi ≤

 −γ
ε
[1− YN/2]e

−γxi+1/ε, i < N/2

−γ
ε
YN/2 e

−γ(xi+1−d)/ε, i ≥ N/2
(2.15)

It is clear that ψ±
0 > 0, ψ±

N = 0 and using (2.10) and (2.15) we obtain the

following for i < N/2

LN
ε ψ

±
i =

1

1− YN/2

Ce2γh/ε

γ(α− γ)
ε−1N−1(a(xi)− γ)D+Yi ± LN

ε (W1 − w1)

≤ Cε−2N−1(e−αxi−1/ε − a(xi)− γ

α− γ
e−γxi−1/ε)

< 0.
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When i = N/2

LN
ε ψ

±
N/2 =

1

YN/2

Ceγ(h+H2)/ε

γ(α− γ)
ε−1N−1(a(xi)− γ)D+YN/2 ± LN

ε (W1 − w1)

≤ Cε−2N−1(e−αxN/2−1/ε − a(xi)− γ

α− γ
eγh/ε)

< 0.

Finally, when i > N/2

LN
ε ψ

±
i =

1

YN/2

Ce2γH2/ε

γ(α− γ)
ε−1N−1(a(xi)− γ)D+Yi ± LN

ε (W1 − w1)

≤ Cε−2N−1(e−αxi−1/ε − a(xi)− γ

α− γ
e−γ(xi−1−d)/ε)

< 0.

Therefore using the discrete minimum principle in Section 2.3 of [21] we

conclude that ψ±
i ≥ 0. And so for all xi ∈ Ω̄N

ε ∪ d, i < N/2 we have

|(W1 − w1)| ≤
Yi

1− YN/2

Ce2γh/ε

γ(α− γ)
ε−1N−1

≤ CN−1 lnN

since

Yi
1− YN/2

≤ 1

1− YN/2

= 1 +
2

λ+ Λ

Λ(1− Λ−N/2)

λN/2 − 1

≤ 1 +
2

λ+ Λ

ε

γd
≤ C.
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When i = N/2 we have

|(W1 − w1)| ≤
Ceγ(h+H2)/ε

γ(α− γ)
ε−1N−1

≤ CN−1 lnN.

And when i > N/2 we have

|(W1 − w1)| ≤
Yi
YN/2

Ce2γH2/ε

γ(α− γ)
ε−1N−1

≤ ri
Ce2γH2/ε

γ(α− γ)
ε−1N−1

≤ CN−1 lnN

We now consider the case where σ = ε
α
lnN and give separate proofs in

the coarse and fine mesh subintervals. First take xi ∈ [σ, 1]. By the triangle

inequality

|(W1 − w1)(xi)| ≤ |W1(xi)|+ |w1(xi)|

By Lemma 2.5 we have

|w1(xi)| ≤ Ce−αxi/εε ≤ Ce−ασ/ε = CN−1.

To bound |W1(xi)| we introduce a mesh function Yi which is the solution of

the constant coefficient finite difference problem

(εδ2 + αD+)Yi = 0, 1 ≤ i ≤ N − 1,

Y0 = 1, YN = 0.
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Then

Yi =


1 + (YN/4 − 1)li, i ≤ N/4

YN/4 + (YN/2 − YN/4)mi, N/4 ≤ i ≤ N/2

YN/2 ni, i ≥ N/2

(2.16)

where

li =
1− λ−i

1− λ−N/4
, λ = 1 +

αh

ε
,

mi =
Λ−i

1 − Λ
−N/4
1

Λ
−N/2
1 − Λ

−N/4
1

, Λ1 = 1 +
αH1

ε
,

ni =
Λ−i

2 − Λ−N
2

Λ
−N/2
2 − Λ−N

2

, Λ2 = 1 +
αH2

ε
(2.17)

and YN/4, YN/2 satisfy

(εδ2 + αD+)YN/4 = 0,

(εδ2 + αD+)YN/2 = 0 (2.18)

respectively. Also, from (2.16) we have

D+Yi =



−α
ε
(1− YN/4)

λ−i−1

1−λ−N/4 , i < N/4

−α
ε
(YN/4 − YN/2)

Λ−i−1
1

Λ
−N/4
1 −Λ

−N/2
1

, N/4 ≤ i < N/2

−α
ε
YN/2

Λ−i−1
2

Λ
−N/2
2 −Λ−N

, i ≥ N/2

(2.19)
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It is easy to see that

D−lN/4 =
α

ε

λ−N/4

1− λ−N/4
> 0

D+mN/4 =
α

ε

Λ−1
1

1− Λ
−N/4
1

> 0

D−mN/2 =
α

ε

1

Λ
N/4
1 − 1

> 0

D+nN/2 = −α
ε

Λ−1
2

1− Λ
−N/2
2

(2.20)

Solving (2.18) and using (2.20) it can be shown that

0 ≤ YN/2 ≤ YN/4 ≤ 1. (2.21)

Combining (2.21) and (2.19) it is clear that

D+Yi ≤ 0, 1 ≤ i ≤ N − 1 (2.22)

We now observe the inequality, analogous to that in [21], for all N ≥ 1

(1 +
4 lnN

N
)−N/4 ≤ 4N−1 (2.23)

Also note that

λ = 1 +
αh

ε
= 1 + 4N−1 lnN. (2.24)

Combining the above inequalities we obtain

λ−N/4 ≤ 4N−1. (2.25)

32



Then, from (2.20) and (2.25) we obtain

0 ≤ ε

α
D−lN/4 ≤

4N−1

1− 4N−1
≤ 8N−1

ε

α
D+mN/4 ≥

1

Λ1

0 ≤ ε

α
D−mN/2 ≤

4N−1

1− 4N−1
≤ 8N−1

− ε

α
D+nN/2 ≥

1

Λ2

which we use to establish the following inequality
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0 ≤ YN/4 =
D−lN/4(1− Λ1+Λ2

2

D+nN/2

D−mN/2
)

(D−lN/4 +
λ+Λ1

2
D+mN/4)(1− Λ1+Λ2

2

D+nN/2

D−mN/2
)− λ+Λ1

2
D+mN/4

≤
D−lN/4(1− Λ1+Λ2

2

D+nN/2

D−mN/2
)

λ+Λ1

2
D+mN/4(−Λ1+Λ2

2

D+nN/2

D−mN/2
)

=
2

λ+ Λ1

D−lN/4

D+mN/4

(
1− 2

Λ1 + Λ2

D−mN/2

D+nN/2

)
≤ 16N−1

(
1− 2

Λ1 + Λ2

D−mN/2

D+nN/2

)
≤ 16N−1

(
1 +

2Λ2

Λ1 + Λ2

8N−1

)
≤ 48N−1

We introduce the 2 mesh functions

ψ±
i = |W1(0)|Yi ±W1(xi)

Clearly ψ±
0 ≥ 0, ψ±

N = 0, and LN
ε ψ

±
i = |W1(0)|(a(xi)−α)D+Yi ≤ 0. Therefore

by the discrete minimum principle in Section 2.3 of [21] it follows that ψ±
i ≥

0, 1 ≤ i ≤ N − 1. Using Lemma 2.5 we have, for all xi ∈ [σ, 1]

|W1(xi)| ≤ |W1(0)|Yi ≤ |W1(0)|YN/4 ≤ CN−1

as required

To complete the proof we use the arguments from [21]. We must show

that the result holds for xi ∈ (0, σ), since for i = 0 there is nothing to prove.

From (2.10) and σ = ε
α
lnN we have

LN
ε (W1 − w1) ≤ Cσε−2N−1e−αxi−1/ε (2.26)
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For i ∈ [0, N/4] we introduce the two mesh functions

ψ±
i =

Ce2γh/ε

γ(α− γ)
σε−1N−1Yi + C ′N−1 ± (W1 − w1)(xi)

where is γ is as defined above and, for all i ∈ [0, N/4],

Yi =
λN/4−i − 1

λN/4 − 1
, λ = 1 +

γh

ε

D+Yi ≤ −γ
ε
e−γxi+1/ε < 0, 0 ≤ Yi ≤ 1.

Then ψ±
0 > 0, ψ±

N/4 ≥ 0 and LN
ε ψ

±
i ≤ 0, therefore by the discrete minimum

principle in Section 2.3 of [21], ψ±
i ≥ 0 for all i ∈ [0, N/4], from which the

required result follows. □

Lemma 2.10. The following parameter-uniform bound holds for N ≥ 8

|(W2 − w2)(xi)| ≤ CN−1 lnN

where C is a constant independent of N and ε.

Proof. The proof is analogous to that in [23]. We start by obtaining a bound

on |[D(W2 − w2)(d)]|, firstly re-writing the expression as follows:

[D(W2 − w2)(d)] = [DW2(d)]− [Dw2(d)]

= [v′ε(d)]− [DVε(d)] + [w′
2(d)]− [Dw2(d)]− [DW1(d)].

Furthermore note that

[v′ε(d)]− [DVε(d)] = v′ε(d
+)−D+vε(d)−

(
v′ε(d

−)−D−vε(d)

)
+ [D(vε − Vε)(d)].
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By the triangle inequality

|[D(vε − Vε)]| ≤ |D+(vε − Vε)|+ |D−(vε − Vε)|

As in [21] on [d, 1], |εD+(vε − Vε)(xi)| ≤ CN−1 and by Lemma (2.8)

|D−(vε − Vε)(d)| = |(vε − Vε)(d−H1)/H1| ≤ CN−1.

Therefore,

|[D(vε − Vε)(d)]| ≤ C(εN)−1.

Additionally note that

|[v′ε(d)]− [Dvε(d)]| ≤ CN−1∥v(2)ε ∥Ω−∪Ω+ ≤ CN−1.

Therefore

|[v′ε(d)]− [DVε(d)]| ≤ C(εN)−1.

Similarly

[w′
2(d)]− [Dw2(d)] = w′

2(d
+)−D+w2(d)−

(
w′

2(d
−)−D−w2(d)

)
.

And so

|[w′
2(d)]− [Dw2(d)]| ≤ CH2∥w(2)

2 ∥[d,d+H2] + CH1∥w(2)
2 ∥[d−H1,d]

≤ CH2 + CH1e
−α(d−H1)/ε ≤ CN−1
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Finally, we have

|[Dw1(d)]| ≤ (H2 +H1)|w′′
1(d−H1)| ≤ Cε−2e−α(d−H1)/ε ≤ CN−1,

since e−α(d−H1)/ε ≤ e−α(d−4/N)/ε ≤ e−αd/2ε. Note that by the arguments in

[21] and by Lemma 2.9, |[D(w1 −W1)(d)]| ≤ C(εN)−1 lnN . Therefore by the

triangle inequality we have

|[D(w2 −W2)(d)]| ≤ C(εN)−1 lnN.

We now consider the local truncation error on ΩN
ε . Using the bounds on the

derivatives of w2 and standard local truncation error bounds we obtain the

following for xi ∈ (d, 1)

|LN
ε (W2 − w2)(xi)| ≤

ε

3
(xi+1 − xi−1)∥w(3)

2 ∥[xi−1,xi+1] +
a(xi)

2
(xi+1 − xi)∥w(2)

2 ∥[xi,xi+1]

≤ CH2e
−α(xi−1−d)/ε

≤ CN−1.

For x ∈ [σ, d) we have

|LN
ε (W2 − w2)(xi)| ≤ C(h+H1)e

−α(σ−h)/ε

≤ CN−1.

Finally, for xi ∈ (0, σ) we get

|LN
ε (W2 − w2)(xi)| ≤ Ch ≤ CN−1.
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In summary we have

|LN
ε (W2 − w2)| ≤ CN−1 and |[D(w2 −W2)(d)]| ≤ C(εN)−1 lnN.

The remainder of the proof is analogous to that in [23]. Consider the following

mesh functions

ϕ±
i = CN−1 lnN

 1, xi ≤ d

ψi, xi ≥ d,
+ CN−1 lnN(1− xi)± (W2 − w2)(xi)

where ψi is defined as follows

(εδ2 + αD+)ψi = 0, ψN/2 = 1, ψN = 0.

Then ϕ±
0 > 0, ϕ±

N = 0, LN
ε ϕ

± ≤ 0 and [Dϕ±(d)] ≤ 0, from which the required

bound follows.

Theorem 2.11. Let Uε, uε be, respectively, the solutions of (PN
ε ) and (Pε).

Then for all N ≥ 4

sup
0<ε≤1

∥(Uε − uε)(xi)∥ΩN
ε
≤ CN−1 lnN

where C is a constant independent of N and ε.

Proof. This result is obtained by combining Lemmas 2.8, 2.9 and 2.10. □

Lemma 2.12. For all N ≥ 8

sup
0<ε≤1

∥(Ūε − uε)(xi)∥ΩN
ε
≤ CN−1 lnN

where Ūε is the piecewise linear interpolant of Uε on Ω̄ and C is a constant

independent of N and ε and C is a constant independent of ε and N .
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Proof. The proof is analogous to that in [21]. Let ūε be the piecewise linear

interpolant of the values of uε at the mesh points Ω̄N
ε , i.e.

ūε =
N∑
i=0

uε(xi)ϕi(x)

where ϕi(x) is the piecewise linear function defined by ϕi(xj) = δi, j, for all

i, j ∈ [0, N ]. By the triangle inequality we have

∥Ūε − uε∥ ≤ ∥Ūε − ūε∥+ ∥ūε − uε∥. (2.27)

To bound the first term on the right-hand side, note that

Ūε − ūε =
N−1∑
i=0

(Uε − uε)(xi)ϕi(x)

By Theorem 2.11 we have

|(Uε − uε)(xi)| ≤ CN−1 lnN

and since ϕi(x) ≥ 0 and ∥
∑N−1

i=1 ϕi∥ ≤ 1, it is easy to see that

|Ūε − ūε∥ ≤ CN−1 lnN.

It remains to bound the second term on the right-hand side. Note the

classical estimate for linear interpolation, i ∈ [0, N − 1] and f ∈ C2(Ωi),

where Ωi = (xi, xi+1) and xi ∈ Ω̄i

|(f̄ − f)(x)| ≤ 1

2
(xi+1 − xi)

2∥f ′′∥Ωi
. (2.28)

We now decompose the interpolation error analogously to the decomposition
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of the exact solution uε

ūε − uε = v̄ε − vε + w̄ε − wε

where v̄ε and w̄ε are the piecewise linear interpolants of the values of vε and

wε respectively at the mesh points Ω̄N
ε . We bound each of the two components

on the right-hand side separately. From (2.28) and Lemma 2.4 we have

∥v̄ε − vε∥ ≤ CN−2. (2.29)

and, for all xi ∈ Ω̄i,

|(w̄ε − wε)(x)| ≤ C(xi+1 − xi)
2ε−2. (2.30)

When σ = d
2
we have ε−1 ≤ C lnN . Therefore from (2.30) we get

∥(w̄ε − wε)(x)∥ ≤ C(N−1 lnN)2.

In the case where σ = ε
α
lnN we have, from (2.30)

∥(w̄ε − wε)(x)∥[0, σ] ≤ C(
σ

ε
)2N−2 ≤ C(N−1 lnN)2.

and from Lemma 2.5 we have

∥(w̄1 − w1)(x)∥[σ, 1] ≤ 2∥w1∥[σ,1] ≤ Ce−ασ/ε = CN−1.

From Lemma 2.6 we have, for xi ∈ [σ, 1]

∥(w̄2 − w2)(xi)∥ ≤ CN−2.
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Therefore,

∥(w̄ε − wε)(x)∥ ≤ CN−1 lnN. (2.31)

The proof is completed by combining (2.29) and (2.31) and using the triangle

inequality. □

Lemma 2.13. For each xi ∈ ΩN
ε ∪ {0} and all x ∈ Ω̄i we have

|ε(D+uε(xi)− u′ε(x))| ≤ CN−1 lnN

where C is a constant independent of N and ε.

Proof. The proof is analogous to that in [21]. It is clear that

|ε(D+uε(xi)− u′ε(x))| ≤ |ε(D+vε(xi)− v′ε(x))|+ |ε(D+wε(xi)− w′
ε(x))|.

