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Abstract

This thesis is concerned with the problem of high frequency elastic wave inversion. This is
the problem of determining sharp, localised changes in the properties of materials beneath
the surface of the earth using only measurements of reflected seismic waves taken at or
near the surface.

The central objective of this thesis is to construct multiparameter inversion opera-
tors which map data from surface wave measurements into accurate estimates for the high
frequency perturbations in the density, ρ, and in the 21 independent Hooke’s tensor compo-
nents, cijkl, of subsurface anisotropic inclusions. Using results from the field of microlocal
analysis of Fourier Integral Operators, it is shown that asymptotically valid inversion op-
erators exist which can invert all 22 independent elastic parameter perturbations directly,
without relying on statistical estimates.

To gather the required data, the technique of using ensembles of linked seismic ex-
periments is introduced and extensively analysed in the context of a standard linearised
single scattering model for elastic waves based on the Born approximation. This technique
builds on work by Burridge and others in [10:Burridge R. ; De Hoop M. V. ; Miller D. ;
Spencer C. ; 1998], and by Nolan in [17:Clifford J. Nolan 1997][49:Nolan and Ryan 2007].

In addition, a fundamental theoretical analysis of the seismic inversion problem is car-
ried out. By analysing important components of the seismic forward problem, a theoretical
framework is introduced which allows the determination of whether or not multiparame-
ter inversion is possible, and specifically with what types of seismic ensembles and elastic
wave modes. In particular, this framework will show under which circumstances multipa-
rameter inversion is not possible, both for the case of point anisotropic inclusions, and in
particular for larger volume inclusions. It is shown that these results can be extended to
inversion in multiple type of seismic backgrounds.

To complement the theoretical results, an application of evolutionary algorithm is
presented which is used to find practical invertible seismic ensembles which allow inversion
to be carried out feasibly.

The thesis also presents a introductory overview of the techniques of Fourier Integral
Operators and microlocal analysis, which are used to construct later inversion models.
Other more elaborate mathematical techniques used in the thesis are also introduced or
expanded on in the appendices for the benefit of the general reader.

Finally, supporting lemmas in the appendices introduce a new method for determining
the component dependencies of linear elastic materials.
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Chapter 1

Introduction

This thesis is concerned with the problem of high frequency elastic wave inversion. This is
the problem of determining sharp, localised changes in the properties of materials beneath
the surface of the earth by using only measurements of reflected seismic waves taken
at or near the surface. In this problem, the term high frequency refers to two distinct
but mathematically related concepts; the high frequency of the seismic waves which are
used, and the high frequency perturbations—that is, the sharp localised changes—in the
material properties which are being sought.

The central question of this thesis is whether mathematical inversion operators exist
which can convert surface measurements of high frequency waves into accurate estimates
for the high frequency perturbations in the density and the elastic properties of materials
within the earth.

Several existing methods allow basic properties of subsurface materials to be inferred
from wave measurements; for example location, density and/or wave speed[9:Bleistein
2001]. Methods also exist which allow the concurrent inference of several distinct prop-
erties of materials[1:A. Ben-Menahem 1990][23:G. Beylkin 1990][56:Ronan Le Bras and
Robert W. Clayton 1988]. The goal of this thesis is to develop methods which allow the
concurrent inversion of high frequency perturbations in both the density ρ and of the 81
Hooke tensor components1 cijkl—together known as the 82 elastic parameters—of sub-
surface material. These methods will be based on techniques developed by Burridge and
others in [10:Burridge R. ; De Hoop M. V. ; Miller D. ; Spencer C. ; 1998], and by Nolan
in [17:Clifford J. Nolan 1997][49:Nolan and Ryan 2007].

This problem and its solution will involve many specific topics and techniques from the
fields of seismology, elasticity, dynamics and Fourier analysis. However this problem also
falls under the more general theory of inverse problems, and in this thesis the problem of
elastic wave inversion will be studied in this theoretical framework.

In this chapter, the general theory of inverse problems will first be introduced, along
with some elementary examples. Following this a brief overview of seismology will be
given, and the classic inverse problem of seismic migration will be briefly analysed. This
analysis will lead into a discussion of further techniques which will be followed by an
outline of the rest of this thesis.

1These are also known as the elastic constants, or Cauchy constants.

4



Input

x

Cause

−→

Process

F

Model

−→

Output

y

Effect

(1.1.1)

Figure 1.1.1: A diagram of a mathematical process, denoting the relationships between input x,
process F , and output y. The process will operate on given inputs x to produce outputs y. This
operation can be expressed in the form of an equation as Fx = y.

1.1 Inverse Problems

1.1.1 Definition

An inverse problem is one in which the usual or accustomed order of a calculation is
reversed. A traditional mathematical problem involves taking inputs and then, under
some process or procedure, producing corresponding outputs. An inverse problem involves
taking the outputs of some known process, and finding the inputs which produce those
outputs under the process.

Typically, inverse problems are introduced in the context of well and ill posed problems
(see section 1.1.2). However, this thesis will follow the presentation of Groetsch [11:C. W.
Groetsch 1999], and inverse problems will be defined by their relation to more traditional
forward problems and the processes for solving them.

To formally describe the functioning of processes, let F denote a process, or model,
which considers certain sets of inputs, or causes, x, and produces corresponding sets of
outputs, or effects, y. F can be a mathematical function or relation, or a mathematical
model of some phenomena. The relationship between model, inputs and outputs can be
written in the form Fx = y, and can be represented schematically as in Figure 1.1.1.

Corresponding to this formal description, there are three main types of problem which
can be posed for processes. These are:

• Forward Problem2: Given the inputs x and the process F , find the outputs y =
Fx.

• Inverse Problem: Given the outputs y, the process F , and perhaps some of the
inputs x, determine the complete set inputs x such that Fx = y.

• Modelling Problem: Given many pairs of input and output sets (x,y) — typically
gathered from observations — find a model F which correctly predicts outputs when
given their corresponding inputs.

A Forward Problem is the more traditional one encountered in mathematics and math-
ematical modelling. In the simplest case, the process F can be straightforward mathe-
matical function3, which is run directly on the input x to produce some output y. More
generally, F can represent the process of solving a particular equation in x and y for
the output. In particular, F can represent process of solving a differential equation for

2This is also referred to in the literature as the direct problem
3e.g. Fx = f(x) = |x|2.
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y, with x containing the initial or boundary values of the problem4. Often in the case
of these more complicated equations, the output y cannot be calculated precisely, and
instead techniques must be used to approximate y to an acceptable degree of accuracy.
In such cases, F will represent this process of approximation.

An Inverse Problem is generally far more difficult than its corresponding Forward
Problem. Almost all Inverse Problems of interest will be ill-posed (see 1.1.2), making
their solution particularly difficult. Even in the case where F is a straightforward function,
e.g. cos, for any given y it can be difficult or impossible to find an appropriate inverse
function—denoted by F−1, and which is such that x = F−1y with FF−1y = y—without
adding additional assumptions on the inputs or outputs. In the case of more general
equations, simplifying assumptions must be made on the model F , to produce a more
tractable model F̃ which approximates F , and it is this simpler model which is inverted
to find x = F̃−1y. In addition, even in the case of a simplified model, approximate
and/or iterative techniques, combined with regularisation, may be needed to converge on
an approximate answer for the inputs.

The Modelling Problem is the problem of determining an appropriate model F that
most closely matches the input/output pairs (x,y). Typically this is a matter of apply-
ing or assuming some principle which relates the causes x and effects y, expressing this
in mathematical form, and deriving a model from this and other known relationships.
The modelling problem can emerge during the solution of an inverse problem during the
construction of the simpler approximate model F̃ .

If an inverse model F−1 exists, then the inverse problem of the forward model, Fx = y,
corresponds to the forward problem of the inverse model F−1y = x. Therefore it can be
seen that labelling this pair of problems forward and inverse is in some sense arbitrary,
and depends on which model is chosen as the original “forward” model. Generally, the
choice of the inverse problem label depends on which is the more difficult to solve, that
is, the more ill-posed problem in the pair. The concept of Ill-posedness is now discussed.

1.1.2 Ill-posedness

Inverse problems are usually introduced in the context of well-posed and ill-posed problems
[65:Various 1990][4:Andreas Kirsch 1996]. Though the definition of inverse problems in
this thesis is not based on them, the topics of well and ill-posedness still have an important
bearing on inverse problems and their solutions.

The definition of a well-posed problem is attributed to Hadamard[35:Jacques Hadamard
1902][36:Jacques Hadamard 1923], who originally discussed well-posedness in the context
of initial value problems in physics. Let a problem be defined in the following way; given
known data y, and a model F , find a solution x which satisfies Fx = y. Then, in
Hadamard’s definition, such a problem is said to be well-posed if the following three con-
ditions hold:

1. A solution exists. (∀y,∃x such that Fx = y)

2. The solution is unique. (If Fx1 = Fx2 = y, then x1 = x2)

3. The solution depends continuously on the data. (For any sequence of data yn with
corresponding solutions xn satisfying Fxn = yn, if lim

n→∞
yn = a then lim

n→∞
Fxn = a)

4e.g. suppose y = y(t) was a solution to the differential equation dy
dt

= y with initial condition
x : y(0) = A. The process of solution is Fx = Aet = y(t).
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If any of these conditions fail for a particular problem, that problem is said to be ill-
posed . Hadamard’s position was that the solutions to physically meaningful mathematical
problems—particularly initial values problems—should always be well-posed. An ill-posed
problem in this context suggested that the data or the model under study did not cor-
respond to physically meaningful quantities, or had been arrived at as a result of some
misconception.

However, there are many important ill-posed problems which are not arrived at mistak-
enly, but rather are inherently ill-posed. These include inverse problems in radar, sonar,
ultrasound and seismic imaging, where measurements of reflected waves are used to deter-
mine the structure of otherwise unobservable materials, such as those deep underground or
underwater, or within living tissue. These imaging problems are all in some sense ill-posed.
However, it is still possible to obtain meaningful and indeed accurate solutions for them
using techniques such as regularisation and iterative methods to overcome the ill-posed
nature of the problem. In these cases and others, the corresponding forward problem is
a well-posed one, and this fact can be used to advantage when attempting to solve the
inverse problem.

Typically, all inverse problems of interest are ill-posed problems. Indeed, inverse prob-
lems are usually defined simply as those problems which are ill-posed. However, in this
thesis, inverse problems are instead defined in relation to the forward process or model
F , and are only noted as generally being ill-posed. Ill-posedness alone will not be used
to define inverse problems. In fact, it is possible for problems traditionally regarded as
forward problems to be ill-posed, as shown in the following example, which is due to
Hadamard[36:Jacques Hadamard 1923].

Consider the two dimensional Laplace equation

∂2u

∂x2
+
∂2u

∂y2
= 0 (1.1.2)

on the domain (x, y) ∈ R× [0,∞). Let the initial conditions, or data, for this equation be

u(x, 0) = 0,
∂u

∂y
(x, 0) =

1

n
sin(nx) (1.1.3)

for some fixed integer n. Determining the function u from the initial data is a classic
forward problem. The solution can be found using the method of separation of variables,
and using this the solution to the equation is found to be

u(x, y) =
1

n2
sin(nx) sinh(ny) (1.1.4)

It can be seen that, as n → ∞, the initial data ∂u/∂y(x, 0) → 0. However, the solution
u(x, y) → ∞. So tiny changes in the data lead to colossal changes in the final solution,
and so the solution does not depend continuously on the data. Thus the forward problem
for the Laplace equation with such boundary data is seen to be ill-posed. So it can be
seen that even problems usually regarded as “forward” problems can be ill-posed.

Therefore, because ill-posedness is not necessarily confined to inverse problems, they
will not be defined in terms of it in this thesis. Instead, inverse problems will be defined
by their relation to a designated forward model, as described in (1.1.1). Given a forward
model F , output y, and perhaps some inputs x, and inverse problem is the problem of
finding or approximating a complete set of inputs x such that Fx = y.
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1.1.3 Elementary Inverse Problems

The most elementary examples of inverse problems can be found in basic arithmetic.
Though they are familiar, it is useful to re-examine these basic operations in the framework
of inverse problems, as they are illustrative of many common approaches required in their
solution.

The first forward problem in arithmetic is that of addition. Given two numbers, 3 and
4, find their sum 3 + 4. The corresponding inverse problem to addition is the problem
of finding the summand. Given the sum 7, and one of the summands 3, find the second
summand x such that 3 + x = 7. Formally solving this inverse problem involves; stating
this equation, and then balancing the equation to remove the first summand by subtracting
it from both sides, 3 + x − 3 = 7 − 3 ⇒ x = 4. It is important to note that this inverse
problem involves the use of a second operation, subtraction, as well as the introduction of
the concept5 of an equation and its balancing; none of which was involved in the forward
problem. This simple example shows how solutions of an inverse problem frequently
involve the use of techniques and concepts beyond those of the forward model; and this
will certainly be the case for elastic wave inversion.

The above inverse problem is of course well posed, as is its forward problem. The first
inverse problem in elementary arithmetic which satisfies the definition of this thesis as
well as that of the ill-posedness of Hadamard is the problem of division. This problem and
its solutions demonstrate several key features and properties common to more advanced
inverse problems.

The forward problem of multiplication is; given two numbers, 13 and 109, find their
product 13 × 109, which is 1417. The corresponding inverse problem is the problem of
finding the factor. Given the product 1417, and one of the factors 13, find the second
factor x such that 13 × x = 1417. Solving this problem involves finding the quotient
1417/13, which is the operation of division. This problem is indeed ill-posed in the sense
of Hadamard, as 1) no solution6 will exist if the known factor is 0, and 2) the solution is
not continuous for factors close to 0.

109

13
)
1417
1300

117
117

0

Figure 1.1.2: An example of a “school-
book” long division algorithm. One
digit of the answer is computed in each
iteration of the algorithm.

For most factors however, it is of course possible
to obtain a solution through the process of division.
However, the inverse problem of division is not as
straightforward an operation as the forward opera-
tion of multiplication. There are several algorithms
available with which division can be performed. The
most familiar of these is the so called “schoolbook”
method, illustrated in Figure 1.1.2.

Beginning by setting the remainder equal to the
product, this method computes successive digits of
the quotient, from order from most to least signifi-
cant. At each step the algorithm finds the maximal
multiple of the factor to the current base power which lies at or below the remainder.
The order of this multiple becomes the next most significant digit of the quotient, the
multiple is subtracted from the remainder to obtain a new remainder, and the process is
repeated. This process halts when the remainder becomes zero, or the quotient reaches
an acceptable level of accuracy.

While this algorithm is relatively straightforward, and ensures correctness at each

5These concepts are usually entirely absent in introductions to elementary arithmetic, and the method
of solution is generally informal.

6Or many solutions if the product is also zero.
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Figure 1.1.3: The reciprocal 1/
√

2 is the root of the function f(x) =
√

2 − 1/x. This root can be
found approximately using Newton’s method, which converges on the root using only multiplication
and subtraction operations, eq (1.1.5)

successive digit, the process of finding the maximal multiple is slow, requiring several
multiplications and comparisons. Moreover only one digit is returned for each iteration,
giving the algorithm only linear convergence. Typically, more advanced methods are used
in practise[3:Alan H. Karp 1997], among them Newton’s method, which is outlined briefly
here.

Newton’s method computes the quotient A/D by first computing the reciprocal 1/D
and multiplying the result by A. To find the reciprocal x = 1/D, the function f(x) =
D−1/x is constructed. The reciprocal x will be the value which gives f(x) = 0, i.e. the root
of the equation. Newton’s method is used to find this root. First an initial approximation
to the reciprocal x0 is chosen or set. Then at each current approximation xn, the next
guess xn+1 is found via the Newton-Raphson update rule xn+1 = xn − f(xn)/f

′(xn).
Substituting the formulas for f and f ′ into the update rule, it is found that the division
in the update rule is eliminated, and the next approximation at each step is given by the
rule

xn+1 = 2xn −Dx2
n (1.1.5)

which involves only multiplications and subtractions. After the approximations have con-
verged to the reciprocal to an acceptable level of accuracy, the result is multiplied by A
to obtain the quotient A/D. Since Newton’s method is both quadratically convergent and
self-correcting, this method is both speedy7 and tolerant of numerical round-off errors at
each step.

The ill-defined nature of division is extended and magnified in the analogue of division
for matrices; matrix inversion. Given an n × n matrix A, findings its inverse A−1 such
that A−1A = I is in general an ill-posed problem. An inverse may not exist if the matrix
is singular and in the case of matrices close to being singular, the problem of inversion
will not be continuous.

The problem of division is illustrative of many important properties of inverse prob-
lems. Firstly, rather than obtaining solutions directly, inverse problems typically use
iterative and/or approximating methods to obtain successively more accurate solutions.

7In fact, Newton’s method can be shown to be superconvergent once close enough to the
root[38:John Hubbard 2007].

9



Secondly, there may be many—often quite distinct—methods for obtaining a solution; in
the case of division, several more families of algorithms exist. Thirdly, the methods of
solution may incorporate concepts and techniques far beyond the scope of the original
forward problem.

Finally, it is most often the case that inverse problems of interest are inherently
more difficult to solve than their corresponding forward problem. In the case of the
multiplication/division–forward/inverse problem pair, division is a significantly more ex-
pensive operation to perform. On modern computer processors, while floating point addi-
tion and multiplication take only 2 or 3 processor clock cycles, floating point division can
take between 10 and 20 clock cycles[3:Alan H. Karp 1997]. The inherent difficulty of divi-
sion is reflected by the amount of effort which much be expended in order to perform it, in
comparison to multiplication. Typically, inverse problems will require considerably more
computational effort to solve than that required for their corresponding forward problem.

Other examples of inverse problems in elementary arithmetic can be given. Indeed, in
his 1765 work Elements of Algebra[43:Leonhard Euler 1822], Euler gives a discussion on
how by beginning at addition, and through compounding operations and considering their
inverse problems, the whole swath of elementary operations and functions can be derived.
The operations of subtraction, division, roots and logarithms all arise by considering the
inverse problems of addition, multiplication, and exponentiation.

1.1.4 Further Examples

There are many other example of forward inverse problem pairs. Again, though the
problems are in some sense dual and the choice of inverse problem arbitrary, the inverse
problem chosen here is the more (computationally) difficult of the two.

Example 1.1.4.1 Polynomials/Roots
Consider a polynomial P (z) = 0 in z ∈ C of degree n, the fundamental theorem of algebra
states that the polynomial has n roots ai such that P (ai) = 0. A forward problem for
such polynomials is; given the roots a1, a2, . . . , an, find P (z). The polynomial is then
straightforwardly given by P (z) = (z− a1)(z− a2) · · · (z− an). The corresponding inverse
problem is; given P (z), find the n roots ai. The inverse problem is far more difficult. For
polynomials of degree 5 or more, in general no formula exists which expresses the roots of
the polynomial in radicals[61:V. B. Alekseev 2004]. Roots must be sought by some other
method, e.g. Newton’s method which leads to questions of convergence and in the case of
complex roots, discussions of fractal or Mandelbrot sets.

Example 1.1.4.2 Evaluation/Interpolation
Given a polynomial P (z) = 0 a forward problem for such polynomials is; given several
points ai ∈ C, evaluate the polynomial at these points yi = P (ai). This is again a very
straightforward problem. The corresponding inverse problem is; given the points ai and
values yi, find the polynomial P such that P (ai) = yi. This is the problem of interpolation
and in general, there are many answers to this problem. Typically, the degree of the
polynomial sought is set equal to the number of point/value pairs. Various methods, e.g.
Lagrange interpolation, can be used to find the required polynomial.

Example 1.1.4.3 Eigenvalue/Eigenvector Problems
Any n× n matrix A can be written in the form A = SΛS−1 where n independent eigen-
vectors of A are written as the columns of the n × n matrix S, and the n corresponding
eigenvalues of A are written as the elements of the n × n diagonal matrix Λ. A forward
problem for these matrices is; given n eigenvalues Λ and eigenvectors S, find the matrix
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A. This is straightforwardly done by finding S−1 and computing A = SΛS−1. The cor-
responding inverse problem is; give A, find the eigenvalues Λ and eigenvectors S. This
inverse problem is far more difficult.

The eigenvalue can be found as the roots of the characteristic polynomial in λ given
by |A − λI| = 0. The correspondence eigenvectors are then found as the null-vectors of
A− λI. However, this method is generally not used for anything other than the simplest
matrices, as it is far too expensive to implement directly. Eigenvalues and eigenvectors
are more often approximated via other methods. There are several such methods which
can be employed[28:G.W. Stewart 1973], e.g. Schur decomposition, which can be tailored
to suit the type of matrix A.

In addition, the nature of the eigenvector problem means that the eigenvectors for a
matrix need not be unique. Even after normalising the eigenvectors or selecting some way
choosing between the anti-parallel pairs, if the corresponding eigenvalue has multiplicity
2 or higher, there will exist a plane or more of corresponding eigenvectors with no clear
way to choose the required amount of vectors from them.

Example 1.1.4.4 Differentiation/Integration
Given a well defined function f(x), the forward problem of differentiation is to find the

derivative of the function df/dx, which is given formally by lim∆x→0
f(x+∆x)−f(x)

∆x , where
it exists. Excepting functions and points for which no derivative exists, this problem is
straightforward and in the case of analytic functions, the derivative can be found analyti-
cally for all points.

The corresponding inverse problem is that of integration; given a well defined function
f(x), find its integral F (x) such that dF/dx = f(x). While the problem of integration can
be solved in closed form for a restricted class of functions, in general obtaining a closed
form or even analytic solution for F is impossible. Typically an approximate solution must
be accepted, or in the case of a definite integral, techniques of numerical quadrature used
to obtain an approximate result.

Example 1.1.4.5 Prime Factorisation
Given a list of prime numbers, p1, p2, . . . , pn, finding their product a = p1p2 · · · pn is a
straightforward forward problem. The corresponding inverse problem; given the number
a, find its prime factors p1, p2, . . . , pn, is the problem of prime factorisation. Unlike the
forward problem, prime factorisation is extremely computationally intensive and generally
infeasible for large numbers a. Such is the difficulty of this inverse problem, and the
corresponding ease of the forward problem, that public/private key encryption algorithms
rely upon the difficulty of prime factorisation for their implementation.

Stretching the analogy somewhat, the problems of designing/reverse engineering a de-
vice or circuit, or performing/reversing a chemical reaction might be regarded as analogues
of mathematical inverse problems in other areas. Problems such as these show the same
characteristics of inverse problems in that reversing a more straightforward process can be
far more difficult than the original process, may require more elaborate techniques, and
indeed may not be possible. However, like mathematical inverse problems these problems
can be attempted and imperfect but still satisfactory results obtained.

For many other examples of forward/inverse problem pairs, see [4:Andreas Kirsch
1996]. Many of these are problems in imaging, where returned signals of some forward
process are measured as data, and this data is used to infer the properties of material not
directly observable. The most notable of these problems is that of the Radon transform,
discovered in 1917 by J. Radon, and in 1957 applied to the problem of imaging by A.
Cormack[58:Sigurdur Helgason 1999]. This transform is a classic inverse problem and

11



Figure 1.2.1: Diagram of a simple Seismometer. A large mass hangs over a moving track spooling
at a constant rate. A large mass is constrained so that it can move along one axis relative to the
device. As the device is shaken or oscillated by motions of the earth, the large mass tends to lag
behind owing to its inertia, and so becomes displaced relative to the device. As the track spools,
a recording head on the bottom of the mass records the current displacement. The track thus
contains a record of the displacement the device along a specific axis.

finds direct use in medical imaging. Other problems in sonar, radar and seismic imaging
form a large body of the literature of inverse problems. Though the problems in these
cases are all ill-posed, it is still possible to obtain meaningful and useful solutions from
the measured data.

1.2 Seismology

Since this thesis is concerned with inverse problems in the field of seismology, a brief
overview of the history, theory and basic techniques of seismology is now presented. For a
more detailed introduction to the history and concepts of seismology, see references [5:Ari
Ben-Menahem 1995], [9:Bleistein 2001], and [40:K. Aki & P. Richards 2002].

Seismology is the study of earthquakes and other sources of seismic waves though the
measurement and analysis of such waves. Modern seismology begins with studies following
the great Lisbon Earthquake of 1755, and the field has been in continuous development
up until the present day, with developments and understanding usually spurred by major
earthquakes. Seismology involves many theoretical and mathematical topics, of which
some key discoveries are now given.

In the 1820’s and 1830’s mathematical physicists such as C.L. Navier, A.L. Cauchy,
S.D. Poisson, A.J Fresnel and G. Green laid the foundations for the mathematical analysis
of the motions of solid, deformable materials, and showed the theoretical foundations for
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Figure 1.2.2: Example of a seismic trace. The displacement of the device is recorded as a function
of time. If the device is attached to the ground, then the seismic trace is a record of displacements
of the earth over time.

plane waves in solid materials. In 1821, Navier derived the elastodynamic equation. In
1828, Poisson showed the theoretical existence of both longitudinal and transverse waves
(P and S waves) in elastic solids. In 1849, G. Stokes found what is now know as the
fundamental or “Green’s” function for transverse elastic waves in a homogeneous medium
due to a point source. In 1852, G. Lamé introduced what are now known as the Lamé
parameters as well as the stress ellipsoid.

In 1877, E. Christoffel wrote on the propagation of plane waves in anisotropic materials
and showed how to derive the speeds of waves in such materials, based on their direction of
propagation. In 1885 Rayleigh predicted the existence of a new type of wave, distinct from
body waves, which exists on the boundary of elastic materials. Such waves subsequently
became known as Rayleigh waves. In 1904, H. Lamb found an analytical solution to the
problem of a spherical wave due to a point source in homogeneous isotropic half spaces,
a problem that subsequently became known as the Lamb problem. In 1911, A.E.H. Love
predicted the existence of a second type of boundary wave in elastic materials, which
became known as Love waves.

Parallel to these theoretical developments were developments in the applied aspects
of seismology, principally the development of the seismograph, a device used to measure
and record vibrations of the earth. The earliest modern seismographs were constructed
by J. Forbes in 1841, but these instruments were extremely primitive. In the 1880s, J.
Milne, J. Ewing and T. Grey constructed accurate “horizontal pendulum” seismographs
for the measurement of local earthquakes in Japan, and in 1889 seismographs were sen-
sitive and accurate enough for E. von Rebeur-Paschwitz in Germany to detect vibrations
from an earthquake originating in Japan. In 1894, J. Milne developed a compact and
robust seismograph which became popular, and in 1897 R.D. Oldham was able to observe
from seismographs Poisson’s predicted P and S waves, along with Rayleigh’s predicted
boundary waves. In 1921 J.C. Karcher was the first to use seismic sources in tandem with
seismographs to conduct a survey of underground structures using seismic waves, founding
the field of exploration seismology.

While implementations vary, the basic principles behind most seismographs are the
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Figure 1.3.1: The curve shows the interface between two layers of rock, across which wave speed
is discontinuous. The first layer extends downwards from the surface at sea level, and the second
layer lies below the interface curve, and extends down to infinity in this model.

same. The principal component of a seismograph is a single heavy mass within the device,
which is free to move in a single direction relative to the device. As it is heavy, the
mass has significant inertia, and so has a tendency to resist accelerations. If the device
is accelerated or more generally oscillated, e.g. by seismic waves, the mass will resist
these accelerations more than the device, and will be displaced relative to the device along
its free axis. A seismograph works by recording these displacements. These recordings,
coupled with their times, constitute a seismic trace or seismogram. A diagram of a basic
seismograph is shown in Figure 1.2.1 on page 12 and a diagram of a recorded seismic trace
is shown in Figure 1.2.2 on the previous page.

A seismic survey is carried out by using seismic sources to generate seismic waves at or
near the surface, and measuring any reflected waves using seismographs. The recordings
from seismographs, along with knowledge of seismic sources, seismograph locations and
other factors, together constitute the seismic data gathered in seismic surveys or exper-
iments. This data can be interpreted, or “inverted”, to infer the properties of materials
beneath the surface of the earth. One method to interpret seismic data in this way is
known as migration.

1.3 Migration

The process of migration is best demonstrated by considering a simple two dimensional
model of a seismic survey. Consider a flat surface at sea level, immediately below which is
a layer of homogeneous rock, in which the speed of seismic waves is known. Some distance
beneath the surface is a second rock layer, composed of a different material in which wave
speed is different from that in the first layer. Let the interface between the two rock layers
be a smooth but irregular curve. Such a model is depicted in Figure 1.3.1. The goal of a
simple seismic survey is to determine the location and shape of the interface between the
two rock layers, using only measured seismic data.

A seismic survey of this model will consist of an array of seismic source/receiver pairs,
with each source and receiver pair placed at the same location8. These pairs are placed at

8The source/receiver pairs are thus referred to as being in “zero offset” configuration, as there is no
distance or “offset” between the two
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regular intervals, r1, r2, r3, . . ., on the flat surface9 and for each pair a single experiment
is carried out. Such an arrangement is shown in Figure 1.3.2.

y

r1 r2 r3 r4 r5

Figure 1.3.2: Seismic survey experiments.
Pairs of seismic sources and receivers are
placed at regular intervals on the surface. At
each location, ri, a seismic wave is emitted.
When this incident wave encounters an ob-
ject, y, beneath the ground, it will give rise
to a scattered wave, which can be measured
by the receiver at ri.

In each experiment, the seismic source emits
a single brief pulse which causes a seismic wave
to propagate downwards into the first rock
layer. When this incident wave meets the in-
terface between the two rock layers it will give
rise to a reflected wave which travels back up-
wards towards the source/receiver pair. This
reflected wave is then measured by the receiver,
against the time since emission of the source
wave, resulting in a seismic trace. Experiments
are carried out one by one for each location in
the array. The resulting traces and knowledge
of the locations themselves constitutes the data
of the seismic survey.

For the purposes of this example, these seis-
mic traces will be numerically synthesised. The speed of seismic waves in the first rock
layer will be set to 1km/s. With this speed specified, and by choosing a brief, high fre-
quency pulse for the wave form of the incident wave emitted at the seismic sources, the
seismic traces of the measured reflected waves can be simulated. These simulated seismic
traces are shown plotted vertically in Figure 1.3.4 on the following page. The locations
where the traces meet the distance axis correspond to the location of the experiment source
receiver pair. Figure 1.3.4 is a visual representation of the gathered seismic data from the
survey.
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Figure 1.3.3: Hagedoorn Circle. The source
and receiver pair lie at r. If the total travel
time for the incident and scattered waves
was t, and c is the speed of waves in the back-
ground medium, then the scattering object
y must lie somewhere in the circle of radius
ct/2 centred at r.

One method of interpreting this survey data
is that of seismic migration. Migration was
first introduced by J.G. Hagedoorn in 1954 as a
graphical way of interpreting seismic data[33:J.
G. Hagedoorn 1954]. Consider a seismic trace,
such as shown in Figure 1.2.2 on page 13. The
problem of determining wave travel time from
the traces can in itself be quite complex, in
practice requiring issues such as noise and wave
dispersion to be considered. For the sake of
brevity in this simple example, since the wave-
form is assumed to be a short pulse, the time
at the centre of the pulse–corresponding to the
highest peak in the signal–will be considered as
the total travel time for waves in the experi-
ment. The total travel time is the sum of the
time taken for the incident wave to travel from
the source to some scattering point on the rock layer interface, plus the time taken for the
created reflected wave to travel back from that point to the receiver.

Let the source/receiver pair be located at the point r. Let the total travel time mea-
sured be t, and let the speed of the waves in the first rock layer be c. Since t is a two
way travel time, the waves took t/2 seconds to travel the distance between r and the
scattering point, so the scattering point must therefore be at a distance ct/2 from r. So

9In practise, the same pair can be moved from location to location in turn.
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Figure 1.3.4: Seismic survey results. The seismic traces from each experiment in the survey are
plotted, with time on the vertical axis. The locations where the traces meet the range axis are the
locations of the corresponding source receiver pair.
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Figure 1.3.5: Hagedoorn Migration. Using the traces from Figure 1.3.4 the Hagedoorn circles
drawn centred at each trace location produce an image of the interface between the rock layers
as an envelope of the family of circles. The envelope traces the rock layer interface shown in
Figure 1.3.1 on page 14.

the scattering point y exists somewhere on the circle of radius ct/2 centred on r, as shown
in Figure 1.3.3 on the preceding page. Moreover, because the source and receiver are at
the same location, the interface must be locally tangent to this circle at the scattering
point in order for the incident wave to be reflected directly back towards the receiver.

With only a single seismic trace from a single source/receiver pair, no directional
information can be inferred, and the most that can be said is that a point of the scattering
interface lies on the circle, and the interface is tangent to the circle at that point. However,
if this process is repeated for each trace in the seismic survey, with a circle of appropriate
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Figure 1.4.1: The result of migration on a point x is the integral of an oscillatory function of
the difference in travel times from the true scatterer at y and a presumed scatterer at x. Here
y = (6,−2) and x = (5.5,−3). The dominant contributions to this integral come from points r0

at which the difference is stationary. By analysing the gradients of the travel time difference, it
can be shown that this point, r0 = (7, 0), is the point on the surface collinear with x and y.

radius drawn centred on each trace location, the family of circles drawn forms an envelope,
a curve tangent to each of the circles, as shown in Figure 1.3.5 on the previous page. By
comparing this with Figure 1.3.1 on page 14, it is seen that this envelope is the original
interface between the two media.

For further discussion of migration, and another example of the migration process, see
references [9:Bleistein 2001] and [50:Norman Bleistein 1999].

1.4 Mathematical Analysis

To analyse Hagedoorn’s migration method mathematically, consider a simplified scattering
model with only a single homogeneous rock layer, in which there exists a single point
scatterer at some known location y (Figure 1.4.1). Let the signal emitted from the seismic
source at time t ∼= 0, be a brief, high frequency oscillatory pulse, with waveform f(t) =
cos(ω0t)χ(t), where ω0 ≫ 1 and χ is a smooth cut-off function10 which is zero outside
of a brief pulse interval close to 0. Consider also a very non-physical model of waves
in which the seismic waves do not attenuate, and the reflectivity of the scatterer is 1.
While this model is not realistic, it will allow simpler analysis of the essential properties
of Hagedoorn’s method.

In such an non-physical model, a seismic source on the surface at position r creates
a spherical incident wave centred at r which has the form u0(x, t) = f(t − |r − x|/c).
When this incident wave meets the point scatterer at y, it will give rise to a spherical
scattered wave centred at y which has the form u1(x, t) = f(t − |r − y|/c − |y − x|/c).
Since the seismic receiver in each experiment is located at the same point r as the source,
the scattered trace measured at r will have the form u1(r, t) = f(t− 2|r − y|/c).

In practise, the receiver positions r will be at discrete points. However, if the discreti-
sation is fine enough the receivers positions can be assumed to be continuous. In this case
let the surface receiver positions be parameterised by the continuous variable r, so that
r = r(r). Then Hagedoorn’s method involves “smearing” the results of the seismic trace
recorded at time t out over a circle of radius ct/2. This circle, which is a singular one

10See Appendix (C.2).
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Figure 1.4.2: Phase difference integrand. The difference, φ or phase, in round trip wave travel
times from r to y and r to x, and the oscillatory function with this argument f(φ) = sin(ω0φ) are
plotted. Here x and y are as in Figure 1.4.1. The integral

∫
f(φ)dr is seen to be an oscillatory

integral, and so the majority of contributions to the integral comes from points where the phase φ
is stationary, i.e. dφ = 0, in this case close to the range at 7km, r ∼= r0 = (7, 0)

dimensional object, can be represented by

C(x, r, t) = δ

(
t− 2|r − x|

c

)
u1(r, t) (1.4.1)

where δ is the Dirac delta function. The circle C considers the result of the smear at any
position x. These circles, or smears, are integrated over all receivers for all trace times in
the survey. Then, the result of a complete survey migration on a point x is given by

M(x) =

∫
C(x, r, t)dr =

∫
δ

(
t− 2|r − x|

c

)
u1(r, t)dtdr (1.4.2)

In the case of a point scatterer, u1(r, t) = f(t − 2|r − y|/c) as mentioned above, and so
integrating in time gives

M(x) =

∫
f(2

c (|r − x| − |r − y|))dr (1.4.3)

Because the function f is a highly oscillatory, the integral in (1.4.3) can be recognised
as an oscillatory integral. The argument of f , φ(y,x, r) = 2/c (|r − x| − |r − y|), is the
difference between the round trip travel time of waves from the source r to a hypothesised
scatterer at x, and the travel time from r to y. A plot of φ and f(φ) as a function of
trace location, r(r), is shown in Figure 1.4.2. It can be seen from this figure that the
dominant contributions to the integral

∫
f(φ)dr come from points r at which the phase
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φ is stationary,i.e. where dφ/dr = 0, with the contributions from other regions cancelling
out due to the rapid oscillations of the integrand.

This process can be formalised using the stationary phase approximation11. With
f(t) = cos(ω0t)χ(t) and using Euler’s formula for complex exponentials, (1.4.3) can be
written as

M(x) =
1

2

∫ (
eiω0φ + e−iω0φ

)
χ(φ)dr (1.4.4)

If ω0 ≫ 1, a stationary phase approximation can be used for both these exponential
integrals. In addition, under the assumption that the scatterer point y, and considered
point x both lie below the surface, by analysing the gradients of the travel time difference
φ it can be shown that the trace location r0 at which the phase φ is stationary is the point
on the surface collinear with both x and y(see Figure 1.4.1 on page 17). Then, labelling
this sole point r0, and letting φ0 = φ|r=r0 and φ

′′

0 = φ
′′ |r=r0 stand for the value of φ and

its second derivative at this location the integral in (1.4.4) becomes approximately12

M(x) ∼=
√

π

2ω0|φ′′

0 |
cos(ω0φ0 +

π

4
)χ(φ0) (1.4.5)

This approximation has two important properties. Firstly, if the considered point x is far
from y, then the difference, φ0, in travel times will be large, and so the cut-off function
χ(φ0) = 0, meaning the result of migration on x will be approximately zero. Conversely, as
x → y, it can be shown that the second derivative φ

′′

0 → 0, and so the effect of migration
is more pronounced for points closer to y. In this way, it can be seen that migration has
the ability to uncover the location of scatterers.

In Figure 1.4.3 on the next page the results of a numerical migration on the survey
traces in Figure 1.3.4 on page 16 are shown. Note that the location of rock layer interface
from Figure 1.3.1 on page 14 is recovered in the form of a sharp, localised bright line,
but various smooth artefacts are also present. The use of high frequency wave pulses has
allowed the recover of the high frequency perturbations in wave speed across the interface.