We will therefore complete the proof by bounding each term on the right-hand

side separately. Note the following identity for any function ϕ ∈ C2(Ωi)

D+ϕ(xi)− ϕ′(x) =
1

xi+1 − xi

∫ xi+1

s=xi

∫ s

t=xi

ϕ′′(t)dtds−
∫ x

t=xi

ϕ′′(t)dt (2.32)

from which we get

|D+ϕ(xi)− ϕ′(x)| ≤ 3

2
(xi+1 − xi)∥ϕ′′∥Ω̄i

(2.33)

We can then use this inequality, along with Lemma 2.4, to bound the first

term on the right-hand side as follows

ε|D+vε(xi)− v′ε(x)| ≤ C
3

2
(xi+1 − xi)∥εv′′ε∥Ω̄i

≤ CN−1 (2.34)
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For the second term we have

ε|D+wε(xi)− w′
ε(x)| ≤ ε|D+w1(xi)− w′

1(x)|+ ε|D+w2(xi)− w′
2(x)|.

By Lemma 2.6 the second term on the right-hand side is bounded as follows

ε|D+w2(xi)− w′
2(x)| ≤ C

3

2
(xi+1 − xi)∥εw′′

2∥Ω̄i
≤ CN−1.

For the first term on the righthand side we have

ε|D+w1(xi)− w′
1(x)| ≤ C

3

2
(xi+1 − xi)∥εw′′

1∥Ω̄i
≤ Cε−1(xi+1 − xi). (2.35)

We first consider the case where σ = d/2, therefore xi+1 − xi = CN−1 and

ε−1 ≤ C ′ lnN , yielding the required bound. In the case where σ = ε
α
lnN

note that for x ∈ [0, σ) we have xi+1 − xi = 4σN−1, from which the required

result follows from (2.35).

It only remains to consider the case where σ = ε
α
lnN and xi ∈ [σ, 1).

Using the differential equation for w1 and integrating by parts and applying

Lemma 2.5 we get

∣∣∣∣∫ s

t=xi

εw′′
1(t)dt

∣∣∣∣ = ∣∣∣∣∫ s

t=xi

(a′w1)(t)dt− (aw1)(t)|st=xi

∣∣∣∣ ≤ Ce−ασ/ε = CN−1.

The required bound is then obtained by using the above result and (2.32) for

εwε. □

Lemma 2.14. For each xi ∈ ΩN
ε ∪ {0} we have

|ε[D+(Vε(xi)− vε(x))]| ≤ CN−1

where C is a constant independent of N and ε.
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Proof. The proof is analogous to that in [21]. Let ei = (Vε − vε)(xi) and

τi = LN
ε ei, therefore eN = 0 and, by Lemma 2.8 we have

|εD+eN−1| =
|εeN−1|
1− xN−1

≤ CεN−1

We now prove the claim for i ∈ [0, N−2]. Rewriting the relation τi = LN
ε ei

we get

εD+ej − εD+ej−1 + (1/2)(xj+1 − xj−1)a(xj)D
+ej = (1/2)(xj+1 − xj−1)τj.

Summing and rearranging we obtain

|εD+ei| ≤ |εD+eN−1|+ (1/2)
N−1∑
j=i+1

(xj+1 − xj−1)|τj|+ (1/2)

∣∣∣∣ N−1∑
j=i+1

(xj+1 − xj−1)a(xj)D
+ej

∣∣∣∣.
The first term on the right-hand side has already been bounded. It was

established in the proof of Lemma 2.8 that |τj| ≤ CN−1, therefore the second

term is also bounded by CN−1. It only remains to bound the final term on

the right-hand side. Note that

(xj+1 − xj−1)a(xj)D
+ej =

xj+1 − xj−1

xj+1 − xj
a(xj)ej+1 −

xj − xj−2

xj − xj−1

a(xj−1)ej

− xj+1 − xj−1

xj+1 − xj
(a(xj)− a(xj−1))ej

− (
xj+1 − xj−1

xj+1 − xj
− xj − xj−2

xj − xj−1

)a(xj−1)ej.

Summing both sides we have, for i < N/4
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N−1∑
j=i+1

(xj+1 − xj−1)a(xj)D
+ej = −xi+1 − xi−1

xi+1 − xi
a(xi)ei+1

−
N−1∑
j=i+1

xj+1 − xj−1

xj+1 − xj
(a(xj)− a(xj−1))ej

+ (1− h

H1

)(a(xN/4−1)eN/4 − a(xN/4)eN/4+1)

+ (1− H1

H2

)(a(xN/2−1)eN/2 − a(xN/2)eN/2+1)

For N/4 ≤ i < N/2 some or all of the second last term on the right-hand side

will be zero. For i ≥ N/2 the second last term on the right-hand side will be

zero and some or all of the last term will be zero. From Lemma 2.8 we know

|ei| ≤ CN−1. For i ̸= N/2 we have xi+1−xi−1

xi+1−xi
≤ 2 and for i = N/2 we have

xN/2+1 − xN/2−1

xN/2+1 − xN/2

=
H1 +H2

H2

=
(1− d) + 2(d− σ)

1− d
≤ 2

1− d
.

Additionally,

|1− H1

H2

| = |1− 3d− 2σ

1− d
| ≤ |1− 2d

1− d
| ≤ 1

Therefore we have the following for all i ∈ [0, N − 2]

∣∣∣∣ N−1∑
j=i+1

(xj+1 − xj−1)a(xj)D
+ej

∣∣∣∣ ≤ CN−1

from which the required result is obtained. □

Lemma 2.15. For all xi ∈ ΩN
ε ∪ {0} we have

|εD+(Wε − wε)(xi)| ≤ CN−1 lnN
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where C is a constant independent of N and ε.

Proof. By the triangle inequality we have

|εD+(Wε − wε)(xi)| ≤ |εD+(W1 − w1)(xi)|+ |εD+(W2 − w2)(xi)|

The first term on the righthand side may be bounded using the arguments

in Section 3.5 of [21]. In the case of the second term, the proof is analogous

to that in [23]. We first obtain the required bound on [d, 1]. Let ei = (W2 −

w2)(xi) and τi = LN
ε ei. Note that we can show that for xi ≥ d

|(W2 − w2)(xi)| ≤ CN−1 lnN(1− xi) (2.36)

using the following barrier function

ϕi = CN−1 lnN
1− xi
1− d

.

Since eN = 0, we have, from (2.36), |εD+eN−1| ≤ CεN−1 lnN . Rewriting the

relation τi = LN
ε ei as follows we have

εD+ej − εD+ej−1 +
1

2
(xj+1 − xj−1)a(xj)D

+ej =
1

2
(xj+1 − xj−1)τj.

Summing and rearranging we get

|εD+ei| ≤ |εD+eN−1|+
1

2

N−1∑
j=i+1

(xj+1 − xj−1)|τj|+
1

2
|

N−1∑
j=i+1

(xj+1 − xj−1)a(xj)D
+ej|.

We have already bounded the first term on the righthand side. The second

term is also bounded since τj ≤ CN−1. In the case of the third term we apply

the arguments from the proof of Lemma 2.14 to obtain the required bound.

In order to obtain a similar bound on the subdomain [0, d], we define
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W̃2(x) = W2(x)−W2(d) which satisfies

LN
ε W̃2 = 0 for all xi ∈ ΩN

ε ,

W̃2(0) = −W2(d), W̃2(d) = 0, W̃2(1) = −W2(d).

Then for xi < d we have

D+(W2 − w2)(xi) = D+(W2 − w2)(d) +D+(W̃2 − w̃2)(xi).

The first term on the righthand side is already bounded and in the case of the

second term we repeat the arguments above over [0, d] to obtain the required

bound. □

Theorem 2.16. For all N ≥ 8 and each i ∈ [0, N − 1] we have

sup
0<ε≤1

∥ε(D+Uε(xi)− u′ε)∥Ω̄i
≤ CN−1 lnN

Proof. See [21] for the proof. □
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2.4 Numerical Results

We will now look at some computational results for specific problems of the

type described in Section 2.1. Consider the following:

εu′′ε + a(x)u′ = f, x ∈ (0, 1)

uε(0) = 0, uε(1) = 0,

where a(x) =

 2x+ 1, x ≤ 1
2
,

3x+ 1, x ≥ 1
2
.

and f(x) =

 1− x, x ≤ 1
2
,

x, x ≥ 1
2
.

(2.37)

We solve this problem numerically using (PN
ε ) and the fitted meshes described

in Section 2.2 The global error is approximated by

ĒN
ε = max

xi∈Ω524288
ε

|ŪN
ε − U524288

ε |.

The approximate global error computed using (PN
ε ) is depicted in Fig. 2.1

for N = 64 and ε = 10−4. On the same plot we have shown the corresponding

approximate global error when a fully fitted mesh is used. The fully fitted

mesh is identical to the partially fitted mesh in the boundary layer region,

and has a further fine mesh region starting at x = d, of thickness σ∗ =

min{(1− d)/2, ε
α
lnN}. Therefore we have xN/4 = σ, xN/2 = d as before and

additionally now have x3N/4 = d + σ∗. The mesh is fitted to The four mesh
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widths are denoted in the following way

h1 =
4σ

N
, h2 =

4(d− σ)

N
,

H1 =
4σ∗

N
, H2 =

4(1− d− σ∗)

N

The global errors for the numerical solution on the partially fitted mesh for

various values of N and ε compared to the reference solution (the numerical

solution on the fully fitted mesh with N = 524288) are presented in Table

2.1, along with the uniform convergence rates computed using the double grid

approach, where

EN
ε = max

xi∈ΩN
ε

|UN
ε − Ū524288

ε |,

DN
ε = max

xi∈ΩN
ε

|UN
ε − Ū2N

ε |, DN = max
ε
DN

ε ,

pN = log2D
N/D2N .

This table verifies the convergence result. Table 2.2 gives the analogous com-

puted errors and uniform convergence rates for the scaled discrete derivatives.

Again, the theoretical error estimate is confirmed.

Consider a second example:

εu′′ε + u′ = f,

uε(0) = 0, uε(1) = 0,

where f(x) = (x− 1/2)2/3 (2.38)

Fig. 4.2 shows the approximate global error computed on partially and

fully fitted meshes for N = 64 and ε = 10−4. Tables 2.3 and 2.4, analogously

to Tables 2.1 and 2.2, present the approximate global errors for the numerical
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Figure 2.1: Approximate global error for problem (2.37) with ε = 0.0001 and
N = 64.

Table 2.1: Global errors ĒN
ε and the uniform order of convergence pN for the discrete solution, partially

fitted mesh method (PN
ε ) applied to problem (2.37).

Number of intervals N
ε 64 128 256 512 1024 2048
1 9.04E-04 4.48E-04 2.24E-04 1.12E-04 5.58E-05 2.78E-05

2−2 4.02E-03 1.94E-03 9.86E-04 5.11E-04 2.51E-04 1.20E-04
2−4 1.64E-02 8.21E-03 4.16E-03 2.12E-03 1.05E-03 5.18E-04
2−6 1.46E-02 8.71E-03 5.10E-03 2.91E-03 1.68E-03 9.39E-04
2−8 1.52E-02 8.50E-03 4.88E-03 2.68E-03 1.56E-03 8.39E-04
2−10 1.58E-02 8.92E-03 4.93E-03 2.75E-03 1.52E-03 8.31E-04
2−12 1.60E-02 9.12E-03 5.09E-03 2.88E-03 1.62E-03 8.68E-04
2−14 1.61E-02 9.18E-03 5.14E-03 2.93E-03 1.66E-03 9.03E-04
2−16 1.61E-02 9.19E-03 5.15E-03 2.94E-03 1.67E-03 9.15E-04
2−18 1.61E-02 9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.18E-04
2−20 1.61E-02 9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.19E-04
2−22 1.61E-02 9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.19E-04
2−24 1.61E-02 9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.19E-04
2−26 1.61E-02 9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.19E-04
2−28 1.61E-02 9.20E-03 5.16E-03 2.95E-03 1.68E-03 9.19E-04
2−30 1.61E-02 9.20E-03 5.15E-03 2.95E-03 1.68E-03 9.19E-04

pN 9.33E-01 7.47E-01 7.91E-01 6.97E-01 7.67E-01 8.43E-01

solution and the pointwise errors for the discrete derivative respectively, again

confirming the theoretical error estimates.

2.5 Summary

We considered a two-point boundary value problem for a singularly perturbed

convection diffusion equation with a singular perturbation parameter ε and

a source term whose first derivative and convection coefficients are discontin-
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Table 2.2: Maximum pointwise errors EN
ε , and the uniform order of convergence pN in the scaled

discrete derivatives for the partially fitted mesh method (PN
ε ) applied to problem (2.37).

Number of intervals N
ε 64 128 256 512 1024 2048
1 1.59E-02 8.01E-03 4.02E-03 2.01E-03 1.01E-03 5.03E-04

2−2 3.36E-02 1.72E-02 8.75E-03 4.45E-03 2.22E-03 1.10E-03
2−4 8.67E-02 4.80E-02 2.55E-02 1.32E-02 6.66E-03 3.34E-03
2−6 7.73E-02 4.94E-02 3.01E-02 1.76E-02 1.01E-02 5.60E-03
2−8 7.58E-02 4.77E-02 2.88E-02 1.67E-02 9.54E-03 5.27E-03
2−10 7.61E-02 4.80E-02 2.87E-02 1.66E-02 9.41E-03 5.21E-03
2−12 7.62E-02 4.81E-02 2.89E-02 1.68E-02 9.55E-03 5.27E-03
2−14 7.63E-02 4.82E-02 2.89E-02 1.69E-02 9.61E-03 5.32E-03
2−16 7.63E-02 4.82E-02 2.89E-02 1.69E-02 9.63E-03 5.34E-03
2−18 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.34E-03
2−20 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03
2−22 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03
2−24 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03
2−26 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03
2−28 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03
2−30 7.63E-02 4.82E-02 2.90E-02 1.69E-02 9.64E-03 5.35E-03

pN 5.43E-01 6.79E-01 7.26E-01 7.61E-01 8.19E-01 8.61E-01
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Figure 2.2: Approximate global error for problem (2.38) with ε = 0.0001 and
N = 64.

uous. We constructed a numerical method for solving this problem, which

generates ε-uniformly convergent numerical approximations to the the solu-

tion and its derivatives. The method consists of the standard upwind finite

difference operator on a Shishkin mesh fitted only to the boundary layer and

not to the interior layer. It is worth noting that, in view of the bounds ob-

tained on the scaled discrete derivative for this problem, then it is possible to

extend the results of this chapter to the case where there are multiple such
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Table 2.3: Global errors ĒN
ε and the uniform order of convergence pN for the discrete solution, partially

fitted mesh method (PN
ε ) applied to problem (2.38).

Number of intervals N
ε 128 256 512 1024 2048
1 7.96E-04 3.47E-04 1.59E-04 7.51E-05 3.62E-05 1.77E-05

2−2 6.90E-03 3.39E-03 1.67E-03 8.27E-04 4.11E-04 2.05E-04
2−4 2.84E-02 1.65E-02 8.39E-03 4.23E-03 2.12E-03 1.06E-03
2−6 3.16E-02 1.78E-02 1.01E-02 5.73E-03 3.23E-03 1.80E-03
2−8 3.42E-02 1.92E-02 1.06E-02 5.85E-03 3.21E-03 1.76E-03
2−10 3.52E-02 2.00E-02 1.11E-02 6.13E-03 3.35E-03 1.81E-03
2−12 3.54E-02 2.02E-02 1.13E-02 6.29E-03 3.46E-03 1.88E-03
2−14 3.55E-02 2.03E-02 1.14E-02 6.33E-03 3.50E-03 1.92E-03
2−16 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03
2−18 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.52E-03 1.93E-03
2−20 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03
2−22 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03
2−24 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03
2−26 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03
2−28 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.52E-03 1.93E-03
2−30 3.55E-02 2.03E-02 1.14E-02 6.35E-03 3.51E-03 1.93E-03

pN 8.00E-01 7.48E-01 8.18E-01 8.22E-01 8.38E-01 8.46E-01

Table 2.4: Maximum pointwise errors EN
ε , and the uniform order of convergence pN in the scaled

discrete derivatives for the partially fitted mesh method (PN
ε ) applied to problem (2.38).