The above model was a non-physical one, in that waves were not considered to have
attenuated, reflectivity of the scatterer was assumed to be perfect, and in addition var-
ious geometrical considerations on the receivers were not taken into account. In a more
complete model, some real reflectivity 0 < R < 1 must be chosen for the scatterer, and
in addition both the incident and scattered waves must attenuate in some fashion, with
an attenuation function A multiplying the signals. These factors mean that the received
seismic traces will have the form

ũ1(r, t) = RA2(y, r)f(t− |r − y|/c− |y − x|/c) (1.4.6)

However, the ability of migration to identify the location of scatterers does not depend
on these factors, but rather on the oscillatory nature of the signal f which allowed the
stationary phase approximation to be used for the integral in (1.4.3). As f is the same
signal, the migration integral is still an oscillatory one which by the stationary phase

11See Appendix (C.4)
12Via Corollary (C.4.7)
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Figure 1.4.3: Result of full migration. The numerical result of a full migration of the survey traces
in Figure 1.3.4 on page 16. The location of rock layer interface (see Figure 1.3.1 on page 14) emerges
as the result of constructive interference between the migrated circles. Because the migration model
is non-physical, the amplitudes in the result hold no physical meaning other than to reveal the
location of the layer interface in the brightest regions. Artefacts of the migration process can also
be seen in the form of lightly shaded areas.

approximation again collapses to the single point r0.

M(x) =

∫
δ

(
t− 2|r − x|

c

)
ũ1(r, t)dtdr =

∫
RA2(y, r)f(φ)dr

∼= RA2(y, r0)

√
π

2ω0|φ′′

0 |
cos(ω0φ0 +

π

4
)χ(φ0) (1.4.7)

Meaning that the result of migration on traces from a real model differs from the result
in (1.4.5) only by the constant factor RA2(y, r0) which was the value of the effect of the
model factors at the single point r0.

Moreover, instead of smearing the results of a trace evenly over all circles, the function
C(x) can be modified to consider various other effects such as source geometry, attenuation,
etc. This can be accomplished by multiplying the trace results by a modifying factor B
with

C(x, r, t) = B(x, r, t)δ

(
t− 2|r − x|

c

)
u1(r, t) (1.4.8)

with the result of the modified migration again being given by M(x) =
∫
C(x, r, t)dtdr as

before. Again because of the oscillatory nature of the signal, so long as the factor B does
not introduce oscillations in the modified migration integral, the result of the modified
migration will only differ from that in (1.4.7) by the constant factor B(x, r0, 2/c|r0 − x|).

Thus, modifying the migration process by such factors will not alter the ability of
migration to find the location of scatterers. However, it may alter the ability of the survey
to find the properties of scatterers. Through appropriate choice of the function B, the
modified migration operation can discover various properties of scatterers such as their
density, in addition to their location. Such a modified migration is referred to as an
inversion. Both migration and inversion rely on the stationary phase approximation to
locate the scatterers; the operations differ in what result they return at such locations.
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1.5 Microlocal Analysis

The close relationship between migration and inversion operators shown above is a result
of the fact that both belong to the same class of operators, known as Fourier Integral
Operators(FIOs). In fact, the process of surveying itself, generating seismic wave and
measuring their reflections, can also be shown to be a Fourier Integral Operator.

Fourier Integral Operators arise in the study of hyperbolic differential equations, such
as the wave equation. In 1957, P. Lax found solutions to hyperbolic equations with oscilla-
tory initial values using oscillatory integrals of asymptotic functions[52:Peter D. Lax 1957].
In 1971, L. Hörmander showed that such integrals were Fourier Integral Operators[41:Lars
Hörmander 1971], and in addition gave a definition and calculus of these operators, showing
how they mapped and changed singularities in the data they acted upon. Hörmander also
showed that FIOs were an extension of pseudodifferential operators [67:Xavier Saint Ray-
mond 1991] [45:Man Wah Wong 1999] [2:Alain Grigis & Johannes Sjostrand 1994], which
were themselves and extension of partial differential operators. The nature of pseudod-
ifferential and Fourier Integral Operators, and their mapping of singularities is discussed
further in Chapter 4.

In a following paper[34:J. J. Duistermaat and L. Hörmander 1972], Hörmander and J.
Duistermaat gave several applications of the theory of FIOs. However, it was not until
1985 that G. Beylkin applied the theory of FIOs to the analysis of migration methods[22:G.
Beylkin 1985]. Beylkin showed how such analysis of migration operators could be used to
determine related inversion operators, the factors of which contained what became known
as Beylkin’s determinant. Beylkin’s paper used the assumption that no wave caustics were
present in the survey region to show that the forward operator was a Fourier integral
operator and that the migration operator was an elliptic pseudodifferential operator on
the scatterers in the volume. However this assumption was unrealistic as it can be shown
that in real media, caustics are almost always present in wave imaging problems[6:B. S.
White 1984].

However, in 1988 Rakesh[55:Rakesh 1988] showed that under mild assumptions on the
scatterers, regardless of the presence of caustics the forward operator is a Fourier Integral
Operator. Following this, in 1997 Nolan and Symes[18:Clifford J. Nolan and William W.
Symes 1997] showed that the migration operator is an elliptic pseudodifferential operator
if and only if no incident wave caustics are present in the incident wave front. Later Nolan
and Symes[13:C.J. Nolan 1997] and Nolan[16:Clifford J. Nolan 1997] analysed how the
presence of such caustics leads to the presence of artefacts or false images in the generated
scatterer image. In 2000, Nolan[15:Clifford J. Nolan 2000] showed that in the presence
of fold type caustics, the operation of inversion produces an image of the scatterer and
an artefact of equal intensity at another location, which are in general indistinguishable,
necessitating the use of extended techniques to find the true location of the scatterer.

1.6 Thesis Aims and Outline

1.6.1 Aims

The central objective of this thesis is to construct inversion operators which map data in
the form of scattered seismic wave measurements into accurate estimates for the high fre-
quency perturbations in the density ρ and the 21 independent Hooke’s tensor components
cijkl of subsurface anisotropic inclusions. This will be done for the case of both point and
volume anisotropic inclusions embedded in isotropic background material. The central
contribution of the thesis will be to introduce the technique of using linked ensembles of
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multiple seismic experiments to invert for the high frequency elastic perturbations in the
volume inclusion case, along with inversion operators to accomplish this.

In addition to the introduction of seismic ensemble setups and of inversion operators,
a fundamental analysis of the seismic inversion problem will be carried out. By analysing
important components of the seismic forward problem, a theoretical framework will be
introduced which allows the determination of whether or not, and with what types of
experiment ensembles inversion is in fact possible. In particular, this framework will
determine under which circumstances inversion is not possible in both the point and
especially the volume inclusion cases.

In addition to these novel theoretical results, algorithms will be presented which can be
used to find practical setups of seismic experiments which allow inversion to be carried out
as feasibly as possible. These algorithms will be based on the computer science techniques
of evolutionary algorithms, as well as on the analysis of the seismic forward model.

1.6.2 Thesis Outline

In this Chapter the basic theory of inverse problems was introduced, and a simplified
model of the basic inverse problem of seismic migration was presented. In Chapter 2 the
theory of wave propagation in linear elastic media is introduced and a high frequency
asymptotic forward model of elastic wave scattering is developed. This forward model is
then used in Chapter 3 to solve the inverse problem of wave scattering in the case of a
single point anisotropic inclusion embedded in a homogeneous isotropic background. The
problem is analysed by evaluating the Gramian matrices of functions arising from the
forward model, and it is shown that the inverse problem can be solved given appropriate
ensembles of seismic experiments.

Before moving on to the inverse problem in the case of more general types of inclusions,
an introduction to the theory and techniques of Fourier Integral Operators and microlocal
analysis is given in Chapter 4. These techniques are then used in Chapter 5 to construct an
inversion operator for elastic wave scattering in the case of general anisotropic inclusions
in homogeneous isotropic backgrounds. In addition, the techniques introduced in Chapter
3 are used to analyse the inverse problem and it is shown that inversion is only possible
in the case of ensembles of seismic experiments examining waves in multiple converted
modes.

Chapter 6 discusses the case of inversion in more general types of backgrounds. Seismic
ray theory will be used to derive an approximate forward model for wave scattering in
inhomogeneous, anisotropic backgrounds. From this model, a method to determine the
invertibility of ensembles of experiments is introduced using techniques from Chapters
3 and 5. Finally, the specific case of inversion in transversely isotropic backgrounds is
examined, and the effect of this background type on the inverse problem is determined.

The appendices contain more detailed expositions of various mathematics results, con-
structions and theorems used in the main text. Appendix A contains a derivation of the
weighting and elastic perturbations arising from the forward model of Chapter 2, and
further results stemming from this. Appendix B discusses the ranks of vector valued func-
tions and their relation to the Gramian matrices of the functions, which is of principal
importance in the determination of the invertibility of the inverse seismic scattering prob-
lem. Appendix C contains various miscellaneous mathematical results used in the main
text. Finally, Appendix D contains a complete description of various isotropic weighting
vector functions and their Gramians, which are referenced in the main text.
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Chapter 2

Forward Problem

In order to solve the inverse problem of elastic wave inversion, an adequate forward model
of elastic wave propagation and scattering is required. Such a model is developed in this
chapter, and will be applied in the solution of the elastic inversion problem in Chapters 3
and 5. The forward model is developed in two stages.

x

u(x, t)

x + u

Figure 2.0.1: Displacement
vector. If particle with rest
position x is later displaced
to position x + u at time t
then the vector u = u(x, t)
is the displacement vector at
the point x.

Firstly a general forward model of waves in linear elastic
media will be presented. The material elastic parameters of
density and Hooke’s Tensor components will be introduced
and defined. Using these, the Elastodynamic wave equation
which governs the propagation of waves will be derived, and
simple plane wave solutions to this equation in isotropic me-
dia will be given, which leads to the concept of elastic wave
modes.

Following this, a model for elastic wave scattering is de-
veloped, which will give representations of scattered waves
in terms of any perturbation of elastic parameters in the
subsurface. Since this general forward model F is in prac-
tise difficult to solve explicitly, a simpler linearised model F ∗

for scattering will be developed using the Theory of Green’s
Functions and the Born Approximation. This more tractable
asymptotic forward scattering model F ∗ will be used in the
solution of the later inverse problems1.

The linearised single-scattering model presented here is
a standard forward model of elastic wave propagation which
can be found in may texts[62:V. Cerveny 2001][40:K. Aki &
P. Richards 2002]. The methods discussed in this chapter are
not novel, but are presented in detail here as they will serve
as the foundation for the solution of the high frequency elastic wave inversion problem in
later chapters.

2.1 Waves in Linear Elastic Media

Elastic waves in solid materials can be modelled using the equations of linear elastody-
namics. These will be introduced here, along with notations and terminology which will
be used later. For a more detailed introduction to this area, see the book Quantitative

1See discussion in section (1.1.1).
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Seismology by Aki & Richards [40:K. Aki & P. Richards 2002].
Waves in solid materials are propagating displacements of particles within the material

from their initial, or rest, positions. For a particle whose rest position is x, let u = u(x, t)
denote the displacement of this particle from that rest position at time t. u is called the
displacement vector(see Figure 2.0.1 on the preceding page).

2.1.1 Strain and Stress

In an elastic material, non uniform displacement of particles results in strain, which gives
rise to stress , a measure of the internal forces present in the material. Both stress and
strain are tensors, which in orthonormal coordinate systems can be represented as 3 × 3
matrices. The entries of these matrices are referred to as the components of the tensor.

The matrix components of the strain tensor will be denoted by ǫij = ǫij(x, t), where the
i and j denote the row and column of the component respectively. The components of the
stress tensor will be similarly denoted by σij = σij(x, t). Where there is no potential for
confusion, the tensors themselves will be referred to by the symbols of their components.
So ǫ denotes the entire strain tensor and σ the entire stress tensor.

x x + ∆x∆x

u

u + ∆u
x + u

∆x + ∆u

Figure 2.1.1: Derivation of strain.
Changes in relative material displace-
ment which do not amount to rigid
translation or rotation give rise to
strain, which in turn gives rise to stress.

Motions of the material that do not amount to
rigid translations or rotations result in deformation
of the material. Strain is a local measure of such de-
formation, and is due to any non-rigid displacements
of adjacent particles. By considering such non-rigid
displacements, the components of the strain tensor
can derived from components of displacement vector
u in the following way(see [40:K. Aki & P. Richards
2002] for a more complete discussion).

Consider two adjacent particles whose rest posi-
tions are at x and x + ∆x, with their relative rest
displacement being ∆x. At time t, the particles lie
at positions x + u(x, t) and x + ∆x + u(x + ∆x, t),
with their overall change in relative displacement
now being ∆u = u(x + ∆x, t) − u(x, t) (see Fig-
ure 2.1.1). If ∆x is small, then this change in the
relative displacement of the particles is given ap-
proximately by

∆u = u(x + ∆x, t) − u(x, t) ∼= ∂u

∂x
∆x (2.1.1)

where ∂u
∂x is the Jacobian matrix of displacement whose entries are given by

(
∂u
∂x

)
ij

= ∂ui
∂xj

.

This Jacobian matrix can be divided into symmetric and antisymmetric parts with

∆u ∼= 1

2

(
∂u

∂x
+

[
∂u

∂x

]T)
∆x +

1

2

(
∂u

∂x
−
[
∂u

∂x

]T)
∆x (2.1.2)

The second, antisymmetric part of this sum considers the part of the change in displace-
ment due to infinitesimal rigid body rotations and as such does give rise to internal strain
in the material. Only those displacements due to the first part of the sum give rise to

strain. The matrix ǫ = 1
2

(
∂u
∂x +

[
∂u
∂x

]T)
is then the strain tensor and its components are
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given by

ǫij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
(2.1.3)

It can be seen from this formula that the components of the strain tensor are dimensionless,
and are also symmetric about the matrix diagonal, i.e.

ǫij = ǫji (2.1.4)

The strain tensor is thus referred to as a symmetric tensor.
The stress tensor σij(x, t) is used to compute internal forces per unit area, known as

traction, at a point in the material. If n is the normal vector of a flat plane passing
through the point x at time t, the force per unit area T on the plane at that point is given
by

Ti =
3∑

j=1

σijnj = σijnj (2.1.5)

using the Einstein summation convention(see section (C.1.1)). It can be seen from this
formula that the component of the stress tensor σij at a point gives the ith component of
force per unit area (N/m2), on a plane through that point whose normal vector points in
the jth direction. Thus the stress tensor components have units of force per unit area.

An important restriction is now made. Throughout this thesis the only materials
considered will be those whose stress tensors do not give rise to force couples, i.e. torques,
within the material. This restriction requires all stress tensors considered to be symmetric.
Specifically for all tensors σ

σij = σji (2.1.6)

Thus, both the strain and stress tensors considered in this thesis will be symmetric.

2.1.2 Hooke’s Tensor

Under the assumption of linear elasticity in the material, the strain and stress tensors are
related linearly by a generalised Hooke’s Law. Specifically2

σij(x, t) = cijkl(x, t)ǫkl(x, t) (2.1.7)

Here cijkl denotes the components of what is known as the Hooke’s Tensor , or elastic
tensor. These components have units of force per unit area, and their values will depend
on the material under consideration. The Hooke’s tensor has in total 3 × 3 × 3 × 3 =
81 components. However not all of these components are independent of one another,
meaning that certain groups of components must have equal values.

Because of the symmetry of the stress and strain tensors in equations (2.1.4) and
(2.1.6), indices in (2.1.7) can be swapped without changing the sum. This leads to the
conditions

cijkl = cjikl (2.1.8)

cijkl = cijlk (2.1.9)

In addition, strain energy density must be accounted for. This is a measure of the potential
energy in the material owing to its deformed position. Strain energy density W is given

2Again using the summation convention (C.1.1)
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by

W =
3∑

i=1

3∑

j=1

1

2
σijǫij =

1

2
σijǫij (2.1.10)

using the summation convention. Inserting (2.1.7) into (2.1.10) gives

W =
1

2
cijklǫklǫij (2.1.11)

=
1

2
cklijǫijǫkl (2.1.12)

Here in the final line the indices have been relabelled, switching the pair ij with kl, and
using the fact that the order of summation is irrelevant. Since ǫij is arbitrary, the equality
of (2.1.11) and (2.1.12) means that the Hooke’s Tensor components must obey

cijkl = cklij (2.1.13)

Equations (2.1.8), (2.1.9) and (2.1.13) are referred to as the symmetries of the Hooke’s
tensor. Combining the symmetries with one another, each component of the Hooke’s
tensor can then be dependant on up to eight other components with,

cijkl = cjikl = cijlk = cjilk = clkij = cklji = cklij = clkji (2.1.14)

Depending on the original index ijkl, some of these eight permutations can be equal.
Combined across all component indices, these symmetries reduce3 the total number of
independent components of the tensor from 81 down to 21. In certain materials, further
symmetries or conditions may exist which reduce the number of independent components
even further4. However, in this paper, the case of 21 independent components is taken as
the default.

In addition, it should be noted that in linear elastic materials, strain gives rise to elastic
energy potential in the material. For any strain tensor ǫij , it can be shown(see [40:K. Aki
& P. Richards 2002]) that the local strain energy density is given by

W =
1

2
cijklǫijǫkl > 0 (2.1.15)

where this number must be positive as energy is required to strain an elastic material from
its rest state.

2.1.3 The Elastodynamic Wave Equation

The equations of motion for a linear elastic medium can now be introduced. Consider a
small portion of material of mass ∆m inside a small rectangular volume5 of dimensions
∆x1,∆x2,∆x3 and volume ∆V = ∆x1∆x2∆x3, centred around a point x (see Figure 2.1.2
on the following page). Consider the faces, A1 and A2 of the volume, which have normals
on in the x1 direction, and areas ∆A = ∆x2∆x3. If σ11 is the value of the 1-1 component
of the stress tensor at the point x, then the magnitudes of the corresponding outward

3See Appendix A, section (A.1)
4See section (A.3)
5The derivation presented here with a rectangular volume can also be done by considering the traction

over the surface of an arbitrary volume centred at x and applying the divergence theorem, see e.g. [40:K.
Aki & P. Richards 2002]. The method here forgoes this in order to present a slightly more elementary
derivation which considers components individually.
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x A1
A

2

Figure 2.1.2: The elastic forces due to surface stresses on a small rectangular volume of material
of volume ∆V = ∆x1∆x2∆x3. If the stress tensor is a continuous function of location, then
the magnitudes of the outward tractions on the faces A1 and A2 are given approximately by the
formulas shown. As ∆V → 0 uniformly, the force on the material at x due to stress is given as a
function of the gradients of the stress tensor at that point.

forces in the x1 direction on the faces A1 and A2 are approximately
(
σ11 + ∂σ11

∂x1

∆x1
2

)
∆A

and
(
σ11 − ∂σ11

∂x1

∆x1
2

)
∆A respectively. Subtracting these forces and using the fact that

∆V = ∆x1∆A gives the magnitude of the force on the volume due to tractions in the x1

direction at these faces as being approximately ∂σ11
∂x1

∆V .
Repeating this process for tractions in the x2 and x3 directions, and so on for all other

faces, it is found that that the ith component of the total force on this volume due to
internal stresses at time t is given approximately by

∑3
j=1 ∂σij/∂xj∆V . Combined with

any other forces6 F on this portion of material this gives approximately, for material close
to the point x

ma = ∆m
∂2ui
∂t2

≈ Fi +
∂σij
∂xj

∆V for i = 1, 2, 3. (2.1.16)

using the summation convention. ∆m can be approximated by ρ∆V , where ρ is the
density of the material at the point x, and F may be approximated by f∆V , where f is
force per unit volume at x. Then, dividing both sides of the equation by ∆V and allowing
the volume to go to zero, leads to the exact equation

ρ
∂2ui
∂t2

= fi +
∂σij
∂xj

= fi +
1

2

∂

∂xj

(
cijkl

∂uk
∂xl

+ cijkl
∂ul
∂xk

)

ρ
∂2ui
∂t2

= fi +
∂

∂xj

(
cijkl

∂uk
∂xl

)
(2.1.17)

Here equations (2.1.7) and (2.1.3) have been used to replace the stress tensor, and (2.1.8)

6e.g. gravity
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x · n
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v

Figure 2.2.1: A plane wave at a moment in time depends only on its perpendicular distance from
a reference line L. If L passes through the origin and n is the wave normal vector, then this length
is x · n. If the wave has velocity vn, then the wave has the form p(x · n − vt).

and (2.1.9) used to simplify the sum. In addition from this point on, to abbreviate the no-
tation the Einstein summation convention and tensor derivative convention will be adopted
in equations. These conventions are discussed fully in Appendix C section (C.1) and will
be used from now on to simplify the presentation of equations.

Applying the conventions to equation 2.1.17 and rearranging terms gives

ρüi − (cijkluk,l),j = fi for i = 1, 2, 3 (2.1.18)

This equation is known as the Elastodynamic Wave Equation, and it governs the propaga-
tion of disturbances in the displacement vectors u(x, t) of the material under the applica-
tion of external forces f(x, t). Together, the density ρ and the 21 independent components
of the Hooke’s tensor cijkl are referred to as the elastic parameters or elastic moduli.

It should be understood, despite the abbreviated notation here, that the terms appear-
ing in this equation are in general functions of position and time. Explicitly, cijkl = cijkl(x),
ρ = ρ(x), f = f(x, t) and u = u(x, t).

2.2 Plane Waves in General Elastic Media

Before proceeding further, a discussion of the nature of waves in linear elastic media is
needed.

Linear elastic waves are more complex than scalar waves, and exhibit more varied
behaviour. These behaviours are most easily illustrated by considering an elastic plane
wave, infinite in extent, travelling through a medium with constant density ρ and constant
Hooke’s tensor components cijkl. For a more detailed discussion of elastic plane waves and
the concepts which follow, see Cerveny [62:V. Cerveny 2001].

Imagine a wave travelling with speed v in the direction of a unit vector n = (n1, n2, n3),
which is referred to as the wave normal vector . For such as wave, the displacement vector
u takes the form (see Figure 2.2.1)

ui(x, t) = Aip(n · x − vt) (2.2.1)

Here A = (A1, A2, A3) is a constant displacement vector, which will be called the wave
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amplitude vector , and p is a twice differentiable scalar function representing the shape of
the wave. Inserting (2.2.1) into (2.1.18) with forcing term f = 0, and differentiating gives

(
v2ρAi − cijklnlnjAk

)
p′′(n · x − vt) = 0 (2.2.2)

Since the shape function p is an arbitrary function, in order for this equation to be satisfied
the terms inside the brackets must be equal to zero. Writing this, and rearranging terms
slightly gives (

1

ρ
cijklnlnjAk − v2Ai

)
= 0 (2.2.3)

This equation can be put in a more concise form by defining the matrix Γ as

Γik(n) =
1

ρ
cijklnlnj (2.2.4)

Γ is known as the Christoffel Matrix 7.
With this, and noting that Ai = δikAk where δik is the Kronecker Delta8, (2.2.3) can

be written as (
Γik(n) − v2δik

)
Ak = 0 i = 1, 2, 3 (2.2.6)

which can be written more succinctly as the matrix equation

(
Γ(n) − v2I

)
A = 0 (2.2.7)

Equation (2.2.7) can be recognised as an eigenvalue/eigenvector problem. In order to
obtain non-zero A, and hence a non-zero solution for u, v2 must be an eigenvalue of the
matrix Γ(n), and A a corresponding eigenvector. Because Γ is a function of the wave
normal n it is clear that–in general–so too will the wave speed v and amplitude vector A.
So from now on v = v(n) and A = A(n) will be written for these quantities.

The Christoffel Matrix can be shown to have properties which have physical significance
in the solution of the plane wave problem. Firstly, through relabeling of indices and using
the symmetries of the Hooke’s Tensor, (2.1.8), (2.1.9) and (2.1.13), it is seen that

Γik(n) =
1

ρ
cijklnjnl =

1

ρ
cilkjnlnj

=
1

ρ
ckjilnlnj = Γki(n)

⇒ Γik(n) = Γki(n) (2.2.8)

So, the Christoffel Matrix is symmetric for any wave normal n, with Γ = ΓT .

7The Christoffel matrix in (2.2.4) has dimensions of velocity squared, m2s−2. A non dimensional
variant of this matrix is sometimes defined instead(e.g. in [62:V. Cerveny 2001]), with the Christoffel
matrix defined as a function of wave slowness instead of wave normal as Γik(γ) = 1/ρcijklγlγj . This will
not be done here as the wave slowness vectors will be defined in terms of the Christoffel Matrix in this
thesis.

8The Kronecker Delta, δik is given by the rule

δik =

(

1 if i = k,

0 if i 6= k
(2.2.5)

where i and k are integers.
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In addition for any non zero real vector a = (a1, a2, a3), consider a strain tensor

ǫij(a,n) =
1

2
(ainj + ajni) (2.2.9)

This is a valid, symmetric strain tensor, and inserting it into equation (2.1.15), applying
some index relabeling, and using the symmetries of the Hooke’s tensor gives

W =
1

2
cijklǫijǫkl > 0

=
1

8
(cijklainjaknl + cijklainjalnk

+ cijklajniaknl + cijklajnialnk) > 0

=
1

8
(2cijklainjaknl + 2cijklajniaknl) > 0

=
1

2
(cijklainjaknl) > 0

⇒ Γik(n)aiak > 0 (2.2.10)

So for any non-zero real vector a
aTΓ(n)a > 0 (2.2.11)

Moreover, if a = 0, then this inner product is also zero. Therefore, for any wave normal
n, the Christoffel Matrix is a positive definite matrix.

So for any wave normal, the Christoffel Matrix is both positive definite and symmetric.
Respectively, these conditions will mean that all of the eigenvalues of the matrix are
positive, and that its eigenvectors are mutually orthogonal.

Returning to equation (2.2.7) with this information, it is seen that Γ(n) has 3 posi-
tive eigenvalues. These eigenvalues will be labelled in order of decreasing magnitude as
κ1(n),κ2(n),κ3(n). These labels are referred to as wave modes, for reasons which will be
made clear in what follows. An arbitrary eigenvalue is written as κM (n) where M is the
wave mode and can be any of integers 1, 2, 3. Note that wave mode, though similar to an
index, will not be treated as one in this thesis, so the Einstein summation convention will
not apply to wave mode labels.

As v2 was the eigenvalue of Γ in (2.2.7), the speeds of the waves associated with each
of the three wave modes are given by

vM (n) =
√
κM (n) (2.2.12)

Here the negative square root of κM is not taken as a value for vM , which would increase
the number of possible wave speeds to 6. This is because only waves travelling in the
direction of the wave normal n are considered here. Nevertheless, waves travelling in the
opposite direction are valid solutions and must be taken into account. However by (2.2.4) it
is seen that Γ(−n) = Γ(n), and so the eigenvalues and hence speeds for a waves travelling
in the opposite direction to n are equal. In this way, waves travelling in the opposite
direction to n will be taken into account even if only three wave speeds are considered for
each direction.

Also, because the eigenvalues of κM (n) are all positive, the square root of a negative
number will not be taken in (2.2.12) when obtaining wave speed. In this way, for each
wave normal, there will be three positive real speeds for the wave.

Finally, to each wave mode and its eigenvalue κM (n) there corresponds a normalised
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eigenvector ξM (n) = (ξ1, ξ2, ξ3), which will be referred to from now on as the wave polari-
sation or wave polarisation vector of that mode. The wave polarisation gives the direction
of the wave amplitude vector for each wave mode. Written in terms of its magnitude and
direction, AM (n) = AMξM (n). The magnitude AM will be referred to simply as the wave
amplitude, and is a free parameter owing to the linearity of the wave equation.

Applying these results to equation (2.2.1) gives a representation for a plane wave in
mode M travelling in the direction of the wave normal n.

ui(x, t;n) = AMξMi (n)p(n · x − vM (n)t) , M = 1, 2, 3 (2.2.13)

So for each of the three wave modes9 M , there is a wave with speed vM , and a direction
of the oscillation given by the polarisation vector ξM . In general, the three speeds will be
different and the three polarisations orthogonal. Thus these waves, though they share the
same wave normal, are said to be in different modes. In a general linear elastic material
there can be three different kinds of planes waves with the same wave normal n, which
are distinguished by referring to them by wave mode.

In seismic ray theory, there is usually more interest in the travel times of waves, rather
than the distances they have covered, as time is the more directly measured quantity. In
the literature, the wave shape function p more usually takes its arguments in units of time
and not distance. To bring (2.2.13) into such a form, declare the new wave shape function
f(τ) = p(−vMτ), and introduce the slowness vector γ as

γM (n) =
1

vM (n)
n (2.2.14)

The slowness vector γM has length inversely proportional to the speed of the wave, and
so is referred to as the wave slowness vector . The larger the slowness vector, the slower
the wave; and the smaller the slowness vector the faster the wave. The importance of
the slowness vector in the context of wave propagation will be expanded on in section 2.4
below.

Using the slowness vector, the wave shape function in (2.2.13) is replaced by

f(t− γM (n) · x) = p(n · x − vM (n)t) (2.2.15)

In this equation the quantity
τM (x,n) = γM (n) · x (2.2.16)

has units of time, and is referred to as the travel time of the wave. After τM (x,n) seconds,
the wave will have travelled n · x, which is the perpendicular distance from x to the wave
reference line (see Figure 2.2.1 on page 28).

In addition, it can be seen that the slowness vector and travel time are related by the
equation

γM = ∇xτ
M (2.2.17)

In fact, equation (2.2.17) holds not only for elastic plane waves, but for more general types
of waves, and will be taken as the definition of the slowness vector for such types of waves.

Using the slowness vector, travel time and new phases function (2.2.13) is written as

ui(x, t;n) = AMξMi (n)f(t− τM (x,n)) , M = 1, 2, 3 (2.2.18)

This is the general form of an elastic plane wave, in wave mode M , travelling in a ho-

9Note that no summation over the wave modes M takes place in equation (2.2.13)
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mogeneous linear elastic medium. However, more general types of elastic waves in more
general media will still have a form similar to (2.2.18).

2.3 Plane Waves in Isotropic Media

The rather general analysis of elastic planes waves in the previous section is best made
clear by examining waves in the simplest type of solid elastic material, namely isotropic
solids. In an isotropic solid, the Hooke’s tensor takes the form (see Appendix A)

cijkl = λδijδkl + µ (δikδjl + δilδkj) (2.3.1)

Here λ and µ are two independent positive elastic constants which are known as the
Lamé parameters(see [40:K. Aki & P. Richards 2002],[62:V. Cerveny 2001]). Inserting the
isotropic Hooke’s tensor into equation (2.2.4) for the Christoffel matrix gives

Γik(n) =
µ

ρ
δik +

λ+ µ

ρ
nink (2.3.2)

Which can be rewritten in matrix form as

Γ(n) =
µ

ρ
I +

λ+ µ

ρ
nnT (2.3.3)

Figure 2.3.1: Polarisation vectors for an
isotropic medium, for waves with wave nor-
mal direction n. The polarisation vector of
the first mode, ξα, is parallel to n, and all
vectors in the plane perpendicular to n are
polarisation vectors of the second mode, ξβ .

The eigenvalues and eigenvectors of an isotropic
Christoffel matrix can be obtained fairly di-
rectly. The eigenvalue/eigenvector equation is

Γξ = κξ (2.3.4)

One eigenvector in this equation can be found
by first guessing the normalised eigenvector to
be ξα = n. Inserting this into (2.3.3) gives

Γξα =

(
λ+ 2µ

ρ

)
ξα (2.3.5)

So ξα = n is indeed an eigenvector with eigen-
value κα = (λ+2µ)/ρ. These values correspond
to what will be called for now the first wave
mode in an isotropic medium.

To obtain more eigenvectors, choose ξβ to
be a vector perpendicular to n, which when in-
serted into (2.3.3) gives

Γξβ =
µ

ρ
ξβ (2.3.6)

So all vectors ξβ ⊥ n are eigenvectors with the
same eigenvalue κβ = µ/ρ. These vectors span
a two dimensional plane perpendicular to n,

which is therefore a two dimensional eigenplane. Thus the eigenvalue κβ has multiplicity
2. Because of this multiplicity, by equation (2.2.12) all of the waves corresponding to these
values will have the same speed, and so are regarded as having the same mode, which will
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be called for now the second wave mode in an isotropic medium.
Thus for any wave normal direction n, all three eigenvalues of the 3 × 3 isotropic

Christoffel matrix Γ can be found, along with their corresponding eigenvectors, and so all
possible wave modes and their speeds can be found. The waves in each mode will now be
described in more detail.

Since λ and µ are both positive, it can be seen that κα > κβ and so by equation
(2.2.12) a wave with polarisation ξα ‖ n has greater speed than a wave with polarisation
ξβ ⊥ n. Thus waves in the first wave mode will in general arrive at seismic detectors
before waves in the second wave mode. Partly for this reason, waves of the first mode
are called P-Type or P-Mode waves, for primary waves. Similarly, waves of the second
mode are called S-type or S-Mode waves, for secondary waves. Instead of referring to wave
modes by an index M , the wave modes are often referred to by name. Thus a wave in
mode P or S is understood to be a wave in the first or second mode respectively.

By (2.2.12), P -Mode waves have speed

α =

√
λ+ 2µ

ρ
(2.3.7)

In addition, their polarisation, i.e. direction of oscillation, ξα is parallel to their direction
of motion n, and so they are longitudinal waves, similar to sound waves in air. For this
reason they are also referred to as pressure waves, which is another reason P -Mode is used
as a description for these waves. The polarisation vector for these waves will be labelled
from now on as ξP .

Again by (2.2.12), S -Mode waves have speed

β =

√
µ

ρ
(2.3.8)

Since their direction of oscillation ξβ is perpendicular to their direction of motion n, and
so these are transverse waves. They give rise to a shearing motion in material they pass
through and so they are also referred to as shear waves, which is another reason S -Mode
is used as a description for these waves.

It can be seen that for both P and S mode waves, the waves have the same speed
regardless of wave normal direction n. This gives isotropic elastic materials their name as
wave speed depends only on wave mode, not on direction of travel.

Though all S waves have the same speed and mode, in practise a distinction is made
between parts of these waves. The S wave is typically split, somewhat artificially, into
two separate modes, SH and SV. To do this, two orthonormal polarisation vectors are
chosen in the eigenplane perpendicular to the wave normal n. The first of these ξSH is
usually chosen so that it lies parallel to the horizontal plane, or else to some other suitable
plane of reference. The second polarisation vector ξSV , is chosen so that the three wave
polarisation vectors ξP ,ξSH and ξSV form a right handed set.

In this way, any S -Mode wave can be represented as the sum of an SH -Mode and an
SV -Mode wave. This distinction is artificial in the sense that the two wave modes have
the same speed, and in that the choice of wave mode polarisation directions depends on
coordinate system selected for the problem–in particular it’s “horizontal” orientation–and
not on any intrinsic property of the S -Mode waves or the material they travel in. However,
through this artificial distinction, in the case of isotropic medium it can be said that there
are still three waves modes as in the general case, with two of them having the same
wave speed, and the orthonormal set of polarisations vectors for these modes can also be
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Figure 2.3.2: Isotropic medium slowness surface and wave polarisation vectors

specified.
One suitable method of choosing polarisation is to use the longitudinal and latitudinal

tangent vectors of the unit sphere. Consider a spherical coordinate system (r, θ, φ), with
θ as the longitude and φ as latitude or elevation10. The polarisation vectors can then be
chosen (in the background Cartesian system) as (see Figure 2.3.2)

n = ξP =




cos θ cosφ
sin θ cosφ

sinφ


 , ξSH =




− sin θ
cos θ

0


 , ξSV =




− cos θ sinφ
− sin θ sinφ

cosφ


 (2.3.9)

This system gives a way of specifying all three isotropic wave polarisation vectors uniquely
for any wave normal direction n, except for singular points at the poles. At the poles,
when n = ±e3, the polarisation vectors can be chosen as (ξP , ξSH , ξSV ) = ±(e1, e2, e3)
in order that the polarisation vectors define a right-handed set for all directions.

Since the speeds of the waves from equations (2.3.7) and (2.3.8) are known, the slowness
vectors for each mode are

γP (n) =
1

α
n , γSH(n) = γSV (n) =

1

β
n (2.3.10)

The slowness vectors for each mode have the same length regardless of wave normal di-
rection. Therefore the slowness surface of an isotropic material consists of two concentric
spheres of radii 1/α and 1/β. The inner sphere is the slowness surface for the P -Mode
waves, and the outer sphere for the S -Mode waves.

10The spherical coordinate system used in this thesis differs from other conventions which use colati-
tude(zenith), and/or which interchange the roles of the symbols θ, φ. The system used here and defined
in (2.3.9) has been chosen for two reasons: Firstly, when φ = 0, the coordinate system in the xy plane
reduces to the standard one for polar coordinates in that plane; and secondly, with the given coordinate
order (r, θ, φ) this is a right handed coordinate system, giving conventional chirality. Note that longitude
θ can have either the range [−π, π] or [0, 2π], and that latitude φ has the range [−π

2
, π

2
], with positive and

negative longitudes being associated with the “northern” and “southern” hemispheres respectively.
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θN

θM

v = vM

v = vN

Figure 2.4.1: An infinite series of parallel plane wave fronts passing from one medium into another
across a horizontal interface. In order for the phase of the waves to remain unaltered, the crest
lines must meet at the interface. In this diagram vM > vN . More general curved wave fronts can
be considered as being locally planar at the interface, by the calculus of limits for curved lines.

The three wave modes in isotropic media will be linked to the general wave mode
M discussed in the previous section by the following convention: P mode waves will
correspond to M = 1; SH mode waves to M = 2; and SV mode waves to M = 3. In a
similar way, the various quantities and vectors associated to a particular mode M will be
defined by the quantities associated to the corresponding wave mode.

For example, γM = γ1 = γP , and ξM = ξ1 = ξP , where γP and ξP are the vectors
defined in (2.3.10) and (2.3.9). In addition for wave speed vM = v1 = α. In this way, for
waves in isotropic media, all the quantities in equation (2.2.18) are defined for all three
wave modes M = 1, 2, 3, which now correspond to the named wave modes P, SH, SV.

2.4 Slowness

Before proceeding to the derivation of the forward model for wave scattering, it will be use-
ful to elaborate on the slowness vector γM and its importance in elastic wave propagation,
and indeed wave propagation in general.