Number of intervals N
ε 128 256 512 1024 2048
1 1.70E-02 8.51E-03 4.26E-03 2.13E-03 1.06E-03 5.29E-04

2−2 4.32E-02 2.27E-02 1.17E-02 5.91E-03 2.97E-03 1.49E-03
2−4 1.15E-01 7.58E-02 4.21E-02 2.22E-02 1.14E-02 5.80E-03
2−6 1.18E-01 7.87E-02 4.95E-02 2.98E-02 1.73E-02 9.83E-03
2−8 1.21E-01 8.04E-02 5.02E-02 3.00E-02 1.73E-02 9.76E-03
2−10 1.22E-01 8.14E-02 5.09E-02 3.04E-02 1.75E-02 9.84E-03
2−12 1.23E-01 8.17E-02 5.12E-02 3.06E-02 1.77E-02 9.95E-03
2−14 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02 1.00E-02
2−16 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02 1.00E-02
2−18 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02 1.00E-02
2−20 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02 1.00E-02
2−22 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02 1.00E-02
2−24 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02 1.00E-02
2−26 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02 1.00E-02
2−28 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02 1.00E-02
2−30 1.23E-01 8.18E-02 5.13E-02 3.07E-02 1.78E-02 1.00E-02

pN 4.28E-01 5.67E-01 6.69E-01 7.41E-01 7.91E-01 8.26E-01

discontinuities in the domain. We introduced a minimum principle for the

discrete problem and a decomposition of the discrete solution, by means of

which we proved the ε-uniform convergence in the global maximum norm of

the approximations generated by the numerical method. Numerical results

presented were consistent with the theoretical results.
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Chapter 3

A singularly perturbed

convection-diffusion problem

with discontinuous boundary

data

3.1 Introduction

We consider the following boundary value problem in a domain Ω, the unit

square.

Luε ≡ ε∆uε + p1
∂uε
∂x

+ p2
∂uε
∂y

− quε = f in Ω,

uε(x, 0) = gs(x), uε(x, 1) = gn(x), x ∈ (0, 1)

uε(0, y) = gw(y), uε(1, y) = ge(y) y ∈ (0, 1)

gs(0) ̸= gw(0), (3.1)
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where p1, p2 and q are positive constants and 0 < ε ≤ 1. While it is unusual

to exclude the case where q = 0, subsequent analysis (Lemma (3.2)) requires

it. For f(x, y) and the boundary data it is assumed that

f ∈ C2l,a(Ω̄), gs, gn, gw, ge ∈ C2l,α([0, 1]) (3.2)

for some non-negative integer l and α ∈ (0, 1) and that gmn (1) = 0, gne (1) =

0 ∀ m, n ≤ 2. We will use the Hölder space Cm,α(Ω) where 0 < α < 1.

While in this thesis we consider only problems with constant coefficients, it

may be possible to extend these bounds to the case of variable coefficients

under certain assumptions. However, due to the complexity of the analysis

here, even in the case of constant coefficients, to extend this analysis to the

case of variable coefficients would be challenging.

Throughout this thesis we are concerned with the numerical solution of

singularly perturbed problems with discontinuous data. The problem above

exhibits exponential layers along the outflow boundaries, a corner boundary

layer at the outflow boundary corner as well as a singularity of the solution

discontinuity in a neighbourhood of this corner. Whereas in [45] Kellogg and

Stynes examine a singularly perturbed convection-diffusion problem on the

unit square with parabolic and exponential boundary layers. In contrast, the

problems we consider differ in the direction of the flow, which is diagonal

across the domain. This gives rise to a different decomposition of the solu-

tions, therefore different expression of the solution in terms of modified Bessel

functions and increased difficulty in bounding derivatives.

In [45] and [47], Kellogg and Stynes considered a singularly perturbed

convection-diffusion problem on the unit square with exponential and charac-

teristic boundary layers and potential corner singularities at all four corners
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of the domain and obtained bounds for the solution of the problem and its

derivatives. In [75] and [76] the authors obtained bounds on the solutions

to related problems with Neumann boundary conditions. Discontinuities in

the boundary data at inflow corners give rise to corner singularities which are

propagated through the domain. Such problems are difficult to solve numeri-

cally, a special mesh is required to deal with the consequent solution behaviour

across the domain. In this chapter we analyse the behaviour of the solution

and derivatives of the problem outlined above with the objective of using

this information to design an appropriate domain decomposition numerical

method, with a suitably adapted mesh, to solve a similar problem in Chapter

4. While the analysis broadly follows a similar structure to that used in [45],

the bounds we obtain differ due to the nature of the flow and layers involved.

Additionally, there are significant differences in the decomposition of the solu-

tion and increased difficulty in the bounding of the higher derivatives of some

of the components.

3.2 Decomposition

S1 is defined to be the solution of the incoming half-plane problem

LS1 = f ∗, x < 1,

S1(1, y) = g∗e(y), ∀ y ∈ R, (3.3)
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on the domain Πx<1. And S2 is defined to be the solution of the incoming

half-plane problem

LS2 = 0, y < 1,

S2(x, 1) = g∗n(x)− S∗
1(x, 1), ∀ x ∈ R, (3.4)

on the domain Πy<1. Note that f ∗, g∗n, g
∗
e , g

∗
s , g

∗
w are smooth extensions of

f, gn, ge, gs, gw respectively which die off at infinity, [26], that g∗n and g∗e

smoothly go to zero approaching the corner (1, 1) and that S∗
1 is a smooth

extension of S1 along the boundary of Πy. The functions S1 and S2 will be a

good approximations to uε away from exponential layer regions and corners.

In order to deal with the outflow boundary layers and to correct the boundary

conditions along x = 0, y = 0, E1 is defined to be the solution of the outgoing

half-plane problem:

LE1 = 0, x > 0,

E1(0, y) = −S∗
1(0, y)− S∗

2(0, y), ∀ y ∈ R, (3.5)

on the domain Πx and E2 is defined to be the solution of the outgoing half-

plane problem:

LE2 = 0, y > 0,

E2(x, 0) = −S∗
1(x, 0)− S∗

2(x, 0)− E∗
1(x, 0), ∀ x ∈ R, (3.6)

on the domain Πy where S∗
1 and S∗

2 are smooth extensions of S1 and S2 along

the boundaries of Πx and Πy respectively.

S1 +S2 +E1 +E2 satisfies L(S1 +S2 +E1 +E2) = f on Ω but does not agree

with the boundary data for uε on any of the four sides of Ω.
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Figure 3.1: Boundary data on Ω, S1 + S2 + E1 + E2

We introduce z00 to deal with the disagreement between S1+S2+E1+E2 and

the boundary data gw and gs on the sides x = 0 and y = 0 respectively. The

corner function z00(x, y) is defined as the solution of the outgoing quarter-

plane problem

Lz00 = 0, x > 0, y > 0,

z00(x, 0) = g∗s(x), x > 0,

z00(0, y) = g∗w(y)− E∗
2(0, y), y > 0, (3.7)

on the domain Q1.

S1 +S2 +E1 +E2 + z00 differs from the boundary data gn and ge on the sides

y = 1 and x = 1 respectively.

Similarly, z11 deals with the disagreement between S1 + S2 + E1 + E2 + z00

and the boundary data gn and ge on the sides y = 1 and x = 1 respectively

and is defined as the solution of the incoming quarter-plane problem on the
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Figure 3.2: Domain and boundary conditions, z00

Figure 3.3: Boundary data on Ω, S1 + S2 + E1 + E2 + z00
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domain Q2

Lz11 = 0, x < 1, y < 1,

z11(x, 1) = −E∗
1(x, 1)− E∗

2(x, 1)− z∗00(x, 1), x ≤ 1,

z11(1, y) = −E∗
1(1, y)− E∗

2(1, y)− z∗00(1, y) + (χ(y)− 1)S∗
2(1, y), y ≤ 1,

(3.8)

where E∗
1 , E

∗
2 , z

∗
00 and S∗

2 are smooth extensions of E1, E2, z00 and S2 re-

spectively along the boundaries of Q2 and χ, a smooth cut-off function [45],

satisfying

χ(t) =

 0, t ≤ 1/2

1, t ≥ 2/3

ensures that no incompatibilities are introduced at the corners of Ω.

Figure 3.4: Domain and boundary conditions, z11

As in [45] set ūε = uε− (S1+S2+E1+E2+z00+z11). Then ūε is the solution
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of the problem

Lūε = 0 ∈ Ω,

ūε(x, 0) = ḡs(x),

ūε(x, 1) = ḡn(x), 0 < x < 1,

ūε(0, y) = ḡw(y),

ūε(1, y) = ḡe(y), 0 < y < 1 (3.9)

where

ḡs(x) = −z11(x, 0),

ḡn(x) = 0,

ḡw(y) = −z11(0, y),

ḡe(y) = −χ(y)S∗
2(1, y). (3.10)

The data of the problem (3.9) are compatible to arbitrary order at the corners

(0, 0) and (1, 1). However, as compatibility conditions at corners (1, 0) and

(0, 1) may not be satisfied, we introduce functions z10 and z01 to deal with

these incompatibilities. The corner function z10 is defined by the problem

Lz10 = 0, x < 1, y > 0,

z10(x, 0) = −χ(x)z∗11(x, 0), x ≤ 1,

z10(1, y) = −χ(y)S∗
2(1, y), y ≥ 0. (3.11)
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Figure 3.5: Domain and boundary conditions, z10

The corner function z01 is defined to be the solution of the following problem

Lz01 = 0, x > 0, y < 1,

z01(x, 1) = (1− χ(x))z∗11(x, 1), x ≥ 0,

z01(0, y) = 0, y ≤ 1. (3.12)

As in [45] set ũε = ūε − (z10 + z01). Then ũε(x, 0) satisfies

Lũε = 0 ∈ Ω,

ũε(x, 0) = g̃s(x),

ũε(x, 1) = g̃n(x), 0 ≤ x ≤ 1,

ũε(0, y) = g̃w(y),

ũε(1, y) = g̃e(y), 0 ≤ y ≤ 1 (3.13)
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Figure 3.6: Domain and boundary conditions, z01

where

g̃s(x) = −(1− χ(x))z11(x, 0)− z01(x, 0),

g̃n(x) = −(1− χ(x))z11(x, 1)− z10(x, 1),

g̃w(y) = −z11(0, y)− z10(0, y),

g̃e(y) = −z01(1, y). (3.14)

We examine the boundary data (3.14). Note that, near (0, 0),

g̃s(x) = −z11(x, 0)

g̃w(y) = −z11(0, y),

since z01(x, 0) and z10(0, y) both equal zero at (0, 0). As z11 is smooth at (0, 0)

it follows that the data are compatible at (0, 0) to arbitrary order. Similar

arguments hold near the remaining corners of Ω. Therefore it follows that the

data are compatible to arbitrary order at all four corners of Ω. In this way
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we arrive at the following decomposition

uε = S1 + S2 + E1 + E2 + z00 + z11 + z01 + z10 + ũε. (3.15)

3.2.1 Summary of alternative decomposition

We include a brief descriptions of an alternative decomposition of the solu-

tion composed only of quarter-plane problems. Such a decomposition appears

appropriate given the characteristic layers present. However, due to the dif-

ficulty in attaining bounds on mixed derivatives in quarter-plane domains,

for the purposes of analysis we proceeded with the decomposition detailed in

the previous section, which permits the bounding of mixed derivatives on its

half-plane components.

S is defined to be the solution of the incoming quarter-plane problem

LS = f ∗, x < 1, y < 1,

S(x, 1) = g∗n(x), x < 1,

S(1, y) = g∗e(y), y < 1. (3.16)

Let E be the solution to the outgoing quarter-plane problem

LE = 0, x > 0, y > 0,

E(x, 0) = −S∗(x, 0), x > 0,

E(0, y) = −S∗(0, y), y > 0, (3.17)

where S∗ is a smooth extension of S along the boundaries of Q1. The cor-

ner function z00(x, y) is defined as the solution of the outgoing quarter-plane
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problem

Lz00 = 0, x > 0, y > 0,

z00(x, 0) = g∗s(x), x > 0,

z00(0, y) = g∗w(y), y > 0. (3.18)

z11 is defined as the solution of the incoming quarter-plane problem

Lz11 = 0, x < 1, y < 1,

z11(x, 1) = −E∗(x, 1)− z∗00(x, 1), x < 1,

z11(1, y) = −E∗(1, y)− z∗00(1, y), y < 1, (3.19)

where E∗ and z∗00 are smooth extensions of E and z00 along the boundaries of

Q2. The corner function z10 is defined by the problem

Lz10 = 0, x < 1, y > 0,

z10(x, 0) = −χ(x)z11(x, 0), x < 1,

z10(1, y) = 0, y > 0. (3.20)

The corner function z01 is defined to be the solution of the following problem

Lz01 = 0, x > 0, y < 1,

z01(x, 1) = 0, x > 0,

z01(0, y) = −χ(y)z11(0, y), y < 1. (3.21)

As before let ũε be the remainder function on the unit square. In this way we
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arrive at the following alternative decomposition

uε = S + E + z01 + z10 + z00 + z11 + ũε. (3.22)

3.3 Bounds on components

3.3.1 Smooth components S1 and S2

Growth conditions and Maximum Principle: S1

The analysis is analogous to that in [45]. Consider the incoming half plane

problem below:

Lv ≡ ε∆v + p1
∂v

∂x
+ p2

∂v

∂y
− qv = f, x < 1, y ∈ (−∞,∞),

v(1, y) = he(y), y ∈ (−∞,∞)

(3.23)

where p1, p2 and q are positive constants. Setting v1(x, y) = e(p1x+p2y)/2εv(x, y)

we have

4ε2∆v1 − κ2v1 = f1(x, y), x < 1, y ∈ (−∞,∞),

v1(1, y) = he,1(y) = ep2y/2εhe(y), y ∈ (−∞,∞)

(3.24)
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where f1(x, y) = 4εe(p1x+p2y)/2εf(x, y) and κ2 = p21 + p22 + 4εq. Set

ξ = (1− x)/2ε, η = (1− y)/2ε,

v2(ξ, η) = v1(x, y), f2(ξ, η) = f1(x, y),

he,2(η) = he,1(y)

yielding the Helmholtz equation

∆v2 − κ2v2 = f2(ξ, η), ξ > 0, η ∈ (−∞,∞),

v2(0, η) = he,2(η), η ∈ (−∞,∞).

(3.25)

The Green’s function for this problem is

G(ξ, η;σ, τ) =
1

2π
[K0(κρ1)−K0(κρ2)] (3.26)

where

ρ1 =
√

(σ − ξ)2 + (η − τ)2,

ρ2 =
√

(ξ + σ)2 + (η − τ)2,

and K0 is a modified Bessel function of the second kind [87]. With

ρ3 =
√
ξ2 + (η − τ)2,
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we have the solution formula for (3.25) as follows

v2(ξ, η) = − 1

2π

∫ ∞

0

∫ ∞

−∞
f2(σ, τ)[K0(κρ1)−K0(κρ2)]dτdσ

+
ξκ

π

∫ ∞

−∞
he,2(τ)[

1

ρ3
K1(κρ3)]dτ

(3.27)

As in [45], the solution of (3.25) exists and is given by (3.27) provided the

functions f2 and h2,e are such that the integrals are convergent.

In examining the finiteness of the integrals, note that

|K0(κρ1)|+ |K0(κρ2)| ≤ C|K0(κρ1)|

and that in the case of σ ≤ 2ξ, τ ≤ 2η we have K0(t) ≤ C| ln(t)| for 0 < t ≤ 1

and
∫ 1

0
| ln t|dt is finite. For σ > 2ξ and τ > 2η,

ρ1 =
√

(ξ − σ)2 + (η − τ)2

=
√

(σ − ξ)2 + (τ − η)2

=

√
(
σ

2
+
σ

2
− ξ)2 + (

τ

2
+
τ

2
− η)2

>
1

2

√
σ2 + τ 2

and, as in [45], using the bound derived from (9.6.23) in [1], |Kj(t)| ≤ Ct−1/2e−t

for t > 1, we obtain the following integrability condition for the f2 integral

|
∫
|σ|>2|ξ|

∫
|τ |>2|η|

(σ2 + τ 2)−1/4f2(σ, τ)e
−κ/2(σ2+τ2)1/2dτdσ| <∞.

In the case of the h2 integrals note that ρ3 cannot be zero, therefore we need

only establish that large σ and τ do not cause the integral to become infinitely
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large. For τ > 2η we have ρ3 > τ/2 and the integrability condition is as follows

∫
|τ |>2|η|

τ−3/2|he,2(τ)|e−κτ/2dτ <∞.

Reverting to the original variables and setting r = (x2+y2)1/2 the integrability

conditions become

|
∫ ∞

|x|>1

∫ ∞

|y|>1

r−1/2|f(x, y)|e−(κr+p1x+p2y)/2εdydx| <∞,∫ ∞

|y|>1

|y|−3/2|he(y)|e−(κ|y|+p2y)/2εdy <∞. (3.28)

We then obtain the following maximum principle.