In an isotropic medium, the slowness vector is parallel to the velocity vector of the
wave vM , and the two are related by the condition γM · vM = 1. While it may seem
counter-intuitive, it is in fact the slowness vector rather than the velocity vector which
has primacy in the problems of wave propagation. In most equations, γM is more suited
to equations and relations than vM . This is best illustrated by an example of such a
relation, namely, Snell’s Law of Reflection and Refraction.

Suppose that two isotropic media with different wave speeds lie above and below an
infinite horizontal interface. Let the speed of waves in the upper and lower media be
vM and vN respectively, with vM > vN for the purposes of the current argument. Next,
consider an infinite series of plane waves in the upper medium, inclined at an angle θM to
the interface. As they reach the interface, these incident waves will give rise to another
infinite series of transmitted waves in the second medium, which will be inclined at an
angle θN to the interface. Such a scenario is depicted in Figure (2.4.1) with the successive
crests of the plane waves draw as parallel lines in each medium.

Snell’s law of reflection is derived from the principle that, as a wave travels across
the interface between the two media its phase will remain unaltered. Because of this, the
endpoints of the crest lines in the first medium must always meet the endpoints of the

35



E

P

E ′

θM

vM t

vM t
sin θM

γM
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θM

Figure 2.4.2: The speed of the endpoint E of a wave crest line as it intersects the interface. The
slowness vector γM of the wave front and its projection onto the interface are also shown.

crest lines in the second medium at the interface. Therefore, the speed of the endpoints
of the crest lines as they travel along the interface must be equal for the lines in both
media11.

Consider the speed of the crest line endpoint E in the upper medium as shown in
Figure 2.4.2. A point P elsewhere on the crest travels in a direction perpendicular to
the crest line with speed vM until it meets the interface at E′, where it becomes the new
endpoint. If the time taken for P to reach E′ is t, then the distance PE′ = vM t. Since
the crest line is inclined at an angle θM to the interface, and the angle EPE′ is a right
angle, the distance EE′ = vM t/ sin θM . So in time t, the endpoint of the crest line has
travelled a distance EE′ and so the speed uM of the endpoint is given by

uM =
vM

sin θM
(2.4.1)

and by a similar argument, the speed of the crest line endpoint in the lower medium is
given by

uN =
vN

sin θN
(2.4.2)

Equating the speeds of these two endpoints gives the familiar from of Snell’s law of reflec-
tion

sin θM

sin θN
=
vM

vN
(2.4.3)

However introducing the slowness vectors γM and γN , which obey the relations |γM | =
1/vM and |γN | = 1/vN , (2.4.3) can be written as

|γM | sin θM = |γN | sin θN (2.4.4)

As shown in Figure 2.4.2 |γM | sin θM is the length of horizontal projection of the slowness
vector γM , or equivalently, the length of its projection onto the interface, and similarly
for the vector γM . Thus Snell’s law of refraction can be stated as

11The endpoints of the crest lines do not represent the movement of a physical entity or process. Rather
they are artificial constructs, and in fact their speed can be arbitrarily high.
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Figure 2.4.3: The incident and reflected wave slowness vectors must lie on their respective slowness
surfaces and their projections onto the media interface must be equal. Therefore, γN lies on the
intersection of the line H and the slowness surface SS in the upper plane. In the case where H
intersects the slowness surface more than once, birefringence can occur.

The projections of the incident and transmitted slowness vectors onto the media
interface are equal12.

In fact, it can be shown[62:V. Cerveny 2001] that this rule applies to reflected as well
as transmitted waves and their slowness vectors, and for any relationship between the
wave speeds vM and vN . This form of Snell’s Law of Reflection and Transmission is an
example of the primacy of the slowness vector over the velocity vector in problems of wave
propagation.

If the speeds of the incident and reflected waves are equal, then Snell’s law leads to the
usual law of reflection of waves, with the angle of incidence equal to the angle of reflection.
However, these speeds are not always equal. For example, an incident P -wave can give rise
to a reflected S -wave. Consider an incident P -wave with incident slowness vector γM , as
shown in Figure 2.4.3, which meets the interface at the point x, where the interface normal
is n. γM lies on the circle SP which has radius 1/vP centred on the point x. Suppose this
P -wave gives rise to a reflected S -wave in the upper medium, which has slowness vector
γN . This vector then lies somewhere on the circle SS of radius 1/vS centred on x. As
vP > vS , SS has a larger radius than SP . Also, since the projections of γM and γN onto
the interface are equal, γN must also lie on the line H, which passes through γM and
which is parallel to the interface normal n. Thus, γN lies at the point of intersection of
SS and H.

It should be noted that γM and γN are connected by the line H, which is parallel to
n. Therefore it can be seen that

γM − γN = −kn (2.4.5)

For some constant k which depends on the speed of the incident and reflected waves, and
the angle of incidence. A similar condition holds for transmitted waves.

The circles SP and SS are called the slowness surfaces of the wave in modes P and
S respectively. In isotropic media in three dimensions, the slowness surfaces are spheres,
whose radius depends on the wave mode. In more general media as the wave normal vector
n is moved around the unit sphere, the endpoints of the corresponding slowness vectors,
γM = n/vM , in all three modes trace out a locus of points, resulting in three closed sheets

12See Shearer [53:Peter M. Shearer 1999]
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surrounding the origin. These sheets are referred to as the slowness surface or surfaces of
the material.

As in the isotropic case, the slowness surfaces can be used to find valid reflected and
transmitted slowness vectors for a given incident slowness vector. Let the incident slowness
vector be γM as before, and let the vertical line H be draw through γM , parallel to the
interface normal n. Let the slowness surface for potential reflected waves be SN . Any point
where the line H intersects the surface SN is a valid location for a reflected slowness vector
γN . In the case of a spherical slowness surface, as in the isotropic case, H can only intersect
SN once in each medium. However, in the case of anisotropic materials, H can intersect
the slowness surface more than once, allowing multiple reflected or transmitted slowness
vectors for a single incident slowness vector(see Figure 2.4.3 on the previous page). This
phenomena is called birefringence, and is a topic of great interest in seismology. However,
for the purposes of this thesis, which is concerned mainly with isotropic background media,
such phenomena will not elaborated upon here.

In general, for each incident wave mode M , there are three scattered wave modes
N , and so three possible scattered wave slowness surfaces SN . Snell’s law allows the
determination of the set of possible scattered slowness vectors γN in each mode, but
to obtain the corresponding wave amplitudes, AN , requires the addition of boundary
conditions at the scattering interface. The common assumption of welded contact across
the interface requires that the displacement u and traction13 vector T be continuous across
the interface when the incident, reflected and the transmitted waves are considered for all
scattered wave modes. Using such boundary conditions allows the determination of the
relative reflection and transmission amplitudes for the reflected and transmitted wave
modes, but this is not elaborated on here. See [62:V. Cerveny 2001] for more information
on this process.

Slowness surfaces are a topic of much study as many properties and peculiarities of wave
propagation in the material can be derived from their shapes. The slowness surface along
with slowness vectors plays an important role in the study of wave propagation, further
emphasising the primacy of slowness over velocity in the problem of wave propagation.

2.5 The Single Scattering Model and Born Approximation

In a seismic experiment a source at or near the surface is used to generated elastic incident
waves which travel into the medium. When these waves encounter obstacles, inclusions
or boundaries between materials in the medium, their interaction with these gives rise
to reflected or scattered waves. If these waves travel back towards the surface, they can
be measured there and these measurements can be used to infer the locations and elastic
properties of the objects that the incident waves encountered.

Equation (2.1.18) can be used to model the propagation of an incident wave through
the earth u, which is created by a known source f on the earth’s surface. But (2.1.18) can
only be solved with prior knowledge of the elastic properties of the earth, i.e. ρ(x) and
cijkl(x). Since these are the very properties which must be inferred from scattered wave
measurements, and since inferring cannot begin without some model of how the incident
and scattered waves travel through the earth, it is clear that some simplifications must be
made in order to proceed.

To simplify the problem, the underground region is divided into two parts. The first
part is a region, extending down from the surface, whose elastic properties are known, or
as is more usually the case, estimated. This region is called the background medium. The

13See equation (2.1.5)
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Figure 2.5.1: In the single scattering model, the subsurface is divided into two parts. The first
is the background region, extending from the surface downwards, in which the elastic parameters
are known, ρ0,c0ijkl. The second part is the scattering region, and consists of all regions which

experience perturbations ρ1,c1ijkl from the background elastic parameters. In the single scattering

model, incident waves u0 in the background material, originating from the source at s, interact
with the scattering region to produce scattered waves u1, also in the background material.

second part is a region, or regions, embedded in the background medium, in which the
elastic parameters are unknown, which will be called the scattering region or regions. The
scattering regions may represent impurities or inclusions within the background medium,
or may represent different strata of materials. Note that the scattering regions need not be
connected. It is assumed that all the scattering regions lie far below the surface and that
there is a sharp jump, i.e. discontinuity, in elastic parameters across any interfaces between
the background and scattering regions. These interfaces will be called the scattering
interfaces. See Figure 2.5.1.

With the underground region divided in this way, the elastic parameter distributions
for the whole region, ρ(x) and cijkl(x), can also be divided into two distributions14 and
written as

ρ(x) = ρ0(x) + ρ1(x) cijkl(x) = c0ijkl(x) + c1ijkl(x) (2.5.1)

Here ρ0 and c0ijkl are smoothly varying, i.e. infinitely differentiable, functions of position
x, representing the background medium, as if no unknown regions were present. These
will be called the elastic background parameters. ρ1 and c1ijkl are distributions which are
zero outside of scattering regions, and which experience discontinuities across scattering
interfaces, but are otherwise smooth. They are called the elastic parameter perturbations.
In this way the total distributions ρ and cijkl experience a singularity, i.e. a discontinuity,
across the interface between the two regions.

When an elastic wave travelling in the background medium encounters this sudden

14These distributions can be quite arbitrary. The only necessary requirement is that the whole distribu-
tion experience discontinuities across the scattering interface. The division chosen here is the most usual
form found in the literature.
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change in elastic parameters, it will give rise to a scattered wave. If this wave travels
back upwards through the background medium, it can be measured and recorded when it
reaches the surface. In the whole region, and for all times, the displacement vector field
is written as;

u(x, t) = u0(x, t) + u1(x, t) (2.5.2)

u0 is the incident wave which is present in the absence of any sharp perturbations in elastic
parameters. It satisfies (2.1.18) in the background medium. Specifically

ρ0ü0
i −

(
c0ijklu

0
k,l

)
,j

= fi (2.5.3)

So in principle, from knowledge of the background medium’s elastic parameters and the
surface sources, the field in the background medium can be computed as it travels down
to the scattering interfaces. u1 represents the reflected or scattered wave field which arises
from the interaction of the incident wave field u0 with the elastic perturbations at the
interface.

Substituting equations (2.5.1) and (2.5.2) into (2.1.18) gives

(
ρ0 + ρ1

) (
ü0
i + ü1

i

)
−
((
c0ijkl + c1ijkl

) (
u0
k + u1

k

)
,l

)
,j

= fi

⇒ ρ0ü0
i + c0ijklu

0
k,l + ρ0ü1

i + c0ijklu
1
k,l = fi − ρ1

(
ü0
i + ü1

i

)
+
(
c1ijkl

(
u0
k + u1

k

)
,l

)
,j

(2.5.4)

Letting u = u0 + u1 on the right hand side, and using equation (2.5.3) to remove the
incident force fi, this equation becomes

ρ0ü1
i −

(
c0ijklu

1
k,l

)
,j

= −ρ1üi +
(
c1ijkluk,l

)
,j

(2.5.5)

Comparing this to (2.5.3), it can be seen that this equation is an elastodynamic wave
equation for the scattered field u1 in the background medium, whose forcing term on the
right hand side is the interaction of the total field u with the elastic perturbations ρ1 and
c1ijkl.

Under the assumption that the scattered field u1 is small compared to the incident
field u0, the Born approximation can be used (see Born & Wolf [47:Max Born and Emil
Wolf 1999]) in which the total field u is approximated by the incident field u0, giving;

ρ0ü1
i −

(
c0ijklu

1
k,l

)
,j
∼= −ρ1ü0

i +
(
c1ijklu

0
k,l

)
,j

(2.5.6)

In principle, once this equation has been solved for u1, u0+u1 can be taken as the estimate
for the total field in (2.5.5) to obtain a new estimate for the scattered field u1. This process
may be repeated to obtain successively better estimates for the scattered field, with each
successive iteration representing additional scatterings of the wave; this is known as the
Born Series Method(see [47:Max Born and Emil Wolf 1999]). However, here only the first
iteration is considered. This approximation is known as the single scattering equation, or
first-order Born approximation.

The Forward Model involves solving equation (2.5.6) for the scattered field when the
forcing term for the incident field is known. However, since the perturbations in elastic
parameters, ρ1 and c1ijkl, are unknown, (2.5.6) can only be solved analytically to obtain
representations of the scattered field in terms of these unknowns. To obtain such repre-
sentations, the method of Green’s Functions is used.
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2.6 Green’s Function Representations of Elastic Waves

The Elastodynamic Wave Equation, (2.1.18), is an inhomogeneous linear equation for
the displacement u. For this type of equation, the method of Green’s Functions (see
Stakgold [32:Ivar Stakgold 1998] and Appendix (C.5)) can be used to obtain an integral
representation of the solution in terms of the inhomogeneous forcing term f .

Because (2.1.18) is an equation for three vector components ui, three Green’s Functions
are needed, which are usually grouped together as the columns of matrix which is called
the Green’s Tensor . The components of the Green’s tensor G in a homogeneous material
must satisfy

ρG̈ih − (cijklGkh,l),j = δihδ(x − x′)δ(t− t′) for i, h = 1, 2, 3 (2.6.1)

where δ(x) is the Dirac delta function. For each index h, the source term on the right hand
side of (2.6.1), can be thought of as an instantaneous point force in the h direction, located
at position x′ at time t′. It should be noted that the Green’s Tensor is a function not only
of space and time, but also of source position and time and so, Gih = Gih(x, t,x

′, t′). In
addition, the Green’s Tensor must also satisfy the boundary conditions of the 3D wave
propagation problem, which in this case are that Gih → 0 as |x−x′| → ∞ or |t− t′| → ∞.

If the Green’s tensor satisfying (2.6.1) can be found, then owing to the linearity of the
Elastodynamic Wave Equation, the solution of (2.1.18) can be expressed as

ui(x, t) =

∫

D
Gih(x, t,x

′, t′)fh(x
′, t′)dx′dt′ (2.6.2)

Where the domain of integration D is over all possible values of source positions and times
(x′, t′), i.e. R3 × R.

Suppose that such a Green’s tensor G is known. Then, consider a seismic source
located on or near the surface at the point s, which sets off a seismic wave at time t0,
using an instantaneous point body force in the qth direction. In this case the source term
in (2.5.3) is given by

fi(x
′, t′) = δiqδ(x

′ − s)δ(t′ − t0) (2.6.3)

Using (2.6.2), the solution of (2.5.3) is then

u0
i (x, t) = Giq(x, t, s, t0) (2.6.4)

This incident wave will give rise to scattered waves u1 which can be measured at receiver
points r on the surface (see Figure 2.5.1 on page 39). The pth component of the scattered
field measured at r at time t1 will be denoted u1

pq. To obtain a representation for u1
pq the

solution (2.6.4) is inserted into the single scattering equation (2.5.6), and equation (2.6.2)
is used a second time to obtain an integral representation of u1

pq as

u1
pq(r, t1, s, t0) =

∫

D
Gpi(r, t1,x, t)

×
(
−ρ1G̈iq(x, t, s, t0) +

(
c1ijklGkq,l(x, t, s, t0)

)
,j

)
dxdt (2.6.5)

To obtain the desired representation for u1
pq this equation will be modified slightly. Using

integration by parts in time on the first term in the integral, gives–in a more shorthand
notation– ∫

R

−ρ1GpiG̈iqdt =

∫

R

ρ1ĠpiĠiqdt (2.6.6)
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Here, boundary terms at infinity have become zero because of the fact that Gih → 0 as
|t2 − t| → ∞ for every fixed x.

Similarly, for the second term in (2.6.5), integration by parts in any of the xj directions
gives ∫

R3

Gpi
(
c1ijklGkq,l

)
,j
dx =

∫

R3

−c1ijklGpi,jGkq,ldx (2.6.7)

Where again, boundary terms at infinity have become zero as Gih → 0 as |x − x′| → ∞
for fixed t.

Using these results (2.6.5) can be written in a more symmetric way, and using only
first derivatives of the Green’s Tensor, as

u1
pq(r, t1, s, t0) =

∫

D
ρ1Ġpi(r, t1,x, t)Ġiq(x, t, s, t0)

− c1ijklGpi,j(r, t1,x, t)Gkq,l(x, t, s, t0)dxdt (2.6.8)

This is the desired representation for the scattered field u1
pq due to an instantaneous point

force the qth direction. To consider more general forces, suppose the point force at s was
not in one of the principle directions and was not instantaneous, but was instead given by

fi(x
′, t′) = biδ(x

′ − s)f(t′) (2.6.9)

where b is some constant unit vector, and f(t) is waveform or signal emitted at the source
point. Because of the linearity of both the Elastodynamic Wave Equation, and the single
scattering equation, the principle of superposition can be used to write

u1
p(r, t1, s) =

∫

R

u1
pq(r, t1, s, t

′)bqf(t′)dt′ (2.6.10)

Therefore, if solutions of (2.6.8) for the scattered field due to point source in one of the
principle directions are available, representations for the scattered field due to a point
source in any direction and of any waveform can be found. Though it is possible to extend
the principle of superposition to account for sources not localised at a point s, this will
not be done in this thesis.

Clearly, in order to solve (2.6.8), (2.6.1) must first be solved to obtain the Green’s
Tensor. This equation has been solved exactly for simpler types of elastic media, but must
be solved asymptotically in others. Moreover, even in the exact cases, approximations of
the Green’s Tensor are still used to obtain asymptotically correct solutions.

2.7 Asymptotic Solution of Forward Problem

There are several methods to find Green’s tensors for various types of elastic media. The
techniques of seismic ray theory and geometrical optics outlined in Chapter 6 offer one such
method. However, for isotropic media, the solution to equation (2.6.1) for the isotropic
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Figure 2.7.1: The rate of falloff of Near and Far field terms as a function of distance, measured in
wavelengths α

ω
from a source with a given frequency ω. Both terms normalised at one wavelength.

After 20 wavelengths, the Far field has fallen to 5% of its value at one wave length, but the Near
field terms has fallen to 0.25% of its value. At larger distances, Far fields will tend to dominate
over Near fields.

Green’s Tensor can be is given directly by (see [40:K. Aki & P. Richards 2002])15

Gih(x, t,x
′, t′) =

1

4πρ0α2

ξPi ξ
P
h

r
δ
(
t− t′ − r

α

)

+
1

4πρ0β2

ξSHi ξSHh
r

δ

(
t− t′ − r

β

)
+

1

4πρ0β2

ξSVi ξSVh
r

δ

(
t− t′ − r

β

)

+
1

4πρ0

3ξPi ξ
P
h − δih
r3

∫ r/β

r/α
τδ(t− t′ − τ)dτ (2.7.1)

Here α and β are the P and S wave speeds given by equations (2.3.7) and (2.3.8), and
r = |x − x′| is distance from the source point. The polarisation vectors ξP ,ξSH and
ξSV are the polarisation vectors given by (2.3.9) in the case of wave normal direction
n = (x − x′)/|x − x′|.

Using equation (2.6.2), the Green’s function is integrated with an inhomogeneous
source term to obtain a real solution. Upon doing this, it is found that the part of
the solution which results from integration with the fourth term in (2.7.1) decreases much
faster than the others with distance , as r−2 vs. r−1 [sic]. If a source produces a wave
with frequency ω, it may be shown (see [40:K. Aki & P. Richards 2002]) that the fourth
term results in a wave which becomes negligible in comparison to the waves resulting from
the other three terms when r ≫ α

ω , i.e. more than a few wavelengths from the source (see
Figure 2.7.1)

The fourth term is thus called the near field term, and the remaining terms are called
far field terms. The near field term will be neglected in what follows, as the scattering and
measurement of fields typically occur far from their sources. The Green’s tensor is now only
an approximate one. However, so long a seismic sources which produce waves with only

15The isotropic Green’s tensor can also be derived from geometrical optics by the expansion of a ray
series (see Chapter 6, section (6.1). It can be shown, see [63:V. Vavrycuk and K. Yomogida 1995], that in
the isotropic case the ray series converges to give (2.7.1).
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high frequency components are considered16, this approximation will be asymptotically
close to the true value of the tensor.

It can be seen that the remaining three terms in (2.7.1) each deal separately with a
single wave mode. The far field Green’s tensors in each wave mode M are written as

GMih (x, t,x′, t′) =
1

4πρ0(vM )2
ξMi ξ

M
h

r
δ
(
t− t′ − τM (x,x′)

)
(2.7.2)

where vM is the speed of the wave in that mode, ξM is the wave mode polarisation vector,
and τM (x,x′) = r/vM is the travel time of the wave from x′ to x. Following this,

AM (x,x′) =
1

4πρ0(vM )2
1

r
(2.7.3)

is written for the Green’s amplitude in each mode M . Using this, Green’s amplitude
tensor is written for brevity as

AMih (x,x′) = AM (x,x′)ξMi ξ
M
h (2.7.4)

With these abbreviations (2.7.2) can be written more concisely as

GMih (x, t,x′, t′) = AMih (x,x′)δ
(
t− t′ − τM (x,x′)

)
(2.7.5)

The total far field Green’s tensor, which is an approximation to (2.7.1), is now given by

Gih =
3∑

M=1

GMih =
3∑

M=1

AMih δ(t− t′ − τM ) (2.7.6)

where for brevity the function arguments have been dropped on almost all terms. The
wave mode numbers M = 1, 2, 3 correspond to the named isotropic wave modes named
isotropic wave modes P, SH, and SV respectively, as described in Section 2.3.

Returning to equation (2.6.8), the Green’s Tensors can be replaced with their far field
approximations, and the equation simplified using these. Let M denote the wave modes
for the incident field, where M = 1, 2, 3, so that the incident field Green’s tensor is given
by Giq =

∑
M GMiq , as in (2.7.6).

Similarly let N denote the wave modes for the scattered field, so that the scattered
field Green’s Tensor is given by Gpi =

∑
N G

N
pi . However, to avoid confusion between

incident and scattered in wave mode terms, the scattered wave mode N will range over
N = 4, 5, 6 instead of 1, 2, 3 so that the scattered wave Green’s tensor is given by

Gpi =
6∑

N=4

GNpi =
6∑

N=4

ANpiδ(t− t′ − τN ) (2.7.7)

The scattered wave mode numbers N = 4, 5, 6 will correspond to named isotropic scattered
wave in modes P, SH, and SV respectively. In this way it is understood that the label M
and mode numbers 1, 2, 3 refer to quantities involved in incident waves, and that the label
N and mode numbers 4, 5, 6 refer to quantities involved in scattered waves.

Using these conventions, and the linearity of equations (2.6.8) and (2.7.6), the total
scattered wave term is the sum of the terms of all combinations of incident and scattered

16To satisfy this, the wave form function f(t) in (2.6.10) must have a Fourier Transform f̂(ω) which is
zero for low frequencies. That is f̂(ω) = 0 unless ω ≫ 1.

44



wave mode, with

u1
pq =

6∑

N=4

3∑

M=1

uMN
pq (2.7.8)

where

uMN
pq (r, t1, s, t0) =

∫

D
ρ1ĠNpi(r, t1,x, t)Ġ

M
iq (x, t, s, t0)

− c1ijklG
N
pi,j(r, t1,x, t)G

M
kq,l(x, t, s, t0)dxdt (2.7.9)

The term uMN
pq can be interpreted is the pth component of a wave in mode N , due to the

scattering of a wave in mode M which was emitted by a point source in the qth direction.
Equations (2.6.10) and (2.7.8) combined mean that if representations for all possible uMN

pq

are available, then representations for the scattered field u1
p due to a point source in any

direction can be obtained from them.
The integral in (2.7.9) can now be modified using the representations for the far field

Green’s tensor in equation (2.7.5). Beginning with the first term in the integral, which
will be labelled T1

T1 =

∫

D
ρ1ĠNpi(r, t1,x, t)Ġ

M
iq (x, t, s, t0)dxdt

=

∫

D
ρ1 ∂

∂t

(
ANpi(r,x)δ

(
t1 − t− τN (r,x)

))

× ∂

∂t

(
AMiq (x, s)δ

(
t− t0 − τM (x, s)

))
dxdt

=

∫

D
−ρ1ANpi(r,x)AMiq (x, s)

× δ′
(
t1 − t− τN (r,x)

)
δ′
(
t− t0 − τM (x, s)

)
dxdt (2.7.10)

=

∫

V

∂

∂t

(
ρ1ANpi(r,x)AMiq (x, s)δ′

(
t1 − t− τN (r,x)

))
dx

∣∣∣∣
t=t0+τM (x,s)

Where in the last line has been integrated in the time dimension using one of the derivatives
of the delta function17. The domain V is the entire spatial domain R3. Again for brevity,
declare the terms

AMiq = AMiq (x, s) (2.7.11)

ANpi = ANpi(r,x) (2.7.12)

τMN (r,x, s) = τM (x, s) + τN (r,x) (2.7.13)

Upon performing the last differentiation in (2.7.10), and using these abbreviations it is
seen that

T1 =

∫

V
−ρ1ANpiA

M
iq δ

′′ (t1 − t0 − τMN (r,x, s)
)
dx (2.7.14)

Before beginning to modify the second term of the integral in (2.7.9), some further abbre-

17Strictly speaking, delta functions should not be integrated in this way, as there is no unique way to
define the product of two distributions in general. However step will suffice for the analysis of the present
problem.
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viations will be introduced, which will also be used in what follows. Let

δM = δ(t− t0 − τM (x, s)) , δN = δ(t1 − t− τN (r,x)) (2.7.15)

In addition, by (2.2.17), and recalling that the scattered wave originates at x, the slowness
vectors for the incident and scattered waves are given by

γM =∇xτ
M (x, s) (2.7.16)

γN = −∇xτ
N (r,x) (2.7.17)

In this notation, it can be noted that

(
δM
)
,j

= −γMj δ
′M ,

(
δN
)
,j

= γNj δ
′N (2.7.18)

Where δ
′L is as in (2.7.15) for any mode L, but with the derivative of the delta function.

With these abbreviations the second term in the integral in (2.7.9), which is labelled T2,
is modified as follows

T2 =

∫

D
−c1ijklGNpi,j(r, t1,x, t)GMkq,l(x, t, s, t0)dxdt

=

∫

D
−c1ijkl

(
ANpiδ

N
)
,j

(
AMkqδ

M
)
,l
dxdt

=

∫

D
c1ijklA

N
piA

M
kqγ

N
j γ

M
l δ

′Nδ
′M

− c1ijklA
N
piA

M
kq,lγ

N
j δ

′NδM (2.7.19)

+ c1ijklA
N
pi,jA

M
kqγ

M
l δ

Nδ
′M

− c1ijklA
N
pi,jA

M
kq,lδ

NδMdxdt

Now declare,
δMN = δ(t1 − t0 − τMN (r,x, s)) (2.7.20)

with similar notations to be understood for δ
′MN and δ

′′MN . In the same way as with the
term T1, integration in the time domain gives

T2 =

∫

V
c1ijklA

N
piA

M
kqγ

N
j γ

M
l δ

′′MN

− c1ijklA
N
piA

M
kq,lγ

N
j δ

′MN

+ c1ijklA
N
pi,jA

M
kqγ

M
l δ

′MN (2.7.21)

− c1ijklA
N
pi,jA

M
kq,lδ

MNdx

Of the four terms in this integral, only the first is retained. This is done so for two reasons.
Firstly, the amplitudes of the last three terms involve derivatives of the wave amplitude
tensor terms ANpi and AMkq . By direct calculation, these derivatives can be shown to be of

order r−2, and so they fall off more rapidly than their undifferentiated terms. For this
reason, the last three terms in (2.7.21) can be regarded as near field terms, and so will be
neglected.

Secondly, the other three terms are said to be less singular, or smoother, than the first
as they involve lower derivatives of the delta function. In the inverse problems following,
typically the most singular terms in the scattered field are of the highest concern.
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Taking T1 along with only the first term of T2, an approximate result for uMN
pq is

arrived at, with

uMN
pq (r, t1, s, t0) ∼=

∫

V

(
−ρ1ANpiA

M
iq + c1ijklA

N
piA

M
kqγ

N
j γ

M
l

)
δ
′′MNdx (2.7.22)

This equation is expanded by rewriting the wave amplitude tensor terms according to
equation (2.7.4). The receiver measurement time t1 is also relabelled as t, and the source
time is set with t0 = 0 and dropped as a parameter. With these steps, the approximation
of uMN

pq becomes

uMN
pq (r, t, s) =

∫

V
ANAMξNp ξ

M
q

×
(
−ρ1ξNi ξ

M
i + c1ijklξ

N
i γ

N
j ξ

M
k γ

M
l

)
δ
′′MNdx (2.7.23)

This representation of uMN
pq is for the case of an instantaneous point source in the q

direction. For a non-instantaneous source in a general direction, equation (2.6.10) can be
used in the case of uMN

pq , to obtain a representation

uMN
p (r, t, s) =

∫

R

uMN
pq (r, t, s)bqf(t′)dt′

Substituting (2.7.23) into this equation and using the fact that

∫

R

f(t′)δ
′′MNdt′ = f ′′(t− τMN (r,x, s)) (2.7.24)

gives the desired representation for uMN
p as

uMN
p (r, t, s) =

∫

V
ANAMξNp ξ

M
q bqf

′′(t− τMN ) (2.7.25)

×
(
−ρ1ξNi ξ

M
i + c1ijklξ

N
i γ

N
j ξ

M
k γ

M
l

)
dx

With this representation for the scattered uMN
pq fields, using (2.7.8), the representation for

the total scattered field u1 is given by

u1
p(r, t, s) =

6∑

N=4

3∑

M=1

∫

V
ANAMξNp ξ

M
q bqf

′′(t− τMN ) (2.7.26)

×
(
−ρ1ξNi ξ

M
i + c1ijklξ

N
i γ

N
j ξ

M
k γ

M
l

)
dx

This is the asymptotic representation of the solution to the single scattering equation
(2.5.6). This representation and the related equations compose the Forward Model of
elastic wave scattering which will be used in the analysis of the inverse problems throughout
the rest of the thesis.

The Forward Model is based on several assumptions under which it is a valid approx-
imation for seismic wave propagation and scattering. The most important assumption is
that of weak scattering in the medium which allows the first-order Born approximation
to be used. For this assumption to be valid, the elastic parameter perturbations ρ1 and
c1ijkl must be relatively small in comparison to the background distributions ρ0 and c0ijkl so
that the overall model is not in some sense far from the unperturbed background model.

In the case of stronger scattering, the Born approximation can be refined by substi-
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tuting current scattered field u1 into the total field equation u ∼= u0 + u1, and using this
refined total field approximation in (2.5.5) with the method of Green’s functions to obtain
a new representation for u1. This is known as the Born Series Method, which generates a
series of successively more accurate estimates for the scattered field u1, the leading term of
which is the one represented in (2.7.26). However, the derivation of this series introduces
considerable complications in the Forward Model. Moreover, it should be noted that the
analysis of Gramian which follows in later chapters determines what information about the
elastic perturbations is and is not carried by the first order wave approximation; and that
since the later Born approximations represent multiple scatterings, the analysis places an
upper bound on the maximum amount of information such multiply scattered waves can
carry.

Another important assumption of the Forward Model is that the elastic waves used
are of high frequency ω ≫ 1. This assumption allows the far field terms in the Green’s
functions to be dropped, but more importantly allows the use of geometrical optics and
the model of seismic waves propagating along rays through the medium. The accuracy of
the high frequency approximation relies on the stationary phases theorem, and in fact the
approximation remains valid for even quite modestly high frequencies.

For more on the assumptions made in the elastic wave scattering forward model, their
consequences and limitations, see [62:V. Cerveny 2001],[40:K. Aki & P. Richards 2002]
and [47:Max Born and Emil Wolf 1999].

This linearised solution to the forward problem, represented by equations (2.7.25) and
(2.7.26), will serve as the approximated forward model F ∗ of elastic wave scattering. The
data models for the inverse problems considered in this thesis will be derived from this
forward model in the following chapters.
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Chapter 3

Inversion of a Single Point

Inclusion

In Chapter 2 a linearised forward model of elastic wave scattering in isotropic backgrounds
was developed. In this Chapter, this forward model will be used to construct an elastic
inversion model in the case of a point anisotropic inclusion in an isotropic background
medium. These methods will be based on techniques developed by Burridge and others
in [10:Burridge R. ; De Hoop M. V. ; Miller D. ; Spencer C. ; 1998], and on an techniques
originally proposed by Nolan in [17:Clifford J. Nolan 1997][49:Nolan and Ryan 2007].

Firstly, scattered waves resulting from a point inclusion will be described using the
forward model from Chapter 2, and an outline will be given of seismic experiments de-
signed to measure such waves. It will be shown that data gathered in any one experiment
can be represented as linear sum of the elastic parameter perturbations of the inclusion.
Following the approach of Nolan [17:Clifford J. Nolan 1997], the concept of an ensemble
of experiments is introduced, which leads to multiple simultaneous linear equations in the
elastic perturbations. And by applying methods used in [10:Burridge R. ; De Hoop M. V.
; Miller D. ; Spencer C. ; 1998], the symmetries of Hooke’s tensor can be used to reduce
the rank of the resulting linear system.

Using the scattering representation given by the Forward Model, it will then be shown
that invertible ensembles of experiments exist for which the corresponding set of linear
equations can be solved to give the elastic parameter perturbations of the point inclusion.
This will be done by deriving appropriate weighting vector functions from the Forward
Model, and evaluating their Gramian matrices for ensembles of experiments with vari-
ous wave modes. Moreover, it will be shown that any invertible ensemble must contain
experiments considering PP converted waves.

Finally with their existence shown, a heuristic evolutionary algorithm to find such
invertible ensembles will be described, and an example of an invertible ensemble presented.

The technique of using data from ensembles of experiments to invert for the elastic
parameter perturbations of a point inclusion is not entirely novel; previous studies us-
ing multiple experiments for specialised types of point inclusion exist[1:A. Ben-Menahem
1990]. However, the general possibility of inversion general anisotropic inclusions using
experiments in certain modes has not been previously analysed. In particular, the analy-
sis of the Gramian matrices and the corresponding ranks of the weighting vector function
provides previously unknown results on the possibility of finding invertible ensembles, and
the application of evolutionary algorithms gives a method of finding concrete instances of
such ensembles.
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3.1 Anisotropic Point Scatterer

Consider a homogeneous isotropic background medium, with known constant elastic pa-
rameters ρ0 and c0ijkl. Let a small piece of anisotropic material, of negligible size, be
embedded in this background material at an isolated subsurface point y (see Figure 3.2.1
on the next page). The small piece of material at y will be referred to as the scatterer , and
the anisotropic material which composes it will be referred to as the scattering material .
To simplify the analysis of the inverse problem, the location y is assumed to be known in
advance1.

The anisotropic material has unknown elastic parameters ρa = ρ0 + ρ1 and caijkl =

c0ijkl + c1ijkl, with the perturbations ρ1 and c1ijkl being the unknown portions. The goal of
this chapter is to determine the unknown elastic parameters of the scattering material—or
equivalently the perturbations from the known background material—using only knowl-
edge of emitted waves and measurements of the resulting scattered waves on the surface.
This is the inverse problem of inversion in the case of a point scatterer.

The corresponding forward problem is of course that of elastic wave propagation and
scattering. An asymptotic solution to this forward problem in the case of high frequency
waves was derived in Chapter 2. However, in the case of a single point scatterer, the result
from the forward model can be simplified slightly.

As the scatterer is of negligible size, its material distribution can be approximated
using Dirac delta functions. With this, and following the division of the elastic parameter
distributions in (2.5.1), the distributions for the elastic parameter perturbations are then
given by

ρ1(x) =ρ1δ(x − y) (3.1.1)

c1ijkl(x) =c1ijklδ(x − y) (3.1.2)

With these distributions, the integral in (2.7.25) collapses to a single point, with

uMN
p (r, t, s) =ANAMξNp ξ

M
q bqf

′′(t− τMN ) (3.1.3)

×
(
−ρ1ξNi ξ

M
i + c1ijklξ

N
i γ

N
j ξ

M
k γ

M
l

) ∣∣∣∣
x=y

For notational brevity the function

AMN
p = AMN

p (r,y, s, t) = ANAMξNp ξ
M
q bq|x=y (3.1.4)

is declared as the vectoral amplitude function. In addition, the vertical bar notation will
be omitted from now on as it is to be understood that the functions in question are all
evaluated at x = y. Then the single scattering approximation to the scattered field uMN

p

is given by

uMN
p (r, t, s) = AMN

p f ′′(t− τMN )
(
−ρ1ξNi ξ

M
i + c1ijklξ

N
i γ

N
j ξ

M
k γ

M
l

)
(3.1.5)

And via (2.7.8), the pth component of the total scattered field is found via

u1
p =

6∑

N=4

3∑

M=1

uMN
p (3.1.6)

1The location y can be determined beforehand using traditional techniques such as migration, as dis-
cussed in section 1.3.
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Figure 3.2.1: A seismic experiment in the case of a single point scatterer located at y. A source at
s emits an incident wave u0. When this wave meets the scatterer at y, it will give rise a scattered
wave u1. This wave travels towards the surface where it is measured by a seismometer at r on the
surface.

A seismometer at location r on the surface measures one or more of the components of the
scattered elastic wave u1, producing a seismic trace (see Figure 1.2.2 on page 13; section
1.2), which is a record of the values of the u1

p over time. In the case of high frequency
waves, equations (3.1.5) and (3.1.6) represent a good estimation of the actual seismic
traces measured at r.

The recording of a single seismic trace constitutes the raw data from a single seismic
experiment. However, to find the elastic parameter perturbations ρ1 and c1ijkl of the
scattering material a number of seismic experiments must be performed, and their data
analysed together. The concept of a seismic experiment will now be clarified.

3.2 Seismic Experiment

For the purposes of the present discussion, a seismic experiment is a set-up involving: a
seismic point source at a surface location s with a known forcing term biδ(x−s)f(t), which
emits an incident elastic wave in wave mode M that reaches the scatterer; and a seismic
receiver at a single surface location r which measures any scattered seismic waves in wave
mode N that reach it. The pair of modes MN will be referred to as the experiment mode.
A diagram of a seismic experiment is shown in Figure 3.2.1.

In order to perform such an experiment, two things are required. Firstly, the incident
wave which reaches the scatterer must only be in a single wave mode M . Secondly, the
receiver must measure only scattered waves in a single mode N .

The first requirement for the experiment can be satisfied by setting the direction of
the point force b to be parallel to the desired incident wave mode polarisation vector ξM .
As shown in section 2.2, the three wave mode polarisation vectors are orthogonal to one
another and so the sum bqξ

M
q in (3.1.4) will be equal to one when the incident wave mode

is that which is sought for the experiment (since b is a unit vector), and zero if it is either
of the other two modes2. Thus with the correct choice of point force direction only vectoral
amplitude functions AMN

p with the desired incident mode will be non zero.
To satisfy the second requirement, it will be assumed that all three components of

2The sum will only be zero at points collinear with y and s. Waves in all three modes will be present
in the medium due to the source, but only waves passing though y give rise to scattered waves.
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the scattered field u1
p are measured at the point r. If this data is available, then the dot

product, ξN ·u1 can be taken, where ξN is the polarisation vector of the desired scattered
wave mode. Taking this dot product, (3.1.5) becomes

ξNp u
MN
p = ξNp A

MN
p f ′′(t− τMN )

(
−ρ1ξNi ξ

M
i + c1ijklξ

N
i γ

N
j ξ

M
k γ

M
l

)
(3.2.1)

Similarly to the incident wave mode, the term ξNp A
MN
p will be zero except when the

scattered wave mode is that which is sought, in which case the term will be ANAMξMq bq.
Thus a single scattered wave mode can be extracted from the received waves.

Then by choosing the point force direction b ‖ ξM and by taking the inner product
ξN ·u1, all incident and scattered wave modes can be eliminated from consideration except
the single pair of modes MN that were desired. Thus a seismic experiment in mode MN
can be performed for a known scatterer location y.

For such an experiment, let uMN stand for the final inner product taken from the
measurements at the receiver. Then, using the above polarisation vectors discussed above
with (3.1.5) it follows that

uMN (r, t, s) = AMNf ′′(t− τMN )
(
−ρ1ξNi ξ

M
i + c1ijklξ

N
i γ

N
j ξ

M
k γ

M
l

)
(3.2.2)

Where
AMN = ANAM (3.2.3)

is declared as the scalar amplitude function. uMN is the scalarisation of the measurements
at the receiver r. By virtue of the chosen point force direction and inner product, it
considers only incident waves in mode M and scattered waves in mode N .

To obtain the data model for a seismic experiment in mode MN , uMN will be further
modified. Let the source signal f be of finite duration. Then its derivative f ′′ will also be
of finite duration, and so

‖f ′′‖2 =

∫
|f ′′(t)|2dt <∞ (3.2.4)

Under the assumption that the location y of the scatterer is known in advance, along with
receiver location r and source location s, and since the speed of the incident and scattered
waves in the background medium are known, the travel time τMN = τMN (r,y, s) will also
be known3. With such knowledge of τMN define the experiment data, dMN as

dMN (r, s) =
1

‖f ′′‖2

∫
uMN (r, t, s)f ′′(t− τMN )dt (3.2.5)

which when integrated simplifies to

dMN (r, s) = AMN
(
−ρ1ξNi ξ

M
i + c1ijklξ

N
i γ

N
j ξ

M
k γ

M
l

)
(3.2.6)

This equation will be called the data equation for a seismic experiment in the case of a
point scatterer. The experiment data dMN is processed from the seismic traces recorded
at r. In addition, apart from the unknown perturbations ρ1 and c1ijkl, the terms on the
right hand side of (3.2.6) are known functions of the known variables, r and s, and the
experiment mode MN . It can therefore be seen that (3.2.6) is a linear equation in the
unknown elastic perturbations, with known coefficients and constant term.

3With vM ,vN as the incident and scattered wave speeds, τMN (r,y, s) = |s − y|/vM + |y − r|/vN
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Figure 3.3.1: An ensemble of three seismic experiments examining a scatterer at the point y. Each
experiment consists of a single source sm and receiver rm lying on the surface, as in Figure 3.2.1
on page 51. The straight lines connecting the source to the receivers via the scattering point in
each experiment are also shown.

3.3 Ensemble of Experiments

For any one experiment, (3.2.6) is a single equation in 82 unknowns and therefore cannot
be solved by itself. Further equations are needed. It is clear that multiple experiments
and their data equations will be needed in order to solve for the 82 unknowns.

Consider an ensemble of k seismic experiments emitting incident waves and measuring
scattered waves on the surface. Let the experiments be numbered m = 1, . . . , k. Let sm
and rm be the source and receiver locations in the mth experiment(see Figure 3.3.1). Let
Mm and Nm be the incident wave mode and scattered wave mode in the mth experiment
so that NmMm ≡MNm is the experiment mode.

With the parameters for the mth experiment so specified let

dm = dMNm(rm, sm) = AMNm

(
−ρ1ξNm

i ξMm
i + c1ijklξ

Nm
i γNm

j ξMm
k γMm

l

)
, m = 1, . . . , k

(3.3.1)
represent the data equations for the k experiments. Note that the experiments are carried
out independently from one another, and need not be carried out in any particular order.
For each m, (3.3.1) represents a linear equation in the 82 unknown elastic perturbations
ρ1 and c1ijkl. So with enough equations, i.e. with enough experiments, it may be possible
to solve the resulting system of linear equations for the unknown elastic perturbations at
y.

Formally, let the 82 × 1 vector X = (−ρ1, c11111, . . . , c
1
3333)

T represent the elastic pa-
rameter perturbations. Let the k × 1 vector d = (d1, . . . , dk)

T hold the data gathered in
every experiment. Finally, let the rows of the k× 82 matrix B hold the coefficients of the
system of linear equations (3.3.1) . With these, the system can be written in matrix form
as

d = BX (3.3.2)

In order to solve this system of linear equations for the unknowns X, (e.g. by least squares)
k must be ≥ 82, so there must be at least 82 separate experiments. However, initially
there are two problems with such a direct attempt at inversion.
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Firstly and most seriously, in order to be able to solve (3.3.2), the coefficient matrix B
must have a rank of at least 82. At the outset, it is not clear that 82 individual experiments
giving such a fully ranked matrix even exist. The coefficients in (3.3.1) are functions of
r, s and experiment mode, but it is not yet apparent that these functions can generate
a fully ranked coefficient matrix. If such a fully ranked matrix cannot be obtained, then
there can be no hope of solving the system of linear equations and hence the inversion
problem.

Secondly, because of the way it is currently structured, solving (3.3.2) for the elastic
perturbations may not produce a symmetrical Hooke’s tensor with components caijkl =

c0ijkl + c1ijkl. Because of numerical errors, etc, in general the 81 components of the pertur-

bation c1ijkl will be distinct. In turn this will mean that the inverted Hooke’s tensor caijkl
for the material will not in general be symmetric. Since any Hooke’s tensor must obey
the symmetries (2.1.8), (2.1.9) and (2.1.13), an unsymmetrical result from inversion will
be unsatisfactory.

The latter of these problems will be dealt with first, and its solution will have bearing
on the former problem.

3.4 Dimension Reduction

Because of the symmetries4 which any Hooke’s tensor—and hence Hooke’s tensor perturbations—
must obey, there are only 21 independent components in the 81 component Hooke’s tensor
perturbations c1ijkl. Therefore, the system of linear equations (3.3.1) has in reality only 22

unknown elastic perturbations (including ρ1).
Returning to (3.2.6), consider the bracketed sum, which will be labelled ΣT

ΣT = −ρ1ξNi ξ
M
i + c1ijklξ

N
i γ

N
j ξ

M
k γ

M
l (3.4.1)

Now the Hooke’s tensor perturbation c1ijkl must obey the symmetries

c1ijkl = c1jikl = c1ijlk = c1klij (3.4.2)

These symmetries can be used to reduce the sum in (3.4.1). This reduction is outlined
in more complete detail using group theory in Appendix A, section A.1, the construction
there permitting analysis of the behaviour of the reduction under a change of variables.
However, an abridged version is presented here for the sake of brevity in the main text.

Let VM and VN denote the speeds of the incident and scattered waves in their respective
modes. Next construct the matrices

aNij =
1

2
VN
(
ξNi γ

N
j + ξNj γ

N
i

)

aMkl =
1

2
VM

(
ξMk γ

M
l + ξMl γ

M
k

)
(3.4.3)

Note that both of these matrices are symmetric and dimensionless. Now, with these
matrices construct the rank four tensor

aMN
ijkl =

1

2

(
aNij a

M
kl + aNkla

M
ij

)
(3.4.4)

4See section 2.1.2, equation (2.1.14)
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which is also dimensionless.5 aMN
ijkl can be thought of as one eighth the sum of the coeffi-

cients ξNi γ̂
N
j ξ

M
k γ̂

M
l in equation (3.4.1), summed over all permutations of the indices ijkl.

Further, in Appendix A section A.1 it is shown that

c1ijklξ
N
i γ

N
j ξ

M
k γ

M
l =

1

VNVM
aMN
ijkl c

1
ijkl (3.4.5)

Now, due to its construction, aMN obeys the symmetries

aMN
ijkl = aMN

jikl = aMN
ijlk = aMN

klij (3.4.6)

which are the same symmetries as the Hooke’s tensor perturbations (3.4.2). So aMN , like
the Hooke’s tensor perturbation c1, has only 21 independent components.

For both tensors, let Ki denote the index of the ith such independent component, and
let Li denote the incidence or total number of components in the tensor which must be
equal to the component at index Ki by symmetry. For c1 and aMN , the indices Ki and
incidences Li are given in Table (3.4.13)

With these incidences and symmetries, it is shown in Appendix A section A.1 that

aMN
ijkl c

1
ijkl =

21∑

i=1

Lia
MN
Ki

c1Ki
(3.4.7)

and with this result and (3.4.5), the sum in (3.4.1) becomes

ΣT = −ρ1ξNi ξ
M
i +

1

VNVM

21∑

i=1

Lia
MN
Ki

c1Ki
(3.4.8)

It can be seen that (3.4.8) is a sum of 22 terms, which each involve one of the 22 inde-
pendent elastic parameter perturbations ρ1 and c1Ki

. Before proceeding further, this sum,
which has units of density, will be rewritten in a non dimensional way.

To proceed with non-dimensionalisation, the background density ρ0 and a characteristic
background speed V0 are needed. ρ0 is known, but V0 must be chosen in a way that is
independent of experiment mode6. This can be done in a variety of ways (see [10:Burridge
R. ; De Hoop M. V. ; Miller D. ; Spencer C. ; 1998]), but for the purposes of the present
discussion with a homogeneous isotropic background, V0 will be chosen to be the average
of the P wave and S wave speeds. So with

V0 = (VP + VS)/2 (3.4.9)

in all experiments declare the dimensionless number

UMN =
V 2

0

VMVN
(3.4.10)

and let
ΞMN = ξMi ξ

N
i (3.4.11)

stand for the inner product between the incident and scattered wave polarisations at the

5This construction of the tensor aMN is brief and differs from that given in Appendix A section A.1,
but both lead to the same result.

6This is done so that the elastic perturbations vector will be identical for all possible experiments in
the ensemble.
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i Ki Li
1 1111 1
2 2222 1
3 3333 1
4 1122 2
5 1133 2
6 2233 2
7 1112 4

i Ki Li
8 1113 4
9 1123 4
10 1212 4
11 1222 4
12 1233 4
13 1313 4
14 1322 4

i Ki Li
15 1333 4
16 2223 4
17 2323 4
18 2333 4
19 1213 8
20 1223 8
21 1323 8

(3.4.13)

Figure 3.4.1: The indices of the 21 independent components of the Hooke’s tensor, and their
corresponding incidences in the whole tensor

scatterer. With these and ρ0, (3.4.8) can be written as

ΣT = ρ0UMN

(
−ρ1

ρ0

ΞMN

UMN
+

21∑

i=1

Lia
MN
Ki

c1Ki

ρ0V 2
0

)
(3.4.12)

It can be seen that the bracketed portion of the sum is now non dimensional, and
contains 22 independent elastic perturbations ρ1 and c1Ki

. Now by declaring two 22 × 1
non dimensional vectors, c1 and wMN , as

c1 =

(
−ρ

1

ρ0
,
L1c

1
K1

ρ0V 2
0

, . . . ,
L21c

1
K21

ρ0V 2
0

)T
(3.4.14)

wMN =

(
ΞMN

UMN
, aMN
K1

, . . . , aMN
K21

)T
(3.4.15)

the sum ΣT becomes
ΣT = ρ0UMNwT

MNc1 (3.4.16)

This form of ΣT is seen to be a density term, times a constant depending on experiment
mode, times the inner product of two vectors. These vectors will now be discussed.

The vector c1 will be referred to as the elastic perturbations vector . It is a non-
dimensional vector containing the 22 elastic parameter perturbations, weighted by factors
involving known constants ρ0,V0 and the incidences Li. It can be seen that if c1 is known,
then the 22 parameter perturbations ρ1 and c1Ki

can be obtained directly from it, and
from the 21 independent components c1Ki

, the full Hooke’s perturbation tensor c1ijkl can

be constructed. And so knowledge of the elastic perturbations vector c1 can be translated
directly into knowledge of the elastic parameter perturbations ρ1 and c1ijkl and thus to
knowledge of the elastic parameters ρa and caijkl (see section 3.1) of the point scatterer at
y.

It is important to note that, because the parameter V0 is constant regardless of exper-
iment mode, the elastic perturbations vector will also be constant across all experiments.

The vector wMN will be referred to as the reflectivity weighting vector or more briefly
as weighting vector.7 It is another non-dimensional vector containing the coefficients mul-
tiplying the 22 elastic parameter perturbations in c1, up to the constant term ρ0UMN . In

7 Some authors[59:Sverre Brandsberg-Dahl 2001] refer to wMN as the point contrast-source radiation
pattern vector.
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the inner product in (3.4.16), the coefficients in wMN give different weights to the elastic
perturbations in c1 when determining the relative reflectivity of the scatterer from the
viewpoint of the receiver. The reflectivity weights depend upon the geometry of source,
receiver and scattering points, s,r and y, as well as the incident and scattered wave modes
M and N .

Examining the terms in wMN , it is seen that the first term, which is given by

VMVN
V 2

0

ξMi ξ
N
i (3.4.17)

is, excluding the wave speed constants, a function of the incident and scattered wave polar-
isations ξM and ξN . The remaining terms are the aMN

Ki
functions. From the constructions

in (3.4.3) and (3.4.4), it can be seen that each of these terms is, excluding the wave speed
constants, a function of the incident and scattered wave polarisations ξM and ξN , and of
the incident and scattered wave slowness vectors γM and γN . Thus the entire weighting
vector wMN is a function of the vectors ξM ,γM , ξN and γN .

Since these vectors are each themselves functions of source and receiver position s and
r, ultimately wMN is a function of these two positions. Therefore, it should be noted
that, unlike the elastic perturbations vector c1, the weighting vector is not constant, and
indeed will vary across all experiments in the ensemble. It should also be noted that,
for the same fixed pair of r and s, two weighting vectors wN1M1 and wN2M2 , which are
in different experiment modes, may differ due to the different wave polarisation vectors
occurring in each.

With the vectors wMN and c1 so constructed, substituting (3.4.16) for (3.4.1) in the
data equation (3.2.6) gives the following representation for the data equation

dMN (r, s) = ρ0AMNUMNwT
MNc1 (3.4.18)

As in section 3.3, consider an ensemble of k seismic experiments numbered m = 1, . . . , k.
Let dm = dMNm(r, s) denote the data gathered in the mth experiment. Let wm = wMNm

denote the weighting vector in the mth experiment. And for convenience, let Am =
ρ0AMNm

pm
UMNm denote the amplitude term in the mth experiment. Then the data equa-

tions in the k experiments are given by

dm = Amwmc1 m = 1, . . . , k (3.4.19)

which is a system of k linear equations in the 22 unknowns contained in c1. To write this
system as a matrix equation, the following matrices are introduced.

Let the data vector d be the k × 1 vector

d =




· · ·
dm
· · ·


 (3.4.20)

whose mth entry is the data gathered in the mth experiment. And, let the amplitude
matrix A be the k × k diagonal matrix

A =




. . .

Am
. . .


 (3.4.21)

57



whose mth diagonal entry is the amplitude term in the mth experiment. And, let the
weighting matrix W be the 22 × k matrix

W =




... | ...

... wm
...

... | ...


 (3.4.22)

whose mth column is the weighting vector in the mth experiment. With these matrices so
defined, and because the elastic perturbations vector c1 is the same across all experiments,
the system of equations in (3.4.19) can be written as

d = AW T c1 (3.4.23)

where W T denotes the transpose of W . This equation will be referred to as the ensemble
data equation. It should be noted that a solution of the elastic perturbations vector c1

obtained from the ensemble data equation will automatically give a symmetric Hooke’s
tensor for the anisotropic material.

But it is not yet clear that (3.4.23) has a solution. As a matrix equation, it may
have one, many, or zero solutions, depending on the matrix AW T . This problem of the
invertibility of the data equation must now be examined.

3.5 Invertibility

In order to solve the ensemble data equation (3.4.23) for the unknowns c1, the matrix
AW T must have a rank of at least 22. So the number of experiments k must be ≥ 22.
The case where k = 22 will be considered first.

In this case, d is a 22 × 1 vector containing the data from the 22 experiments. A is a
22×22 diagonal matrix, andW is a 22×22 matrix whose columns are the weighting vectors
in each experiment. Then W T will be a 22×22 matrix whose rows are the transpose of the
weighting vectors in each experiment. The form of (3.4.23) is emphasised in Figure 3.5.1
on the next page.

At the outset, it is not clear that the ensemble data equation (3.4.23) can be solved.
In the event that AW T is an invertible matrix, then its inverse (AW T )−1 exists and the
ensemble data equation can indeed be solved for c1 giving

c1 = (AW T )−1d (3.5.1)

But it is not clear that AW T is an invertible matrix, or more practically, it is not clear
that an ensemble of experiments can be devised which give an invertible AW T matrix. An
ensemble giving such an invertible AW T , i.e. giving a solvable ensemble data equation,
will be referred to as an invertible ensemble. If the matrix AW T is not invertible, then the
ensemble will be referred to as an uninvertible ensemble. It is not yet clear that invertible
ensembles of experiments even exist, for any combination of experiment modes.

Now AW T is the product of the amplitude matrix A and the transpose of the weighting
matrix W , so both of these must be invertible in order for AW T to be invertible. The
first of these matrices A, is a diagonal matrix, whose entries ρ0AMNm

pm
UMNm are all non-

zero provided that some measurements of at least one component of the scattered wave are
recorded at the receiver point rm. Since, in this simplified point scatterer model, there will
always be a scattered wave in mode N passing through rm (see Figure 3.2.1 on page 51),
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d = A W T c1

Figure 3.5.1: The form of the Ensemble Data Equation in the case of 22 experiments. The matrices
A and W are square. If A and W are both invertible matrices, then c1 can be found by multiplying
d by W−TA−1.

scattered wave trace will always be measured by the receiver. Therefore it can be assumed
that the amplitude matrix A is always invertible for any ensemble.

The matrix W T is more problematic. Since the rank of W T is the same as the rank
of the weighting matrix W , the invertibility of W will be discussed from now on. Now,
the entries of W are in general non zero, with the columns of the matrix each being
the weighting vectors wm from each experiment in the ensemble. In order for W to be
invertible, the set of 22 weighting vectors in each experiment must be linearly independent
from each other; that is, the only constants αm which satisfy

αmwm = 0 (3.5.2)

are α1 = α2 = . . . = α22 = 0. So the question of obtaining a invertible ensemble data
equation reduces to the question of being able to obtain an ensemble of experiments giving
22 linearly independent weighting vectors.

But it is not clear that such a set of weighting vectors exists, particularly if all ex-
periments in the ensemble were restricted to a particular experiment mode. Indeed, it
will be shown that for most modes, if all experiments in the ensemble were restricted to
that mode, e.g. SHSH mode experiments, then it is in fact impossible to obtain a set
of independent wm. However, it will be shown that for an ensemble of PP mode experi-
ments, or for an ensemble of experiments in many modes, it is possible to obtain a set of
independent wm, and hence an invertible weighting matrix W .

Before discussing the existence of a set of independent weighting vectors, and the
ensembles which can create them, it will be useful to make a change of variables in order
to make analysis of the weighting vector more convenient in what follows.

3.6 Scatterer Centring

As discussed in section 3.4, the weighting vector in each experiment is a function of
the source and receiver locations s and r, as well as experiment mode MN . However
this definition is slightly inconvenient as the weighting vector is composed primarily of
components of incident and scattered wave polarisation and slowness vectors, ξM ,γM ,
ξN and γN . These vectors are all themselves functions of r and s, but calculating them
involves tracing down from the surface points to the scattering point y. This introduces
an additional complication in the study of the invertibility of ensembles of experiments,
which is best avoided8.

8This change of variables becomes even more important when analysing invertibility of ensembles in
inhomogeneous anisotropic backgrounds. See Chapter 6
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Figure 3.6.1: Scatterer centring. In each experiment, the incident and scattered slowness vectors,
γM , γN ∈ R3, are functions of the source and receiver locations, s, r ∈ R3. However, by instead
making the surface locations functions of the slowness vectors, analysis of inversion ay y can be
greatly simplified.

To avoid this complication, a change of variables will be made, to centre the analysis
of the weighting vector at the scattering point y. This change of variables will map the
surface source and receiver locations to the incident and scattered wave slowness vectors
in each experiment, i.e. (r, s) → (γM ,γN ). More specifically, the change of variables will
map (r, s) to the incident and scattered slowness vectors’ latitudes and longitudes.

Now in each experiment, with a homogeneous isotropic background, the incident and
scattered slowness vectors are given by

γMm =
1

VM

y − sm
|y − sm|

, γNm =
1

VN

rm − y

|rm − y| (3.6.1)

where VM and VM are the incident and scattered wave speeds. From these, the wave normal
directions can be obtained by multiplying each slowness vector by the corresponding wave
speed.

nMm = VMγMm , nNm = VNγNm (3.6.2)

So it is clear that the slowness vectors are functions of r and s, with y a constant parameter
across all experiments. However it is also possible, given these slowness vectors, to trace
upwards and obtain the surface source and receiver points. As long as the slowness vectors,
and hence the wave normal vectors, are not horizontal, i.e. parallel to the ground, a straight
line parallel to them through y can be traced upwards to the surface.

Let the scattered wave slowness vector γN point up towards the surface. For simplicity,
assume that the surface is horizontal, and that the scattering point y is located at a depth
d beneath the surface. Let yo be the point on the surface directly above y. Then the
points y, yo and r will form a right angled triangle as shown in Figure 3.6.2 on the next
page.

Let α = |r−y|. Let φN be the latitude of the scattered wave slowness vector γN , that
φN is the angle between the vector and the horizontal. Then α = d/ sinφN , and with nN

as the scattered wave normal direction, which has unit length, r is given by r = y +αnN .
This, when expanded, gives the formula

r = y + VN
|y − y0|
sinφN

γN (3.6.3)
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Figure 3.6.2: Obtaining surface point r, from knowledge of scatterer point y and wave normal
direction n

Similarly, it can be shown that s is given by

s = y + VM
|y − y0|
sinφM

γM (3.6.4)

keeping in mind that since γM points downwards, its latitude φM < 0. Thus in the
case of a homogeneous isotropic background and horizontal surface, formulae exist which
allow changes of variables between r and γN , and between s and γM , provided that the
scattering point y and wave speeds VM and VN are known.

Equations (3.6.3) and (3.6.4) can be recognised as Gnomonic projections[31:H.S.M.
Coxeter 1969], which map hemispheres about y to the surface plane. A Gnomonic projec-
tion constitutes a valid change of variables so long as the latitude φ is not zero, in which
case n would be parallel to the surface and so the ray through y would never meet the sur-
face. Thus the Gnomonic projection can map at most a hemisphere of wave normal vectors
to the surface plane. In the case of scattered waves, this is the upper hemisphere S2

+, and
for incident waves9 will be the lower hemisphere S2

−. Therefore, so long as nM ∈ S2
− and

nN ∈ S2
+, these Gnomonic projections will be valid changes of variables. These conditions

respectively require that φM < 0 and φN > 0.
For a fixed experiment mode, the incident and scattered slowness vectors can be given

explicitly by specifying their latitudes and longitudes. Let φM and θM be the incident
wave latitude and longitude, and let φN and θN be the scattered wave latitude and lon-
gitude(see Figure 3.7.1 on page 63). Then the incident and scattered slowness vectors(in
the background Cartesian system) are functions of these variables and are given by10

γM =
1

VM




cos θM cosφM

sin θM cosφM

sinφM




γN =
1

VN




cos θN cosφN

sin θN cosφN

sinφN


 (3.6.5)

So that via equations (3.6.3) and (3.6.4) there exists a change of variables from (θM , φM )
to s, and from (θN , φN ) to r. The pairs (θM , φM ) and (θN , φN ) will be referred to as
the incident and scattered wave direction coordinates respectively, and the wave direction
variables collectively.

9Remembering that the incident wave must be mapped backwards, that is upwards, towards the surface.
10Remembering that φM < 0 and φN > 0.

61



In addition, if the method of selecting wave polarisation vectors for each mode out-
lined in (2.3.9) is chosen, then the incident and scattered wave polarisation vectors will
become simple functions of the wave direction variables. Specifically, for incident waves
the polarisation vectors in each of the modes P, SH and SV, are given by

ξPM =




cos θM cosφM

sin θM cosφM

sinφM


, ξPN =




cos θN cosφN

sin θN cosφN

sinφN




ξSHM =




− sin θM

cos θM

0


, ξSHN =




− sin θN

cos θN

0


 (3.6.6)

ξSVM =




− cos θM sinφM

− sin θM sinφM

cosφM


, ξSVN =




− cos θN sinφN

− sin θM sinφN

cosφM




With the subscripts M and N denoting whether the polarisation vector is for the incident
or scattered waves respectively.

So, for a known scattering point y and for a known isotropic background, the wave
direction variables (θM , φM , θN , φN ), via equations (3.6.3), (3.6.4), and (3.6.5), will deter-
mine the surface source and receiver locations for the experiment. So specifying the wave
direction variables amounts to describing the experiment set-up.

In addition, given the experiment mode MN , the incident and scattered wave modes
M and N are known, and so with the wave variable directions and via (3.6.6) the incident
and scattered wave polarisation vectors ξM and ξN can be found. And from (3.6.5) the
incident and scattered slowness vectors γM and γN can be found. Then with these four
vectors and via the constructions in section 3.4, the weighting vector w in the experiment
can be found.

So in each experiment the weighting vector, and all its components, can be expressed
as functions of the wave direction variables, and the experiment mode. Formally

w = w(θM , φM , θN , φN ,MN) (3.6.7)

3.7 Weighting Vector Functions

Returning to the invertibility of the ensemble data equation (3.4.23) it was shown in section
3.5 that the data equation will be invertible (i.e. have a solution), in the event that the
ensemble of experiments gives 22 linearly independent weighting vectors wm. The case of
an ensemble of experiments in a single mode will be considered first.

If all experiments in the ensemble are of the same mode, MN , then the weighting
vector for the ensemble is a function of the wave direction variables alone. Let wMN

denote such a weighting vector. Then formally

wMN = wMN (θM , φM , θN , φN ) (3.7.1)

Since the wave direction variables also determine the surface locations r and s, specifying
the wave directions variables will determine the experiment ensemble set-up, as well as
the weighting vector.

The weighting vector functions wMN in each of the nine possible experiment modes
are given in full in Appendix D section D.1. It can be seen that the functions are of
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Figure 3.7.1: The wave direction variables Θ = (θM , φM , θN , φN )T define the incident and scattered
wave normals nM and nN . In a surface based experiment, nM must point downwards and nN

upwards. Thus Θ ∈ S2
−
× S2

+ where S2
−

and S2
+ are, respectively, the lower and upper hemispheres

of the unit sphere S2.

considerable size and complexity. However the pullback of the functions to the wave
direction variables has key advantages.

The question of the invertibility of the ensemble data equation has thus been reduced to
the question of being able to find 22 sets of wave direction variables (θMm , φ

M
m , θ

N
m, φ

N
m), m =

1 . . . 22, which give 22 linearly independent weighting vectors wMN . It is this question
which will be directly answered via analysis of the weighting vector function (3.7.1).

For convenience, let the wave direction variables be grouped into a single vector Θ as
follows

Θ = (θM , φM , θN , φN )T (3.7.2)

Consider the allowed directions for incident and scattered slowness vectors, the domain D

of valid Θ is then given by (see Figure 3.7.1)

D = [0, 2π) × [−π
2
, 0) × [0, 2π) × (0,

π

2
] = S

2
− × S

2
+ (3.7.3)

Let wMN (Θ) : D → R22 represent the function in equation (3.7.1). So if there exist
22 distinct Θm in the domain D of wMN that give 22 linearly independent vectors in
the co-domain of wMN , then the ensemble of experiments specified by the Θm will be
invertible.

It can be seen that the answer to this question will depend very much on the function
wMN itself. If such a set exists wMN will be called a fully ranked function. This property
will now be discussed, along with methods to determine whether a function possesses it.
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3.8 Fully Ranked Functions

Consider a domain D ⊂ Rm and a function f : D → Rn. f will be called a fully ranked
function if and only if there exists a set in the image of f which spans its co-domain Rn.
Equivalently, there exist n distinct points xn ∈ D such that the n vectors fn = f(xn) are
linearly independent. Fully ranked functions are discussed in more detail in Appendix B,
but a brief introduction in the context of the seismic inversion problem is given here.

Figure 3.8.1: Function Rank Example 1. The function f(t) defined in (3.8.1) is plotted, and the
vectors f1,f2,f3 are shown with their tails at the origin. The three vectors are linearly independent
and so the function is a fully ranked function with rank 3.

Showing that the function wMN is fully ranked is enough to show that there exists an
invertible ensemble of experiments examining the scatterer at y. However, first a method
must be given for determining when a given function is fully ranked. Before answering
this question for the functions in general, and for wMN : D → R22 in particular, it is
illustrative to examine the ranks of much simpler functions.

First, consider the function f : R → R3 given by

f(t) =




t
t− 1

(t− 1)(t− 2)


 (3.8.1)

and the problem of determining whether f is fully ranked. This amounts to finding three
values tm ∈ R such that the three vectors fm = f(tm) are linearly independent. Three
such tm are in fact quite easily found. Let t1 = 1,t2 = 2 and t3 = 3, and write the vectors
f1 = f(1),f2 = f(2) and f3 = f(3), as the columns of a 3 × 3 matrix, which gives

[
f1 f2 f3

]
=




1 2 3
0 1 2
0 0 2


 (3.8.2)

And so it is clear that the three vectors are linearly independent. So the function f is fully
ranked. The function f and the vectors f1,f2,f3 are shown in Figure 3.8.1. Next, consider
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Figure 3.8.2: Function Rank Example 2. The function g(t) defined in (3.8.3) is plotted, and the
vectors g1,g2,g3 are shown with their tails at the origin. The three vectors are linearly dependant,
as will be any three vectors in the function as the parabola drawn lies entirely within a plane
passing through the origin O. The rank of g(t) is thus 2.

the function g : R → R3 given by

g(t) =




t
t2

t+ t2


 (3.8.3)

and again the problem of finding a set of three values tm ∈ R such that the three vectors
gm = g(tm) are linearly independent. Choose t1 = 1, t2 = 2 and t3 = 3 as before for a
trial set. Then, arranging the obtained vectors as before gives

[
g1 g2 g3

]
=




1 2 3
1 4 9
2 6 12


 (3.8.4)

It can be seen that this matrix is not fully ranked, as the third row is the sum of the
first and second rows. And so the three vectors obtained from the trial set are linearly
dependant(3g2 − 3g1 = g3). In fact, g describes a parabola lying in a flat plane through
the origin. The function g and the vectors g1,g2,g3 are shown in Figure 3.8.2.

Though only a single trial has failed, it can be seen from the example that because of
the way the function has been defined, whatever trial set is selected, the third row of the
matrix in (3.8.4) will always be the sum of the first two rows. Therefore any three vectors
in the co-domain, g1,g2,g3, will always be linearly dependant. This occurs because the
third component function of g is the sum of the first two component functions, and so
is not linearly independent of them. This illustrates the principle that, if the component
functions of a vector valued function are linearly dependent, then the function is not fully
ranked.

In fact, the inverse of this principle holds. It can be shown that if the component
functions of a vector valued function are linearly independent then the function will be
fully ranked. Formally, this can be stated in the following lemma.
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Lemma 3.8.1
Let a function f : D → Rn, where D ⊂ Rm, be given by the rule

f(x) =




f1(x)
...

fn(x)


 (3.8.5)

where each of the component functions, fi : D → R, i = 1, . . . , n, are single valued
multivariate functions. Then the function f is fully ranked if and only if the component
functions are linearly independent on the domain D; i.e. the only constants αi which
satisfy

α1f1(x) + α2f2(x) + · · · + αnfn(x) = 0, ∀x ∈ D (3.8.6)

are α1 = α2 = · · · = αn = 0.

This lemma is only stated here but is proved in Appendix B, theorem B.2.1.

Figure 3.8.3: Function Rank Example 3. The function h(t) defined in (3.8.7) is plotted, and three
vectors h1 = h(1), h2 = h(2), h3 = h(3) are shown with their tails at the origin. The three vectors
are linearly dependant, as the function describes an ellipse centred at the origin O. The rank of
h(t) is thus 2.

Lemma 3.8.1 allows the determination of the rank of a function by examining its
component functions. But lemma 3.8.1 is only useful if a method exists to determine if
the component functions are linearly independent or not. Above, in the case of g, it was
straightforward to see that the component functions were linearly dependant. However,
this is not always so straightforward. Consider the function h : R → R3 given by

h(t) =




sin t
2 cos t− 3 sin t

cos(t− π
3 )


 (3.8.7)

Though it is not immediately obvious, the component functions of h are not linearly

66



independent. In fact, h describes an ellipse centred at the origin. h is thus not fully
ranked. The function h is shown in Figure 3.8.3 on the preceding page.

More complicated examples show the difficulty in determining the linear independence
of the component functions. Let r1, r2 : R2 → R3 be two functions given by

r1(θ, φ) =




cosφ sin θ − 2 sinφ+ 3 cosφ cos θ
3 cosφ sin θ + sinφ+ cosφ cos θ

4 sinφ+ 2 cosφ cos θ


 (3.8.8)

r2(θ, φ) =




cosφ sin θ − 2 sinφ+ 4 cosφ cos θ
2 cosφ sin θ + 4 sinφ

2 cosφ sin θ + 3 sinφ+ cosφ cos θ


 (3.8.9)

It is not immediately obvious which, if any of these two functions, has linearly independent
component functions. In fact, the component functions of r1 are linearly independent. r1

describes an ellipsoid centred at the origin, and so is fully ranked with rank 3. But the
component functions of r2 are linearly dependant, with r2 describing an elliptical disc11

centred at the origin, and so r2 is not fully ranked, and has only rank 2.
As the functions considered grow more complicated, it will become more and more

difficult to assess whether the component functions are linearly independent. Indeed, the
function for which this must eventually be done, wMN , has 22 component multivariate
functions of four variables, each with up to eight separate terms(see Appendix D, section
D.1). In addition, far more complicated weighting vector functions may be considered. It
is clear that a systematic method for determining the linear independence of component
functions is needed.

The Wronskian

In the case of uni-variate functions, linear independence can be determined by means of the
Wronskian matrix[29:H. Anton 2000],[66:Vladimir Igorevich Arnold 1992]. This matrix is
formed from the n component functions and their derivatives up to order n−1. It is given
by 



f1(t) f2(t) . . . fn(t)
f ′1(t) f ′2(t) . . . f ′n(t)

...
...

. . .
...

fn−1
1 (t) fn−1

2 (t) . . . fn−1
n (t)


 (3.8.10)

If the determinant of this matrix is non zero at any point on the domain D, then the
n component functions fi are linearly independent. However, this approach has several
problems in the context of multivariate functions, in particular with the function wMN

which it would ultimately be used on.
Firstly, the Wronskian matrix is only defined for uni-variate functions. In the case

of multivariate functions, such as wMN , there is no canonical extension to the concept
of the Wronskian matrix. Though it is possible to fix all but one of the variables, and
calculate the Wronskian in the remaining free variable, this may not serve to show the
independence of the component functions, as independent functions over the whole domain
may be dependant over a subset of it. For example, consider the function r3 : R2 → R3

11The function r2 describes a degenerate ellipsoid owing to the linear dependence of its component
functions.
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given by

r3(θ, φ) =

(
sin θ cosφ
cos θ sinφ

)
(3.8.11)

By evaluating r3(π/2, π/4) and r3(π/4, π/2), it is clear that this function is fully ranked
and thus has linearly independent component functions. However, with θ as the free
variable, attempting to evaluate a Wronskian matrix by fixing φ = 0 will result in a
Wronskian with a determinant of 0 for all values of θ. The component functions are
linearly dependant over the subset φ = 0.

Secondly and more importantly, the Wronskian requires the component functions con-
sidered to be n − 1 times differentiable. While the component functions for the wMN

functions considered so far will satisfy this, later on component functions which are not
differentiable or even continuous will be studied.

For these reasons, the Wronskian will not be chosen as a method to determine inde-
pendence. Instead Gramian matrices, or Gramians, will be used to determine the linear
independence of sets of component functions.

3.9 Gramian Matrices

Gram or Gramian Matrices[26:G. Sansone 2004] and their properties are discussed in more
detail in Appendix B, but a brief introduction to them is given here.

For a set of n vectors x1, . . . ,xn, the Gramian matrix G of the set is defined as the
n× n matrix of inner products

G =




xT1 x1 xT1 x2 . . . xT1 xn
xT2 x1 xT2 x2 . . . xT2 xn

...
...