Lemma 3.1. Let Φ ∈ C2(Π̄x<1) satisfy LΦ ≤ 0, Φ(1, y) ≥ 0 ∀ y ∈ R on Πx<1

and let p = min{p1, p2}

|
∫ 1

−∞

∫ ∞

−∞
(1 + r)−1/2|LΦ|e−pr/2εdydx| <∞,∫ ∞

−∞
(1 + |y|)−3/2|Φ(1, y)|e−p|y|/2εdy <∞, (3.29)

then Φ ≥ 0 in Πx<1.

If U ∈ C2(Πx<1) satisfies |LU(x, y)| ≤ |LΦ(x, y)| in Πx<1 and |U(1, y)| ≤

Φ(1, y), ∀ y ∈ R, then |U(x, y)| ≤ Φ(x, y) in Πx<1.□

S0 is defined to be the solution of the incoming half-plane problem

LS0 = f ∗, x < 1,

S0(1, y) = 0, ∀ y ∈ R. (3.30)

Much of the analysis on S0, S1 and S2 which follows is analogous to that in

[45]; however, a number of modifications are used in Lemma 3.4 due to the
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differing nature of the operator L defined in (3.1), compared with that in [45].

We use the Sobolev spaceWm,∞(S) with the norm ∥·∥m,∞,S and where m = 0

we write ∥ · ∥∞,S.

Lemma 3.2. Let n be a non-negative integer. Let f ∗ ∈ W n,∞(Πx<1). Then

∥Dn
yS0∥∞,Πx<1 ≤ ∥f ∗∥n,∞,Πx<1

q
.

Proof. From the boundary conditions Dn
yS0(1, y) = 0 ∀ y. Differentiating

(3.30) we get L(Dn
yS0) = Dn

y f
∗ on Πx<1. Let w(x, y) =

∥Dn
y f

∗∥∞,Πx<1

q
on Πx<1.

Then w(1, y) ≥ |Dn
yS0(1, y)| ∀ y. Also, |L(w(x, y))| = ∥Dn

y f
∗∥∞,Πx<1 and

|L(Dn
yS0)| = |Dn

y f
∗| on Πx<1, therefore the result follows by Lemma 3.1. □

Lemma 3.3. Let n be a non-negative integer. Let f ∗ ∈ W n+1,∞(Πx<1).

Then there exists a constant C such that

∥DxD
n
yS0∥∞,Πx<1 ≤ C∥f ∗∥n+1,∞,Πx<1 .

Proof. Let

w(x, y) =
(1− x)∥Dn

y f
∗∥∞,Πx<1

p1
∀ (x, y) ∈ Πx<1.

Then w(1, y) = 0 = |Dn
yS0(1, y)| ∀ y from the boundary conditions,

Lw(x, y) ≤ 0 and

|Lw(x, y)| = [1 +
(1− x)q

p1
]∥Dn

y f
∗∥∞,Πx<1

≥ |L(Dn
yS0)(x, y)|.

Therefore by Lemma 3.1
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|Dn
yS0(x, y)| ≤

1− x

p1
∥Dn

y f
∗∥∞,Πx<1

on Π̄x<1. As D
n
yS0(1, y) = 0 ∀ y the inequality implies that

|DxD
n
yS0(1, y)| =

∣∣∣∣ limx→1−

Dn
yS0(1, y)−Dn

yS0(x, y)

1− x

∣∣∣∣
≤

∥Dn
y f

∗∥∞,Πx<1

p1
. (3.31)

Also,

|L(DxD
n
yS0)| = |DxD

n
y f

∗| ≤ ∥DxD
n
y f

∗∥∞,Πx<1 , ∀ (x, y) ∈ Πx<1. (3.32)

Using (3.31) and (3.32) and a constant barrier function,

W (x, y) =
∥Dn

y f
∗∥∞,Πx<1

p1
+

∥DxD
n
y f

∗∥∞,Πx<1

q

the desired result is obtained.□

Given a differential operator D = Dm
x D

n
y , set |D| = m+ n.

Lemma 3.4. Let m and n be non-negative integers. Set D ≡ Dm
x D

n
y . Let

f ∗ ∈ W |D|+2,∞(Πx<1). Then there exists a constant C such that

∥D2
xDS0∥∞,Πx<1 ≤ C[∥f ∗∥|D|+2,∞,Πx<1 + ∥DS0∥∞,Πx<1 + ∥DyDS0∥∞,Πx<1

+ ∥D2
yDS0∥∞,Πx<1 + ∥D3

yDS0∥∞,Πx<1 ].
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Proof. Let

S̃0(x, y) = DS0(1, y)−DS0(x, y) +
1− x

p1
[−Df ∗(1, y) + p2DyDS0(1, y)− qDS0(1, y)]

so S̃0(1, y) = 0 ∀ y and

LS̃0(x, y) = [Df ∗(1, y)−Df ∗(x, y)] + εD2
yDS0(1, y)

+
ε(1− x)

p1

[
−D2

yDf
∗(1, y) + p2D

3
yDS0(1, y)− qD2

yDS0(1, y)
]

+
p2(1− x)

p1

[
−DyDf

∗(1, y) + p2D
2
yDS0(1, y)− qDyDS0(1, y)

]
− q(1− x)

p1
[−Df ∗(1, y) + p2DyDS0(1, y)− qDS0(1, y)] .

Therefore

|LS̃0(x, y)| ≤ (1− x)∥f ∗∥|D|+1,∞,Πx<1 + ε∥D2
yDS0∥∞,Πx<1

+
ε(1− x)

p1
(1 + p2 + q)

[
∥D2

yDf
∗∥∞,Πx<1 + ∥D3

yDS0∥∞,Πx<1 + ∥D2
yDS0∥∞,Πx<1

]
+
p2(1− x)

p1
(1 + p2 + q)

[
∥DyDf

∗∥∞,Πx<1 + ∥D2
yDS0∥∞,Πx<1 + ∥DyDS0∥∞,Πx<1

]
+
q(1− x)

p1
(1 + p2 + q) [∥Df ∗∥∞,Πx<1 + ∥DyDS0∥∞,Πx<1 + ∥DS0∥∞,Πx<1 ] .

The following barrier function can then be used to bound S̃0:

ψ(x, y) = C1{ε(1− x)∥D2
yDS0∥∞,Πx<1

+ [
1− x

p1
(2ε− p2) + (1− x)2][∥f ∗∥|D|+2,∞,Πx<1 + ∥DS0∥∞,Πx<1

+ ∥DyDS0∥∞,Πx<1 + ∥D2
yDS0∥∞,Πx<1 + ∥D3

yDS0∥∞,Πx<1 ]}. (3.33)
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Since ψ(1, y) = 0, Lψ(x, y) ≤ 0 and

|Lψ(x, y)| ≥ |LS̃0(x, y)|, (3.34)

then for all y

DS0,x(1, y) = lim
x→1−

DS0(1, y)−DS0(x, y)

1− x

= lim
x→1−

S̃0(x, y)− 1−x
p1

[−Df ∗(1, y) + p2DyDS0(1, y)− qDS0(1, y)]

1− x
.

Since |S̃0(x, y)| ≤ ψ(x, y) ∀ (x, y) ∈ Π̄x<1, it is easy to see that

|DS0,x(1, y)−
1

p1
Df ∗(1, y) +

p2
p1
DyDS0(1, y)− qDS0(1, y)]|

≤ C1{ε[∥D2
yDS0∥∞,Πx<1

+
2ε− p2
p1

[[∥f ∗∥|D|+2,∞,Πx<1 + ∥DS0∥∞,Πx<1

+ ∥DyDS0∥∞,Πx<1 + ∥D2
yDS0∥∞,Πx<1 + ∥D3

yDS0∥∞,Πx<1 ]}. (3.35)

Now L(DS0) = Df ∗, therefore

(εD2
xDS0 + εD2

yDS0)(1, y) = Df ∗(1, y)− p1DxDS0(1, y)

− p2DyDS0(1, y) + qDS0(1, y) ∀ y.

Using the above we see that

|(D2
xDS0 +D2

yDS0)(1, y)| ≤ C1{p1[∥D2
yDS0∥∞,Πx<1 ]

+ 2[∥f ∗∥|D|+2,∞,Πx<1 + ∥DS0∥∞,Πx<1

+ ∥DyDS0∥∞,Πx<1 + ∥D2
yDS0∥∞,Πx<1 + ∥D3

yDS0∥∞,Πx<1 ]}.
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Therefore

|(D2
xDS0)(1, y)| ≤ C1{p1[∥D2

yDS0∥∞,Πx<1 ]

+ 2[∥f ∗∥|D|+2,∞,Πx<1 + ∥DS0∥∞,Πx<1

+ ∥DyDS0∥∞,Πx<1 + ∥D2
yDS0∥∞,Πx<1 + ∥D3

yDS0(1, y)∥∞,Πx<1 ]}

+ ∥D2
yDS0(1, y)∥∞,Πx<1 ∀ y. (3.36)

Finally,

L(D2
xDS0)(x, y) = D2

xDf
∗(x, y) ∀ (x, y) ∈ Πx<1.

Using the above and the barrier function:

Φ(x, y) = C1{p1∥D2
yDS0∥∞,Πx<1

+ 2[∥f ∗∥|D|+2,∞,Πx<1 + ∥DS0∥∞,Πx<1

+ ∥DyDS0∥∞,Πx<1 + ∥D2
yDS0∥∞,Πx<1 ]}

+
∥D2

xDf
∗∥∞,Πx<1

q

and the maximum principle we obtain the desired result. □

Theorem 3.5. Let m and n be non-negative integers. Let f ∗ ∈ Wm+n,∞.

Then

∥Dm
x D

n
yS0∥∞,Πx<1∥ ≤ C∥f ∗∥m+n,∞,Πx<1 ,

where C is a constant independent of ε.

Proof. We use induction on m and note that the cases m = 0, 1 are proved in

Lemmas 3.2 and 3.3. Let k be a positive integer and assume that the result
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is true for m = 0, 1, ..., k. Let n be a non-negative integer. Applying Lemma

3.4 with D = Dk−1
x Dn

y and using the inductive hypothesis we see that

∥Dk+1
x Dn

y∥∞,Πx ≤ C(∥f ∗∥k+n+1 + ∥DS0∥∞,Πx<1

+ ∥DyDS0∥∞,Πx<1 + ∥D2
yDS0∥∞,Πx<1 + ∥D3

yDS0∥∞,Πx<1)

≤ C∥f ∗∥k+n+1,∞,Πx<1 .

That is, the result is true for m = k + 1, completing the proof.□

We can use the above result to obtain a bound for S1 by reducing (3.3) to

the case of homogeneous boundary conditions by letting

U(x, y) = S1(x, y)− g∗e(y) ∀ x < 1, y ∈ R. (3.37)

Then

LU(x, y) = f ∗(x, y)− εg∗e
′′(y)− p2g

∗
e
′(y) + qg∗e(y) ∀ x < 1, y ∈ R

and U(1, y) ≡ 0 ∀ y. Using (3.37) and Theorem 3.5 it is easy to see that

∥Dm
x D

n
yS1∥∞,Πy<1 ≤ ∥Dm

x D
n
yU∥∞,Πy<1 + ∥Dn

y g
∗
e∥∞,R

≤ C(∥f ∗∥m+n,∞,Πy<1 + ∥g∗e∥n+2,∞,R).

By the same arguments a similar result hold for S2 as follows:

∥Dm
x D

n
yS2∥∞,Πy<1 ≤ C(∥f ∗∥m+n,∞,Πy<1 + ∥g∗e∥n+2,∞,R + ∥g∗n∥m+2,∞,R).
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3.3.2 Exponential layer components E1 and E2

Growth conditions and Maximum Principle: E1

E1 is defined to be the solution of the outgoing half-plane problem given in

Section 3.2, (3.5). Growth conditions for a smiliar problem are shown in

[45], Section 3.1. We use the following maximum principle in order to obtain

bounds on E1.

Lemma 3.6. Let Φ ∈ C2(Π̄x) satisfy LΦ ≤ 0, Φ(0, y) ≥ 0 ∀ y ∈ R on Πx

and

∫ ∞

−∞
(1 + |y|)−3/2|Φ(1, y)|e−p|y|/2εdy <∞, (3.38)

then Φ ≥ 0 in Πx<1.

If U ∈ C2(Πx) satisfies |LU(x, y)| ≤ |LΦ(x, y)| in Πx and |U(0, y)| ≤ Φ(0, y), ∀ y ∈

R, then |U(x, y)| ≤ Φ(x, y) in Πx.□

Lemma 3.7. Let E1(0, y) = E1,0(y) ∀ y. Note that ∥E1,0∥ was bounded ∀ y

in section 3.3.1 . Then

|E1(x, y)| ≤ C0∥E1,0∥∞,Re
−p1x/ε ∀ (x, y) ∈ Π̄x, (3.39)

where C0 = 1. And since ∥E1,0∥2,∞,R was bounded ∀ y in section 3.3.1 then

|E1,x(x, y)| ≤ C1∥E1,0∥2,∞,Rε
−1e−p1x/ε ∀ (x, y) ∈ Π̄x, (3.40)

where C1 = ( 2
p1

+ p1)(1 + p2 + 2q).

Proof. Let ψ(x, y) = ∥E1,0∥∞,Re
−p1x/ε, therefore ψ(0, y) = ∥E1,0∥∞,R ≥

|E1(0, y)|

∀ y and |Lψ(x, y)| = qe−p1x/ε∥E1,0∥∞,R ≥ |LE1| = 0 ∀ (x, y) ∈ Πx.
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Therefore, by Lemma 3.6, (3.39) can be shown to be true. In order to

prove that (3.40) is true we must first bound |E1,x(0, y)|. Let θ(x, y) =

E1(x, y)− E1,0(y)e
−p1x/ε on Π̄x. Then θ(0, y) = 0 ∀ y and

Lθ(x, y) = −e−p1x/ε[εE ′′
1,0(y) + p2E

′
1,0(y)− 2qE1,0(y)].

Therefore

|Lθ(x, y)| ≤ e−p1x/ε[ε∥E ′′
1,0∥∞,R + p2∥E ′

1,0∥∞,R + 2q∥E1,0∥∞,R].

Let

ξ(x, y) =
4ε

p21
(e−p1x/2ε − e−p1x/ε)[ε∥E ′′

1,0∥∞,R + p2∥E ′
1,0∥∞,R + 2q∥E1,0∥∞,R].

Then ξ(0, y) = 0 = θ(0, y) ∀ y and

|Lξ(x, y)| = (e−p1x/2ε +
4εq

p21
(e−p1x/2ε − e−p1x/ε)[ε∥E ′′

1,0∥∞,R + p2∥E ′
1,0∥∞,R + 2q∥E1,0∥∞,R]

≥ e−p1x/2ε[ε∥E ′′
1,0∥∞,R + p2∥E ′

1,0∥∞,R + 2q∥E1,0∥∞,R]

≥ |Lθ(x, y)| ∀ (x, y) ∈ Πx.

Therefore by Lemma 3.6 |θ(x, y)| ≤ ξ(x, y) ∀ (x, y) ∈ Π̄x, that is

|E1(x, y)− E1,0(y)e
−p1x/ε| ≤ 4ε

p21
(e−p1x/2ε − e−p1x/ε)[ε∥E ′′

1,0∥∞,R + p2∥E ′
1,0∥∞,R

+2q∥E1,0∥∞,R].
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Now

|E1,x(0, y)| =
∣∣∣∣ limx→0+

E1(x, y)− E1(0, y)

x

∣∣∣∣
=

∣∣∣∣ limx→0+

θ(x, y) + E1,0(y)e
−p1x/ε − E1,0(y)

x

∣∣∣∣
≤ lim

x→0+

|ξ(x, y)|
x

+ |E1,0(y)| lim
x→0+

∣∣∣∣e−p1x/ε − 1

x

∣∣∣∣
=

2

p1
(ε∥E ′′

1,0∥∞,R + p2∥E ′
1,0∥∞,R + 2q∥E1,0∥∞,R) +

p1
ε
|E1,0(y)|

≤ C1ε
−1∥E1, 0∥2,∞,R.

Applying (3.39) to E1,x yields

|E1,x(x, y)| ≤ C1∥E1,0∥2,∞,Rε
−1e−p1x/ε on Π̄x

as desired.□

Theorem 3.8. Let m and n be non-negative integers and let m̄ denote the

smallest even integer that satisfies m̄ ≥ m. Note that

∥E1,0∥m+n,∞,Rε
−me−p1x/ε ∀ (x, y) ∈ Πx. Then

|Dm
x D

n
yE1(x, y)| ≤ Cm∥E1,0∥m+n,∞,Rε

−me−p1x/ε.