. . .
...

xTnx1 xTnx2 . . . xTnxn


 (3.9.1)

Each entry is the inner product of two of the vectors; Gij = 〈xi,xj〉 = xTi xj . Of note here
is the fact that, by the symmetry of the inner product operation, the Gramian matrix is
symmetric, with G = GT . Also, if the vectors xi are arranged as the columns of a matrix
A, then it can be seen that the Gramian matrix is also given by

G = ATA (3.9.2)

The determinant of the Gramian matrix, |G|, is called the Gramian or Gram’s determinant.
Since |G| = |A|2, it can be seen that the Gramian is non zero, i.e. the Gramian matrix is
fully ranked, if and only if |A| 6= 0, i.e. if the n vectors are linearly independent.

So far, the Gramian matrix is only defined for vectors in some k dimensional space.
However, the components of the Gramian matrix are all inner products between vectors,
and do not concern the nature of the vectors themselves12. In fact, the properties of the
Gramian, and its ability to determine the linear independence of vectors, hold in any
vector or inner product space.

With this in mind, the question of determining the independence of component function
can be resolved by treating the component functions as “vectors” or elements of some inner
product space. This is possible, as an inner product can be defined for functions of some
domain D as follows.

12For example, the Gramian does not contain information about the dimension of the vectors.
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Let f and g be two functions mapping some domain D to R, which are piecewise
continuous with no removable singularities. In addition, let f and g be square integrable
on D with

∫
D |f |2dx <∞ and

∫
D |g|2dx <∞. Then the inner product of f and g can be

defined by13

〈f, g〉 =

∫

D
f(x)g(x)dx (3.9.3)

This definition satisfies all the requirements for an inner product[67:Xavier Saint Raymond
1991]. And so using this inner product, the space of real valued functions mapping D to
R can be considered as a vector space.

With this inner product defined, for a set of n functions f1, . . . , fn mapping a domain
D to R, the n× n Gramian Matrix of the set is defined by

G =




〈f1, f1〉 〈f1, f2〉 . . . 〈f1, fn〉
〈f2, f1〉 〈f2, f2〉 . . . 〈f2, fn〉

...
...

. . .
...

〈fn, f1〉 〈fn, f2〉 . . . 〈fn, fn〉


 (3.9.4)

With Gij = 〈fi, fj〉. If the n functions are arranged as the components of a row vector
function f(x), the Gramian matrix can also be given by

G =

∫

D
f(x)T f(x)dx (3.9.5)

which is the analogue of (3.9.2).
The determinant of the Gramian matrix |G| is called the Gramian of the set of func-

tions. It can be used to determine if the set of functions is linearly independent over the
domain D. This is justified by the following lemma.

Lemma 3.9.1
For a set of n functions f1, . . . , fn mapping D continuously to R, let the inner product
between them be defined by (3.9.3), and let the Gramian matrix of the functions be defined
by (3.9.4). Then the functions are linearly independent if and only if the Gramian matrix
G is fully ranked.

The proof of this lemma is given in Appendix B, theorem (B.3.1).
So, by evaluating G and determining its rank the linear independence of the functions

can be determined. In fact, it can be shown(see theorem (B.4.2)) that the rank of the
Gramian matrix determines the maximum number of functions in the set which are linearly
independent.

For a given vector valued function f : D → Rn, the Gramian of its component functions
f1, . . . , fn will also be referred to as the Gramian of the function. Lemmas (3.8.1) and
(3.9.1) together show that a function will be fully ranked if and only if its Gramian matrix is
fully ranked. So to determine if a function is fully ranked, the Gramian must be computed
and its rank evaluated.

In fact, if the rank of a function is defined as maximum number of linearly independent
elements in its image, then it can be shown(see theorem (B.4.3)) that the rank of a function
is equal to the rank of its Gramian matrix.

The advantage of this method is that it applies to multivariate as well as uni-variate
functions, as well as functions that are not differentiable. In addition, the method of

13In this thesis, only the inner products of real functions will be considered.
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Gramians will also work if the functions are not defined by analytic formulae, or if the
integrals must be evaluated numerically.

So, to determine if the components of the weighting vector function wMN are linearly
independent, and hence whether the function is fully ranked, the Gramian Matrix of the
function must first be computed.

3.10 Isotropic Reflectivity Gramians

In order to show the linear independence of the weighting vector component functions,
their Gramian must be computed and its rank determined. The Gramian matrix of the
component functions of the weighting vector function wMN , will also be referred to as
the Reflectivity Gramian matrix, or simply the Gramian matrix of the weighting vector
function itself. And by (B.4.3), its rank will determine the rank of the weighting vector
function.

However, the weighting vector function wMN , aside from being a function of the wave
direction variables (θM , φM , θN , φN ), also depends on certain parameters specific to the
ensemble of experiments. Specifically, it depends on the incident and scattered wave speed
VM and VN , and upon the characteristic background speed V0.

This presents a slight complication as, since the component functions of wMN depend
on parameters, their Gramian matrix will also depend on these parameters. Hence, before
the rank of the Gramian can be determined, it would appear that these parameters must be
specified. In other words, the background isotropic medium must be specified. However,
this is not optimal as it would be preferable to examine the invertibility of ensembles of
experiments in all kinds of isotropic materials, regardless of wave speed parameters. In
fact, this complication can be removed, by a slight reformulation of the function wMN .

From the change of variables and redefinition in section 3.6, it was shown that the
components of the weighting vector functions wMN are composed of terms which are
products of uni-variate functions. The functions are given in full in Appendix D section
D.1. It can be seen that the majority of the component functions depend only on the wave
direction variables (θM , φM , θN , φN )T , and upon no other variables or parameters.

wMN =

(
ΞMN

UMN
, aMN
K1

, . . . , aMN
K21

)T
(3.10.1)

By the construction in section 3.4 each of the aMN
Ki

component functions in the weighting
vector is a product of the components of the wave polarisation and slowness vectors. Of
these vectors, only the slowness vectors γN and γM , depend on the wave speed parameters.
The length of the slowness vectors are inversely proportional to the respective wave speeds,
by (3.6.5). But as seen in the constructions in (3.4.3) and (3.4.4), the slowness vectors are
multiplied by their respective wave speeds, cancelling the dependence of the aMN

Ki
terms

on the wave speed parameters.
Indeed, the only component function of wMN that depends on the wave speed param-

eters is the first component function, which is given by

ΞMN

UMN
= ξMi ξ

N
i

VMVN
V 2

0

(3.10.2)

Consider the vector ŵMN which results from setting VMVN

V 2
0

= 1, so that the wave mode

speeds are no longer a free parameter. ŵMN will be called the restricted weighting vector .
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The restricted weighting vector is typically non-physical14, but the true weighting vector
can be specified in terms of it. Let µMN = VMVN

V 2
0

and construct the diagonal matrix

MMN =




µMN

1
. . .

1


 (3.10.3)

and note that MMN is a constant matrix for any particular ensemble of experiments. The
true weighting vector wMN can now be expressed in terms of MMN and the restricted
weighting vector as

wMN = MMNŵMN (3.10.4)

The advantage of this construction is that ŵMN , and ultimately its Gramian matrix,
can be examined without prior knowledge of the specific wave speeds in the ensemble of
experiments. In addition, the rank of the Gramian matrix of wMN can also be determined
without prior knowledge of the wave speeds. Because the effect of MMN is only to scale
one component of wMN , the dimension of the codomain spanned by the image of the
function will remain unaltered (see the discussion in Appendix B), and so the rank of the
function will be the same. This is proven by the following lemma.

Lemma 3.10.1
The weighting vector function wMN has the same rank as its restricted weighting vector
function ŵMN .

Proof. By Theorem B.4.3 the rank of a function is the same as the rank of its Gramian
matrix. So if the ranks of the Gramian matrices of the two functions can be shown to be
equal, then the proof is complete.

Let GMN denote the single mode Gramian matrix of the single mode weighting vector
function wMN . With wMN as a 22 × 1 column vector, GMN can be given by

GMN =

∫

D

wMNwT
MNdΘ (3.10.5)

Also, let WMN denote the Gramian matrix of the restricted weighting vector function
ŵMN . Then WMN is given by

WMN =

∫

D

ŵMNŵT
MNdΘ (3.10.6)

Where D is the domain of the wave direction variables Θ. The matrices WMN will be
referred to as the restricted Gramian matrices of the weighting vector.

Now since wMN = MMNŵMN , where MMN is a constant fully ranked diagonal matrix,

14In the case of an ensemble of experiments in a single experiment mode MN , it would be possible
to choose V0 =

√
VNVM so that the weighting vector for the ensemble is the restricted weighting vector.

However, in anticipation of mixed mode ensembles, this is not done here.
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G can be written as

GMN =

∫

D

MMNŵMN (MMNŵMN )TdΘ

=MMN

(∫

D

ŵMNŵT
MNdΘ

)
M
T
MN

⇒ GMN =MMNWMNMMN (3.10.7)

The MMN matrices multiplying WMN on the left and right constitute an elementary row
and column operation on that matrix respectively. Respectively each multiplies the first
row and the first column of WMN by µMN 6= 0. Since elementary operations leave rank
unchanged, the rank of WMN is unchanged by these multiplications. Therefore, the rank
of GMN is equal to the rank of WMN . And so, the rank of the weighting vector function
wMN is equal to the rank of its restricted weighting vector function ŵMN .

This lemma is extremely useful as it allows the ranks of the weighting vector functions
wMN to be determined without prior knowledge of the specific wave speeds VN and VM
in the background isotropic medium.

The restricted weighting vector functions ŵMN are derived from the isotropic back-
ground weighting vector functions wMN shown in Appendix D section D.1, by simply
setting µMN = VNVM

V 2
0

= 1 in the first component function of wMN . However, since these

functions are of considerable size and complexity, the computation of their Gramian matri-
ces WMN , for each of the nine possible experiment modes, is no small task. However each
of the component functions is composed of products of uni-variate trigonometric functions.
Because of this, the computation of the Gramian matrices will ultimately reduce to the
computation of integrals of simple trigonometric functions.

For example, the definition of the weighting vector function wPP is given in (D.1.1)

on page 245, and setting
V 2

P

V 2
0

= 1 gives the restricted weighting vector function ŵPP . The

third component function of ŵPP is then seen to be given by

(wPP )3 = cos2 φM cos2 φN sin2 θM sin2 θN (3.10.8)

With this function, and via (3.10.6), the 3rd diagonal entry of the restricted Gramian
matrix WPP , denoted (WPP )33, is obtained by evaluating the integral

(WPP )33 =

∫

D

(wPP )3(wPP )3dΘ

=

∫ 2π

0

∫ 0

−π/2

∫ 2π

0

∫ π/2

0
(wPP )23dφ

NdθNdφMdθM (3.10.9)

Since (wPP )3 consists of uni-variate functions, the integral over the domain D reduces to
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the product of uni-variate integrals.

(WPP )33 =

(∫ 0

−π/2
cos4 φMdφM

)(∫ π/2

0
cos4 φNdφN

)

×
(∫ 2π

0
sin4 θMdθM

)(∫ 2π

0
sin4 θNdθN

)
(3.10.10)

=
3π

16
× 3π

16
× 3π

4
× 3π

4
(3.10.11)

(WPP )33 =
81π4

4096

Similarly, to calculate (WPSH)34, it is noted that the third and fourth component functions
of ŵ are given in (D.1.2) on page 246 as

(wPSH)3 = cos2 φM cosφN sin2 θM cos θN sin θN (3.10.12)

and
(wPSH)4 = 0 (3.10.13)

So therefore

(WPSH)34 =

∫

D

(wPSH)3(wPSV )4dΘ = 0 (3.10.14)

And similarly, to find (WSV SH)36, note that, as given in (D.1.8) on page 252

(wSV SH)3 = − cosφM sinφM cosφN sin2 θM cos θN sin θN (3.10.15)

and

(wSV SH)6 = −1

2

(
cosφM sinφM cosφN cos θN sin θN

)
(3.10.16)

and these give

(WSV SH)36 =

∫ 2π

0

∫ 0

−π/2

∫ 2π

0

∫ π/2

0
(wSV SH)3(wSV SH)6dφ

NdθNdφMdθM

=
1

2

(∫ 0

−π/2
cos2 φM sin2 φMdφM

)(∫ π/2

0
cos2 φNdφN

)

×
(∫ 2π

0
sin2 θMdθM

)(∫ 2π

0
cos2 θN sin2 θNdθN

)
(3.10.17)

(WSV SH)36 =
1

2

( π
16

× π

4
× π × π

4

)
=

π4

512

Therefore, it can be seen that while a great many Gramian matrix components must be
calculated, ultimately each component computation will reduce to evaluating integrals of
trigonometric functions in a single variable whose integrals may be found from precom-
puted tables. Thus the task can be completed using tables, or more practically by using
a computer algebra system.

The Gramian matrices which result from these computations are shown in full in
Appendix D, section D.2 on page 254, It can be seen that these matrices are quite sparse.
Surprisingly, despite the different domains of integration in the φM and φN variables,
the Gramian matrices of opposite mode pairs are in fact equal with WPSH = WSHP ,
WPSV = WSV P and WSHSV = WSV SH . The ranks of the resulting restricted weighting
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vector Gramian matrices are,

rank (WPP ) = 22 rank (WSHP ) = 19 rank (WSV P ) = 21
rank (WPSH) = 19 rank (WSHSH) = 11 rank (WSV SH) = 15
rank (WPSV ) = 21 rank (WSHSV ) = 15 rank (WSV SV ) = 16

(3.10.18)

And by lemma (3.10.1), these ranks are equal to the ranks of the corresponding weighting
vector Gramians GMN . Hence by Theorem B.4.3, these ranks are equal to the ranks of
the corresponding weighting vector functions wMN .

It can be seen from (3.10.18) that the only fully ranked single mode weighting vector
function is wPP . Since wPP is fully ranked on its domain, by the definition of fully ranked
function in section 3.8, there exist 22 sets of wave direction variables (θM , φM , θN , φN ),
which produce 22 linearly independent weighting vectors wm. For a fixed point scatterer
located at y, the wave direction variables (θM , φM , θN , φN ) also determine the ensemble
of experiments examining the scatterer. And because the 22 wm are linearly independent,
the weighting matrix W that they form in the ensemble data equation (3.4.23) will be
fully ranked and hence invertible. And so, the ensemble data equation will be invertible
and the data gathered in the ensemble can be inverted for the elastic perturbations vector
c1 using equation (3.5.1).

Therefore, for an anisotropic point scatterer embedded in a known isotropic back-
ground, it is possible to construct an ensemble of PP mode experiments which will de-
termine the elastic parameters, i.e. the density and Hooke’s tensor components, for that
scatterer.

In addition, because of their deficient ranks in (3.10.18), it is in fact impossible to
construct such an invertible ensemble in any other single experiment mode.

3.11 Mixed Mode Ensembles

In the previous sections it was proved that invertible ensembles of experiments in a single
experiment mode exist only in the case of PP mode experiments. The ranks of the re-
stricted weighting vector Gramian matrices given in (3.10.18), along with Lemma (3.10.1),
show that invertible ensembles in any other single experiment mode are impossible. How-
ever the case of ensembles of experiments in multiple experiment modes has not yet been
examined. An ensemble having experiments in multiple modes will be called a mixed mode
ensemble.

It will be shown that it is possible to obtain invertible mixed mode ensembles utilising
multiple experiment types. However it will also be shown that any such ensemble must
contain at least one PP mode experiment.

It was shown in section 3.6 that the weighting vector is ultimately a function of the
wave direction variables and the experiment mode MN .

w = w(θM , φM , θN , φN ,MN) (3.11.1)

To analytically consider the problem of having to choose an experiment mode as well as
wave direction variables, note that for any fixed experiment mode the weighting vector
function has period 2π in both the θM and θN variables. Thus looping around a period
of 2π in either of these variables will return the function to the same value in the same
mode.

Instead of looping back to the same experiment mode every 2π radians of incident or
scattered longitude, the mode can be changed with every such cycle. An incident wave
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mode function can formally declared as

M(θM ) =





P , 0 ≤ θM < 2π

SH , 2π ≤ θM < 4π

SV , 4π ≤ θM < 6π

(3.11.2)

With a similar function defined for scattered wave mode15 N(θN ). Following these, an
experiment mode function can be defined as

MN(θM , θN ) = M(θM )N(θN ) (3.11.3)

In this way, the complication of selecting an experiment mode is reduced to simply choosing
a point on an extended domain of the incident and scattered latitudes θM and θN .

With this simplification, the mixed-mode weighting vector function can be declared on
an extended domain as w(Θ) : D+ 7→ R22 with

w = w(θM , φM , θN , φN ,MN(θM , θN )) (3.11.4)

where the extended domain D+ is given by

D+ = [0, 6π) × [−π
2
, 0) × [0, 6π) × (0,

π

2
] (3.11.5)

The mixed mode weighting vector w is then given in terms of the single mode weighting
vector functions by selecting these functions based on the values of the longitudes θM , θN .
Specifically,

w(Θ) =





wPP (Θ), 0 ≤ θM < 2π, 0 ≤ θN < 2π
wPSH(Θ), 0 ≤ θM < 2π, 2π ≤ θN < 4π
wPSV (Θ), 0 ≤ θM < 2π, 4π ≤ θN < 6π
wSHP (Θ), 2π ≤ θM < 4π, 0 ≤ θN < 2π
wSHSH(Θ), 2π ≤ θM < 4π, 2π ≤ θN < 4π
wSHSV (Θ), 2π ≤ θM < 4π, 4π ≤ θN < 6π
wSV P (Θ), 4π ≤ θM < 6π, 0 ≤ θN < 2π
wSV SH(Θ), 4π ≤ θM < 6π, 2π ≤ θN < 4π
wSV SV (Θ), 4π ≤ θM < 6π, 4π ≤ θN < 6π

(3.11.6)

More compactly, let the longitude intervals from 0 to 6π be divided up into the intervals

I1|4 = IP = [0, 2π), I2|5 = ISH = [2π, 4π), I3|6 = ISV = [4π, 6π) (3.11.7)

so that with the modes M and N being one of {P, SH, SV }, the function w is given by

w(Θ) = wMN (Θ), θM ∈ IM , θN ∈ IN (3.11.8)

Thus, w considers over the domain D+ all possible experiment configurations in all possible
experiment modes as for any pair of longitude intervals, IM , IN , w is equal to the value of
the single mode weighting vector function wMN . Any mixed mode ensemble of experiments
can be specified by selecting 22 sets of wave direction variables Θi ∈ D+. The modes of
each experiment can be obtained directly from the Θi via (3.11.2).

15Recalling from section 2.7 that for isotropic waves, incident wave modes M = 1, 2, 3 and scattered
wave modes N = 4, 5, 6 both correspond to isotropic wave modes P, SH, SV respectively.
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To find an invertible mixed mode ensemble, the function w must be fully ranked over
the domain D+. But, since over the domain D ⊂ D+ w is equal to the function wPP ,
and since wPP is fully ranked on D, w is automatically fully ranked on D+. However,
this deduction does not give any insight into whether it is possible to obtain an invertible
ensemble using experiment modes apart than PP , and especially without using PP mode
experiments.

It is more useful and insightful to examine the rank of the w function by calculating
its Gramian matrix.

As in (3.10.5), the mixed mode Gramian matrix G of the function w is given by

G =

∫

D+
wwTdΘ =

∫ 0

−π/2

∫ π/2

0

∫ 6π

0

∫ 6π

0
wwTdθNdθMdφNdφM

=

∫ 0

−π/2

∫ π/2

0

3∑

M=1

6∑

N=4

∫

IM

∫

IN

wwTdθNdθMdφNdφM

=
3∑

M=1

6∑

N=4

∫ 0

−π/2

∫ π/2

0

∫

IM

∫

IN

wNMwT
NMdθ

NdθMdφNdφM (3.11.9)

=
3∑

M=1

6∑

N=4

∫ 0

−π/2

∫ π/2

0

∫ 2π

0

∫ 2π

0
wNMwT

NMdθ
NdθMdφNdφM

since by the periodic nature of the single mode weighting vector function wNM means
that its values over any pair of longitude intervals IM , IN are equal to its values over the
intervals [0, 2π), [0, 2π).

The integrals in the last line in (3.11.9) can be recognised as the definitions of the
single mode Gramians from (3.10.5) meaning that the mixed mode Gramian G is simply
the sum of the single mode Gramian matrices.

G =
3∑

M=1

6∑

N=4

GMN = GPP + GPSH + · · · + GSV SV (3.11.10)

Since the Gramian GPP is fully ranked, by Theorem (B.5.1) it is therefore positive definite.
And since the other single mode Gramians are positive semi-definite, the total Gramian
G is therefore positive definite, and this means it must be fully ranked. Therefore the
function w is fully ranked as was expected from the full rank of the wPP function.

To consider the problem of mixed mode ensembles which do not include PP mode
experiments, it is enough to restrict the domain of the mixed mode weighting vector
function so that no PP mode vector is selected. Let the domain of w be restricted to
D+ \ D so that the function wPP is never selected from the rule in (3.11.6). In this case,
following the argument in (3.11.9) with no PP interval present, it can be seen that the
resulting Gramian of w on the restricted domain is given by

G =
∑

MN 6=11,
M,N={1,2,3}

GMN = GPSH + GPSV + · · · + GSV SV (3.11.11)

And so this restricted mixed mode Gramian is simply the sum of all the single mode
Gramians, excluding the PP mode Gramian. In this case, G is only the sum of positive

76



semi-definite matrices16, and so can only be said to be at most positive semi-definite.
Therefore it is not possible to say immediately if G is fully ranked without some further
analysis.

By (3.10.7) each of the single mode Gramian matrices can be written in terms of its
restricted Gramian matrix, giving

G =
∑

MN 6=11,
M,N={1,2,3}

MMNWMNMMN (3.11.12)

And so G can be represented in terms of the restricted Gramian matrices WMN .
Lemma (3.10.1) allowed the determination of the rank of the single mode Gramians

GMN from their restricted matrices WMN . Unfortunately, because each of the MMN are
in general distinct, with different µNM variables,(see (3.10.3)) no directly corresponding
theorem exists for the mixed mode Gramian G.

The µMN variables depend on the wave speeds for each mode as well as on the char-
acteristic wave speed. With

µMN =
VMVN
V 2

0

(3.11.13)

These variables will change from experiment mode to experiment mode, and for different
isotropic backgrounds. Therefore, G cannot be found without prior knowledge of the
specific wave speeds in the ensemble of experiments.

However it is still possible to examine whether G is fully ranked without knowing the
specific values of the µMN . In fact G can be shown to be rank deficient for any possible
set of values of the µMN . This is proved by the following lemma.

Lemma 3.11.1
The restricted mixed mode Gramian matrix G is rank deficient, i.e. not fully ranked,
regardless of the values of the µMN .

Proof. The lemma will be proved by showing that the determinant of G is a quadratic
form in the µMN variables, and that all coefficients of this quadratic form are zero.

Let the 9 possible experiment modes be enumeratedm = 1, . . . , 9 in the following order;
(PP, PSH,PSV, SHP, SHSH, SHSV, SV P, SV SH, SV SV ). Then the µMN variables
are also labelled in this order µm, m = 1 . . . 9. The restricted mixed mode Gramian,
which excludes PP mode experiments17, is then given as the sum of the last eight single
mode Gramians

G = GPSH + . . .GSV SV =
9∑

m=2

Gm (3.11.14)

By (3.10.7) for any experiment mode m, the single mode Gramian matrix Gm is given by

Gm = MmWmMm (3.11.15)

where Wm is the restricted Gramian of the mth experiment mode which is independent of

16See Theorem (B.5.1)
17Hence excluding m = 1.
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the µm variables, and where

Mm =




µm
1

. . .

1


 (3.11.16)

is a diagonal matrix. The effect of the Mm matrices on each single mode Gramian matrix
Gm is to multiply the first row and the first column of Wm by the factor µm. And so only
elements in the first row and first column of the Wm are affected by the µm.

The mixed mode Gramian G is now divided into those elements which are in the first
row and first column, and those elsewhere. Let

G =




g1,1 g1,2 · · · g22,1
g2,1
... G21

g22,1


 =

[
g1,1 gT

g G21

]
(3.11.17)

Here G21 is the 21× 21 lower right sub-matrix of G which is unaffected by the µm param-
eters. As G is symmetric, the 22× 1 vector g = (g2,1, . . . , g22,1)

T appears in both the first
row and first column of the matrix. The component g1,1 is a single entry.

If the Wm matrices are now divided up similarly as

Wm =

[
xm xTm
xm X21

m

]
(3.11.18)

then the single mode Gramians are given by18

Gm =

[
µ2
mxm µmxTm
µmxm X21

m

]
(3.11.19)

With these divisions, and recalling that PP mode experiments corresponding to m = 1
are excluded, it can be seen that

G
21 =

9∑

m=2

X21
m

g1,1 =
9∑

n=2

µ2
mxm

g =
9∑

n=2

µmxm (3.11.20)

The determinant of G can now be examined using the rules for decomposing determinants,
which a briefly stated here. Consider an n × n matrix with rows labelled as the vectors

18Here, the summation convention is not applied to the index m.
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vTi , i.e. 


vT1
vT2
...

vTn


 (3.11.21)

The determinant of any matrix then obeys the following rules[29:H. Anton 2000]

1. ∣∣∣∣∣∣∣∣∣

aT + bT

vT2
...

vTn

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣

aT

vT2
...

vTn

∣∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣∣

bT

vT2
...

vTn

∣∣∣∣∣∣∣∣∣
(3.11.22)

2. ∣∣∣∣∣∣∣∣∣

caT

vT2
...

vTn

∣∣∣∣∣∣∣∣∣
= c

∣∣∣∣∣∣∣∣∣

aT

vT2
...

vTn

∣∣∣∣∣∣∣∣∣
(3.11.23)

Corresponding rules exist for the decomposition of the determinant using the columns of
the matrix instead of the rows.

Using (3.11.17) and (3.11.20) the determinant of G is given by

|G| =

∣∣∣∣
g1,1 gT

g G21

∣∣∣∣ =
∣∣∣∣∣

∑9
n=2 µ

2
nxn

∑9
j=2 µjx

T
j∑9

i=2 µixi G21

∣∣∣∣∣ (3.11.24)

Now, to decompose this determinant, the first column is divided up into two vectors, one
having zero components outside of the first row, and one having a zero component in the
first row. The first determinant rule in the case of columns is then applied giving

|G| =

∣∣∣∣
∑9

n=2 µ
2
nxn

∑9
j=2 µjx

T
j

0 G21

∣∣∣∣+
∣∣∣∣∣

0
∑9

j=2 µjx
T
j∑9

i=2 µixi G21

∣∣∣∣∣ (3.11.25)

The first determinant can be simplified by noticing that, because of the zeros in the
leftmost column, the minors for all but the first element on the top row are zero. And
so, all elements in the top row but the first may be set to zero while still giving the same
determinant ∣∣∣∣

∑9
n=2 µ

2
nxn

∑9
j=2 µjx

T
j

0 G21

∣∣∣∣ =
∣∣∣∣
∑9

n=2 µ
2
nxn 0T

0 G21

∣∣∣∣ (3.11.26)

Next by decomposing the first rows and first columns of second determinant in (3.11.25)
using the first rule, the summations can be taken outside the determinants giving

|G| =
9∑

n=2

∣∣∣∣
µ2
nxn 0T

0 G21

∣∣∣∣+
9∑

i=2

9∑

j=2

∣∣∣∣
0 µjx

T
j

µixi G21

∣∣∣∣ (3.11.27)

Finally, applying the second determinant rule to the first rows and first columns of each
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determinant gives

|G| =

9∑

n=2

µ2
n

∣∣∣∣
xn 0T

0 G21

∣∣∣∣+
9∑

i=2

9∑

j=2

µiµj

∣∣∣∣
0 xTj
xi G21

∣∣∣∣ (3.11.28)

Next, declare the 8 × 8 diagonal matrix B whose entries are given by

Bii =

∣∣∣∣
xi 0T

0 G21

∣∣∣∣ (3.11.29)

and the 8 × 8 matrix C whose entries are given by

Cij =

∣∣∣∣
0 xTj
xi G21

∣∣∣∣ , i, j = 2, . . . , 9 (3.11.30)

And so the determinant can be written as

|G| =
9∑

n=2

µ2
nBii +

9∑

i=2

9∑

j=2

µiCijµj (3.11.31)

which is a quadratic in the variables µm. The form of |G| can be made clearer by defining
the vector of variables

m = (µ2, µ3, . . . , µ9)
T (3.11.32)

and the matrix A = B + C. The formula for the determinant then becomes

|G| = mT
Am (3.11.33)

The coefficient matrices B and C, and hence A, do not depend on the µm variables and
can be computed in advance.

Indeed, upon calculation, it can be found that the all the coefficients in A are zero, as
all the matrices considered in (3.11.31) are rank deficient. This occurs in part because the
21 × 21 submatrix G21 has a rank of only 20. This matrix is shown in equation (D.2.10)
on page 263. The matrix in fact has the 21 × 1 nullvector

n =
[

1 1 1 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
]T

(3.11.34)

so that G21n = 0. Moreover, all the vectors xm can be shown to be linear dependant
upon the columns of G21. Formally, let the xm vectors be arranged as the columns of the
21 × 8 matrix X8 as

X8 =
[

x2 x3 · · · x9

]
(3.11.35)

This matrix is shown in equation (D.2.11) on page 264. Then, with the 21 × 8 nullspace
matrix N8 defined in equation (D.2.12) on page 264, by a direct calculation it can be shown
that

G
21

N8 = X8 (3.11.36)

so that all of the column vectors xm are linearly dependant on the columns of G21.
Because of this dependency, and because the rank of G21 is only 20, it is then the case

that all of the minors of the matrices used in the calculation of Bii and Cij are zero, and
so these determinants are all zero. Therefore, B and C, and hence A are zero matrices and
so via (3.11.33) |G| = 0 for all possible values of the variables in m.

80



Since the determinant |G| is always zero, the matrix G is rank deficient for all possible
values of the µMN .

Since the Gramian matrix is not fully ranked, the restricted mode function w is not
fully ranked. And so it is impossible to find an invertible ensemble of 22 mixed mode
experiments which does not include PP mode experiments. In fact, it is possible to
obtain only 21 independent weighting vectors from restricted mixed mode experiments.
Thus in order to obtain invertible ensembles, at least one PP mode experiment must be
utilised.

The above arguments show the existence and non-existence of invertible ensembles
of experiments in various experiment modes. However, they do not discuss how such
ensembles can be found. In the next section, this problem will be examined in light of the
existence of a solution.

3.12 Finding An Invertible Ensemble

The analysis in the previous section shows that it is possible to obtain an invertible
ensemble using only PP mode experiments19, that is experiments in which the incident
and scattered waves are both P -waves. However, this was only an existence argument.
While it does show that they exist, it does not give any insight into how to find any
particular invertible ensemble.

In fact, invertible ensembles of PP mode experiments are in some sense dense in the
space of all PP mode experiments. If a collection of 22 sets of wave direction variables
(θM , φM , θN , φN ) is chosen at random, the ensemble that they define is almost certain to
be invertible, i.e. the weighting matrix W will be fully ranked. However, the condition
number of W may be quite high, and this is an undesirable situation.

The condition number of a matrix A is the ratio between its largest and smallest
singular values, σmax/σmin. The condition number is a measure of how close the matrix
is to being singular. If the condition number is very high then, on any scale, the matrix
A behaves almost like a singular matrix, and is said to be an ill-conditioned matrix. This
makes it very difficult to find the inverse of A−1 or to accurately solve any equation linear
equation involving it, Ax = b.

Though the inverse A−1 and the solution x = A−1b exist, because of numerical errors
introduced by round-offs, approximations and indeed any errors in the values of A or b,
the inverse and the solution will be subject to a high degree of numerical instability. Small
errors in b, as well as simple round-offs, will introduce large errors in the solution x. If a
matrix has a high condition number, then a very high level of numerical precision will be
needed to accurately solve any equations involving it.

Conversely, if the matrix A has a low condition number, then its inverse and any
solutions will be well behaved under numerical inversion, and only a low level of numerical
precision will be needed to accurately solve equations involving it. A matrix with a low
condition number is said to be well conditioned. In general it is more convenient for a
matrix of a given rank to have as low a condition number as possible. The lowest possible
condition number a matrix can have is 1.

The transpose of the weighting matrix W must be inverted in order to apply equation
(3.5.1) to the data vector d. The transpose W T has the same condition number as W

19Moreover, an invertible ensemble is possible only when PP mode experiments are employed at least
once in the ensemble.
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itself. The final inversion equation is given by

c1 = W−TA−1d (3.12.1)

where W−T stands for (W T )−1. Since in any real experiment there will be errors in d due
to measurement, and numerical errors due to round-offs during inversion, it is desirable
to have a weighting matrix W with as low a condition number as possible so that these
errors will have as little an effect on the solution c1 as possible.

An invertible ensemble of experiments whose weighting matrix W has a low condition
number will be called a well conditioned ensemble. A well conditioned ensemble of ex-
periments will ensure a good estimate for the elastic perturbations vector c1 even in the
presence of errors in the gathered data d, and numerical errors. The lower the condition
number of W , the better conditioned the ensemble.

Therefore, instead of accepting any collection of 22 sets of wave direction variables
Θ = (θM , φM , θN , φN ) giving an invertible ensemble, a collection giving a well conditioned
ensemble will be searched for. Formally with the domain D given by

D = [0, 2π) × [−π
2
, 0) × [0, 2π) × (0,

π

2
] (3.12.2)

the goal is to find 22 Θi ∈ D which give a weighting matrix

W =
[

wPP (Θ1) wPP (Θ2) · · · wPP (Θ22)
]

(3.12.3)

which has as low a condition number, cond(W ), as possible, subject to the constraint that
rank(W ) = 22.

This is a standard optimisation problem, though the search space is quite large D22 ⊂
R88. There are many techniques which can solve such problems, but in this thesis, a
genetic algorithm will be used which takes advantage of the structure of the wPP function.
Genetic or Evolutionary algorithms are a class of stochastic optimisation methods which
use simulated evolution to find minima or maxima. Such algorithms were popularised
by Holland[30:Holland 1975] and Goldberg[27:Goldberg 1989]. In this thesis, a relatively
simple genetic algorithm will be presented and used to find well conditioned, fully ranked
experiment ensemble setups.

To reduce the complexity of the problem, the search space D will be discretised. One
key advantage of the genetic algorithm described below is its ability to deal with such
discrete spaces, which lack analytical properties such as differentiability, which would be
needed for other algorithms. A genetic algorithm has other advantages including the
ability to deal with discontinuous weighting vector functions which will be encountered in
later problems.

Firstly, to discretise the search space, notice that for certain input angles, many of
the components of the wPP vector are zero. In the hope that selecting such angles will
aid in finding a well conditioned ensemble, the search space is discretised by restricting
the angles of the wave direction variables to certain “perfect” angles. Specifically, for any
given experiment, the incident and scattered wave angles are restricted to discrete values

θM , θN ∈
{

0,±π
6
,±π

4
,±π

3
,±π

2
,±2π

3
,±3π

4
,±5π

6
, π

}

φM ∈
{
−π

6
,−π

4
,−π

3
,−π

2

}
(3.12.4)

φN ∈
{π

6
,
π

4
,
π

3
,
π

2

}
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The negative angles in the restricted set for longitudes θM and θN should be understood
to map to the corresponding positive angles in the range [0, 2π]; that is the angles are
mapped modulo 2π, e.g. −π

4 ≡ 7π
4 (mod 2π).

With this restriction, there are now only 4096 = 16 × 16 × 4 × 4 possible configu-
rations for each individual experiment, with some configurations producing identical ex-
periments20. With 22 experiments needed, and noting that exchanging the columns of a
matrix does not alter its condition number, there are

(
4096
22

) ∼= 2.5×1058 possible ensembles
using these restricted angle sets. The discretised search space is still quite large, so a direct
search is infeasible. In addition there may be many local minima for condition numbers,
and in any practical experiment , certain ensembles may not be feasible. For these reasons,
instead of searching for a global minimum, an alternative evolutionary method to search
for well conditioned ensembles will be discussed.

With the search space now discretised into 4096 possible configurations, the main
genetic algorithm can be introduced.

To begin, enumerate the possible experiment configurations Θj , j = 1, . . . , 4096. Each
of these configurations generates a corresponding weighting vector wj = wPP (Θj), j =
1, . . . , 4096, and these vectors can be computed and stored in advance. Choosing an
ordered set J of 22 integers J = {j1, j2, . . . , j22}, 1 ≤ ji ≤ 4096 selects a possible ensemble
in the search space. In analogy with biological structures, such a set J of integers will be
referred to as a genotype, with the individual integers being referred to as alleles. To each
genotype there corresponds a weighting matrix

WJ =
[

wj1 wj2 · · · wj22

]
(3.12.5)

which is made from the pre-computed weighting vectors. This matrix W is referred to
as the phenotype, and is the true structure in which we are interested, but which can be
specified by the simpler genotype. In addition, it is noted that each genotype specifies an
ensemble of experiments, via the wave direction variables.

The fitness fJ of the phenotype is a function which evaluates how optimal the pheno-
type is as a solution to the problem. One such function could be, for example, the inverse
of the condition number of the WJ matrix, fJ = 1/cond(WJ). Note that in this problem,
since the genotype specifies the phenotype precisely, fJ can be regarded as a fitness of the
genotype J itself; Indeed, this point of view will be taken for the rest of this thesis. And
so, the goal of the genetic algorithm is to find genotypes J with the greatest fitness fJ ,
i.e. which give phenotypes WJ with the lowest condition number21.

There are multiple ways to find genotypes with the greatest fitness, ranging from simple
to complex methods. Conceptually, the simplest method is to begin with a randomly
chosen genotype J with fitness fJ , and to randomly mutate this genotype by altering its
individual alleles(integers) to obtain a new genotype J1. If the new fitness fJ1 is greater
than the old fitness fJ , then J is set equal to J1, otherwise J remains unchanged. This
process is then repeated until a high enough fitness is reached or until enough iterations
have passed. This process is represented in pseudo-code in Algorithm 3.12.1 on the next
page.

This algorithm relies on the two functions fitness() and mutate(), which will now

20Due to the degeneracy of the spherical coordinate system at the poles, when φM = −π
2

or φN = π
2
,

all values of θM and θN respectively will give equal weighting vectors.
21Here, in the case of rank deficient matrices, the function cond(A) is taken to refer to the generalised

condition number [12:Carl Dean Meyer 2000] of the matrix A. This is defined as the product | det A|·| det A+|
where A+ is the pseudoinverse of A, and | det ·| is the matrix norm operator. In the case of fully ranked
A, the generalised condition number reduces to the standard condition number function.
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Algorithm 3.12.1 Simple Evolutionary Search

J := random genotype()
f := fitness(J)
iters := 0
while f ≤ target fitness AND iters < max iters do
J1 := mutate(J)
f1 := fitness(J)
if f1 > f then
J := J1

f := f1

end if
iters := iters+ 1

end while

be discussed. The first of these, the fitness() function, is the more critical of the two.
Any genetic algorithm will at all stages attempt to minimise this function and only this
function to the exclusion of all other concerns. Selection of a proper fitness function is
therefore extremely important.