Proof. We start by assuming that n = 0 and prove the result using strong

induction on m. Note that the cases m = 0, 1 were proven in the previous

lemma. With n = 0, assume that the result is true for m = 0, 1, ..., k where

k is some positive integer. It has already been shown that ∥E1,0∥k−1,∞,R and

∥E1,0∥k+1,∞,R are finite in Section 3.3.1. The function E1,yy satisfies LE1,yy = 0

on Πx and E1,yy(0, y) = E ′′
1,0(y) ∀ y, i.e., E1,yy is the solution of a problem
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similar to (3.5), but with boundary data E ′′
1,0. Let

Ci = p1Ci−1 + (1 + p2 + q)Ci−2, i = 2, 3, ..., (3.41)

where C0 and C1 are as defined in the previous lemma. Applying the inductive

hypothesis to E1,yy with m = k − 1 we see that

|Dk−1
x E1,yy(x, y)| ≤ Ck−1∥E1,yy∥k−1,∞,Rε

−k+1e−p1x/ε

≤ Ck−1∥E1,0∥k+1,∞,Rε
−k+1e−p1x/ε ∀ (x, y) ∈ Π̄x. (3.42)

Now LE1 = 0 is differentiated k − 1 times with respect to x and rearranged

to obtain

|εDk+1
x E1(x, y)| =

∣∣(−εDk−1
x D2

yE1 − p1D
k
xE1 − p2D

k−1
x DyE1 + qDk−1

x E1)(x, y)
∣∣

≤ (Ck−1∥E1,0∥k+1,∞,Rε
−k+2 + p1Ck∥E1,0∥k,∞,Rε

−k

+ p2Ck−1∥E1,0∥k,∞,Rε
−k+1 + qCk−1∥E1,0∥k−1,∞,Rε

−k+1)e−p1x/ε

≤ Ck+1∥E1,0∥k+1,∞,Rε
−ke−p1x/ε ∀ (x, y) ∈ Π̄x,

using (3.42),(3.41) and the inductive hypothesis. Thus we have proven the

result for the case m = k + 1 and, by the principle of induction, the proof is

complete for the case n = 0. For n > 0, apply the result just proven to the

function Dn
yE1, which satisfies a problem similar to (3.5) but with boundary

data E
(n)
1,0 . □

By the same arguments a similar result holds for E2 as follows:

|Dm
x D

n
yE2(x, y)| ≤ Kn∥E2,0∥m+n,∞,Rε

−ne−p2y/ε, (3.43)

where K0 = 1, K1 = ( 2
p2

+ p2)(1 + p1 + 2q) and Ki = p2Ki−1 + (1 + p1 +
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q)Ki−2, i = 2, 3, ...,.□

3.3.3 Outflow corner component z00

Growth conditions and Maximum Principles on the right-upper

quarter plane, Q1

Consider the outgoing quarter plane problem on Q1 = {(x, y) ∈ R2 : x >

0, y > 0}

Lv ≡ ε∆v + p1
∂v

∂x
+ p2

∂v

∂y
− qv = f, x > 0, y > 0,

v(x, 0) = hs(x), x > 0,

v(0, y) = hw(y), y > 0

(3.44)

where p1, p2 and q are positive constants as before. Applying similar trans-

formations and change of variables as in [45], Section 3.1 we have the Green’s

function for this problem as follows

G(ξ, η;σ, τ) =
1

2π
[K0(κρ1)−K0(κρ2)−K0(κρ3) +K0(κρ4)] (3.45)

where

ρ1 =
√

(ξ − σ)2 + (η − τ)2,

ρ2 =
√

(ξ − σ)2 + (η + τ)2,

ρ3 =
√

(ξ + σ)2 + (η − τ)2,

ρ4 =
√

(ξ + σ)2 + (η + τ)2
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and K0 is a modified Bessel function of the second kind [87]. With

ρ5 =
√
ξ2 + (η − τ)2,

ρ6 =
√
ξ2 + (η + τ)2,

ρ7 =
√

(ξ − σ)2 + η2,

ρ8 =
√

(ξ + σ)2 + η2

we have the solution formula for the Helmholtz equation derived from (3.44)

as follows

v2(ξ, η) = − 1

2π

∫ ∞

0

∫ ∞

0

f2(σ, τ)[K0(κρ1)−K0(κρ2)−K0(κρ3) +K0(κρ4)]dτdσ

+
ξκ

π

∫ ∞

0

h2,w(τ)[
1

ρ5
K1(κρ5)−

1

ρ6
K1(κρ6)]dτ

+
ηκ

π

∫ ∞

0

h2,s(σ)[
1

ρ7
K1(κρ7)−

1

ρ8
K1(κρ8)]dσ.

(3.46)

The solution of the Helmholtz equation exists and is given by (3.46) pro-

vided the functions f2, h2,s and h2,w are such that the integrals are convergent.

In addition, if f2 is negative and h2,s and h2,w are non-negative, then v2 is non-

negative since it can easily be shown that (3.45) is positive by rewriting it as

either

∫ κρ2

κρ1

K1(t)dt−
∫ κρ4

κρ3

K1(t)dt

or

∫ κρ3

κρ1

K1(t)dt−
∫ κρ4

κρ2

K1(t)dt
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and noting that ρ2 − ρ1 > ρ4 − ρ3 and ρ3 − ρ1 > ρ4 − ρ2 respectively (since

ρ2 − ρ1 =
4ητ

ρ1+ρ2
, etc.) and that K1(t) is a decreasing function of t.

In examining the finiteness of the integrals, note that

|K0(κρ1)|+ |K0(κρ2)|+ |K0(κρ3)|+ |K0(κρ4)| ≤ C|K0(κρ1)|

and that in the case of σ ≤ 2ξ, τ ≤ 2η we have K0(t) ≤ C| ln(t)| for 0 < t ≤ 1

and
∫ 1

0
| ln t|dt is finite. For σ > 2ξ and τ > 2η,

ρ1 =
√

(ξ − σ)2 + (η − τ)2 =
√

(σ − ξ)2 + (τ − η)2

=

√
(
σ

2
+
σ

2
− ξ)2 + (

τ

2
+
τ

2
− η)2

>
1

2

√
σ2 + τ 2

and, as in [45], using the bound derived from (9.6.23) in [1], |Kj(t)| ≤ Ct−1/2e−t

for t > 1, we obtain the following integrability condition for the f2 integral

∫ ∞

2ξ

∫ ∞

2η

(σ2 + τ 2)−1/4|f2(σ, τ)|e−κ/2(σ2+τ2)1/2dτdσ <∞.

In the case of the h2 integrals note that neither ρ5 nor ρ7 can be zero, therefore

we need only establish that large σ and τ do not cause the integrals to become

infinitely large. For σ > 2ξ and τ > 2η we have ρ5 > τ/2 and ρ7 > σ/2 and

the integrability conditions are as follows

∫ ∞

2ξ

σ−3/2|h2,s(σ)|e−κσ/2dσ <∞,∫ ∞

2η

τ−3/2|h2,w(τ)|e−κτ/2dτ <∞.

Reverting to the original variables and setting r = (x2+y2)1/2 the integrability
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conditions become

∫ ∞

x=2s

∫ ∞

y=2t

r−1/2|f(x, y)|e−(κr+p1x+p2y)/2εdydx <∞,∫ ∞

2s

x−3/2|hs(x)|e−(κx+p1x)/2εdx <∞,∫ ∞

2t

y−3/2|hw(y)|e−(κy+p2y)/2εdy <∞. (3.47)

We then obtain the following maximum principles for Q1 and Qε respectively.

Lemma 3.9. Let Φ ∈ C2(Q̄1) satisfy LΦ ≤ 0 on Q1, Φ(x, 0) ≥ 0 for x > 0,

Φ(0, y) ≥ 0 for y > 0 and

∣∣∣∣∫ ∞

x=0

∫ ∞

y=0

(1 + r)−1/2LΦ(x, y)e−(pr/2ε)dydx

∣∣∣∣ <∞,∫ ∞

0

(1 + x)−3/2Φ(x, 0)e−px/2εdx <∞,∫ ∞

0

(1 + y)−3/2Φ(0, y)e−py/2εdy <∞,

where p = min{p1, p2}. Then Φ ≥ 0 in Q1. If U ∈ C2(Q1) satisfies

|LU(x, y)| ≤ |LΦ(x, y)| in Q1 and |U(x, 0)| ≤ Φ(x, 0) for x > 0, |U(0, y)| ≤

Φ(0, y) for y > 0, then |U(x, y)| ≤ Φ(x, y) in Q1. □

Remark 3.10. The above proof applies to problems with continuous boundary

data but can be extended as follows to problems with discontinuous boundary

data as set out below, from private correspondence with N. Kopteva, 2012:

Let g(y) be the boundary condition function. Consider a sequence of con-

tinuous functions gn(y) such that it converges to g(y). Let the sequence gn gen-

erate the sequence of solutions Un; one can apply the comparison principle to

each Un, and using an appropriate barrier function, show |Un(x, y)| ≤ Φ(x, y).

Then take the limit to prove |U(x, y)| ≤ Φ(x, y).
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Alternatively, for any elliptic problem Lu = f subject to u = g on the

boundary, one can represent the unique solution via the Green’s function, G,

and its normal derivative, K, as u =
∫
Ω
Gf +

∫
∂Ω
Kg. Here f and g can be

continuous or discontinuous. If the problem satisfies the maximum principle

(for any continuous and smooth f and g), then one concludes that G > 0

and K > 0. Now, using the solution representation formula with possibly

discontinuous f > 0 and g > 0, one also concludes that u > 0. □

Lemma 3.11. Define Qε = {(x, y) ∈ R2 : x > 0, y > 0,
√
x2 + y2 > ε} and

let Φ ∈ C2(Q̄ε) satisfy LΦ ≤ 0 on Qε and Φ(x, y) ≥ 0 for (x, y) ∈ Γε

∣∣∣∣∫ ∞

x=ε

∫ ∞

y=ε

(1 + r)−1/2LΦ(x, y)e−(pr/2ε)dydx

∣∣∣∣ <∞,∫ ∞

ε

(1 + x)−3/2Φ(x, 0)e−px/2εdx <∞,∫ ∞

ε

(1 + y)−3/2Φ(0, y)e−py/2εdy <∞,

where p = min{p1, p2}. Then Φ ≥ 0 in Qε. If U ∈ C2(Qε) satisfies

|LU(x, y)| ≤ |LΦ(x, y)| in Qε and |U(x, y)| ≤ Φ(x, y) for (x, y) ∈ Γε, then

|U(x, y)| ≤ Φ(x, y) in Qε. □

We give two different sets of analysis showing how z00 can be bounded.

The following lemma is analogous to Lemma 4.1 in [45]. In the region of the

corner of Q1 the analysis is by means of Green’s functions expressed in terms

of modified Bessel functions of the second kind. A maximum principle is used

on the remainder of the domain. An alternative method is given subsequently.
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Lemma 3.12. For all x, y ∈ Q1 we have

|z00(x, y)| ≤ C, r ≤ ε,

|z00(x, y)| ≤ max{∥g∗s∥∞,Q1 , ∥g∗w∥∞,Q1}e−pr/ε + ∥g∗w∥∞,Q1e
−px/ε

+ ∥g∗s∥∞,Q1e
−py/ε, r > ε.

Proof. Since z00 is discontinuous at (0, 0), the maximum principle Lemma

3.9 cannot be used directly to obtain the desired bound on the whole domain,

Q1. Instead, we first establish a bound on z00 where r ≤ ε using modified

Bessel functions to give a solution formula for (3.7). We can then bound

z00 on the remaining portion of the domain using an appropriate maximum

principle. As in Section 3.3.1, using the Green’s function stated in terms of

modified Bessel functions for the translated problem, we arrive at the following

solution formula for (3.7).

z00(x, y) =
e−(p1x+p2y)/2εxκ

2επ

∫ ∞

0

e−p2t/2ε[g∗w(t)− E2(0, t)][
K1(κr5/2ε)

r5
− K1(κr6/2ε)

r6
]dt

+
e−(p1x+p2y)/2εyκ

2επ

∫ ∞

0

e−p1s/2εg∗s(s)[
K1(κr7/2ε)

r7
− K1(κr8/2ε)

r8
]ds

(3.48)

where r5 =
√
x2 + (y − t)2, r6 =

√
x2 + (y + t)2, r7 =

√
(x− s)2 + y2 and

r8 =
√

(x+ s)2 + y2. In the case where r ≤ ε we have

|z00(x, y)| ≤
Cx

ε

(∫
|t−y|≤ε

+

∫
|t−y|>ε

)[
K1(κr5/2ε)

r5
− K1(κr6/2ε)

r6

]
dt

+
Cy

ε

(∫
|s−x|≤ε

+

∫
|s−x|>ε

)[
K1(κr7/2ε)

r7
− K1(κr8/2ε)

r8

]
ds

= I1 + I2 + J1 + J2, (3.49)
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since x ≤ ε and y ≤ ε. In order to bound I1, note that x ≤ ε and |t − y| ≤

ε imply that κr5/2ε ≤ C, therefore K1(κr5/2ε) ≤ Cε/r5 from [1], (9.6.9).

Therefore,

I1 ≤
Cx

ε

∫
|t−y|≤ε

( ε
r25

− ε

r26

)
dt

= C

∫
|t−y|≤ε

( x
r25

− x

r26

)
dt

≤ C

∫
|t−y|≤ε

x

x2 + (y − t)2
dt+ C

∫
|t−y|≤ε

x

x2 + (y + t)2
dt

= C tan−1
(t− y

x

)
+ C tan−1

(t+ y

x

)
≤ C (3.50)

For I2, |t − y| > ε implies that κr5/2ε ≥ κ/2 ≥ p/2 > 0, therefore by [1],

(9.7.2)

K1(κr5/2ε) ≤ C(
ε

r5
)1/2e−κr5/2ε ≤ C(

ε

r5
)1/2e−κ|t−y|/2ε.

Therefore,

I2 ≤
Cx√
ε

∫
|t−y|>ε

1

(r5)3/2
e−κ|t−y|/2εdt+

Cx√
ε

∫
|t−y|>ε

1

(r6)3/2
e−κ|t−y|/2εdt.

Since x ≤ r5 and ε ≤ r5, xr
−3/2
5 ≤ r

−1/2
5 ≤ ε−1/2, therefore

I2 ≤ Cε−1

∫
|t−y|>ε

e−κ|t−y|/2εdt ≤ C. (3.51)

The terms J1 and J2 can be bounded in a similar fashion, and so by combining

(3.49), (3.50) and (3.51) we attain the desired bound on z00 where r ≤ ε.

When r > ε let θ = max{∥g∗s∥∞,Qε , ∥g∗w∥∞,Qε}e−pr/ε + ∥g∗w∥∞,Qεe
−px/ε +
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∥g∗s∥∞,Qεe
−py/ε, then

Lθ = −max{∥g∗s∥∞,Qε , ∥g∗w∥∞,Qε}e−pr/ε

[
p

r
[1 +

1

ε
(p1x+ p2y − pr)] + q

]
− ∥g∗w∥∞,Qεe

−px/ε

[
1

ε
(pp1 − p2) + q

]
− ∥g∗s∥∞,Qεe

−py/ε

[
1

ε
(pp2 − p2) + q

]
≤ 0

and |Lθ| ≥ |Lz00|. For all (x, y) such that
√
x2 + y2 = ε we have

θ(x, y) = max{∥g∗s∥∞,Qε , ∥g∗w∥∞,Qε}e−p + ∥g∗w∥∞,Qεe
−px/ε + ∥g∗s∥∞,Qεe

−py/ε ≥ C

since x ≤ ε and y ≤ ε in this case.

Then for y = 0, x ≥ ε

θ(x, 0) = (max{∥g∗s∥∞,Qε , ∥g∗w∥∞,Qε}+ ∥g∗w∥∞,Qε)e
−px/ε + ∥g∗s∥∞,Qε

≥ z00(x, 0) = g∗s(x).

And for x = 0, y ≥ ε

θ(y, 0) = (max{∥g∗s∥∞,Qε , ∥g∗w∥∞,Qε}+ ∥g∗s∥∞,Qε)e
−py/ε + ∥g∗w∥∞,Qε

≥ z00(0, y) = g∗w(y)− E2(0, y),

and E2(0, y) is bounded by Ce−p2y/ε. Therefore by our maximum principle,

Lemma (3.11), the result follows. □

It is possible to extend the analysis above to bound the first derivatives

of z00, as in ([45]) using the Leibniz integral rule. The complexity of the

expression of higher derivatives in terms of modified Bessel functions, however,

renders this method extremely complex for obtaining bounds on derivatives
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of z00 beyond the first ones. Alternatively we can bound z00 on the entire

quarter-plane domain using the maximum principle given in Lemma (3.9) and

Remark (3.10), as follows.

Lemma 3.13. For all x, y ∈ Q1 we have

|z00(x, y)| ≤ max{∥g∗s∥∞,Q1 , ∥g∗w∥∞,Q1}e−pr/ε + ∥g∗w∥∞,Q1e
−px/ε

+ ∥g∗s∥∞,Q1e
−py/ε

Proof. Let θ(x, y) = max{∥g∗s∥∞,Q1 , ∥g∗w∥∞,Q1}e−pr/ε+∥g∗w∥∞,Q1e
−px/ε+∥g∗s∥∞,Q1e

−py/ε,

then Lθ(x, y) ≤ 0 as before and |Lz00(x, y)| ≤ |Lθ(x, y)|. Also, |z00(x, 0)| =

|g∗s(x)| ≤ θ(x, 0). Now,

z00(0, y) = g∗w(y)− E2(0, y) and

θ(0, y) = (max{∥g∗s∥∞,Q1 , ∥g∗w∥∞,Q1}+ ∥g∗s∥∞,Q1)e
−py/ε + ∥g∗w∥∞,Q1 ,

therefore, given the bound obtained on |E2(x, y)| in (3.43), the desired result

follows. □

Lemma 3.14. For all x, y ∈ Q1 we have

|z00,y(x, y)| ≤ max{∥g∗s∥∞,Q1 , ∥g∗w∥∞,Q1}e−pr/εε−1 + ∥g∗w∥∞,Q1e
−px/ε

+ ∥g∗s∥∞,Q1e
−py/εε−1

|z00,x(x, y)| ≤ max{∥g∗s∥∞,Q1 , ∥g∗w∥∞,Q1}e−pr/εε−1 + ∥g∗w∥∞,Q1e
−px/εε−1

+ ∥g∗s∥∞,Q1e
−py/ε

Proof. Let θ(x, y) = max{∥g∗s∥∞,Q1 , ∥g∗w∥∞,Q1}e−pr/εε−1 + ∥g∗w∥∞,Q1e
−px/ε +

∥g∗s∥∞,Q1e
−py/εε−1, then Lθ(x, y) ≤ 0 as before and |Lz00,y(x, y)| ≤ |Lθ(x, y)|.
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Also, |z00,y(x, 0)| = 0 ≤ θ(x, 0). Now,

z00,y(0, y) = g′∗w (y)− E ′
2(0, y) and

θ(0, y) = (max{∥g∗s∥∞,Q1 , ∥g∗w∥∞,Q1}+ ∥g∗s∥∞,Q1)e
−py/εε−1 + ∥g∗w∥∞,Q1 ,

therefore, given the bound obtained on |E ′
2(x, y)| in (3.43), the desired result

follows. The bound on |z00,x| is obtained in a similar fashion. □

Theorem 3.15. For all x, y ∈ Q1 we have

|Dn
y z00(x, y)| ≤ max{∥g∗s∥∞,Q1 , ∥g∗w∥∞,Q1}e−pr/εε−n + ∥g∗w∥∞,Q1e

−px/ε

+ ∥g∗s∥∞,Q1e
−py/εε−n

|Dm
x z00(x, y)| ≤ max{∥g∗s∥∞,Q1 , ∥g∗w∥∞,Q1}e−pr/εε−m + ∥g∗w∥∞,Q1e

−px/εε−m

+ ∥g∗s∥∞,Q1e
−py/ε

where m,n are non-negative integers.

Proof. The proof is by induction. Note that the cases n = 0, 1 were proven

in the previous lemmas. Assume that the result is true for n = 0, 1, ..., k

where k is some positive integer. We then use the barrier function, θ(x, y) =

max{∥g∗s∥∞,Q1 , ∥g∗w∥∞,Q1}e−pr/εε−k−1+∥g∗w∥∞,Q1e
−px/ε+∥g∗s∥∞,Q1e

−py/εε−k−1,

and Lemma (3.9) to prove the case for n = k+1, as in Lemma (3.14). Thus by

the principle of induction the proof is complete. The proof for |Dm
x z00(x, y)|

is similar.□
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3.3.4 Inflow corner component z11

Growth conditions and Maximum Principle on Q2

Consider the incoming quarter plane problem on Q2 = {(x, y) ∈ R2 : x <

1, y < 1}

Lv ≡ ε∆v + p1
∂v

∂x
+ p2

∂v

∂y
− qv = f, x < 1, y < 1,

v(x, 1) = hn(x), x < 1, v(1, y) = he(y), y < 1,

(3.52)

where p1, p2 and q are positive constants as before. We apply the same

transformations as in 3.3.1 and using a change of variables we have the solution

formula for the transformed problem on Q2

v2(ξ, η) = − 1

2π

∫ 0

−∞

∫ 0

−∞
f2(σ, τ)[K0(κρ1)−K0(κρ2)−K0(κρ3) +K0(κρ4)]dτdσ

+
ηκ

π

∫ 0

−∞
h2,n(σ))[

1

ρ5
K1(κρ5)−

1

ρ6
K1(κρ6)]dσ

+
ξκ

π

∫ 0

−∞
h2,e(τ)[

1

ρ7
K1(κρ7)−

1

ρ8
K1(κρ8)]dτ.

(3.53)

As in Section 3.3.3, the solution to (3.52) exists and is given by (3.53) once

f2, h2,n and h2,e are such that the integrals are convergent. Additionally, it

can easily be shown that if f2 is negative and h2,n and he,2 are non-negative

then v2 is non-negative. Using similar arguments to those in Section 3.3.3 we
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obtain the following integrability conditions.

∫
|σ|>2|ξ|

∫
|τ |>2|η|

(σ2 + τ 2)−1/4|f2(σ, τ)|e−κ/2(σ2+τ2)1/2dτdσ <∞∫
|σ|>2|ξ|

|σ|−3/2|h2,n(σ)|e−κ|σ|/2dσ <∞,∫
|τ |>2|η|

|τ |−3/2|h2,e(τ)|e−κ|τ |/2dτ <∞. (3.54)

In terms of the original variables the conditions are

∫
|x|>2|s|

∫
|y|>2|t|

r−1/2|f(x, y)|e−(κr+p1|x|+p2|y|)/2εdydx <∞,∫
|x|>2|s|

|x|−3/2|hn(x)|e−(κ+p1)|x|/2εdx <∞,∫
|y|>2|t|

|y|−3/2|he(y)|e−(κ+p2)|y|/2εdy <∞. (3.55)

Our maximum principle for Q2 then follows:

Lemma 3.16. Let Φ ∈ C2(Q̄2) satisfy LΦ ≤ 0 on Q2, Φ(x, 1) ≥ 0 for x < 1,

Φ(1, y) ≥ 0 for y < 1 and

∣∣∣∣∫ 1

x=−∞

∫ 1

y=−∞
(1 + r)−1/2LΦ(x, y)e−pr/2εdydx

∣∣∣∣ <∞,∫ 1

−∞
(1 + |x|)−3/2Φ(x, 1)e−p|x|/2εdx <∞,∫ 1

−∞
(1 + |y|)−3/2Φ(1, y)e−p|y|/2εdy <∞.

Then Φ ≥ 0 in Q2. If U ∈ C2(Q2) satisfies |LU(x, y)| ≤ |LΦ(x, y)| in Q2 and

|U(x, 1)| ≤ Φ(x, 1) for x < 1, |U(1, y)| ≤ Φ(1, y) for y < 1, then |U(x, y)| ≤

Φ(x, y) in Q2. □
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Lemma 3.17. For all x, y ∈ Q2 we have

|z11(x, y)| ≤ C

Proof. Let ξ(x, y) = C. Then Lξ = −qC ≤ 0, ξ(x, 1) = C ≥ |z11(x, 1)|

and ξ(1, y) = C ≥ |z11(1, y)|, since these boundary conditions are defined in

terms of z∗00, E
∗
1 , E

∗
2 and S∗

2 which are smooth extensions of z00, E1, E2 and

S2 respectively and can be shown to be of O(ε) (z00, E1 and E2) and O(1)

(S2) along the boundary of Q2. By Lemma 3.16 the result follows. □

Lemma 3.18. For all x, y ∈ Q2 we have

|z11,y(x, y)| ≤ Cε−1

|z11,x(x, y)| ≤ Cε−1

Proof. Let θ(x, y) = Cε−1, then Lθ(x, y) ≤ 0 and |Lz11,y(x, y)| ≤ |Lθ(x, y)|.

Also, |z11,y(x, 1)| = 0 ≤ θ(x, 1). Now for y ≤ 1,

z11,y(1, y) = −E∗′
1 (1, y)− E∗′

2 (1, y)− z∗
′

00(1, y) + (χ(y)− 1)′S∗
2(1, y) + (χ(y)− 1)S∗′

2 (1, y),

θ(1, y) = Cε−1.

Therefore, given the bounds already obtained on |E ′
1(x, y)|, |E ′

2(x, y)|, |z′00(x, y)|

and |S ′
2|, the desired result follows. The bound on |z11,x| is obtained in a sim-

ilar fashion. □

Theorem 3.19. For all x, y ∈ Q2, with n, m being non-negative integers we
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have

|Dn
y z11(x, y)| ≤ Cε−n

|Dm
x z11(x, y)| ≤ Cε−m

Proof. The proof is by induction. Note that the cases n = 0, 1 were proven in

the previous lemmas. Assume that the result is true for n = 0, 1, ..., k where k

is some positive integer. We then use the barrier function, θ(x, y) = Cε−k, and

Lemma (3.16) to prove the case for n = k + 1, as in Lemma (3.18). Thus by

the principle of induction the proof is complete. The proof for |Dm
x z11(x, y)|

is similar.□

3.3.5 Corner components z10 and z01

Maximum Principle on Q3

The open domain Q3 is defined as Q3 = {(x, y) ∈ R2 : x > 0, y < 1}. Using

the approach of 3.3.3 and 3.3.4 we obtain the following maximum principle.

Lemma 3.20. Let Φ ∈ C2(Q̄3) satisfy LΦ ≤ 0 on Q3, Φ(x, 1) ≥ 0 for x > 0,

Φ(0, y) ≥ 0 for y < 1 and

∣∣∣∣∫ ∞

x=0

∫ 1

y=−∞
(1 + r)−1/2LΦ(x, y)e−(pr/2ε)dydx

∣∣∣∣ <∞,∫ ∞

0

(1 + x)−3/2Φ(x, 1)e−κx/2εdx <∞,∫ 1

−∞
(1 + |y|)−3/2Φ(0, y)e−κ|y|/2εdy <∞.

Then Φ ≥ 0 in Q3. If U ∈ C2(Q3) satisfies |LU(x, y)| ≤ |LΦ(x, y)| in D3 and

|U(x, 1)| ≤ Φ(x, 1) for x > 0, |U(0, y)| ≤ Φ(0, y) for y < 1, then |U(x, y)| ≤
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Φ(x, y) in Q3. □

Maximum Principle on Q4

The open domain Q4 is defined as Q4 = {(x, y) ∈ R2 : x < 1, y > 0} and the

corresponding maximum principle is as follows.

Lemma 3.21. Let Φ ∈ C2(Q̄4) satisfy LΦ ≤ 0 on Q4, Φ(x, 0) ≥ 0 for x < 1,

Φ(1, y) ≥ 0 for y > 0 and

∣∣∣∣∫ 1

x=−∞

∫ ∞

y=0

(1 + r)−1/2LΦ(x, y)e−(κr/2ε)dydx

∣∣∣∣ <∞,∫ 1

−∞
(1 + |x|)−3/2Φ(x, 0)e−κ|x|/2εdx <∞,∫ ∞

0

(1 + y)−3/2Φ(1, y)e−κy/2εdy <∞.

Then Φ ≥ 0 in Q4. If U ∈ C2(Q4) satisfies |LU(x, y)| ≤ |LΦ(x, y)| in Q4 and

|U(x, 0)| ≤ Φ(x, 0) for x < 1, |U(1, y)| ≤ Φ(1, y) for y > 0, then |U(x, y)| ≤

Φ(x, y) in Q4. □

Lemma 3.22. There is a constant C such that for all x, y ∈ Q4 = {(x, y) ∈

R2 : x < 1, y > 0}

|z10(x, y)| ≤ C

and for all x, y ∈ Q3 = {(x, y) ∈ R2 : x > 0, y < 1}

|z01(x, y)| ≤ C

Proof. Let η(x, y) = Cε. Then Lη = −qC ≤ 0, and η(x, 0) = C ≥ |z10(x, 0)|

by the definition of χ and since z11 is itself bounded by C. Finally η(1, y) ≥

|z10(1, y)| = 0, from which the required bound follows using Lemma 3.21. The
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proof for the bound on z01 is similar, using Lemma 3.20.□

Theorem 3.23. Analogous to Theorem 3.19 for all x, y ∈ Q3 and Q4 respec-

tively, with n, m being non-negative integers we have

|Dn
y z10(x, y)| ≤ Cε−n

|Dm
x z10(x, y)| ≤ Cε−m

|Dn
y z01(x, y)| ≤ Cε−n

|Dm
x z01(x, y)| ≤ Cε−m

□

3.3.6 Remainder term ũε

Maximum principle on the unit square, Ω

The corresponding maximum principle on Ω, the unit square, is set out below.

Lemma 3.24. Let Φ ∈ C2(Ω̄) satisfy LΦ ≤ 0 on Ω, Φ(x, 0) ≥ 0 and Φ(x, 1) ≥

0 for 0 < x < 1, and Φ(0, y) ≥ 0 and Φ(1, y) ≥ 0 for 0 < y < 1. Then Φ ≥ 0

in Ω. If U ∈ C2(Ω) satisfies |LU(x, y)| ≤ |LΦ(x, y)| in Ω, |U(x, 0)| ≤ Φ(x, 0)

and |U(x, 1)| ≤ Φ(x, 1) for 0 < x < 1, and |U(0, y)| ≤ Φ(0, y) and |U(1, y)| ≤

Φ(1, y) for 0 < y < 1, then |U(x, y)| ≤ Φ(x, y) in Ω. □

Theorem 3.25. There is a constant C such that for all x, y ∈ Ω, using the

maximum principle stated above and analysis as per Section 3.3.4, we have

|Dn
y ũε(x, y)| ≤ Cε−n

|Dm
x ũε(x, y)| ≤ Cε−m
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with n, m being non-negative integers. □

3.3.7 Solution of the original problem uε

Theorem 3.26. There is a constant C such that for all x, y ∈ Ω

|uε(x, y)| ≤ C

|Dn
yuε(x, y)| ≤ C(1 + ε−n)

|Dm
x uε(x, y)| ≤ C(1 + ε−m)

with n, m being non-negative integers.

Proof. Combining the bounds achieved on each of the components on the

half and quarter planes, as well as the bound on the remainder term in Ω, we

obtain the above bound on uε , the solution to the original problem (3.1), and

its derivatives on Ω.□

3.4 Summary

The result obtained in Theorem 3.15 and Theorem3.26 indicate that the effect

of the discontinuity in the boundary conditions at the southwest corner of the

domain Ω is greatest close to (0, 0). The smaller ε, the more the effect of the

discontinuity is localised: the case in which the effect of the discontinuity is

most evident is when we have large ε and small r and its influence decays

exponentially. This effect carries through to the other corner components

of the solution, including the remainder term. While the overall bounds in

Theroem 3.26 are somewhat disappointing the insight into this behaviour

motivates the domain decomposition numerical method described the next
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chapter, in which we seek to develop a parameter-uniform numerical method

to solve this type of problem. While error bounds are not obtained, numerical

results are presented supporting this approach.
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Chapter 4

On A Schwarz method for a

singularly perturbed

convection-diffusion problem

with discontinuous boundary

conditions

4.1 Introduction

We are concerned with a two dimensional steady state convection-diffusion

problem with discontinuous outflow boundary conditions, similar to that un-

der consideration in the previous chapter. It is well known that, where the

boundary conditions are sufficiently smooth and compatible, such a problem

can be solved with uniform accuracy with respect to the small parameter ε

using a standard finite difference operator on special piecewise uniform meshes

[72], [21] and [91]. Where the outflow boundary data are only weakly regular
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and compatible, parameter-uniform solutions may also be obtained by this

method [21]. However, for large values of ε (and by extension for small ε with

a sufficiently large number of mesh intervals), orders of convergence are small

and pointwise errors are large.