The fitness function already mentioned, fJ = 1/cond(WJ), suffers from an important
defect in that even if the matrix is not fully ranked, its condition number can still be quite
low22. In the most extreme case if a matrix has rank one, then it will have a condition
number of one—the lowest possible condition number—meaning it will have a fitness of 1,
the highest possible fitness. For this reason, if the above 1/cond(WJ) were to be chosen as
the fitness, the algorithm would likely converge on a well conditioned matrix of deficient
rank.

A better fitness function for this problem must take into account the rank of the
matrix WJ . But this must be done in such a way that matrices which are rank deficient
but otherwise very well conditioned are not overly penalised, or worse excluded entirely
from consideration, particularly in the earlier iterations of the algorithm.

For example, suppose a genotype had an excellent condition number, but had only a
rank of 21. Though the 22 of the vectors are close being mutually orthonormal, one is
linearly dependant on the others. Clearly, an appropriate change to just one vector, i.e.
to just one allele(integer) in the genotype, would result in a well conditioned matrix of
rank 22. Therefore it would be prudent to reward both well conditioned-ness and rank, to
allow such matrices to proliferate.

A good fitness function which balances the concerns of rank and condition number is
given by

fJ =
10rank(WJ )−22

cond(WJ)
(3.12.6)

This fitness function rewards genotypes with a low condition number and a high rank.
The fitness is inversely proportional to the condition number. And for each rank that the
matrix drops below 22, the fitness is decreased by a factor of 10. This function will be
selected as the fitness function in what follows23.

The purpose of the mutate() function is to perturb the current genotype J , with a
certain probability, to obtain a similar but distinct genotype J1 which is still a member of

22Recall that here, the cond() function refers to the generalised condition number, which is defined for
rank deficient matrices.

23
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the search space. This can be accomplished by a simple function such as the one described
in pseudo-code in Algorithm 3.12.2.

Algorithm 3.12.2 Mutate genotype J

N := 4096
J1 := J
for i = 1 TO 22 do
r := random real() mod 1
if r < mut prob then
J1[i] := random int() mod N

end if
end for
return J1

The effect of this mutate() function is to change just a few of the alleles in the genotype
J . The mutations of any individual allele of the genotype occur with probability p and are
all independent of one another, and so a Binomial distribution can be used to model the
probability of the total number of mutations. For a mutation probability p, the probability,
P (k), of k allele alterations to the genotype is given by the binomial distribution[24:G.
Casella and R.L. Berger 2001]

P (k) =

(
22

k

)
pk(1 − p)22−k (3.12.7)

These probabilities for all k = 1, . . . , 22 are plotted in Figure 3.12.1. With a mutation
probability of mut prob = p = 0.1, it is most likely that 2 or 1 alleles in the genotype
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Figure 3.12.1: The probability of k alleles(integers) of a genotype of size 22 being altered by
mutation function is given by the binomial distribution (3.12.7). Here, the probability of individual
genotype alteration is p = 0.1.
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will be altered by the mutation function. However, any number of alterations—including
zero—is possible, though less probable.

It should be noted that the mutate() function is completely random, and is in no way
guaranteed to find a genotype J1 which has a greater fitness than J . Indeed, as the fitness
improves, the majority of mutations will not produce a fitter genotype. However, some
mutations do produce fitter genotypes, and these improved genotypes are used as a basis
for further mutations.

Algorithms (3.12.1) and (3.12.2) together with the fitness function (3.12.6) for a geno-
type describe a simple evolutionary algorithm which attempt to find a well condition
ensemble though selection of random mutations. A genetic algorithm relies upon the as-
sumption that if a genotype J has a good fitness, then there is likely to be a genotype J1

“close” to J that has a better fitness.
For the well conditioned ensemble search, this assumption is justified on the grounds

that changing one of the alleles(integers) in a genotype will change only one of the weight-
ing vectors in the phenotype matrix WJ . If the matrix of rank r has a good (generalised)
condition number, then the likelihood is that r of its column vectors are close to being mu-
tually orthonormal (on some scale). If the mutations happened to result in the exchange
of one of the less orthonormal vectors for a more orthonormal vector, then the condition
number will be improved.

Algorithm (3.12.1) is quite dependent on the initial random genotype, selected at the
beginning of the algorithm. If the initial genotype lies close to a particularly poor local
minimum of the search space, or far from any local minima, then the algorithm may not
find suitably well conditioned ensembles before the maximum number of iterations has
passed. There is a lack of diversity in the algorithm at the outset, and at all stages.
In addition, running the algorithm which deals with only a single genotype at a time is
inefficient.

Algorithm 3.12.3 Population based Evolutionary Search

population := random genotypes(popsize)
best fit := maximum fitness(population)
gen := 0
while best fit ≤ target fitness AND gen < max generations do

for i = 1 TO popsize do
mutated pop[i] := mutate(population[i])
fitnesses[i] := fitness(mutated pop[i])

end for
population := fitness selection(mutated pop, fitnesses)
best fit := maximum fitness(population)
gen := gen+ 1

end while

To add diversity and gain efficiency, instead of performing an evolutionary search on a
single genotype at a time, a population of genotypes can be randomly generated. In each
iteration or generation all members, or individuals24, of the population are mutated and
a new population is selected from these mutations using a quasi random algorithm which

24More properly, it should be stated that the members of the population are the phenotypes; not the
corresponding genotypes. Since the mapping from genotypes to phenotypes is invertible in the models
shown in this thesis, this distinction is not as obvious. It should be noted that in general genetic problems,
the mapping from genotypes to phenotypes can be stochastic, with even good genotypes producing poor
phenotypes.
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rewards genotypes with higher fitnesses. Such a population based search is described in
pseudo-code by Algorithm 3.12.3 on the preceding page.

In this algorithm, the population size is fixed for every generation, and the new popu-
lation is selected from the mutated population. Note that the same mutated genotype can
be selected more than once, and indeed is likely to be if its fitness is significantly larger
than the population average. The majority of functions in (3.12.3) should have relatively
clear meanings. The exception is the fitness selection() function, which is now specified.

The purpose of the fitness selection() function is to choose the fittest individuals from
the mutated population, in order to create the next generation’s population. In order to
aid diversity, this selection process should have some random element. This can be done
in several ways. One method to accomplish this is by roulette wheel selection, in which
the probability of an individual genotype being selected at any stage is proportional to its
fitness. An algorithm to implementing roulette wheel selection is described in pseudo-code
in Algorithm 3.12.4.

Algorithm 3.12.4 Roulette Wheel Selection of New Population from Mutated Population

Require: mutated pop,fitnesses
S := sum(fitnesses)
for i = 1 TO popsize do
sum := 0
j := 0
X := random real() mod S
repeat
j := j + 1
sum := sum+ fitnesses[j]

until sum ≥ X
new population[i] := mutated pop[j]

end for
return new population

With roulette wheel selection, while fitter individuals will have a greater likelihood of
being selected, there is still a small chance that even the least fit individuals will pass
through to the next generation. In this way, a certain degree of diversity in the population
can be maintained.

Algorithms (3.12.3) and (3.12.4) describe a population based evolutionary search for a
well conditioned ensemble. This search can be made more efficient than a single genotype
based search. In addition the diversity gained from having a large population at each step
helps to find global minima. It is also possible to modify the algorithm to further exploit
diversity among individuals by combining or “mating” individual genes via crossover. For
the sake of brevity, this process will not be described here.

It should be understood that the genetic algorithm described here is based on heuristics
and is essentially “blind”. There is no guarantee of improvement in population fitness at
any given step25, nor is there any guarantee that the algorithm will converge to a global
minimum. Also, algorithm (3.12.3) is quite dependent on the initial random population,
selected at the beginning. For these reasons, any genetic algorithm must typically be run
several times, and the final best conditioned matrices from different runs compared.

For this thesis, the population size was set to 1000 and the population was allowed to

25Indeed, it is even possible for the fitness to decrease in a generation, though this is very unlikely with
a large population.
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Figure 3.12.2: Best condition numbers in population at each successive generation for a single run
of Algorithm (3.12.3). After the first 20 generations, all best matrices in the population are fully
ranked.
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Figure 3.12.3: Best condition numbers in population at each successive generation for 500 inde-
pendent runs of Algorithm (3.12.3). For all runs, after the first 20 generations, all best matrices
in the population are fully ranked.
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Figure 3.12.4: An ensemble of PP mode experiments giving a fully ranked weighting matrix with
condition number 30.055. The plots each represent one experiment from Table (3.12.1). In each
plot, a 4× 4 km2 area of the surface is shown. The point scatterer is taken to lie 1km beneath the
origin in each experiment, and the source and receiver points on the surface are plotted as shown.
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evolve for 2000 generations. To ensure good coverage of the search space, (3.12.3) was run
500 times. The probability of allele mutation was also fixed at p = 0.1. In addition for all
these runs, the characteristic velocity V0 was set equal to 0.8VP corresponding to a ratio
Vs
VP

= 0.6 between S and P waves.
At each generation, the lowest condition number of the phenotype matrices WJ gen-

erated in the population was recorded26. In Figure 3.12.2 on page 88, the resulting graph
of the progression of lowest condition numbers in each generation for one particular run
is shown.

It can be seen that over successive generations, the condition number of the best en-
semble in the population decreases, as desired. In a given generation, the lowest condition
number may not be improved upon. This is particularly likely to be the case as the condi-
tion number improves, and may occur for several generations. This outcome can be seen
occurring in the long horizontal lines in Figure 3.12.2.

However, if by chance the algorithm does happen upon a better ensemble with a lower
condition number, then this ensemble is likely to be included in the next generation and
carry forward into future generations. Typically, such improvements occur sporadically
in a single generation, and are followed by several generations of no overall improvement.
This gives the plot in Figure 3.12.2 its stair shaped or echelon form.

The result shown in Figure 3.12.2 on page 88 is not an unusual outcome of a particular
run. The result of all 500 runs is shown in Figure 3.12.3 on page 88. It can be seen that the
progression of lowest condition numbers over the generations follows a general decreasing
trend, though there are stochastic influences. This shows that the evolutionary algorithm
outlined above is a reliable method for generating ensembles with low condition numbers.

Over the course of the 500 runs of the algorithm (3.12.3) shown, the lowest condition
number obtained was 30.055 with the rank of the corresponding matrix being 22, i.e. fully
ranked. The ensemble giving a weighting matrix with this condition number is given in
Table 3.12.1 on the next page. It is specified by the 22 sets of wave direction variables
Θ = (θM , φM , θN , φN ) for each of its experiments.

Again, for table (3.12.1), negative angles for the longitudes θM and θN should be
understood to map to the corresponding positive angles in the range [0, 2π]. The ensemble
associated to Table (3.12.1) is plotted in Figure 3.12.4 on the preceding page. Each
experiment is plotted by showing a 4 × 4 km2 area of the surface from above, with the
seismic source and receiver locations marked. The scatterer is taken to lie 1 km directly
below the origin in all experiments.

Thus a concrete instance of an invertible ensemble of experiments has been found.
From the wave direction variables in (3.12.1) the surface source and receiver locations can
be found via equations (3.6.5), (3.6.3), and (3.6.4).

The parameters chosen for the evolutionary algorithms presented above are not the
only possible choices. Population size can be increased which tends to add allele diversity
at the expense of algorithm memory usage and run time. Adding more generations will
also increase run time and give more opportunity for mutations to find better solutions,
but as can be seen in Figure 3.12.3 on page 88, improvements in solutions tend to be
marginal or nonexistent after enough generations have passed. Changing the all mutation
probability p increases the rate of mutation, which can allow better results to be more
easily found but can also reduce the algorithm to a random search as p increases. Changing
the characteristic velocity V0 tends to produce similar results, as long as V0 is not too close
to 0 or VP . For these results, it was found that the choice of these parameters affected only

26Typically for any run, the best matrices in the population will all have a rank of 22 after about 20
generations have passed.
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Experiment no. θM φM θN φN

1 0 −90 −60 30
2 0 −90 90 45
3 90 −60 30 30
4 150 −60 150 45
5 −45 −60 −60 30
6 30 −45 120 30
7 60 −45 60 45
8 −90 −45 −30 45
9 30 −30 0 60

10 45 −30 −60 30
11 45 −30 0 90
12 60 −30 30 30
13 60 −30 120 30
14 135 −30 120 30
15 −180 −30 −90 30
16 −150 −30 −45 30
17 −135 −30 120 30
18 −135 −30 −180 45
19 −120 −30 −60 30
20 −90 −30 −150 30
21 −60 −30 0 30
22 −60 −30 −60 60

Table 3.12.1: The most optimal set of 22 wave direction variables found over 500 runs of the
algorithm (3.12.3). The set describes an ensemble of experiments which produces a weighting
vector W having a condition number of 30.055.

the search time for the algorithm, and that well conditioned fully ranked ensembles were
quickly found within 100 generations or so for most sets of reasonable parameter choices.

For more a more complete and formal introduction to genetic and evolutionary algo-
rithms, see Goldberg[27:Goldberg 1989].

3.13 Inversion of Overdetermined Ensembles

To summarise the inversion of ensemble of seismic experiments examining a point anisotropic
inclusion; it was shown in sections (3.3) and (3.4) that considering an ensemble of multiple
seismic experiments leads to the ensemble data equation (3.4.23)

d = AW T c1 (3.13.1)

This is a system of linear equations in the variables c1 which hold the elastic parameter
perturbations of the point anisotropic inclusion. In order to solve this equation, the matrix
of weighting vectors W must be invertible. For ensembles of 22 experiments with at least
one PP mode experiment, it has been shown in sections (3.11) and (3.12) respectively
that ensembles giving invertible W exist and that these can be found using a heuristic
evolutionary algorithm.

Since such invertible ensembles exist, data gathered from them can be inverted using
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(3.5.1), giving c1 as
c1 = (AW T )−1d (3.13.2)

which is a well conditioned inversion so long as the ensemble is well conditioned. Since c1

is a 22 component vector, an ensemble of 22 experiments is the smallest ensemble which
can successfully be inverted for general elastic perturbations.

For k = 22 experiments, the system of linear equations in (3.13.1) has as many equa-
tions as unknowns. For overdetermined ensembles with k > 22 experiments, the system is
overdetermined with more equations than unknowns and (3.13.2) cannot be used directly
to solve for c1. Instead a least squares solution can be found using the pseudo-inverse of
W T .

In the case of an overdetermined system of k equations in 22 unknowns, d is a k × 1
matrix, A is a k × k diagonal matrix, and W T is a k × 22 matrix. As k > 22 W T does
not have an inverse in the usual sense, but instead has a least squares pseudo-inverse27.
Provided that W T has a rank of 22—meaning at least one set of 22 experiments in the
ensembles is invertible—its pseudoinverse (W T )+ can be given by

(W T )+ =
(
WW T

)−1
W (3.13.3)

The matrix (W T )+ is a left inverse for W T , meaning that (W T )+W T = I22 where I22 is
the 22 × 22 identity matrix. With this, a least squares solution of the data equation for
the elastic perturbations c1 in the case of ensembles of more than 22 experiments is given
by

c1 = (W T )+A−1d (3.13.4)

which will provide a unique solution for c1 provided the ensemble contains an invertible
subset of experiments.

Once the elastic parameter perturbations c1 are known, they can be added to the elastic
parameters c0 of the background isotropic material to obtain the elastic parameters of the
point anisotropic inclusion, ca = c0 + c1. From these parameters, the density ρa and
Hooke’s tensor components caijkl of the point inclusion can be found directly.

It has been shown that the inverse problem of finding the elastic parameters of an
anisotropic point inclusion embedded in a homogeneous isotropic background can be solved
with an appropriate ensemble of experiments. In Chapter 5 the inverse problem will be
studied in the case of more arbitrary inclusions. However, as this study will require more
advanced mathematical concepts from microlocal analysis, these will first be introduced.

27In general pseudo-inverse can be calculated using the singular value decomposition, but this can be
forgone in the case of fully ranked overdetermined systems.
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Chapter 4

Fourier Analysis

As well as using techniques from Chapter 3, the inverse problem of elastic wave scatter-
ing in Chapter 5 will require the use of Fourier Integral Operators and concepts from
microlocal analysis. The purpose of this chapter is to provide an introduction to these
techniques and related topics. Owing to obvious constraints, the presentation here will
lack the formality of more comprehensive introductions to these topics[41:Lars Hörmander
1971][42:Lars Hormander 1983][44:M. J. Lighthill 1958], but is intended to be a relatively
brief and self contained overview of the important mathematical topics used in this thesis.

Firstly, the complex form of Fourier Series will be defined and used to derive the Fourier
Transform pair most commonly used in microlocal analysis. With the Fourier Transform
defined, its most relevant properties will be discussed, in particular the relationship be-
tween the decay of the Fourier transform and singularities in the original function. This
will lead to the concepts of “flares” and the wave front set of a function.

With the introduction of the wave front set, the mapping of singularities of functions
can then be discussed, and both Pseudodifferential and Fourier Integral Operators intro-
duced. These operators and the study of their effects on singularities will constitute the
parts of microlocal analysis most relevant to the inverse problem of elastic scattering.

The material presented in this chapter is entirely based on the existing literature,
though the presentation is non-standard and considerably less formal than the more com-
prehensive texts above.

4.1 Fourier Series

Following the presentation in [44:M. J. Lighthill 1958], consider a real valued function f
defined on the interval [−πL, πL], L ∈ R+ , or equivalently, consider a function of period
2πL defined on R. The central idea of Fourier analysis is that f can be represented1 using
infinite sums of cosine and sine functions. Specifically,

f(x) =
1

2
a0 +

∞∑

n=1

an cos(
nx

L
) +

∞∑

n=1

bn sin(
nx

L
) (4.1.1)

This infinite series is called the Fourier series of the function, and the coefficients an and
bn are called respectively the Fourier cosine and sine coefficients of the function. In this
standard form, there is a slight asymmetry between the cosine and sine coefficients, with a

1Strictly speaking in order Fourier Series to be properly defined, the function must be an element of
L1(R), i.e.

R

R
|f |dx < ∞.
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factor of 1
2 multiplying the a0 coefficient. By introducing complex numbers this asymmetry

can be removed, and the Fourier series presented more concisely.
First declare

a−n = an b−n = −bn (4.1.2)

So that the Fourier coefficients are also defined2 for negative and zero n. Next, the complex
valued Fourier coefficients cn are defined for all n ∈ Z by

cn =
1

2
(an − ibn) (4.1.3)

Using these coefficients and Euler’s formula, eix = cos(x) + i sin(x), it can be shown that
for any n ≥ 0

an cos(
nx

L
) + bn sin(

nx

L
) = cne

inx
L + c−ne

−inx
L (4.1.4)

With this result the Fourier series in (4.1.1) can be written more concisely and symmet-
rically as

f(x) =

n=∞∑

n=−∞
cne

inx
L (4.1.5)

Thus, the function f can be represented as an infinite sum of complex exponential func-
tions.

By equations (4.1.2) and (4.1.3), for any real valued function c−n = c̄n, where c̄n
denotes the complex conjugate of cn. However, the series in (4.1.5) also applies to complex
valued functions where there is no such relationship between the cn coefficients.

The complex Fourier coefficients can be found by using the following property of com-
plex exponential functions. For any integer p, it is straightforward to show that

∫ πL

−πL
e

ipx
L dx =

{
2πL if p = 0,

0 if p 6= 0
(4.1.6)

This result stems from the oscillatory nature of the exponential functions when p 6= 0 (see

Figure 4.1.1). Integrating e−
imx

L f(x) over the domain [−πL, πL], and using (4.1.5) and

2To satisfy (4.1.2), b0 must equal 0.

−πL −3πL
4

−πL
2

−πL
4

πL
4

πL
2

3πL
4

πL

x

−1

1

O

Figure 4.1.1: Trigonometric integrals. The real (solid) and imaginary (dashed) parts of the function

e
ipx
L = cos( ipx

L
) + i sin( ipx

L
) are plotted for p = 2. For any p 6= 0, the integral of the function over

the domain [−πL, πL] will be zero owing to the oscillatory nature of the trigonometric functions
about 0. For p = 0 the integral will be 2πL.
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(4.1.6), the integral simplifies as

∫ πL

−πL
e−

imx
L f(x)dx =

n=∞∑

n=−∞
cn

∫ πL

−πL
e

i(n−m)x
L dx (4.1.7)

=
n=∞∑

n=−∞
cn2πLδnm = 2πLcm (4.1.8)

where δnm is the Kronecker Delta3. The above shows that the Fourier coefficient cm is
given by

cm =
1

2πL

∫ πL

−πL
e−

imx
L f(x)dx (4.1.9)

In this way, the coefficients in the Fourier series (4.1.5) can be obtained by integrating the
product of f and an oscillating exponential function over the interval.

For most practical functions f , as N becomes large, the series
∑

|n|<N cne
inx
L converges

to f(x). For such functions, only a relatively small number of coefficients cn need be
calculated to obtain a good approximation of f .

4.2 Fourier Transform

In order to move from the discrete Fourier series to the continuous Fourier transform, the
limit of the series must be examined as the period of the function becomes infinite, i.e. as
L→ ∞.

However, in order that certain sums and integrals that follow are guaranteed to con-
verge, certain restrictions must be placed on the function f . Specifically, f must be a
Schwartz function, which is defined in terms of rapidly decreasing functions as follows.

A rapidly decreasing function is one which decreases faster than any inverse power of
x as x→ ∞. Formally a function g is said to be rapidly decreasing if there exist constants
Cα ∈ R such that

|xαg(x)| < Cα <∞,∀α ∈ N0 (4.2.1)

A Schwartz function is one for which the function and all of its derivatives are rapidly
decreasing. Formally, f is a Schwartz function if there exist Cαβ ∈ R with

|xαfβ(x)| < Cαβ <∞,∀α, β ∈ N0 (4.2.2)

The symbol S denotes the space of Schwartz functions. If f ∈ S, then f and all its
derivatives tend rapidly to zero at infinity. With this assumption, the following analysis
becomes valid in the limit as L→ ∞

First declare the integral transform

gL(ω) =

∫ πL

−πL
e−iωxf(x)dx (4.2.3)

so that via (4.1.9), cm = 1
2πLgL(ω). With this, (4.1.5) becomes

f(x) =
1

2π

∞∑

n=−∞
ei

n
L
xgL(

n

L
)
1

L
(4.2.4)

3See (2.2.5)
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Now let ∆ω = 1
L , and ωn = n

L , and note that as L→ ∞, ∆ω → 0. Then (4.2.4) becomes

f(x) =
1

2π

∞∑

n=−∞
eiωnxgL(ωn)∆ω (4.2.5)

Taking the limit as ∆ω → 0, the sum in (4.2.5) becomes an integral. Letting f̂(ω) =
limL→∞ gL(ω), in the limit as L→ ∞ (4.2.3) and (4.2.5) become respectively, the Fourier
transform pair

f̂(ω) =

∫ ∞

−∞
e−iωxf(x)dx (4.2.6)

f(x) =
1

2π

∫ ∞

−∞
eiωxf̂(ω)dω (4.2.7)

The continuous Fourier transform pair shown here is not the only possible definition. In
fact, there is no generally accepted form of the Fourier transform pair[44:M. J. Lighthill
1958]. Many authors will have a factor of 2π in the exponent, removing the normalising
factor of 1

2π from the second integral. Others may move the normalising factor to the first
integral, or split the factor into two 1√

2π
factors, placing one on each integral in order to

make the transforms more symmetric. The signs of the exponents may also be exchanged.
The above pair has been chosen in this thesis for two reasons. Firstly, in the Fourier

differentiation rule (see below), there will be no inconvenient multiples of 2π to consider,
which is of great benefit in analysis. Secondly, the typographical inconvenience of the
normalising factor can be alleviated by introducing the following convention, which is
taken from [8:Bert-Wolfgang Schulze 1998].

In analogy with the convention in physics where the physical constant h, known as
Plank’s constant, is often replaced in equations with the reduced Plank’s constant ~ =
(2π)−1h, the following convention will be adopted

d̄ω = (2π)−1dω (4.2.8)

In addition, when the region of integration is the entire domain of the integrand, the limits
of integration will be omitted on the integral sign. i.e. the domain [−∞,∞] is assumed
by default.

With these conventions the Fourier transform pair becomes

f̂(ω) =

∫
e−iωxf(x)dx (4.2.9)

f(x) =

∫
eiωxf̂(ω)d̄ω (4.2.10)

In this thesis, the variable x and functions f will be referred to as being in the Normal
Domain , and the variable ω and functions f̂ will be referred to as being in the Fourier
Domain. In this way, it is said that the Fourier Transform in (4.2.9) maps functions from
the Normal Domain into the Fourier Domain, and that the Inverse Fourier Transform in
(4.2.10) maps functions from the Fourier Domain back into the Normal Domain.

Note that if the Normal Domain variable x has its dimension given in certain units,
e.g. seconds, then the co-variable in the Fourier Domain ω, will have dimension of inverse
units. Specifically the covariable will be measured in radians per unit, e.g. radians per
second.

The Fourier transform can be extended to functions of more than one variable as
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follows. Let f : Rn → R be a function of n variables, and let x = (x1, . . . , xn) and,
ξ = (ξ1, . . . , ξn) be vectors in Rn containing the n Normal domain and n Fourier domain
variables respectively. Then the Fourier transform pair for f is given by

f̂(ξ) =

∫
e−ix·ξf(x)dx (4.2.11)

f(x) =

∫
eix·ξf̂(ξ)d̄ξ (4.2.12)

where here, dx ≡ dx1 . . . dxn and (4.2.8) is extended to the multivariable case by letting
d̄ξ ≡ (2π)−ndξ1 . . . dξn. The domain of integration here is over the entire domain of the
functions, i.e. Rn. This is the Fourier transform for functions of n variables. It can be
obtained by taking one dimensional Fourier transforms in each variable pair (xj , ξj) in
succession, for example

f̂(ξ) =

∫
e−ixnξn · · ·

∫
e−ix1ξ1f(x1, . . . , xn)dx1 · · · dxn (4.2.13)

4.3 Fourier Transform and Smoothness

The most useful property of the Fourier transform is that it interchanges differentiation
in the Normal Domain with multiplication in the Fourier Domain, and vice versa[42:Lars
Hormander 1983],[67:Xavier Saint Raymond 1991]. This is readily proved using integration
by parts

(̂f ′)(ω) =

∫
e−iωxf ′(x)dx = −

∫
d

dx

(
e−iωx

)
f(x)dx = iωf̂(ω) (4.3.1)

Here in the integration by parts, the boundary terms at infinity are zero as f is a rapidly
decreasing function. For f ∈ S, this process can be repeated for higher derivatives, and a
similar property holds for the reversed case. In summary, the transformation properties
are

f̂n(ω) = (iω)nf̂(ω) ̂(−ix)nf(ω) = f̂n(ω) ,∀f ∈ S (4.3.2)

This is the usual form of the Fourier property of transformation of derivatives. However, by
turning this property around, the connection between the rate of decrease of the Fourier
transform and the smoothness of a function can be illustrated. For any differentiable
function, i.e. f ∈ C1(R), again using integration by parts when ω 6= 0

f̂(ω) =

∫
e−iωxf(x)dx =

∫
1

−iω
d

dx

(
e−iωx

)
f(x)dx

⇒|f̂(ω)| = | 1

iω

∫
e−iωxf ′(x)dx| ≤ 1

|ω|

∫
|f ′(x)|dx

⇒|f̂(ω)| ≤ S1

|ω| (4.3.3)

Where S1 =
∫
|f ′(x)|dx is an overall measure of the magnitude of the first derivative of the

function, i.e. how smooth the function is over its domain. Thus the Fourier transform of a
function will always decrease as |ω|−1, but only provided that the function is differentiable.

In fact, if f ∈ Ck(R), this process can be repeated, giving f̂(ω) ≤ Sk

|ω|k , where Sk =∫
|fk(x)|dx is an overall measure of the kth derivative of the function. If f ∈ C∞(R),
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then this process can be continued indefinitely, and f̂ is seen to be a rapidly decreasing
function. So the Fourier transforms of infinitely differentiable functions are always rapidly
decreasing.

For functions of n variables, a similar property holds, with |f̂(ξ)| ≤ Sk

|ξ|k with Sk now

given by

Sk =

∫ ∑

|ὰ|=k
|∂ὰf(x)|dx (4.3.4)

where ὰ is a multi-index(see [67:Xavier Saint Raymond 1991] and Appendix (C.3)). In
practise, because the behaviour of |ξ|−k close to the origin leads to infinities, it is replaced
using the better behaved function

〈ξ〉 =
√

1 + |ξ|2 (4.3.5)

which has no zeros. By declaring the constant

Dk = 2k/2
√
S2
k + |f̂ |2 (4.3.6)

where |f̂ | denotes the supremum of f̂ , it can be shown that

|f̂(ξ)| ≤ Dk

〈ξ〉k (4.3.7)

which is a variant of the Paley-Wiener-Schwartz theorem for infinitely differentiable func-
tions [67:Xavier Saint Raymond 1991].

In general, the more rapid the decrease of the Fourier transform, the smoother the
original function. This arises because any rapid decrease will force the coefficients Dk and
hence Sk, to become small for lower values of k, giving a smoother function. This concept
is best illustrated though an application of this principle.

4.4 Synthetic Terrain Generation

Natural terrain formations are found to have Fourier transforms that decrease as 〈ξ〉−p,
for some p ∈ R. This fact can be exploited to artificially generate terrain like surfaces(see
Mandelbrot [7:Benoit B. Mandelbrot 1982] and Saupe [57:Saupe 1988]). This is done in
the following way.

To create an artificial terrain height map.

(a) Generate a random positive height map, H(x).

(b) Take the Fourier transform of the map G(ξ) = F(H).

(c) Scale G using a 〈ξ〉−p filter. S(ξ) = G(ξ)〈ξ〉−p

(d) Take the inverse Fourier transform of the scaled transform. T (x) = F−1(S)

The final result of this process is a height map T that can closely resemble natural
terrain for values of p ∼= 2.

In practise, this process can carried out on discrete rather than continuous height
maps. First, a random 50× 50 matrix is created, representing the random height map for
a small piece of terrain. Such a map is shown in Figure 4.4.1a on page 100. The 2D Fourier
transform of this matrix is then taken, or more usually approximated using the Discrete

98



Fourier transform4. The result is another 50× 50 complex valued matrix representing the
Fourier transform of the random height map, shown, using a sinh−1 scale5, in Figure 4.4.1b
on the following page.

The obtained transform is then scaled using a 〈ξ〉−p filter. In this case, p = 1.7 is used.
The result is shown in Figure 4.4.1c on page 101. The effect of the filter is to dampen
higher frequency terms in the transform, reducing their influence. The higher the value of
p, the greater the damping6.

Finally, the inverse Fourier transform of the filtered transform is taken, giving a height
map that resembles mountainous terrain. This final height map is shown in Figure 4.4.1d
on page 101. Note that although the inverse Fourier transform should return a real valued
height map, in practise owing to numerical round-off, there will be residual non-zero
complex components. Thus, either the real part of the transform, or its absolute value
should be taken.

As stated earlier the higher the value of p in the 〈ξ〉−p filter, the smoother the resulting
function will become. Therefore, as p is increased, it should be expected that the the
generated terrain will become smoother, and this is indeed the case.

Using the same Fourier transform plotted in 4.4.1b on the next page, various 〈ξ〉−p
filters are applied using increasing values of p, and the inverse Fourier transforms are taken
to obtain the generated terrains. These terrains are shown, along with the corresponding
values of p used, in Figure 4.4.2 on page 102. It can be seen that while the overall shape
of the terrain is maintained, the terrain becomes progressively smoother as p is increased.

Note that higher values of p will result in the global attenuation of the transform by the
〈ξ〉−p filters. Then, by Parseval’s theorem[67:Xavier Saint Raymond 1991], this will also
lead to global attenuation of the terrain height, so that, the overall magnitude (height) of
the terrain, in addition to its roughness, will be decreased. As a result, generated terrains
should in practise be normalised, and this is done in Figure 4.4.2.

4.5 Fourier Transforms and Singularities

In the previous sections, the relationship between the smoothness of a function and the
rate of decrease of its Fourier transform was discussed. It was shown that for an infinitely
differentiable function f : Rn → R, f ∈ S, there exist constants Dk such that

|f̂(ξ)| ≤ Dk

〈ξ〉k , k = 1, 2, . . . (4.5.1)

And so the Fourier transform of any f ∈ C∞ is a rapidly decreasing function.
However, if f is not an infinitely differentiable function, but instead has singularities,

i.e. points at which the function fails to be infinitely differentiable, then (4.5.1) does not
apply for all k. The process outlined in (4.3.3) will fail at some finite k, depending on the

4Though closely related, the discrete and continuous Fourier transforms are not equivalent(See [19:E.
Oran Brigham 1988] and [64:Various 1967]). However, the discrete transform serves adequately well the
context of terrain generation.

5 Due to the usual dominance of lower frequency terms in the Fourier transform, plotting its absolute
value would result in a single spike at the zero frequency term. Instead, the absolute value of the Fourier
transform, is scaled using the sinh−1 function before being plotted. This scaling applies only to plots of the
transform, and is not applied to the transform itself. Hence if f̂(ξ) is the transform, then sinh−1(|f̂(ξ)|)
will be plotted. This convention will apply to all plots marked as being so scaled. Note that, because
sinh−1(x) ∼= x as x → 0, the filter will not change the essential form of functions like |x|−p for large x.

6And the attenuation. See below
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(a)

(b)

Figure 4.4.1: Synthetic terrain generation
(a) Random height map
(b) Absolute value of Fourier transform of the height map (sinh−1 scaled)
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(c)

(d)

Figure 4.4.1: Synthetic terrain generation (cont’d)
(c) Absolute value of filtered transform (sinh−1 scaled)
(d) Generated terrain for p = 1.7
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(a) p=2 (b) p=2.2

(c) p=2.4 (d) p=2.6

(e) p=2.8 (f) p=3

Figure 4.4.2: Terrain resulting from applying 〈ξ〉−p filter to Fourier transform 4.4.1b on page 100,
for several values of p. Smoothing effects on the terrain can be seen as p increases.
To compensate for the overall attenuation of the transform by the filters, these plots have been
normalised.
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H
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x

Figure 4.5.1: The Heaviside function. The function is 0 for negative x and equal to 1 for positive
x, so that it is discontinuous at the origin. Depending on convention, the function is either 1

2
or 1

at x = 0, with the former plotted here.

order of the singularity7.

To illustrate this, it is useful to first look at a function with the simplest kind of
discontinuity, a jump discontinuity of the function itself. Consider the Heaviside function
H given by8

H(x) =





0 x < 0
1
2 x = 0

1 x > 0

(4.5.2)

The function is plotted in Figure 4.5.1. The Heaviside function is discontinuous at x = 0
and thus has no derivative there. Because of this, the derivation outlined in (4.3.3) cannot
be applied. In fact it can be shown(see [32:Ivar Stakgold 1998]) that the Fourier transform
Ĥ is given by

Ĥ(ω) =
1

iw
+ πδ(w) (4.5.3)

It can be seen that this transform, with n = 1 and ξ = ω, does not obey the relationship
in (4.5.1) even for k = 1. Though the transform, leaving aside the singular delta function9

at ω = 0, decreases as |ω|−1 for large ω, the divergent nature of (iω)−1 as ω → 0 means
that Ĥ has no upper bound and thus cannot satisfy any of the estimates in (4.5.1).

The Fourier transform of the Heaviside function illustrates the principle that a jump
discontinuity in a function will lead to its Fourier Transform having a decay rate of |ω|−1

and no faster.
In addition, if a function has continuous derivatives up to order k− 1, and has a jump

discontinuity in its kth derivative, by repeated integration by parts it can be shown that
this will lead to its Fourier transform having a decay rate of |ω|−k and no faster.

These properties are extremely useful in analysis. Should the Fourier transform of
a function exhibit an inverse polynomial decay rate, say of order |ω|−k, then this will
indicate that the function has continuous derivatives only up to order k − 1.

For functions of one variable, this is as much as the decay of the Fourier transform can

7Since they are not infinitely differentiable, such functions are not Schwartz functions. For these and
other functions and distributions which follow, the definition of the Fourier Transform pair (4.2.9)/(4.2.10)
must in general be modified. Because the nature of these modifications do not substantially alter the
following discussions, for the sake of brevity in what follows more advanced discussions on distributions
and their Fourier transforms will be omitted. The reader is referred to [42:Lars Hormander 1983] for a
more detailed presentation of distribution theory and Fourier analysis.

8Some authors define H(0) = 1. However in the framework of distribution theory in which Fourier
analysis takes place, isolated values such as this do not affect the analysis.

9An example of a function without such a singular portion in its transform is given by sgn(x) = 2H(x)−1
which has transform dsgn(ω) = 2

iω
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reveal about discontinuities. However, for functions of more than one variable, information
can be revealed not only from the rate of decay of the Fourier transform, but also from
which directions it is decaying in. The decay rates and directions will reveal both the
order of singularities, and their direction.
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Figure 4.5.2: Graph of the function J(x, y) in (4.5.4) on domain [−3, 3] × [−3, 3]

Consider the following two variable function

J(x, y) = H(|x|)C(y) (4.5.4)

Where C : R → R is an infinitely differentiable cut-off function10, equal to one on [−2, 2],
and zero outside of [−3, 3]. The function J(x, y) thus has no discontinuities in the y
direction, and only has jump discontinuities in the x direction. This function is plotted in
Figure 4.5.2.

Travelling in the ey direction, parallel to the y axis, no discontinuity, i.e. singularity,
in J is ever encountered, even in the neighbourhood of a singularity in J , i.e. on the
“cliffs”. However, in the neighbourhood of a singularity, travelling in any direction ξ such
that ξ · ex 6= 0 a singularity will be encountered. For this reason, it will be said11 that J
has singularities in the ±ex direction, but not for example in the ex + ey direction. The
direction of a singularity or discontinuity at a point is orthogonal to the “interface” of the
discontinuity.