Numerical methods for singularly perturbed problems comprising domain

decomposition and Schwarz iterative techniques have been examined by a

number of authors, for example, in [72], [91], [73], [66] and [67]. In [72], Miller

et al. examine a continuous overlapping Schwarz method for a singularly

perturbed convection-diffusion equation with arbitrary fixed interface posi-

tions and find it to be uniformly convergent with respect to the perturbation

parameter. In [67] MacMullen et al. consider the corresponding discrete over-

lapping Schwarz method for the same problem and find that, in the discrete

case the numerical solution obtained converges to the solution of upwinding

on a quasi-uniform mesh. Furthermore, they show that if the interface po-

sitions for the overlapping discretised domains are based on layer-resolving

piecewise uniform fitted meshes then the numerical solutions obtained fail to

converge to the analytical solution. As an alternative they construct a discrete

non-overlapping Schwarz method on uniform meshes with artificial Dirichlet

interface conditions for singularly perturbed linear convection-diffusion prob-

lems in two dimensions with sufficiently smooth and compatible boundary

data and show it to be first order convergent for ε ≤ N−1.

In the previous chapter we analysed the solution of a problem similar to

that described below and obtained bounds on its components which revealed a

localisation of the effect of the singularity which arises from the discontinuity

at the outflow corner. This behaviour suggests a domain decomposition ap-

proach to the numerical solution of the problem under consideration. While

we do not give error bounds for the methods shown in this chapter we ex-
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amine experimentally the performance of a number of domain decomposition

methods which, unlike those outlined in the previous paragraph, are extended

to the class of singularly perturbed convection-diffusion problems with more

general boundary conditions and set out numerical results for those methods.

We consider the following model problem in a domain Ω, the unit square.

Lu ≡ ε∆uε +
∂uε
∂x

+
∂uε
∂y

= 0 in Ω, (4.1)

uε(x, 0) = 5− 4x1/6 = gB(x), uε(x, 1) = 1, x ∈ (0, 1)

uε(0, y) = y1/2 = gL(y), uε(1, y) = 1, y ∈ (0, 1)

where 0 < ε ≤ 1. While it is of a similar nature to the problem examined in

the previous chapter, in this chapter we do not enforce the requirement that

the coefficient of u be less than zero. The problem exhibits regular layers along

the outflow boundaries, a corner boundary layer at the outflow boundary cor-

ner as well as a discontinuity similar to that treated in Chapter 3, see Figure

4.1. We implement domain decomposition methods to isolate the neighbour-

hood of the singularity, along with a discrete Schwarz iterative technique with

the aim of producing parameter-uniformly accurate solutions for all values of

ε on the whole domain in the presence of such a singularity.
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Figure 4.1: Picture of our domain, Ω, with the location of the boundary layers and
the discontinuity at the outflow corner
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4.2 Direct Method: non-iterative discrete method

on piecewise uniform fitted meshes

A tensor product of two piecewise-uniform fitted meshes ΩN is used on Ω,

where the transition parameter σ is chosen as

σ = min{1/2, ε lnN} (4.2)

along with the upwind finite difference operator

LN
ε Z

j
i =

[
ε(δ2x + δ2y) +D+

x +D+
y

]
Zj

i . (4.3)

and two mesh widths 2σ/N and 2(1− σ)/N .

The differences between the numerical solutions for various values of N

and the numerical solution for N = 256, which are indicative of nodal errors

are shown in Table 4.1, where

EN
ε = max

xi,yj∈ΩN
ε

|UN
ε − Ū256

ε |, EN = max
ε
EN

ε .

The computed orders of convergence for various values of N and ε, defined by

DN
ε = max

xi,yj∈ΩN
ε

|UN
ε − Ū2N

ε |,

pNε = log2D
N
ε /D

2N
ε .

are shown in Table 4.2. It is clear from Tables 4.1 and 4.2 that the method

fails for problem (4.1) for large values of ε. While at first glance these results

appear to be satisfactory for small ε, since outside the corner region when a
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standard Shishkin mesh is applied the error is not significant and the error

does not propagate outside the corner region, see Fig. 4.2. However, as N

increases the results worsen for smaller values of ε, see Table 4.1. It can

therefore be inferred that the bad behaviour for large ε will be replicated for

small ε where N is large enough and we conclude that the direct method fails

when applied to problem (4.1).

Approximate global error for ε = 0.00001 Approximate global error for ε = 0.25

Figure 4.2: Approximate global error for problem (2.38) with ε = 0.0001 and
N = 64.

Table 4.1: Maximum pointwise errors EN
ε and EN for the Direct Method applied to problem (4.1).

Number of intervals N
ε 16 32 64 128
1 0.0218 0.0243 0.0244 0.0191

2−1 0.0184 0.0227 0.0237 0.0188
2−2 0.0122 0.0190 0.0223 0.0183
2−3 0.0242 0.0150 0.0186 0.0172
2−4 0.0390 0.0223 0.0176 0.0140
2−6 0.0835 0.0471 0.0227 0.0145
2−8 0.1202 0.0739 0.0376 0.0149
2−10 0.1412 0.0907 0.0489 0.0192
2−12 0.1535 0.0992 0.0543 0.0220
2−14 0.1620 0.1045 0.0569 0.0230
2−16 0.1687 0.1084 0.0587 0.0234
2−18 0.1740 0.1116 0.0601 0.0238
2−20 0.1782 0.1141 0.0612 0.0240
2−22 0.1816 0.1161 0.0621 0.0243
2−24 0.1843 0.1177 0.0628 0.0245
2−26 0.1865 0.1189 0.0634 0.0246
2−28 0.1882 0.1199 0.0638 0.0248

EN 0.1882 0.1199 0.0638 0.0248

101



Table 4.2: Computed orders of convergence pN for the Direct Method applied to problem (4.1).

Number of intervals N
ε 16 32 64
1 -0.18 -0.11 -0.08

2−1 -0.30 -0.16 -0.10
2−2 -0.70 -0.30 -0.15
2−3 0.50 -0.17 -0.30
2−4 0.40 0.00 0.00
2−6 0.63 0.74 0.00
2−8 0.43 0.66 0.69
2−10 0.36 0.55 0.68
2−12 0.35 0.53 0.62
2−14 0.35 0.53 0.62
2−16 0.34 0.54 0.63
2−18 0.34 0.55 0.64
2−20 0.34 0.56 0.65
2−22 0.34 0.56 0.65
2−24 0.34 0.57 0.66
2−26 0.34 0.57 0.66
2−28 0.34 0.57 0.66

4.3 Schwarz Method 1: domain decomposi-

tion with restricted overlap region

In all of Schwarz methods in this chapter we use the BiCGStab solver. Given

the location of the incompatibility it is natural to consider partitioning the

solution domain Ω into the following two overlapping subregions

ΩS = (0, 1)2\(0, σ
a
)× (0,

σ

b
), a, b > 1

ΩP = {(x, y) ∈ (0, R)2 : x2 + y2 < R2}, R = CRσ, CR < 1

where CR is a constant, as pictured in Figure 4.3. On ΩP we use the following

translation

v = e(x+y)/2εuε,
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Figure 4.3: Domain decomposition with restricted overlap region, ΩS is pictured
with the overlapping subdomain, ΩP , depicted in grey

103



yielding the translated equation

2ε2∆v − v = 0.

In polar coordinates, required due to the shape of the subdomain and the

nature of the discontinuity in the boundary conditions (see Figure 4.4), the

equation becomes

2ε2(vrr +
1

r
vr +

1

r2
vθθ)− v = 0.

We use a tensor product of uniform meshes with N intervals on this domain

in all remaining sections of this chapter.

For each k ≥ 1,

U [k]
ε (xi, yj) = U

[k]
S (xi, yj), (xi, yj) ∈ ΩN

S

U [k]
ε (xi, yj) = Ū

[k]
P (xi, yj), (xi, yj) ∈ ΩP ∩ ΩN

S

where

i = 0, 1, ..., N, j = 0, 1, ..., N,

xN/2 = yN/2 = σ,

ΩN
S = ΩN \ {(xi, yj)|xi < σ/a, yj < σ/b},

We use the same grid as in the Direct Method in Section 4.3 here also and

in all further sections of this chapter. Ū
[k]
i is the bilinear interpolant of U

[k]
i .
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Figure 4.4: The advantage of the shape of subregion ΩP is that translating to polar
coordinates here enables us to smooth out the discontinuity when solving on this
subdomain. The point of discontinuity becomes our left hand boundary in polar
coordinates and we use linear interpolation to give us smooth boundary conditions
in polar coordinates.
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Then for k = 1,

LN
ε U

[1]
S = 0, (xi, yj) ∈ ΩN

S ,

U
[1]
S (xi, yj) = uε(xi, yj), ∀ {(xi, 0)|σ/a ≤ xi ≤ 1},

{(xi, 1)|0 ≤ xi ≤ 1}, {(0, yj)|σ/b ≤ yj ≤ 1}, {(1, yj)|0 ≤ yj ≤ 1}

U
[1]
S (xi, σ/b) = G(xi), 0 ≤ xi ≤ σ/a,

U
[1]
S (σ/a, yj) = H(yj), 0 ≤ yi ≤ σ/b,

where G and H are arbitrary functions such that

G(0) = uε(0, σ/b), H(0) = uε(σ/a, 0),

G(σ/a, σ/b) = H(σ/a, σ/b).

And

LN
P U

[1]
P = 0, (ri, θj) ∈ ΩN

P , U
[1]
P (R, θj) = Ū

[1]
S (R, θj),

where U
[1]
P (0, θj) is a linear interpolant of gB(0) and gL(0).

For k > 1,

LN
ε U

[k]
S = 0, (xi, yj) ∈ ΩN

S ,

U
[k]
S (xi, yj) = Ū

[k−1]
P (xi, yj),

(xi, yj) ∈ ΩS ∩ ΩP
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and

LN
P U

[k]
P = 0, (ri, θj) ∈ ΩN

P , U
[k]
P (R, θj) = Ū

[k−1]
S (R, θj).

We define the finite difference operators as

LN
ε Z

j
i =

[
ε(δ2x + δ2y) +D+

x +D+
y

]
Zj

i

LN
P Z

j
i = 2ε2

[
δ2r +

1

ri
D0

r +
1

r2i
δ2θ

]
Zj

i − Zj
i (4.4)

where

δ2xZ(xi, yi) =
2

xi+1 − xi−1

(D+
x −D−

x )Z(xi, yj)

with

D+
x Z(xi, yj) =

Z(xi+1, yj)− Z(xi, yj)

xi+1 − xi
,

D−
x Z(xi, yj) =

Z(xi, yj)− Z(xi−1, yj)

xi − xi−1

,

D0
xZ(xi, yj) =

Z(xi+1, yj)− Z(xi−1, yj)

xi+1 − xi−1

.

The iterative process starts with solving on ΩS with arbitrary boundary

values along the boundary of the notch. We then solve on ΩP , taking the

boundary values of the curved boundary of this domain from the interpolated

solution previously obtained on ΩS. In the second iteration the boundary

values along the boundary of the notch come from the interpolated solution

obtained on ΩP in the first iteration. We solve on ΩP as per the first iteration.

We continue to iterate until the difference between the solutions on ΩS for

successive iterations is less than 10−4. The final solution then comprises the

solution on ΩS with the solution on ΩP interpolated over the notch region.
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Figure 4.5: The iterative process
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It is important to note that, in order for the discrete overlapping Schwarz

method to converge to the correct solution, the overlap region between subdo-

mains must be sufficiently large. This can be seen in Table 4.3, which shows

the number of iterations for Schwarz Method 1 to converge for a range of

values of R for a tolerance level of

max
xi,yj∈Ω̄N

ε

|U [k]
S (xi, yj)− U

[k−1]
S (xi, yj)| ≤ 10−4.

From the definition of ΩS and ΩP it follows that the width of the overlap

region at its minimum point is

(
CR −

√
1

a2
+

1

b2

)
σ,

thus placing the restriction on our choice of CR that

CR >

√
1

a2
+

1

b2
.

However, in addition to considering the necessary overlap width required

by Schwarz Method 1 for convergence, we must also bear in mind the choice

of R, the radius of the quarter-disk subregion. In the presence of the incom-

patibility we require R to be small in order to cluster more grid points in the

neighbourhood of the singularity, since it was shown the previous chapter that

the influence of the discontinuity is greatest in the region where r ≤ ε. We

can see from Table 4.4 below that the computed orders of convergence are

not satisfactory for larger N as the radius chosen, 0.4σ, was too large. Since

the width of the overlap is proportional to σ, for large values of ε the above

restriction imposed by this decomposition prevents us from choosing R suffi-

ciently small to resolve the singularity. This can clearly be seen the graphs
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included here in Figures 4.6 and 4.7 showing the pointwise errors for various

values of ε and R.

Table 4.3: Iteration counts for Schwarz Method 1 (restricted overlap) applied to problem (4.1) for
tolerance 10−4, variable R

CR

ε 0.36 0.37 0.38 0.39 0.40 0.80 1.20 1.60 2.00
1 24 15 12 10 9 4 4 3 3

2−1 25 15 12 11 10 4 4 3 3
2−2 26 16 13 11 10 4 4 3 3
2−3 27 16 13 11 10 4 4 3 3
2−4 28 17 13 11 10 4 4 3 3
2−6 30 18 14 12 10 4 4 3 3
2−8 31 18 14 12 11 4 4 3 3
2−10 31 18 14 12 11 4 3 3 3
2−12 32 19 14 12 11 4 3 3 3
2−14 32 19 15 12 11 4 3 3 3
2−16 32 19 15 12 11 4 3 3 3
2−18 32 19 15 13 11 4 3 3 3
2−20 33 19 15 13 11 4 3 3 3
2−22 33 19 15 13 11 4 3 3 3
2−24 33 19 15 13 11 4 3 3 3
2−26 33 19 15 13 11 4 3 3 3
2−28 33 19 15 13 11 4 3 3 3

Table 4.4: Computed orders of convergence for Schwarz Method 1 (restricted overlap) applied to
problem (4.1)with R = 0.4σ.

Number of intervals N
ε 16 32 64
1 1.50 0.14 0.15

2−1 1.33 0.15 0.14
2−2 0.76 0.88 0.35
2−3 0.50 1.27 0.92
2−4 0.30 0.28 0.28
2−6 0.63 0.74 0.82
2−8 0.44 0.66 0.81
2−10 0.36 0.55 0.68
2−12 0.35 0.53 0.62
2−14 0.35 0.53 0.62
2−16 0.34 0.54 0.63
2−18 0.34 0.55 0.64
2−20 0.34 0.56 0.65
2−22 0.34 0.56 0.65
2−24 0.34 0.57 0.66
2−26 0.34 0.57 0.66
2−28 0.34 0.57 0.66
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Figure 4.6: N = 64. When R is small we get satisfactory results for the pointwise
errors using Schwarz Method 1. However, the method requires many iterations to
converge when R is small.
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Figure 4.7: N = 64. With large R we see the pointwise errors for Schwarz Method
1 blow up.
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4.4 Schwarz Method 2: domain decomposi-

tion with maximal overlap region

In order to choose R large enough to resolve the singularity we let

ΩS = Ω

thereby removing the restriction on the choice of R, which we define as

R =
√
2σ/8,

thus ensuring that the overlap region is sufficiently large for the convergence

of the Schwarz method, pictured in Figure 4.8.

A tensor product of two piecewise-uniform fitted meshes ΩN
S is used on Ω,

with σ defined as in (4.2). Uniform meshes ΩN
P are used on ΩP .

Figure 4.8: Domain decomposition with maximal overlap.
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We use the identical translation in the polar region as in Schwarz Method

1. Our discrete iterative method is then as follows:

For each k ≥ 1,

U [k]
ε (x, y) =

 U
[k]
S (x, y), (x, y) ∈ ΩN

S

Ū
[k]
P (x, y), (x, y) ∈ ΩP ∩ ΩN

S

where Ū
[k]
i is the bilinear interpolant of U

[k]
i . Then for k = 1,

LN
ε U

[1]
S = 0, (xi, yj) ∈ ΩN

S ,

U
[1]
S (xi, 0) = 5− 4x

1/6
i , U

[1]
S (xi, 1) = 1, xi ∈ (0, 1)

U
[1]
S (0, yj) = y

1/2
j , U

[1]
S (1, yj) = 1, yj ∈ (0, 1)

and

LN
P U

[1]
P = 0, (ri, θj) ∈ ΩN

P , U
[1]
P (R, θj) = Ū

[1]
S (R, θj),

where U
[1]
P (0, θj) is a linear interpolant of gB(0) and gL(0).

For k > 1,

LN
ε U

[k]
S = 0, (xi, yj) ∈ ΩN

S ,

U
[k]
S (xi, yj) = Ū

[k−1]
P (xi, yj), xi ∈ (0, R), yj ∈ (0, R),

and

LN
P U

[k]
P = 0, (ri, θj) ∈ ΩN

P , U
[k]
P (R, θj) = Ū

[k−1]
S (R, θj).

We define the finite difference operators as in Schwarz Method 1.
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The numerical solutions are depicted in Figures 4.9 and 4.10 for N = 32

and ε = 2−1 and 2−6 respectively, alongside plots of the numerical solutions

obtained by the Direct Method for the same parameters for the purpose of

comparison. In Table 4.5 the required iteration counts are given for a tolerance

level of

max
xi,yj∈Ω̄N

ε

|U [k]
S (xi, yj)− U

[k−1]
S (xi, yj)| ≤ 10−4

The differences between the numerical solutions for various values of N and

the numerical solution for N = 256, which are indicative of nodal errors are

shown in Table 4.6 and the computed orders of convergence for various values

of N and ε are shown in Table 4.7. Both tables show a notable improvement

in the magnitude of the error and the orders of convergence for large values

of ε on the results obtained by the Direct Method, seen in Tables 4.1 and 4.2.

However, there is a noticeable drop in the convergence rates for intermediate

values of ε which requires further consideration.

Table 4.5: Iteration counts for Schwarz Method 2 applied to problem (4.1) with domain decomposition
allowing maximal overlap.

Number of intervals N
ε 16 32 64 128 256
1 3 6 5 4 3

2−1 3 6 5 4 3
2−2 3 6 5 4 3
2−3 3 6 5 3 3
2−4 3 6 5 3 4
2−6 3 6 5 4 4
2−8 3 6 5 4 4
2−10 3 6 5 4 4
2−12 2 6 5 4 4
2−14 2 6 5 4 4
2−16 2 6 5 4 4
2−18 2 6 5 4 4
2−20 2 6 5 4 4
2−22 2 6 5 4 4
2−24 2 6 5 4 4
2−26 2 6 5 4 4
2−28 2 6 5 4 4
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Figure 4.9: Numerical solutions of problem (4.1) for ε = 2−1, N = 32
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Figure 4.10: Numerical solutions of problem (4.1) for ε = 2−6, N = 32

Table 4.6: Maximum pointwise errors EN
ε and EN for Schwarz Method 2 applied to problem (4.1) with

domain decomposition allowing maximal overlap.
Number of intervals N

ε 16 32 64 128
1 0.0218 0.0076 0.0019 0.0004

2−1 0.0184 0.0065 0.0015 0.0003
2−2 0.0122 0.0054 0.0025 0.0008
2−3 0.0242 0.0150 0.0080 0.0028
2−4 0.0390 0.0223 0.0114 0.0087
2−6 0.0835 0.0471 0.0227 0.0082
2−8 0.1202 0.0739 0.0376 0.0138
2−10 0.1412 0.0907 0.0489 0.0192
2−12 0.1535 0.0992 0.0543 0.0220
2−14 0.1620 0.1045 0.0569 0.0230
2−16 0.1687 0.1084 0.0587 0.0234
2−18 0.1740 0.1116 0.0601 0.0238
2−20 0.1783 0.1141 0.0612 0.0240
2−22 0.1816 0.1161 0.0621 0.0243
2−24 0.1843 0.1177 0.0628 0.0245
2−26 0.1865 0.1189 0.0634 0.0246
2−28 0.1882 0.1199 0.0638 0.0248

EN 0.1882 0.1199 0.0638 0.0248
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Table 4.7: Computed orders of convergence pNε for Schwarz Method 2 applied to problem (4.1) with
domain decomposition allowing maximal overlap.

Number of intervals N
ε 16 32 64
1 1.49 1.91 1.92

2−1 1.48 2.02 2.05
2−2 1.13 1.34 0.93
2−3 0.50 1.23 0.91
2−4 0.65 0.28 0.28
2−6 0.63 0.74 0.82
2−8 0.43 0.66 0.81
2−10 0.36 0.55 0.68
2−12 0.35 0.53 0.62
2−14 0.35 0.53 0.62
2−16 0.34 0.54 0.63
2−18 0.34 0.55 0.64
2−20 0.34 0.56 0.65
2−22 0.34 0.56 0.65
2−24 0.34 0.57 0.66
2−26 0.34 0.57 0.66
2−28 0.34 0.57 0.66

4.4.1 Alternative translation in polar region

On ΩP we use the alternative translation

w = e(x+y)/2εuε − ϕ(x, y)

where ϕ is defined as follows

ϕ(x, y) = 10/π(π/2− arctan(y/x))

yielding the translated equation

2ε2∆w − w = ϕ.

This has the effect of directly resolving the discontinuity at the outflow cor-

ner. Solving the translated equation using the domain decomposition, finite

difference operators (4.4) and iterative method as before, the numerical results

obtained do not differ visibly from those for Schwarz Method 2 and for this
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reason I have not included them in this chapter.

4.4.2 Use of upwinding in the polar region

When Schwarz Method 2 is modified to use upwinding rather than central

differencing in the polar region we obtain slightly worse results for pointwise

errors and convergence rates in the case of large ε, as seen below. Iteration

counts are not affected.

Table 4.8: Iteration counts for modified Schwarz Method 2 applied to problem (4.1) with domain
decomposition allowing maximal overlap and upwinding in the polar region.

Number of intervals N
ε 16 32 64 128 256
1 3 6 5 4 3

2−1 3 6 5 4 3
2−2 3 6 5 4 3
2−3 3 6 5 4 3
2−4 3 6 5 3 3
2−5 3 6 5 3 3
2−6 3 6 5 3 4
2−7 3 6 5 3 4
2−8 3 6 5 3 4
2−9 3 6 5 3 4
2−10 3 6 5 3 4
2−11 3 6 5 3 4
2−12 2 6 5 4 4
2−13 2 6 5 4 4
2−14 2 6 5 4 4
2−15 2 6 5 4 4
2−16 2 6 5 4 4
2−17 2 6 5 4 4
2−18 2 6 5 4 4
2−19 2 6 5 4 4
2−20 2 6 5 4 4
2−21 2 6 5 4 4
2−22 2 6 5 4 4
2−23 2 6 5 4 4
2−24 2 6 5 4 4
2−25 2 6 5 4 4
2−26 2 6 5 4 4
2−27 2 6 5 4 4
2−28 2 6 5 4 4
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Table 4.9: Computed orders of convergence pNε for modified Schwarz Method 2 applied to problem
(4.1) with domain decomposition allowing maximal overlap and upwinding in the polar region.

Number of intervals N
ε 16 32 64
1 1.52 1.92 0.25

2−1 1.52 1.90 0.09
2−2 1.10 1.37 0.40
2−3 0.50 1.23 0.91
2−4 0.64 0.28 0.28
2−5 0.70 0.68 0.40
2−6 0.63 0.74 0.82
2−7 0.52 0.72 0.84
2−8 0.43 0.66 0.81
2−9 0.39 0.59 0.74
2−10 0.36 0.55 0.68
2−11 0.35 0.53 0.64
2−12 0.35 0.53 0.62
2−13 0.35 0.53 0.61
2−14 0.35 0.53 0.62
2−15 0.34 0.54 0.62
2−16 0.34 0.54 0.63
2−17 0.34 0.55 0.63
2−18 0.34 0.55 0.64
2−19 0.34 0.56 0.64
2−20 0.34 0.56 0.65
2−21 0.34 0.56 0.65
2−22 0.34 0.56 0.65
2−23 0.34 0.57 0.65
2−24 0.34 0.57 0.66
2−25 0.34 0.57 0.66
2−26 0.34 0.57 0.66
2−27 0.34 0.57 0.66
2−28 0.34 0.57 0.66
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Table 4.10: Maximum pointwise errors EN
ε and EN for modified Schwarz Method 2 applied to problem

(4.1) with upwinding in the polar region

Number of intervals N
ε 16 32 64 128
1 0.0218 0.0074 0.0018 0.0013

2−1 0.0184 0.0063 0.0018 0.0012
2−2 0.0122 0.0054 0.0025 0.0012
2−3 0.0242 0.0150 0.0080 0.0028
2−4 0.0390 0.0223 0.0114 0.0087
2−5 0.0605 0.0336 0.0164 0.0078
2−6 0.0835 0.0471 0.0227 0.0082
2−7 0.1039 0.0613 0.0301 0.0109
2−8 0.1202 0.0739 0.0376 0.0138
2−9 0.1323 0.0836 0.0441 0.0168
2−10 0.1412 0.0907 0.0489 0.0192
2−11 0.1480 0.0956 0.0522 0.0210
2−12 0.1535 0.0992 0.0543 0.0220
2−13 0.1580 0.1021 0.0558 0.0226
2−14 0.1620 0.1045 0.0569 0.0230
2−15 0.1655 0.1066 0.0579 0.0232
2−16 0.1687 0.1084 0.0587 0.0234
2−17 0.1715 0.1101 0.0594 0.0236
2−18 0.1740 0.1116 0.0601 0.0238
2−19 0.1762 0.1129 0.0607 0.0239
2−20 0.1783 0.1141 0.0612 0.0240
2−21 0.1800 0.1151 0.0617 0.0242
2−22 0.1816 0.1161 0.0621 0.0243
2−23 0.1831 0.1169 0.0625 0.0244
2−24 0.1843 0.1177 0.0628 0.0245
2−25 0.1855 0.1183 0.0631 0.0246
2−26 0.1865 0.1189 0.0634 0.0246
2−27 0.1874 0.1195 0.0636 0.0247
2−28 0.1882 0.1199 0.0638 0.0248

EN 0.1882 0.1199 0.0638 0.0248
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4.5 Schwarz Method 3: alternative domain

decomposition with square sub-region

It is interesting to consider an alternative Schwarz method with a square

subregion, ΩC = (0, R)2, R = σ/8 at the outflow corner replacing the quarter-

disk region used in the two Schwarz methods above, see Figure 4.11. The finite

difference operator in this region is then the same as that used on the entire

domain, (4.3). The iterative method is essentially similar to that used in the

previous two Schwarz methods, with upwinding used in each subdomain and

a uniform mesh in the small square subdomain.

Figure 4.11: Domain decomposition with square overlap region of side σ/8, i.e.,
the overlap region is comparable magnitude to that of the quarter disk subdomain
for the domain decompostion with maximal overlap.

Our discrete iterative method is then as follows:
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For each k ≥ 1,

U [k]
ε (x, y) =

 U
[k]
S (x, y), (x, y) ∈ ΩN

S

Ū
[k]
C (x, y), (x, y) ∈ ΩC ∩ ΩN

S

where Ū
[k]
i is the bilinear interpolant of U

[k]
i . Then for k = 1,

LN
ε U

[1]
S = 0, (xi, yj) ∈ ΩN

S ,

U
[1]
S (xi, 0) = 5− 4x

1/6
i , U

[1]
S (xi, 1) = 1, xi ∈ (0, 1)

U
[1]
S (0, yj) = y

1/2
j , U

[1]
S (1, yj) = 1, yj ∈ (0, 1).

and

LN
CU

[1]
C = 0, (xi, yj) ∈ ΩN

C ,

U
[1]
C (xi, 0) = 5− 4x

1/6
i , U

[1]
C (xi, σ/8) = Ū

[
S1](xi, σ/8), xi ∈ (0, σ/8)

U
[1]
C (0, yj) = y

1/2
j , U

[1]
C (σ/8, yj)

= Ū
[
S1](σ/8, yj), yj ∈ (0, σ/8)

For k > 1,

LN
ε U

[k]
S = 0, (xi, yj) ∈ ΩN

S ,

U
[k]
S (xi, yj) = Ū

[k−1]
C (xi, yj), xi ∈ (0, σ/8), yj ∈ (0, σ/8),

and

LN
CU

[k]
C = 0, (xi, yj) ∈ ΩN

C , U
[k]
C (xi, yj) = Ū

[k−1]
S (xi, yj), xi ∈ (0, σ/8), yj ∈ (0, σ/8).
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We define the finite difference operators as in Schwarz Method 1.

Tables 4.12 and 4.13 show that the performance of this method is no better

than that of the Direct Method for large values of ε when applied to problem

(4.1). This is perhaps to be expected as, unlike Schwarz Methods 1 and 2

which use a quarter-disk subregion around the area of the discontinuity, with

a square subregion there is no translation to polar coordinates. Translating

to polar coordinates has the advantage of spreading the point of discontinuity

smoothly over the lefthand boundary of the translated subdomain. In this

method there is merely a greater concentration of meshpoints in the region of

the discontinuity; the method therefore fails in similar manner to the Direct

Method.

Table 4.11: Iteration counts for Schwarz Method 3 applied to problem (4.1).

Number of intervals N
ε 16 32 64 128 256
1 0 0 0 0 3

2−1 0 0 0 0 3
2−2 0 0 0 0 3
2−3 0 0 0 0 3
2−4 0 0 0 0 3
2−5 0 0 0 0 3
2−6 0 0 0 0 3
2−7 0 0 0 0 3
2−8 0 0 0 0 3
2−9 0 0 0 0 3
2−10 0 0 0 0 3
2−11 0 0 0 0 2
2−12 0 0 0 0 2
2−13 0 0 0 0 2
2−14 0 0 0 0 2
2−15 0 0 0 0 2
2−16 0 0 0 0 2
2−17 0 0 0 0 2
2−18 0 0 0 0 2
2−19 0 0 0 0 2
2−20 0 0 0 0 2
2−21 0 0 0 0 2
2−22 0 0 0 0 2
2−23 0 0 0 0 2
2−24 0 0 0 0 2
2−25 0 0 0 0 2
2−26 0 0 0 0 2
2−27 0 0 0 0 2
2−28 0 0 0 0 2
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Table 4.12: Maximum pointwise errors EN
ε and EN for Schwarz Method 3 applied to problem (4.1).

Number of intervals N
ε 16 32 64 128
1 0.0221 0.0246 0.0244 0.0191

2−1 0.0190 0.0235 0.0238 0.0188
2−2 0.0110 0.0204 0.0223 0.0183
2−3 0.0242 0.0150 0.0187 0.0172
2−4 0.0390 0.0223 0.0171 0.0139
2−6 0.0835 0.0471 0.0227 0.0145
2−8 0.1202 0.0739 0.0376 0.0149
2−10 0.1412 0.0907 0.0489 0.0192
2−12 0.1535 0.0992 0.0543 0.0220
2−14 0.1620 0.1045 0.0569 0.0230
2−16 0.1687 0.1084 0.0587 0.0234
2−18 0.1740 0.1116 0.0601 0.0238
2−20 0.1782 0.1141 0.0612 0.0240
2−22 0.1816 0.1161 0.0621 0.0243
2−24 0.1843 0.1177 0.0628 0.0245
2−26 0.1865 0.1189 0.0634 0.0246
2−28 0.1882 0.1199 0.0638 0.0248

EN 0.1882 0.1199 0.0638 0.0248

Table 4.13: Computed orders of convergence pNε for Schwarz Method 3 applied to problem (4.1).

Number of intervals N
ε 16 32 64
1 -0.17 -0.10 -0.07

2−1 -0.30 -0.13 -0.09
2−2 -0.74 -0.23 -0.14
2−3 0.50 -0.18 -0.29
2−4 0.42 0.01 -0.01
2−6 0.63 0.74 0.00
2−8 0.43 0.66 0.70
2−10 0.36 0.55 0.68
2−12 0.35 0.53 0.62
2−14 0.35 0.53 0.62
2−16 0.34 0.54 0.63
2−18 0.34 0.55 0.64
2−20 0.34 0.56 0.65
2−22 0.34 0.56 0.65
2−24 0.34 0.57 0.66
2−26 0.34 0.57 0.66
2−28 0.34 0.57 0.66
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4.6 Conclusion

The analysis in Chapter 3 revealed the localised nature of the effect of the

singularity arising from the discontinuity in the outflow boundary data, as

well as its interaction with the characteristic layers present. A number of

numerical methods motivated by the analysis in Chapter 3, are outlined above.

Numerical results for the methods discussed here in this chapter are consistent

with the behaviour indicated in Chapter 3’s analysis. The numerical method

which is best adapted to that behaviour is Schwarz Method 2. The results

obtained by this method applied to problem (4.1) with domain decomposition

allowing maximal overlap are an improvement on those obtained by the Direct

Method for this problem. However, further development of the method is

required in order to solve problem (4.1) ε-uniformly as the results are not

entirely satisfactory for intermediate values of ε.
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