When the Fourier transform of a function of several variables is taken, it can be shown
that (4.5.1) will apply only for those ξ parallel to directions in which the function has
no singularities. In these directions, the Fourier transform will be a rapidly decreasing
function.

However, should the function have singularities of any order in some direction v, then
the Fourier transform will not be rapidly decreasing in any direction ξ with12 ξ = αv.
The transform will instead only decrease as 〈ξ〉−k as ξ → (∞v), for some k depending on
the nature of the singularity. The decay rate of its Fourier transform is then referred to

10See Appendix (C.2)
11This initial description of singularities is sufficient only for the purposes of exposition. A rigorous

definition will require the use of Fourier Transforms.
12For real functions α ∈ R \ {0}. However, in general singularities have strict direction and α > 0 only.
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as the order of the singularity, and the direction v is referred to as the direction of the
singularity.

This principle can be illustrated visually as follows.

(a) J(x, y)

(b) Fourier Transform of J (sinh−1 scaled)

Figure 4.5.3: J(x, y) and its Fourier transform as image plots. The functions are normalised,
with black representing 0 and white representing 1. The Fourier transform has “flares” in those
directions in which J has singularities

The function J is again plotted in 4.5.3a, this time using an image plot style, with
black representing 0 and white representing the maximum value in the plot. The absolute
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(a) Jπ/4(x, y) (b) F.T. of Jπ/4 (sinh−1 scaled)

(c) T (x, y) (d) F.T. of T (sinh−1 scaled)

(e) T (x − 1, y − 1) (f) F.T. of Ts (sinh−1 scaled)

Figure 4.5.4: Various functions and their Fourier Transforms. The functions are normalised, with
black representing 0 and white representing 1. The direction of “flares” reveal the direction of
singularities in the original function.
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value of its Fourier transform is also plotted using this style in 4.5.3b. In these figures13,
the x and ξ1 variables run along the horizontal axis, and the y and ξ2 variables along the
vertical axis. The origin lies at the centre of all plots.

It can be observed in 4.5.3b that the Fourier transform of J decreases rapidly in
all directions, except in the ±ξ1 directions, where the transform “flares” noticeably out
towards infinity. In fact it is the case that the Fourier transform is decaying as |ξ1|−1

in the ±ξ1 directions, and so these flares will themselves eventually decay, but far less
rapidly than in other directions. Their far slower rate of decay makes these flares more
prominent when the absolute value of the Fourier transform is plotted. These directional
flares in the Fourier transform are due to the presence of jump singularities of the function
corresponding to those directions.

Further functions and their Fourier transforms are presented in 4.5.4 on the previous
page. In each case the flares in the Fourier transform reveal the directions of singularities
in the original function. Figure 4.5.4a shows the function Jπ/4 which is simply the function
J rotated π/4 clockwise. It can be seen in 4.5.3b that the flares in the Fourier transform
have likewise been rotated, because the directions of the singularities have changed.

Figure 4.5.4c shows the plot of the function T (x, y), which is equal to one inside the
equilateral triangle shown and zero outside of it, with smooth cut-off functions tapering
the function at the corners of the triangle14. T therefore, has singularities across the
edges of the triangle, and this is revealed in its Fourier Transform shown in 4.5.4d. The
directions of flares in the transform correspond to the edge normals of the triangle, since
the function is discontinuous across the edges.

Figure 4.5.4e shows the plot of the function Ts = T (x−1, y−1), i.e. the same triangle
from 4.5.4c shifted one unit right and up. Its Fourier transform, plotted in Figure 4.5.4f is
in fact identical to the Fourier transform of T . This is a result of the Fourier shift theorem
which states that.

f̂a(ξ) = eiξ·af̂(ξ) (4.5.5)

where fa(x) = f(x − a) (4.5.6)

Therefore, |f̂a(ξ)| = |f̂(ξ)|, and so the absolute value of the two transforms are identical.
Thus, 4.5.4d and 4.5.4f are identical.

This last fact reveals an important shortcoming in the ability of the Fourier transform
to reveal singularities. Though the Fourier Transform can reveal the direction of singu-
larities, it cannot reveal their location. This shortcoming is overcome by introducing the
wave front set.

4.6 The Wave Front Set

Before the wave front set can be properly introduced, certain concepts must be clarified.
“Flares” in the Fourier domain are directions in which the Fourier transform of a

function does not decay rapidly. To make the notion of “flares” more precise, the concept
of conical sets is needed.

13Note that the figures which follow are plots of the true Fourier transform(FT) of the functions, found
via numerical integration. In particular the figures are not found via the Fast Fourier Transform(FFT),
as the FFT and FT of functions, though related, are distinct as shown in [19:E. Oran Brigham 1988] and
[64:Various 1967].

14The untapered triangle function has singularities in all directions at the corners, which the cut-off
functions remove.
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Figure 4.6.1: Examples of conic sets

A set Γ ⊂ Rn \ {0} is said to be a conic set if ξ ∈ Γ implies that λξ ∈ Γ for all λ > 0.
A conic neighbourhood of a point is an open conic set containing that point.

Examples of conic sets in R2 are shown in Figure 4.6.1. The shaded areas A, B and
C depict three conic sets, with B depicting an open conic set. The three sets extend
outwards from the origin to infinity, as do all conic sets in Rn.

Note that in the diagram, and for all conic sets in this thesis, the origin 0 is not
considered to be a member of the conic sets. Thus all conic sets will be considered as
subsets of Rn \ {0}

For a function f : Rn → R, the set ρ(f) is defined to be the open conical set in
Rn\{0} in which the Fourier transform of the function, f̂ , is a rapidly decreasing function.
Specifically if ξ0 ∈ ρ(f) then there exists a conic neighbourhood Γ0 of ξ0, and constants
Dk such that for all ξ ∈ Γ0

|f̂(ξ)| ≤ Dk

〈ξ〉k , k = 1, 2 . . . (4.6.1)

Any “Flares” in the Fourier transform must exist outside of the set ρ(f). The flare set15

of a function f , denoted Σ(f), will then be defined as the complement of ρ(f) in Rn \ 0.
i.e. conical sets with no conical neighbourhood in which (4.6.1) holds. As ρ(f) is conically
open, Σ(f) is then conically closed.

A diagram of Σ(Ts) is shown in Figure 4.6.2 on the next page. In the diagram, the
angles at the cone vertices have been greatly exaggerated (in fact, the cones in this case are
all straight rays). Note that for the function Ts, and for all functions previously discussed,
it is the case that the flare set is symmetric. This is so because these functions are real
valued, and in fact by a change of variables, it can be shown that for any real valued
function |f̂(ξ)| = |f̂(−ξ)|. However the flare sets of more general functions need not be

15Some authors call this set the frequency set(e.g. [25:G. Friedlander 1998]). Others leave it unnamed.
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symmetric16.

ξ2

ξ1

Figure 4.6.2: The flare set Σ(Ts) of the function from Figure 4.5.4e on page 106 (cone angles
greatly exaggerated)

The flare set Σ(f) contains information about the direction of singularities of f . These
directions can be found by projecting Σ(f) on to the unit sphere Sn−1. However, as
seen in Figures 4.5.4d and 4.5.4f, Σ(f) contains no information about the locations of
singularities. To obtain information about the locations of singularities, the singularities
must be isolated, and this can be accomplished using smooth cut-off functions.

Consider a smooth cut-off function φ in the normal domain, centred at a point x with
φ(x) 6= 0, and φ = 0 outside of a small neighbourhood of x. Taking φf has the effect of
cutting off all those portions of f outside of the support of φ, so that only features close
to x are considered. In particular, if the Fourier transform of φf is taken, then only those
singularities of f which lie within the support of φ will affect the Fourier transform, and
hence determine the flare set. In fact, it can be shown (see [42:Lars Hormander 1983])
that the relation

Σ(φf) ⊆ Σ(f) (4.6.2)

holds, so that the flare-set of φf is always a subset of the flare-set of f . Thus, multiplication
by smooth cut-off functions will not add any singularities to the function, though it may
remove them.

An example of this principle can be seen in Figure 4.6.3 on the following page. Ts
is the same shifted triangle from 4.5.4e on page 106. The cut-off function φ is shown in
4.6.3b. The Fourier transform of φTs is shown in 4.6.3d. It can be seen that the flares in
the Fourier transform of φTs are a subset of the flares in the Fourier transform of Ts, seen
in Figure 4.5.4f on page 106.

16Consider the flare set of Ĥ
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(a) Ts(x, y) = T (x − 1, y − 1) (b) Cut-off function φ(x, y)

(c) φTs (d) F.T. of φTs

ξ2

ξ1

(e) Diagram of Σ(φT ) (4.6.3d) (angle of cone exaggerated)

Figure 4.6.3: Localisation of singularities in Ts using a smooth cut-off function φ.
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A simplified diagram of Σ(φTs) is shown in 4.6.3e on the next page with the angle of
the conical sets greatly exaggerated (in reality the cones are straight rays). Comparing
this diagram with 4.6.2, it can be seen that the flare set of φTs is indeed a subset of the
flare set of Ts. As the support of φ is made smaller, only the singularities closest to x
are considered. Therefore, in order to completely isolate singularities at the single point
x, the limit of the cut-off function φ must be taken as its support goes to zero. This leads
to the following definition.

Let Φx denote the set of all smooth cut-off functions with φ(x) 6= 0. Then, define the
set Σx(f) as17

Σx(f) =
⋂

φ∈Φx

Σ(φf) (4.6.3)

Σx(f) will be referred to as the localised flare set of the function f at the point x. The
effect of the intersection in (4.6.3) is to disregard all flares in the Fourier domain except
those which arise from singularities occurring at the point x.

The concept of the wave front set emerges by considering the localised flare set at
every point x in the domain of the function. The Wave Front Set of a function f , denoted
WF (f) is defined as

WF (f) = { (x, ξ) ∈ R
n × (Rn \ {0}) | ξ ∈ Σx(f) } (4.6.4)

If (x, ξ) ∈ WF (f), then f must have a singularity at the point x with direction parallel
to ξ. The wave front set thus describes both the location and direction of singularities of
the function.

The wave front set can be described graphically using the localised flare sets. This is
done by superimposing18 the localised flare set Σx(f) over a plot of f , with the origin of
Σx(f) centred at the point x. Such a diagram is shown in Figure 4.6.4 on the next page.

In the diagram, the three points A, B and C lie on the boundary of the triangle. Since
the function is discontinuous across the boundary, the wave front set is perpendicular to
the boundary at these points. The points D and E lie inside and outside the triangle
respectively, and the function has no discontinuities at either point. Hence the wave front
set is empty at these points, and is depicted as a null point.

The wave front set is conic in its second variable19, ξ, and its projection onto this
variable using π2(x, ξ) = ξ, is the flare set of the function Σ(f). In addition, the projection
of the wave front set onto its first, normal domain variable x using π1(x, ξ) = x, is the
singular support of the function, sing supp f , which is the set of all points x having no
neighbourhood in which f is infinitely differentiable.

The wave front set’s ability to describe both the location and direction of singularities
is of great utility in describing the effects of differential and pseudodifferential operators
on both functions and distributions.

4.7 Singularities under differentiation

The Fourier differentiation rule in (4.3.1) allows the Fourier transform of a derivative to
be calculated simply—if the transform of the original function is known—via the rule

17The intersection in (4.6.3) considers the limit of the set of cutoffs with support in a neighbourhood
about x as this neighbourhood shrinks to a point.

18When superimposing corresponding axes in the normal and Fourier domains should be parallel, e.g.
in Figure 4.6.4, x||ξ1 and y||ξ2.

19Such sets, conic in only a subset of their dimensions, are also referred to as “conic” sets in the literature.
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D
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Figure 4.6.4: The wave front set of WF (Ts) drawn as localised flare sets. (cone angles greatly
exaggerated). At each labelled point, a diagram of the localised flare set is superimposed over the
diagram of the original function. The directions of the localised flares correspond to the directions
of the local singularities of the function at that point. The Wave front thus contains information
about the location (points) and directions (flares) of the singularities of the function.
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(̂f ′)(ω) = iωf̂(ω). Through repeated application of (4.3.1) and using the representation
in (4.2.10), it can be shown that for any n, the nth derivative of the function can be
represented by

dnf

dxn
(x) =

∫
eiωx(iω)nf̂(ω)d̄ω (4.7.1)

For a function of several variables, it can similarly be shown that for any multi-index20 ὰ

∂ὰf(x) =

∫
eix·ξ(iξ)ὰf̂(ξ)d̄ξ (4.7.2)

Because the Fourier transform is linear, it is then possible to represent any partial differ-
ential operator in this way. Let

P =
∑

|ὰ|≤m
aὰ(x)∂ὰ (4.7.3)

be a partial differential operator of orderm with smooth, infinitely differentiable coefficient
functions aὰ ∈ C∞. Then it is the case that

Pf(x) =

∫
eix·ξP (x, ξ)f̂(ξ)d̄ξ (4.7.4)

where
P (x, ξ) =

∑

|ὰ|≤m
aὰ(x)(iξ)ὰ (4.7.5)

P (x, ξ) is called the symbol of the partial differential operator P . P (x, ξ) is a polynomial
function in the variables ξ, and can also be found using the formula

P (x, ξ) = e−ix·ξP (eix·ξ) (4.7.6)

All partial differential operators have polynomial symbols in ξ, and this has important
consequences for their effect on the singularities of functions. Specifically, it can be shown
that partial differential operators do not introduce any new singularities when applied to
a function.

As shown previously, singularities in a function f will manifest themselves as the flare
set of the function, Σ(f), which is the set of directions in which the Fourier transform f̂
is not rapidly decreasing. Outside of Σ(f), in the open conical set ρ(f) defined in section
(4.6), the transform f̂ is a rapidly decreasing function.

Now, for some multi-index ὰ, consider the singularities of the function ∂ὰf . These
will manifest themselves as the flare set Σ(∂ὰf). Now ask whether a direction ξ0 which
was not in the flare set Σ(f) can ever be in Σ(∂ὰf). Now ξ0 ∈ ρf by definition, and so
there is an open conical neighbourhood Γ0 of ξ0 in which (4.6.1) holds, i.e. in which f̂ is
a rapidly decreasing function.

But the Fourier transform of ∂ὰf is given by ∂̂ὰf = (iξ)ὰ f̂(ξ), which is a polynomial
function in the variables ξ multiplying f̂ . Since f̂ is a rapidly decreasing function in Γo,
(iξ)ὰ f̂(ξ) is also a rapidly decreasing function in Γ0, as no function of polynomial growth
can undo the rapid decrease in (4.2.1). Therefore there is an open conical set Γ0 of ξ0 in

which (4.6.1) holds for ∂̂ὰf . And so if ξ0 ∈ ρ(f) then ξ0 ∈ ρ(∂ὰf) and so the operator

20See Appendix (C.3))
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∂ὰ cannot increase the flare set of the function which means that

Σ(∂ὰf) ⊆ Σ(f) (4.7.7)

for all partial derivative operators ∂ὰ. So differentiation will not add any singularities
to the function21. This result can be extended to localised flare sets by using (4.6.2) as
follows.

Consider two small neighbourhoods X1 and X2 containing the point x, with X2 ⊂ X1.
Let φ1 and φ2 be smooth cut-off functions with support in X1 and X2 respectively, and
let φ1 = 1 on the interior neighbourhood X2, and φ2(x) = 1. Hence both functions are in
the set22 Φx.

Since φ2 ∈ Φx, by (4.6.3) the localised flare set Γ0 = Σx(∂ὰf) is a subset of Γ1 =
Σ(φ2∂

ὰf) which is equal to Γ2 = Σ
(
φ2∂

ὰ(φ1f)
)
. Since φ2 is a cut-off function, by

(4.6.2), Γ2 is in turn a subset of Γ3 = Σ
(
∂ὰ(φ1f)

)
which finally by (4.7.7) is a subset of

Γ4 = Σ(φ1f).
These relations are summarised as

Σx(∂ὰf) ⊆ Σ(φ2∂
ὰf) = Σ(φ2∂

ὰ(φ1f)) ⊆ Σ(∂ὰ(φ1f)) ⊆ Σ(φ1f) (4.7.8)

x

X2

X1

Figure 4.7.1: The neighbour-
hoods X1 and X2 around x
are the supports of φ1 and φ2

respectively, with φ1 = 1 on
X2.

Therefore the localised flare-set Σx(∂ὰf) ⊆ Σ(φ1f). In the
limit as the support of φ1—the neighbourhood X1—shrinks
to the point x, the intersection of all Φx in (4.6.3) will be
considered giving

Σx(∂ὰf) ⊆ Σx (f) (4.7.9)

So differentiation will not add singularities to the localised
flare sets of the function23.

In addition to this result, consider the effect on localised
flare sets of multiplying f by smooth, infinitely differentiable
functions a(x) ∈ C∞. By as similar process to that outlined
for differentiation in (4.7.8), it can be seen that

Σx(af) ⊆ Σ(φ2af) = Σ(φ2a(φ1f)) ⊆ Σ(φ1f) (4.7.10)

where, because the product φ2a is also a smooth cut-off func-
tion, the last inequality results from applying (4.6.2). Again taking the limit as the neigh-
bourhood X1 shrinks to a point gives

Σx(af) ⊆ Σx (f) (4.7.11)

And so, multiplication by smooth functions a ∈ C∞ will not add singularities to the
localised flare set.

The results in (4.7.9) and (4.7.11) combined with the definition of partial differential
operators in (4.7.3), and the linearity of the Fourier transform, gives the result that for
any partial differential operator P

Σx(Pf) ⊆ Σx (f) (4.7.12)

21Though it can increase the order of existing singularities.
22See (4.6.3)
23Though again, it can increase the order of existing singularities.
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meaning that partial differential operators do not add singularities to localised flare sets
of a function24. This result, along with definition (4.6.4), proves the micro-local relation

WF (Pf) ⊆WF (f) (4.7.13)

And it can be seen that no partial differential operator P will increase the wave front set
of a function. Since the wave front set measures the location and direction of singularities,
it can be seen immediately from (4.7.13) that differential operators do not create any new
singularities in the function—though they can exacerbate existing ones. Operators with
this property can be said to confine singularities to their existing locations and directions.
This property is referred to as the microlocal property or the microlocality of differential
operators. If only the location of singularities is considered, this property is called the
pseudolocal property or pseudolocality.

4.8 Pseudodifferential Operators

It can be seen in the above that the crucial property leading to the microlocality of any
partial differential operator P = ∂ὰ was the polynomial growth of the symbol P (x, ξ) =
P (ξ) = (iξὰ) in ξ as |ξ| → ∞. Since the symbol had only polynomial growth, the symbol
P (ξ)f̂ in (4.7.4) was dominated by the rapid decrease of f̂ in ρ(f).

With this in mind a wider class of operators can be considered, which have symbols
that are not polynomials in ξ, but which do have only at most polynomial growth in the
ξ variables.

First, declare the class of symbols, which are functions a(x, ξ) ∈ C∞(Rn × Rn) such
that for all x and ξ, and all multi-indices ὰ and β̀, there are constants Cὰβ̀ such that the
relation

|∂ὰx∂
β̀
ξ
a(x, ξ)| ≤ Cὰβ̀〈ξ〉m−|β̀| (4.8.1)

holds for some m ∈ R. It can be seen that such a symbol a(x, ξ) has at most polynomial
growth at infinity in the variables ξ, i.e. the symbol is dominated by a function of poly-
nomial growth. The exponent m determines the order of the polynomial or power that a
is dominated by, and a is said to be a symbol of order m. Partial differential operators
of order m, as defined in (4.7.3) will have polynomial symbols (4.7.5) of integer order m.
But not all symbols are polynomials.

Now, for any symbol a of order m the corresponding Pseudodifferential operator A of
order m is defined by

Af(x) =

∫
eix·ξa(x, ξ)f̂(ξ)d̄ξ (4.8.2)

for any function f . It can be seen that all differential operators are pseudodifferential
operators, but the converse is not necessarily the case.

To illustrate this, consider the pseudodifferential operator 〈∂〉m defined by the symbol
〈ξ〉m as follows

〈∂〉mf(x) =

∫
eix·ξ〈ξ〉mf̂(ξ)d̄ξ (4.8.3)

For almost all values of m ∈ R, 〈∂〉m is evidently not a differential operator, as its
symbol will not be a polynomial in ξ. However, for positive even integers m, the symbol
〈ξ〉m = (1 + |ξ|2)n where n = m/2, is a polynomial in the variables ξ. In fact, for such
even m, 〈∂〉m = (1−∇2

x)m where ∇2
x denotes the Laplacian. And so only for even integers

24Though again, etc.
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m ≥ 0, is 〈∂〉m a partial differential operator.
As seen in the example (4.8.3), the set of partial differential operators, P.D.O.s, is a

subset of the set of pseudodifferential operators ,Ψ.D.O.s. Formally

P.D.O.s ⊂ Ψ.D.O.s (4.8.4)

However due to the at most polynomial growths of their symbols in ξ, it can be shown, in
the same way as for partial differential operators, that pseudodifferential operators do not
add to the localised flare sets of functions. Thus pseudodifferential operators still possess
the microlocal property with

WF (Af) ⊆WF (f) (4.8.5)

for all pseudodifferential operators A. This important result means that like differential
operators, pseudodifferential operators do not add any new singularities to functions25.

If the Fourier transform f̂ in (4.8.2) is replaced by its definition in (4.2.11), with the
variable of integration in (4.2.11) denoted by y, then (4.8.2) can be written as

Af(x) =

∫
ei(x−y)·ξa(x, ξ)f(y)dyd̄ξ (4.8.6)

So that the operator is expressed in terms of an integral on the original function rather than
its Fourier transform. With this form, the class of symbols can be extended to include
those depending on the normal domain variable of integration y. Symbols a(x,y, ξ) ∈
C∞(Rn × Rn × Rn) which obey estimates of the form

|∂ὰx∂β̀y∂
γ̀
ξ
a(x,y, ξ)| ≤ Cὰβ̀γ̀〈ξ〉m−|γ̀| (4.8.7)

can still be considered as valid symbols of order m, and it can be shown[2:Alain Grigis &
Johannes Sjostrand 1994] that operations A defined by

Af(x) =

∫
ei(x−y)·ξa(x,y, ξ)f(y)dyd̄ξ (4.8.8)

are pseudodifferential operators which still have the microlocal property and so will confine
singularities. Other generalisations of symbols—and hence pseudodifferential operators—
are possible, but will not be considered here.

4.9 Fourier Integral Operators

Pseudodifferential operators possess the microlocal property, and so confine the location
and direction of singularities in functions they act upon. Following these results, a more
general class of operators, the Fourier Integral Operators, can be considered by extending
the definition of Pseudodifferential operators. While Fourier Integral Operators are not
microlocal, and can both move singularities and indeed introduce entirely new ones, they
can map existing singularities in a potentially reversible way.

Following on from (4.8.8), consider replacing the phase term, (x−y)·ξ, in the exponent
with a more general phase function φ(x,y, ξ) ∈ C∞(Rn×Rn× (RN \{0}) ) which satisfies

φ(x,y, λξ) = λφ(x,y, ξ) ,∀λ > 0 (4.9.1)

25Though again, they may exacerbate existing ones
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Such a function φ is called positively homogeneous26 in the variable ξ. In addition, let
the symbol a(x,y, ξ) ∈ C∞(Rn × Rn × RN ) have estimates (4.8.7) for some m and for
appropriate multi-indices ὰ, β̀, γ̀. Note that for these functions, N need not equal n.

If a positively homogeneous function is used in the phase term in the exponent of
(4.8.8), along with an appropriate symbol a, then the operator F defined by

Fu(x) =

∫
eiφ(x,y,ξ)a(x,y, ξ)u(y)dyd̄ξ (4.9.2)

is a Fourier Integral Operator27 on functions u.28

Fourier integral operators arise in the study of hyperbolic partial differential equations.
Consider the classic example of the second order, linear, homogeneous wave equation

(∂2
t − c2∇2

x)u(x, t) = 0 (4.9.3)

With initial conditions
u(x, 0) = f(x), ∂tu(x, 0) = 0 (4.9.4)

Using a Fourier transform in the x variables only, (4.9.3) is transformed to

(∂2
t + c2|ξ|2)û(ξ, t) = 0 (4.9.5)

With initial conditions
û(ξ, 0) = f̂(ξ), ∂tû(x, 0) = 0 (4.9.6)

This ordinary differential equation has the solution, written in complex exponential form

û(ξ, t) = 1
2 f̂(ξ)(eic|ξ|t + e−ic|ξ|t) (4.9.7)

Applying the inverse Fourier transform in the ξ variables to this result, u is found to be
given by

u(x, t) =

∫
ei(x·ξ+c|ξ|t) 1

2 f̂(ξ)d̄ξ +

∫
ei(x·ξ−c|ξ|t) 1

2 f̂(ξ)d̄ξ (4.9.8)

Finally, replacing f̂ with its definition as in (4.8.6) gives

u(x, t) =

∫
ei((x−y)·ξ+c|ξ|t) 1

2f(y)dyd̄ξ +

∫
ei((x−y)·ξ−c|ξ|t) 1

2f(y)dyd̄ξ (4.9.9)

It can be seen that the phase functions in these integrals, φ±(x, t,y, ξ) = (x−y) ·ξ±c|ξ|t,
satisfy the requirement for a positively homogeneous phase function, and so the integrals
in (4.9.9) are both examples of Fourier integral operators.

Since the phase function (x−y) · ξ is positively homogeneous in ξ, it can be seen that
pseudodifferential operators given by (4.8.8) are also Fourier integral operators. Thus
the set of pseudodifferential operators, Ψ.D.O.s, is a subset of the set of Fourier integral

26Of degree one
27By considering symbols and phases functions with (x,y) ∈ R

n × R
m, where n and m can be distinct,

the definition of Fourier Integral operators is usually made even more general. However, for the sake of
exposition, this is not done here and x and y are assumed to have the same dimension.

28The convergence of the integrals in (4.9.2) is a somewhat delicate matter. The integrals are not to be
understood as being defined in the usual sense. See [2:Alain Grigis & Johannes Sjostrand 1994], [67:Xavier
Saint Raymond 1991], and esp. [42:Lars Hormander 1983] §7.8 for details.
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operators, F.I.O.s. Along with (4.8.4), this gives the relation

P.D.O.s ⊂ Ψ.D.O.s ⊂ F.I.O.s (4.9.10)

between the various classes of differential operators that have been discussed so far. This
relationship is illustrated in Figure 4.9.1.

P.D.O.s

Ψ.D.O.s

F.I.O.s

Figure 4.9.1: The relationships between various operator types. P.D.O.s ⊂ Ψ.D.O.s ⊂ F.I.O.s.
The shaded sets denote operators which possess the microlocal property.

However despite their relation, Fourier integral operators do not in general possess
the microlocal property of pseudodifferential operators (4.8.5). Instead they obey a more
complicated relation with,

WF (Fu) ⊆WF (F )X ∪ (WF ′(F ) ◦WF (u)) (4.9.11)

Here WF (F )X is a set of singularities introduced by the operator F itself, regardless of
the singularities of u. The set WF ′(F ) ◦WF (u) denotes29 a relation WF ′(F ) mapping
certain singularities in WF (u) according to the operator F . Both of these sets depend
primarily on the phase function φ in (4.9.2). WF ′(F ) is called the wave front relation of
the operator F .

Let supp a stand for the support of the symbol a in (4.9.2). The essential support ,
ess supp a, of the symbol a is defined by

ess supp a = {(x,y, αξ), ξ 6= 0 where 0 < α ∈ R

and where ∂ὰx∂β̀y∂
γ̀
ξ
a(x,y, αξ) = g(α) /∈ S(R)} (4.9.13)

so that ess supp a denotes the conical sets (in the variable ξ) where a and its derivatives
are not rapidly decreasing functions of ξ. With this set defined, the sets and relation in
(4.9.11) can be defined.

29If C1 ⊂ A × B and C2 ⊂ B then the composition C1 ◦ C2 is defined by

C1 ◦ C2 = {a ∈ A such that ∃b ∈ B with (a, b) ∈ C1 and b ∈ C2} (4.9.12)

The composition thus maps an element b in C2 to an element a if (a, b) was an element of C1.
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y1

y2

x1

x2

y0

x0

WF ′(F ) ◦ WF (u)

WF (u) WF (Fu)

Figure 4.9.2: The mapping of a singularity in WF (u) by the wavefront relation WF ′(F ). Both
the location and direction of the singularity are changed.

The wave front relation WF ′(F ) is given by

WF ′(F ) =
{(

(x,∇xφ), (y,−∇yφ)
)

| (x,y, ξ) ∈ ess supp a and ∇ξφ(x,y, ξ) = 0
}

(4.9.14)
Then it can be seen that for WF ′(F ) to map (y,−∇yφ) ∈WF (u) to (x,∇xφ) ∈WF (F ),
it is necessary that ∇ξφ(x,y, ξ) = 0 for some ξ in the essential support30 of a. Because all
gradients of φ are positively homogeneous, it is the case that WF ′(F ) will properly map
conical sets to conical sets. In general, these mappings will change both the location and
direction of singularities, but not all singularities in u may be mapped by WF ′(F ).

An example of the effect of the wave front relation on singularities is shown in Fig-
ure 4.9.2.

For pseudodifferential operators, φ(x,y, ξ) = (x − y) · ξ and so ∇ξφ = 0 when x = y.
Moreover, since ∇xφ = −∇yφ = ξ it can be seen that essentially WF ′(F ) = ((x, ξ), (x, ξ))
for all possible x and ξ when F is a pseudodifferential operator, meaning the wavefront
relation will not change the location or direction of singularities, as required.

The set WF ′
X(F ) is defined by

WF ′
X(F ) =

{
(x, ξ) | ∃y ∈ R

n with ((x, ξ), (y,0)) ∈WF ′(F )
}

(4.9.15)

WF ′
X(F ) contains the set of singularities in Fu which are introduced by the operator

itself, and require no corresponding singularity in the function u. The operator may
even introduce singularities when u ∈ C∞. If F is a pseudodifferential operator, the
WF ′

X(F ) = ∅.
All sets in (4.9.11) have thus been defined, and it can be seen that Fourier integral

operators are not in general microlocal and so do not confine singularities, unless the
operator happens to be a pseudodifferential operator.

Let the projection of WF ′(F ) onto its normal domain variables be given by

S′
F =

{
(x,y) | ((x,η), (y, ζ)) ∈WF ′(F ) for some η, ζ ∈ R

n \ {0}
}

(4.9.16)

And in a similar way, let SX be the projection ofWF ′
X(F ) onto its normal domain variables

30∇xφ and ∇yφ are evaluated at the point (x,y, ξ) where ∇ξφ = 0. Since ξ ∈ R
N can have many

directions, there may be many such pairs of ∇xφ and ∇yφ for fixed x,y.
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x. S′
F describes how the singular support of u can be mapped by F . Specifically it may

be shown that
sing supp Fu ⊂ SX ∪ S′

F ◦ sing supp u (4.9.17)

An example of a S′
F mapping singularities is shown in Figure 4.9.3 on the following page.

S′
F does not consider the directions of the singularities being mapped, and S′

F and indeed
WF ′(F ) are only necessary conditions for any mapping of a singularity to take place.

Y

X

y

x

S ′
F

Figure 4.9.3: A singularity of u at the point y may be mapped through S′

F to a singularity of Fu
at x. If F is a pseudodifferential operator, then S′

F is the diagonal x = y.

Since a Fourier integral operator F maps singularities according to the wavefront re-
lation WF ′(F ), it is sometimes convenient to consider other Fourier integral operators
which can undo or reverse this mapping, insofar as this is possible. It can be seen in
(4.9.14) that the definition of WF ′(F ) depends predominantly on the phase function φ,
or more precisely, its derivatives.

With this in mind, consider a Fourier integral operator F defined by

Fu(x) =

∫
eiφ(x,y,ξ)a(x,y, ξ)u(y)dyd̄ξ (4.9.18)

and corresponding to this operator is another Fourier integral operator F ∗, called the
adjoint of F , which is defined by

F ∗u(y) =

∫
e−iφ(x,y,ξ)a(x,y, ξ)u(x)dxd̄ξ (4.9.19)

where it should be noted that the places of the x and y variables have, for convenience,
been exchanged in the definition of F ∗.

Leaving aside the essential supports of the symbols in the operators, the wave front
relations of these operators can be summarised as

WF ′(F ) ⊂
{(

(x,∇xφ), (y,−∇yφ)
)

| ∇ξφ(x,y, ξ) = 0
}

(4.9.20)

WF ′(F ∗) ⊂
{(

(y,−∇yφ), (x,∇xφ)
)

| ∇ξφ(x,y, ξ) = 0
}

(4.9.21)
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So that, if the wave front relation of F maps a singularity at (y, ζ) to one at (x,η), then
the wave front relation of F ∗ maps the singularity at (x,η) back to (y, ζ). In this way,
the composition of the operators, F ∗ ◦ F , can have a wavefront relation that is—perhaps
only locally and/or approximately—microlocal, if other effects of the operators such as
WF ′

X(F ) and WF ′
Y (F ∗) are ignored. And so such an operator may approximately confine

singularities.
It is then at least conceivable that the composition F ∗ ◦ F can be, approximately, a

pseudodifferential operator that confines the location and direction of singularities. In fact,
only the phase function of the adjoint operator is of importance in the above argument, so
that, Fourier integral operators which have the same phase as the adjoint F ∗ may create
approximate pseudodifferential operators when composed with F .

Thus, given the phase of a Fourier integral operator, a method for the inversion of the
operator can be investigated by applying an operator with opposite phase. As Fourier
integral operators will arise in the analysis of the Forward Model in Chapter 5, these
methods will be of great utility in the solution of the inverse problem.
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Chapter 5

Inversion of Volume Inclusions

In chapter 3, the problem of inversion in the case of a single point inclusion was examined.
In this chapter, the case of more general kinds of subsurface inclusions will be examined,
specifically those with non-zero volume.

The analysis of such inclusions will proceed similarly to the point inclusion case in
Chapter 3. Firstly the scattered waves from inclusions will be described using the forward
model of from Chapter 2. An outline of seismic experiments designed to measure such
waves in various modes will then be given, and it will be shown, following the approach of
Nolan in [17:Clifford J. Nolan 1997], that a linked ensemble of such experiments gives rise to
a system of integral equations—more specifically a system of Fourier Integral operators—in
the elastic parameter perturbations in the subsurface.

As in Chapter 3, the scattering representation given by the forward model will be
analysed to show under what conditions the system of integral equations is invertible.
Via evaluation of Gramian matrices of certain weighting vector functions it will be shown
that—unlike the case of a point inclusion—in the case of general inclusions ensembles
of experiments in a single mode cannot be inverted and that consequently ensembles of
experiments in multiple modes must be used. Moreover, it will be shown that there exist
invertible ensembles in such mixed modes for which the corresponding system of integral
equations can be solved approximately, and the heuristic evolutionary algorithm described
in section 3.12 will be used to find a concrete instance of such an ensemble.

With the existence of invertible mixed mode ensembles demonstrated, a migration
operator for seismic data will be introduced and shown to have the form of a pseudodif-
ferential operator of the kind discussed in Chapter 4. This operator will then be shown
to be elliptic and thus invertible. Finally a suitable inversion operator on the ensemble
seismic data will be derived from the migration operator.

In terms of novelty, this chapter introduces the technique of using linked ensembles
of experiments to invert for the high frequency perturbations in the elastic properties of
subsurface material, along with Fourier Integral Operators on the data gathered in the
ensembles which will accomplish this inversion. Together, the linked ensembles and their
corresponding inversion operators constitute the major contributions of this thesis to the
existing literature. In addition, as in Chapter 3, the analysis of the Gramians matrices
of the weighting vector function provides new and significant results on the possibility—
and impossibility—of inversion using ensembles of experiments in various modes. And
as in Chapter 3, the application of evolutionary algorithms allows concrete instances of
invertible ensembles to be found.
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5.1 Scattering by Volume Inclusions

As with the point scatterer case, consider a homogeneous isotropic background medium,
with constant elastic parameters ρ0 and c0ijkl. Let anisotropic inclusions of measurable
volume be embedded in this background at various locations. These inclusions will also
be referred to as scatterers, as they gives rise to scattered elastic waves. With this, let the
total elastic parameter distributions for the entire region be written as

ρ(x) =ρ0 + ρ1(x) (5.1.1)

cijkl(x) =c0ijkl + c1ijkl(x) (5.1.2)

where ρ1(x) and c1ijkl are the elastic parameter perturbation distributions which are zero
outside of the inclusions and which experience a discontinuity across the inclusion inter-
faces, that is, the boundaries between the inclusions and the background material. The
goal of the inversion is then to determine the total elastic parameters for the whole region,
or equivalently the elastic parameter perturbation distributions.

With the parameter distributions divided in this way, the asymptotic representation
for the components of the scattered field u1

p is given by (2.7.26) as

uMN
p (r, t, s) =

∫

V
ANAMξNp ξ

M
q bqf

′′(t− τMN ) (5.1.3)

×
(
−ρ1(x)ξNi ξ

M
i + c1ijkl(x)ξNi γ

N
j ξ

M
k γ

M
l

)
dx

where these components are measured on the surface at point r, t seconds after incident
waves from a source were emitted at s (see Figure 5.3.1 on page 126). V is the volume
of integration and the total scattered field is the sum of the experiment mode fields uMN

p ,
by (2.7.8).

Unlike the point scatterer case, the complexity of the scattering volumes will make
inversion much more difficult, and will also make the separation of the uMN

p from the
total scattered field more complicated. Inversion will be based primarily on the stationary
phase theorem1, which involves Fourier analysis of the scattered waves.

For this reason, the source signal term in (5.1.3) is replaced by its Fourier transform,
so that information in the phases of the waves can be utilised. If f̂ is the Fourier transform
of f , then the second derivative of f is given in terms of f̂ by

f ′′(t) = −
∫
eiωtω2f̂(ω)d̄ω (5.1.4)

And using this, equation (5.1.3) becomes

uMN
p (r, t, s) =

∫

V×R

− eiω(t−τMN )ω2f̂(ω)ANAMξNp ξ
M
q bq (5.1.5)

×
(
−ρ1(x)ξNi ξ

M
i + c1ijkl(x)ξNi γ

N
j ξ

M
k γ

M
l

)
dxd̄ω

And as before, the total scattered field can be found as the sum of the individual experi-
ment mode fields

u1
p =

6∑

N=4

3∑

M=1

uMN
p (5.1.6)

1See [2:Alain Grigis & Johannes Sjostrand 1994] and Appendix (C.4)
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5.2 Model Simplification and Restriction

Constructing an inversion operator for equations (5.1.5) and (5.1.6) over an entire region is
a complex process. Rather than initially introducing a general volume scatterer inversion
problem, a substantially simpler problem will first be analysed. The solution to this
simpler inversion model will serve as the basis for the construction of a more general
inversion operator in section (5.13).

To simplify the inversion model, it should be noted that wave scattering only occurs
at points across which the elastic parameters are discontinuous. In the Born approxi-
mation which lead to (5.1.5), only first order scattering was considered, and since the
elastic parameters are assumed to be discontinuous across the inclusion interfaces it fol-
lows that (5.1.5) considers scattered waves which arise solely from the interaction of the
incident waves with the inclusion interfaces. As such, using this forward model only elastic
parameter perturbations at the inclusion interfaces may be properly inverted.

It should also be noted that the volume inclusions being considered have definite in-
clusion interfaces, and it will be assumed that these interfaces have well defined surface
normals almost everywhere2. It will emerge that inversion of elastic parameter perturba-
tions at a point y on the inclusion interface will depend on the geometry of the forward
problem locally at y, both in relation to the positions of the relevant sources and receivers
and also in relation to the inclusion interface normal n0 at y. Most critically, the incident
and scattered waves at y must be related by Snell’s Law (2.4.4), and it will be shown that
this restriction precludes the use of ensembles in a single experiment mode for inversion.

With these considerations in mind, the simpler restricted inversion model will be con-
structed as follows:

• Firstly, the elastic parameter perturbations will only be inverted at a single point y
which lies at some point on an inclusion interface

• Secondly, it will be assumed that both the location of y and a good estimate n of
the interface normal at y are known3

• Thirdly and finally, it will be assumed that scattered waves resulting from scatters
far from y will be negligible in the process of inverting the parameters at y.

The first of these assumptions is the most restrictive as inversion is only taking place at
a single point. This simplifies the analysis but initially makes the solution to the problem
somewhat impractical, as ensembles of experiments must be “tailored” to the specific point
being inverted, making inversion in a region infeasible. However after solving the simplified
problem, methods will be presented in section (5.13) which allows for inversion operators
across wider regions to be feasibly constructed. In addition, it will be shown that these
methods allow the second of the simplification assumptions to be dropped in the region
inversion case. Thus analysis of the simplified problem—while initially restrictive—will
serve as a foundation for solving more general inversion problems.

The second assumption assumes that y and the surface normal n are known and
estimated respectively. This assumption can be justified by recalling that methods such
as migration exist, which can uncover the location of elastic parameter singularities in the
region, as discussed in section (1.3). However, as already mentioned, this assumption will
eventually be dropped and inversion and migration will be carried out by one operation.

2This assumption amounts to assuming that the inclusions are not fractal in nature.
3These assumptions are analogous to the assumptions in section (3.1), that the location y of the point

inclusion was known in the point scattering case.
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The final assumption of the restricted inversion model is not strictly necessary in the
case of homogeneous isotropic backgrounds, but is made to simplify the analysis. The
inversion method used will be a Hagedoorn type method of the kind discussed in section
(1.4), which will involve the application of a Fourier Integral Operator4 to the data and
the method of stationary phase will show that this assumption is justified under the
assumption of high frequency waves. This assumption can be foregone if certain filtering
methods are applied to the gathered data, but these will not be used in this thesis.

Experiments designed to invert the elastic parameters at such an estimated point y
will now be described.

5.3 Seismic Experiment

Let y be a point on an inclusion interface, which will be referred to as the scattering
interface in the experiment. Let n0 be an estimate of the surface normal of the interface
at that point. In addition, let I be an open set of considered surface normals containing
n0, such that the true surface normal at y is very likely to be contained somewhere in this
considered set(see Figure 5.3.1 on the following page).

In the case of the restricted inversion problem, a seismic experiment examining volume
scatterers will consist of a single point source at s which emits an incident wave using a
point force which has direction b. However, instead of using one receiver to measure any
resulting scattered waves, the experiment will use a patch of receivers. The patch will
be a two dimensional area on the surface and will be assumed to be covered by a grid of
receivers which will approximate total receiver coverage on the patch. The construction
of the patch will be more fully outlined in section 5.5.

The goal of an individual experiment will be to emit waves in some mode M which
reach the point y, and measure the resulting scattered waves in mode N . Such an exper-
iment is said to have experiment mode MN . Unlike the point inclusion case, this process
is complicated by the presence of multiple scatterers in the region giving rise to many
scattered waves. Thus at any receiver, waves scattered from many points apart from y
will also be measured. Thus, it is in general impossible to construct an experiment which
examines scattered waves from y exclusively. However, it is possible, owing to the de-
structive interference of various wave modes, to construct one which closely approximates
an experiment in mode MN .

As in the point scatterer case a seismic point source at a surface location s will emit an
incident elastic wave. The source will generate elastic waves in multiple wave modes, but
the source should be such that only one wave mode M should interact with the scattering
interface at the point y. This is accomplished by setting the direction of the point force,
b, to be equal ηM , where ηM = ξM (s,y) is the polarisation vector of the wave in the
required mode M as it passes through y. In this way, only incident waves in mode M pass
through the point y.

The receiver patch in the experiment must now be placed so as to consider scattered
waves in mode N originating from the point y. However, because the scatterer at y has
a definite surface normal, incident waves reaching y do not give rise to scattered waves in
all directions. The incident waves are locally reflected from the scattering interface at y
according to Snell’s law (2.4.3), with the projections of the incident and scattered slowness
vectors, γM and γN , onto the interface being equal.

Let the incident wave slowness vector at y be given by γM . Then, with n ∈ I as a
considered estimate for the surface normal, an estimate for the scattered wave slowness

4See Chapter (4)
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vector, γN , is given by Snell’s law of reflection, discussed in section 2.4. By tracing γN

from y to the surface, the point r is found. r is the estimated point which waves from s
reflected at y will reach. By taking all of the considered surface normals n in the set I, a
two dimensional patch of receivers r is generated on the surface. In this way, the receiver
patch can be considered to be parameterised by the estimated surface normals, r = r(n).

If all three components of the scattered field u1
p are measured at a receiver point r,

then it is possible to consider only scattered waves from y to r which are in mode N . This
is done in the same way as the point inclusion case(see section 3.2), by taking the inner
product ηN · u1, where ηN = ξN (y, r) is the polarisation vector of scattered waves from
y which are in the desired mode N .

Therefore for a given surface normal estimate n, an appropriate choice of point force
direction ηM and receiver polarisation vector ηN will ensure that the only waves from y
considered at r will be those in mode N , which resulted from an incident wave mode M .

5.4 Data Model

Let dMN denote the data obtained from an experiment outlined above, i.e. from the
seismic traces of scattered seismic waves on the surface. Then dMN is given by

dMN (r, t, s) =

∫

V×R

− eiω(t−τMN )ω2f̂(ω)ANAMηNp η
M
q ξ

N
p ξ

M
q (5.4.1)

×
(
−ρ1(x)ξNi ξ

M
i + c1ijkl(x)ξNi γ

N
j ξ

M
k γ

M
l

)
dxd̄ω

for any point r in the receiver patch. This is the initial data equation for the data gathered
in a volume scattering experiment which is examining a scattering interface at a point y,
having a set of considered interface normals n ∈ I.

However, because there are many volume scatterers throughout the region, with many

rs Surface

u0

u1

ρ = ρ0

cijkl = c0
ijkl

ρ = ρ0 + ρ1

cijkl = c0
ijkl + c1

ijkl

y

n0

I

Figure 5.3.1: A seismic experiment in the case of region scattering, examining the scattering
interface at the point y with an estimated surface normal n0 ∈ I. A source at s emits an incident
wave u0. Where this wave meets the scattering interface, it will give rise to scattered waves u1.
These waves are measured by seismometers located on an array or patch of receivers r on the
surface. The multiple receivers in the patch help distinguish between signals scattered from y and
those from other locations on the interface.
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surface normals, there will be many more scattered waves measured at r than just those
from y. Because of this, dMN (r, t, s) considers many waves in many modes from many
scatterers, and in isolation cannot be used to discover the elastic perturbations at y.
For this reason, measurements at a single surface point will not suffice for inversion, and
measurements from the entire patch must be used instead. By analysing the data equation
using the method of stationary phase it will be shown that these measurements can be
used to invert for the elastic parameter perturbations at y.

Before proceeding to inversion, the data model will be modified and condensed slightly
to emphasise the main features pertinent to inversion, and to simplify later analysis.

As in the point scatterer case, the number of unknown elastic perturbations at any
interface point can be reduced from 82 to 22 by following the procedure outlined in Ap-
pendix A, section A.1. When this reduction is carried out, the bracketed portion of the
integrand in (5.4.1) can be replaced by the term ρ0UMNwT

MNc1(x). The vectors c1(x)
and wMN , are as before the elastic parameter perturbations vector and the reflectivity
weighting vector5, defined respectively by

c1(x) =

(
−ρ1

ρ0
,
L1c

1
K1

ρ0V 2
0

, . . . ,
L21c

1
K21

ρ0V 2
0

)T
(5.4.2)

wMN (x, r, s) =

(
ΞMN

UMN
, aMN
K1

, . . . , aMN
K21

)T
(5.4.3)

where the various terms and indices are those defined in Appendix A. In particular in the
term UMN , V0 is a characteristic background velocity, which is constant for any experiment
examining the point y. It should be noted that both vectors are now functions of position
x in the scattering region, and the weighting vector wMN is also a function of source and
receiver location, as well as experiment mode.

In addition, a further important assumption is made concerning the signals received in
each experiment. It will be assumed that data from signals received at r due to scatters far
from y will be negligible in the process of inverting the data6. So for some radius ρ ≪ 1,
if |x − y| > ρ then signals from any scatter at x can be safely ignored in the data model.
Therefore declare a smooth amplitude cut-off function A = A(x;y) such that A(x;y) = 1
when |x − y| < ρ and A(x;y) = 0 when |x − y| > 2ρ. With this cut-off function, and
under the assumption, c1(x) can be replaced by A(x;y)c1(x) in (5.4.1) without severely
reducing the accuracy of the data model for inversions close to the point y. As mentioned
in section (5.2), this assumption is stronger than is strictly necessary, but is made to
simplify later analysis of the inverse problem.

With the vectors c1 and wMN defined, declare the amplitude term as the sum

AMN = AMN (x, r, ω, s,y) = −ω2f̂(ω)ρ0UMNA
NAMηNp η

M
q ξ

N
p ξ

M
q A (5.4.4)

which includes the cut-off function A. In addition declare the phase term

φMN = φMN (t,x, r, s) = t− τMN (5.4.5)

With these abbreviating constructions, and the scattered signals assumption, the model

5Or for brevity, simply: the weighting vector.
6Though there are certain terrain features that can break this assumption for certain scattering points,

in general such instances are rare.
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for the gathered data examining the point y in (5.4.1) becomes

dMN (r, t, s) =

∫

V×R

eiωφ
MN (t,x,r,s)AMN (x, r, ω, s,y)wT

MN (x, r, s)c1(x)dxd̄ω (5.4.6)

or in shorthand

dMN (r, t, s) =

∫

V×R

eiωφ
MN

AMNwT
MNc1(x)dxd̄ω (5.4.7)

Equation (5.4.7), will be referred to as the data equation for a seismic experiment exam-
ining the point y in the volume scatterer case. It is an asymptotic estimate for the data
gathered in the experiment, derived from the single scattering model.

It can be seen that, as outlined in Chapter 4 section 4.9, the data equation has the
form of a Fourier integral operator on the distribution c1(x). The phase function wφ is
positively homogeneous in ω, and AMNwMN will be a valid symbol so long as there exists
an integer m and constants Cὰβ̀ satisfying

|∂ὰr,s,t,x∂β̀ω
(
AMNwMN

)
| ≤ Cὰβ̀〈ω〉m−|β̀| (5.4.8)

for appropriate multi indices ὰ,β̀ (see (4.8.7)). From (5.4.3) and (5.4.4), it can be seen that
the only terms in the symbol AMNwMN which depend on ω are w2f̂(ω), with ω2 being
polynomial. Therefore, as long as f̂(ω) is a valid symbol of order m − 2, AMNwMN will
be a valid symbol of order m—the r, s, t,x derivatives being finite so long as the scatters
are far from s and r. In particular, if the signal f is chosen such that f(t) ∈ C2, f̂(ω)
will be a symbol of at least order −2, and so AMNwMN is a symbol of order zero7, and
so (5.4.7) represents a Fourier Integral Operator.

However, because of the inner product between the wMN and c1 vectors, it is not
possible to invert this operator using only a single equation. At any point in the domain
of the integrand, the result of this inner product is to reduce the 22 variables of c1 into one
scalar value. Obtaining a proper inverse using only the scalar values dMN is impossible
because the null-space of wT is too large. Information about c1 has been lost. Instead
data from multiple experiments must be used to find a proper inverse. This can be done
using an appropriate ensemble of experiments as is now shown.

5.5 Ensemble of Experiments

The data equation for an individual experiment is a single integral equation in 22 un-
knowns. Despite the additional information provided by having a patch of receivers, a
single such equation will not suffice to invert the elastic parameter perturbations at a
point y. In order to perform inversion, an ensemble of 22 experiments is needed.

The ensemble of experiments will all examine the same point y, with the same surface
normal estimate n0, and every individual experiment in the ensemble will consider the
same set of estimated normals I. Each experiment will be as described in section 5.3,
consisting of a single source emitter and a two dimensional patch of receivers, generated
by I, located on or near the surface. Each experiment will be in a specific experiment
mode MN , considering incident wave from the source in wave mode M and scattered
wave modes in mode N . See Figure 5.5.1 on the next page.

7For Forward Models in inhomogeneous or anisotropic media, where the Green’s function is derived
from Geometric Optics and Asymptotic Ray Theory(see Chapter 6), it can also be shown that similar
estimates hold for AMNwMN
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Figure 5.5.1: A subset of two experiments in an ensemble examining the scattering interface of a
volume scatterer at the point y. Each experiment consists of a single source sm and patches of
receivers rm lying on the surface, as in Figure 5.3.1 on page 126. The patches are generated by
considering surface normals n in a set of considered surface normals I at y, and using Snell’s law.
Each normal n considered will give corresponding points rm on each patch in the ensemble.

The experiments are labelled with an experiment index m = 1, . . . , 22. The source
points, receiver patches and experiments modes will in general differ for each experiment
in the ensemble. These parameters are labelled using the experiment index as

s = sm, r = rm, MN = MNm (5.5.1)

Time t, in each experiment is the time after the source at sj begins to emit a signal in that
experiment. The experiments themselves are carried out separately, not simultaneously.
The measurements gathered on the receiver arrays in each experiment, t seconds after
the source begins to emit a signal, and which are taken with the proper inner products,
constitute the data values. These values are given by equation (5.4.6).

Let dj denote the data gathered in the jth experiment, so that

dm(rm, t, sm) = dMNm(rm, t, sm) , m = 1, . . . , 22 (5.5.2)

For each experiment, other terms in the data equation (5.4.6) are also written using
experiment index m,

φm(t,x, rm, sm) =φMNm(t,x, rm, sm) (5.5.3)

Am(x, rm, ω, sm,y) =AMNm(x, rm, ω, sm,y) (5.5.4)

wm(x, rm, sm) =wT
MNm

(x, rm, sm) (5.5.5)

Using these terms, equation (5.4.6) for the data gathered in the mth experiment becomes

dm(rm, t, sm) =

∫
eiωφm(t,x,rm,sm)Am(x, rm, ω, sm,y)wT

m(x, rm, sm)c1(x)dxd̄ω (5.5.6)

Note that c1(x) is the same vector across all experiments in the ensemble, as is the
frequency variable ω. For all m = 1, . . . , 22, (5.5.6) represents a system of 22 linear
Fourier integral operators on the distributions c1(x). By linking the experiments, this
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system can be rewritten in matrix form.
The 22 experiments are linked together in the following way. The receiver patches

in every experiment are all parameterised by the same two dimensional variable which
is labelled r0. So for all experiment patches, m = 1, . . . , 22, the patches are given by
rm = rm(r0). Since the patches in every experiment are generated by the set of considered
normals I, r0 will be considered to be the parameterisation of the set I. So, n = n(r0)
and ultimately rm = rm(r0) = rm(n(r0)).

One possible parameterisation of the surface normals is the following. In addition to
the central normal estimate n0, let two vectors, nσ and nψ, in the plane perpendicular
to n0 be chosen so that the 3 × 3 matrix N = [nσ nψ n0] is orthonormal. Then, with
r0 = (σ, ψ) ∈ [−π, π] × [0, π4 ] a parameterisation of I is given by

n(r0;n0) = N




cosσ sinψ
sinσ sinψ

cosψ


 (5.5.7)

With the same formula, the domain of r0 can be varied as needed to make the considered
set of normals wider or narrower.

This exact form of r0 and the generation of the rm patches is not essential, but will
be used for the purposes of inversion in this thesis. More important is the requirement

that every mapping of r0 to rm must be a bijective mapping with
∣∣∣∂rm
∂r0

∣∣∣ (r0) 6= 0 over each

patch, i.e. a diffeomorphism. The mapping outlined in section (5.3) satisfies this condition
as long as | ∂n∂r0

| 6= 0 for any n ∈ I, and this will be assumed to be the case.

For the sake of brevity, anywhere a function in the mth experiment depends on the rm
parameter, this can be replaced with the r0 parameter with the understanding that the
function must eventually call rm(r0) in place of r0. In addition, since sm is a single source
point, fixed in each experiment, it will be omitted as an explicit parameter in equations,
again for brevity. The same will hold for the inversion point y.

So the formula for the data gathered in the mth experiment is written

dm(r0, t) = dm(rm(r0), t, sm) (5.5.8)

and the data equation becomes

dm(r0, t) =

∫
eiωφm(t,x,r0)Am(x, r0, ω)wT

m(x, r0)c
1(x)dxd̄ω, m = 1, . . . , 22 (5.5.9)

for each experiment m = 1, . . . , 22. Using this representation for the data gathered for
each of the 22 experiments, the 22 × 1 data vector d is now constructed. d is given by

d(r0, t) =




· · ·
dm(r0, t)

· · ·


 (5.5.10)

The mth component of d will correspond to data gathered from the mth experiment , at
receiver location rj(r0), t seconds after the source in the mth experiment began to emit a
signal.

In addition to d, two 22 × 22 diagonal matrices are constructed. These are the phase
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matrix Φ of phase functions

Φ(t, r0,x) =




. . .

φm(t,x, r0)
. . .


 (5.5.11)

and the amplitude matrix A of amplitude functions

A(x, r0, ω) =




. . .

Am(x, r0, ω)
. . .


 (5.5.12)

The mth diagonal entry in each matrix is equal to the corresponding function in the mth

experiment.
In addition, the 22 × 22 weighting matrix W is constructed, whose mth column is the

weighting vector wm(x, r0) in the mth experiment

W (x, r0) =




... | ...

... wm(x, r0)
...

... | ...


 (5.5.13)

And in addition, for brevity, define the matrix

AW T (x, r0, ω) = A(x, r0, ω)W T (x, r0) (5.5.14)

Using these matrices, all 22 of the experiment equations in (5.5.6)/(5.5.9) can be gathered
into one matrix Fourier integral operator equation, with

d(r0, t) =

∫
eiωΦ(x,r0,t)AW T (x, r0, ω)c1(x)dxd̄ω (5.5.15)

which will be referred to as the ensemble data equation for a volume scatterer. Here eiωΦ

stands for the exponential of the matrix iωΦ. The exponential of a matrix is defined by8

eA = I +A+
A2

2!
+
A3

3!
+ · · · (5.5.16)

In this case, as iωΦ is a diagonal matrix, eiωΦ is simply another diagonal matrix, each
entry of which is the exponential of the corresponding entry of iωΦ.

Using this representation, all experiments have been concurrently gathered into one
matrix valued Fourier integral operator involving the measured data values d, and the
known or approximated matrices Φ and AW T . The only unknown in this equation is the
vector of perturbations c1(x). The form of this equation is emphasised in Figure 5.5.2 on
the following page.

The ensemble data equation in (5.5.15) is a system of 22 Fourier integral operator
equations in the 22 unknowns c1, so there is a possibility that it can be inverted if the

8Though the exponential of a matrix is formally defined by (5.5.16), in practise other more efficient and
accurate methods are used to compute eA. Many such algorithms are discussed in [14:Cleve Moler and
Charles Van Loan 2003].
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d =

∫
e−iωΦ AW T c1 dωdx

Figure 5.5.2: The data equations from an ensemble of linked experiments can be represented as a
single Fourier integral operator on the vector c1(x), with matrix valued symbol AWT .

symbol of the matrix valued operator is invertible. However, in order to obtain such an
inverse, the matrix eiωΦAW T must have a null-space of dimension 0 so that no information
is lost when it multiplies c1. Equivalently, eiωΦAW T must be an invertible matrix at each
point in the domain of the integrand at which inversion takes place.

The matrix eiωΦAW T is the product of the matrices eiωΦ, A, and W T , and so all
three of these must be invertible for eiωΦAW T to be so. As the matrices eiωΦ and A
are diagonal, their inversion will in general be straightforward. However in order for the
matrix W T (x, r0) to be invertible, the wT

m(x, r0) row vectors that compose it must be
linearly independent. Equivalently, the matrix W can be examined, and the wm(x, r0)
column vectors that compose it must be linearly independent.

It will be shown that, in the case of an ensemble of experiments examining a fixed
point y, that it is possible to choose an ensemble of experiments so that such a linearly
independent set of wm can be obtained; but the experiments must be in multiple modes.
In this way the W T and hence the eiωΦAW T matrix will be invertible and the ensemble
of experiments will be said to be an invertible ensemble examining the point y.

5.6 Scatterer Centring

It must be shown that the weighting matrix, W , of the experimental ensemble can be made
invertible at a single subsurface scattering point y. To show this, the linear independence
of the 22 weighting vectors wm in each experiment of the ensemble must be examined.
Specifically, it must be shown that it is possible to construct 22 experiments which lead
to 22 independent wm. As in section 3.6, to simplify the problem the analysis will be
centred on the subsurface scattering point y, rather than on the surface source and receiver
locations.

In addition, instead of working in the normal background coordinate system E, the
analysis will be performed in an alternative coordinate system En, which has one axis,
the x3 axis, parallel to the true surface normal n at y(see Figure 5.6.1 on the next page).
Thus in this coordinate system, the surface normal is in the vertical direction, and the
scattering interface is locally horizontal at y. It is shown in Appendix A section (A.2)
that an invertible weighting matrix in the system En corresponds to an invertible matrix
in the background system E, so analysis carried out in En will be valid for E.

As discussed in section 3.6, the complication of tracing down from particular surface
source and receiver locations (s, r) to the scattering point y can be avoided by making
a suitable change of variables in each experiment, (r, s) → (γM ,γN ), so that the surface
points are mapped to the incident and scattered wave slowness vectors at the scattering
point. In this way, for a fixed scattering point y, the weighting vector w in each experiment
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Figure 5.6.1: The coordinate system En is chosen so that its x3 direction is parallel to the local
scattering interface normal n at the point y. By the results of section A.2, if an invertible set of
weighting vectors wm is found in En, then the set will be invertible in any other coordinate system.

can be thought of as a function of these slowness vectors, as well as experiment mode MN ,
wm = wm(γM ,γN ,MN).

There are two complications in applying this change of variables to volume scatterers.
Firstly, since the scatterer at y is not a point scatterer, and is instead part of a larger
scattering object, the incident and scattered slowness vectors are not independent of one
another. Instead, they are related by Snell’s law of reflection (2.4.4) through the surface
normal n at y. Secondly, since only a single source s is used, a patch of receivers must be
generated by considering several surface normal directions n ∈ I. The first complication
is the more serious because—as will be shown—it restricts the ability of the forward
model to carry information about the scatterers. The second complication concerns the
construction of the inverse problem, and so will be set aside for now.

To examine the effect of Snell’s Law on the Forward model: let the incident slowness
vector at y be given as a function of its longitude and latitude, (θ, φ), in the En coordinate
system so that γM is given by

γM = γM (θ, φ) =
1

VM




cos θ cosφ
sin θ cosφ

sinφ


 (5.6.1)

Where VM is the speed of the incident wave. The longitude and latitude (θ, φ) will be
referred to as the incident wave direction variables. The incident slowness will be consid-
ered to be pointing “downwards” in the En coordinate system, so that φ ∈ [−π

2 , 0]. The
longitude may be in any direction, and so θ ∈ [0, 2π].

Then for φ < 0, in order that the projections of the slowness vectors onto the scattering
interface are equal (see section 2.4) the scattered wave slowness vector γN is given by

γN = γN (θ, φ) =
1

VM




cos θ cosα
sin θ cosα

sinα


 (5.6.2)

where9

cosα =
VN
VM

cosφ, sinα =
√

1 − cos2 α (5.6.3)

9Note that scattered/reflected waves must have α > 0.
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If the incident and scattered wave speeds are equal, α = φ; otherwise α must be calcu-
lated10 from (5.6.3). It can be see that complications11 can emerge if VN/VM > 1, i.e.
if the incident wave is an S wave and the scattered wave is a P wave. Though these
experiment modes are valid and can carry information, dealing with them analytically is
more complicated. Moreover, as will be shown, these mode are not strictly necessary in
determining the feasibility of inversion. For these reasons, in order to simplify the analysis
which follows, SHP and SVP mode experiments will not be considered in this thesis.

With the directions of the incident and scattered slowness vectors defined in (5.6.1)
and (5.6.2), the incident and scattered wave polarisation vectors can also be defined as

ξPM =




cos θ cosφ
sin θ cosφ

sinφ


, ξPN =




cos θ cosα
sin θ cosα

sinα




ξSHM =




− sin θ
cos θ

0


, ξSHN =




− sin θ
cos θ

0


 (5.6.4)

ξSVM =




− cos θ sinφ
− sin θ sinφ

cosφ


, ξSVN =




− cos θ sinα
− sin θ sinα

cosα




where the subscripts M and N denote whether the polarisation vector is for the incident
or scattered waves respectively.

So, for a known scattering point y with surface normal n, and for a known isotropic
background, the incident wave direction variables (θ, φ) will specify the slowness and wave
polarisation vectors needed to construct the weighting vector w = w(θ, φ,MN). If the
experiment mode MN is fixed, let

wMN (θ, φ) = w(θ, φ,MN) (5.6.5)

stand for the weighting vector function for an experiment in that single mode. The weight-
ing vector functions for the seven considered experiment modes12 are shown in Appendix
D, section D.3 on page 265. The functions for the wPSH and wPSV vectors are given in
terms of cosα and sinα, but it should be remembered that these trigonometric functions
are themselves functions of φ and the ratio VP

VS
, described in (5.6.3).

In addition equations (3.6.3), (3.6.4), and (3.6.5), allow the surface source and receiver
locations for the experiment to be determined from the incident and scattered slowness
vectors, and so the incident wave direction variables also specify the experiment set-up13.

Thus the question of being able to construct an invertible matrix W reduces to
the question of whether it is possible to find 22 incident wave directions (θm, φm), and
corresponding experiment modes MNm, that generate 22 linearly independent vectors
wm = w(θm, θm,MNm); That is, is the function w a fully ranked function.

10For certain ratios of VN

VN
and incident latitudes φ, there may be no real α which satisfy (5.6.3). In this

case, no scattered slowness wave in mode N will be created at the point y.
11e.g. Total internal reflection.
12SHP and SVP mode experiments have been excluded to avoid problems with complex reflection angles.
13For a given surface normal n.
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5.7 Weighting Vector Gramians

As in Chapter 3, the rank of w can be determined by evaluating the Gramian matrix of
the function. First, the Gramians for single mode weighting vector functions, the wMN ,
will be examined.

Just as with the point scatterer weighting vectors in chapter 3, the rank of the seven
considered weighting vector functions can be determined (see Appendix B on page 219)
by evaluating the rank of the corresponding 22 × 22 Gramian matrix GMN , which with
wMN as a column vector, is given by

GMN =

∫ 0

−π
2

∫ 2π

0
wMN (θ, φ)wT

MN (θ, φ)dθdφ (5.7.1)

For the GPP ,GSHSH ,GSHSV ,GSV SH and GSV SV Gramians, this process is similar to that
carried out in section 3.10.

First, the restricted weighting vector functions ŵMN are constructed from the wMN

functions by letting UMN = 1 in 5.4.3. From these, the restricted Gramian matrices WMN

are given by

WMN =

∫

D

ŵMNŵT
MNdΘ (5.7.2)

where Θ = (θ, φ) stands for the incident wave direction, and D = [0, 2π] × [−π
2 , 0] is the

domain of integration.
Computing the WMN matrices is a large task, but once again, as in the point scatterer

case, it can be seen (in appendix D.3) that the ŵMN functions are composed of sums and
products of uni-variate trigonometric functions. Because of this, the integrands in 5.7.2
will reduce to sums and products of uni-variate integrals. For example.

(WPP )55 =

∫ 0

−π
2

∫ 2π

0

(
cos4 φ cos2 θ sin2 θ

)2
dθdφ

=

(∫ 0

−π
2

cos8 φdφ

)(∫ 2π

0
cos4 θ sin4 θdθ

)

=
35π

256
× 3π

64
=

105π2

16384
(5.7.3)

So it can be seen that evaluating the restricted Gramian matrices will reduce to eval-
uating such integrals of uni-variate trigonometric functions. The integrals involved can
be evaluated using tables of known integrals, or more preferably by a computer algebra
system.

The restricted Gramian matrices WPP ,WSHSH ,WSHSV ,WSV SH and WSV SV may all
be evaluated in this way and the resulting matrices are shown in full in Appendix D,
section D.4. The ranks of these computed matrices can be calculated and are found to be

rank (WPP ) = 9 − −
− rank (WSHSH) = 6 rank (WSV SH) = 12
− rank (WSHSV ) = 12 rank (WSV SV ) = 9

(5.7.4)

So it can be seen that in the region scatterer case, restricted to these experiment modes,
there is no single restricted Gramian matrix with full rank. This occurs because of the
reduced degrees of freedom in the selection of the incident and scattered slowness vectors
as they are related to one another by Snell’s law of reflection.
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By Lemma 3.10.1 the ranks of the single mode Gramian matrices GMN are equal to the
ranks of their corresponding restricted Gramians. And by Theorem (B.3.2), these ranks
are then equal to the ranks of the single mode weighting vector functions wMN . Hence,
none of the five single mode weighting vector functions wPP ,wSHSH ,wSHSV ,wSV SH and
wSV SV are fully ranked. Therefore, no invertible experimental ensemble examining the
scatterer at y can be constructed using experiments in only one of these modes14.

While it is impossible to obtain an invertible ensemble with the 5 experiment modes
above, the addition of the PSH and PSV modes allows an invertible ensemble to be
obtained. To prove this, the Gramian matrices GPSH and GPSV must be evaluated.
However, the evaluation of these Gramians presents a problem.

The functions wPSH and wPSV given in Appendix D.3 are seen to depend on the func-
tions cosα and sinα which are given by 5.6.3. In the case of PSH and PSV experiments
these are functions of the incident latitude φ and the ratio R = VS

VP
. Therefore, without

prior knowledge of R, the functions and hence their Gramians cannot be evaluated, and
so a value of R must be specified in advance. With R as a given constant the restricted
Gramians WPSH and WPSV can be computed.

However, since sinα =
√

1 −R2 cos2 φ is not a simple trigonometric function of φ
and, the integrals involved in computing WPH and WPSV cannot be evaluated as easily
as in the experiment modes where R = 1. Instead, these Gramians must be evaluated
numerically.

Here, the evaluation of the restricted Gramians will be carried out for many values of
R. Since the ratio R is positive and since VS < VP in isotropic materials, it follows that
0 < R < 1. This interval, (0, 1), is then discretised by selecting values of R in the set

UD =
{
R ∈ (0, 1) | R =

m

100
,m = 1, . . . , 99

}
(5.7.5)

which begins at R = 0.01 with increments of 0.01 to R = 0.99. These values are chosen
to obtain good coverage of (0, 1) while still keeping the number of Gramian evaluations
relatively low. For each of the 99 values of R ∈ UD, the Gramians WPSH and WPSV are
evaluated numerically.

In addition, for each R, the ranks of both the Gramians are evaluated, and so to are
the generalised condition numbers Cσ of both the matrices. The generalised condition
number[12:Carl Dean Meyer 2000] of a matrix A is defined to be the ratio between the
largest and smallest non-zero singular values of the matrix. It can also be defined as the
product |detA| · |detA+| where A+ is the pseudoinverse of A, and |det ·| is the matrix
norm operator. The generalised condition number gives a measure of how close the matrix
is to dropping its current rank. The higher the number, the more closer the matrix is to
one of lesser rank.

If the Gramian WPSH is evaluated for the specified values of the ratio R, it is found
that the rank of the Gramian is 16 for all R ∈ UD. In addition, the generalised condition
number, Cσ, of the matrix varies smoothly with R, suggesting that the rank is indeed
fixed at 16 for all R ∈ (0, 1). A log scaled plot of the generalised condition number of
WPSH verses values of R is shown in Figure 5.7.1 on the following page.

Similarly, if the Gramian WPSV is evaluated for the specified values of the ratio R,

14In addition it can be shown that if mixed mode ensembles are considered as in section 3.11 and later in
this section, then constructing the 5 × 5 matrix A by decomposing the determinant of the sum of the five
single mode Gramians gives the A = 0, and so any mixed mode ensemble consisting of any combination
of these five modes will also fail to be invertible. It is therefore the case that restricting experiments in
the ensemble to the five modes PP ,SHSH,SHSV ,SV SH and SV SV will make obtaining an invertible
ensemble impossible.
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Figure 5.7.1: The natural log of the generalised condition number of the Gramian WPSH for various
values of the ratio R = VS

VP
. The condition number varies smoothly throughout.

then it is found that the rank of the Gramian is 17 for all R ∈ UD. Again, the generalised
condition number varies smoothly with R, suggesting that the rank is indeed fixed at 17.
A log scaled plot of the generalised condition number of WPSV verses values of R is shown
in Figure 5.7.2 on the next page.

The results shown in Figures 5.7.1 and 5.7.2 suggest that the restricted Gramians
WPSH and WPSV have ranks of 16 and 17 respectively for R ∈ (0, 1). It will be assumed
based on these results that this is in fact the case. Based on this assumption, and with the
result in (5.7.4) and with Lemma 3.10.1, the ranks of the Gramians for all seven considered
modes are then given by;

rank (GPP ) = 9 − −
rank (GPSH) = 16 rank (GSHSH) = 6 rank (GSV SH) = 12
rank (GPSV ) = 17 rank (GSHSV ) = 12 rank (GSV SV ) = 9

(5.7.6)

There is still no way to construct an invertible ensemble using a single one of the seven
experiment modes, however, by using multiple experiment modes, an invertible mixed
mode ensemble can be constructed.

To prove this, the same process as outlined in section 3.10 will be followed. First, let
the mixed-mode weighting vector function be given by

w(θ, φ) =





wPP (θ, φ), 0 ≤ θ < 2π
wPSH(θ, φ), 2π ≤ θ < 4π
wPSV (θ, φ), 4π ≤ θ < 6π
wSHSH(θ, φ), 6π ≤ θ < 8π
wSHSV (θ, φ), 8π ≤ θ < 10π
wSV SH(θ, φ), 10π ≤ θ < 12π
wSV SV (θ, φ), 12π ≤ θ < 14π

(5.7.7)

where (θ, φ) ∈ [0, 14π) × [−π
2 , 0]. The function w(θ, φ) considers over its domain every
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Figure 5.7.2: The natural log of the generalised condition number of the Gramian WPSV for various
values of the ratio R = VS

VP
. The condition number varies smoothly throughout.

possible incident slowness direction in every possible experiment mode.
In a similar way to the steps outlined in equations (3.11.9) and (3.11.10), it can be

shown that the Gramian matrix G of the function w is the sum of the Gramians of the
seven individual single mode functions. Specifically,

G = GPP + GPSH + · · · + GSV SV (5.7.8)

However, only the restricted Gramians, WMN can be explicitly calculated without prior
knowledge of the wave speeds in the problem, provided the ratio R = Vs

VP
is given for the

WPSH ,WPSV matrices. To overcome this let µMN = VMVN

V 2
0

and construct the 7× 1 vector

m = (µPP , µPSH , . . . , µSV SV )T (5.7.9)

which contains the specific parameters of the problem. Without specifying the isotropic
background material, or at least its relation to the characteristic wave speed V0, the values
of m are unknown.

However, as in section 3.11, the determinant of the Gramian G can be decomposed
using the rules of determinants into a quadratic form in the unknowns m. Label the seven
modes in order with m = 1, . . . , 7 and let the constructions G21, xm and xm be as in
section 3.11. Then if the 7 × 7 matrix A is defined by

Aij =





∣∣∣∣
xi 0T

0 G21

∣∣∣∣+
∣∣∣∣
xi 0T

0 G21

∣∣∣∣ , i = j
∣∣∣∣

0 xTj
xi G21

∣∣∣∣ , i 6= j
(5.7.10)

it can be shown that the determinant of the Gramian of the mixed-mode weighting vector
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Figure 5.7.3: The natural log of the generalised condition number of the matrix A for various
values of the ratio R = VS

VP
. The condition number varies smoothly throughout.

function is given by
|G| = mT

Am (5.7.11)

which is a quadratic form in the variables m. If it can be shown that the matrix A is
positive or negative definite, then the determinant of G will be non zero for any values
of the vector m and so the Gramian G will be fully ranked for any isotropic background
material and therefore so will its function w.

Unfortunately, computation of the matrix A for all R ∈ UD shows that, for every R,
the matrix is only positive semi-definite with a rank of only 4. However, the generalised
condition number Cσ of A varies smoothly with R, suggesting that the rank is fixed at 4
for all R ∈ (0, 1). A log scaled plot of the generalised condition number of A verses R is
shown in Figure 5.7.3.

Since A is only positive semi-definite, there are non zero vectors m for which |G| =
mTAm = 0, and so G will be singular. However, these values of m may not be physical,
that is, all the physical values of m may exist in a subspace in which A is positive definite.
In fact, the vector m is subject to such restrictions. To see this, consider the vector m in
terms of the wave speeds in the problem

m =

(
VPVP
V 2

0

,
VPVS
V 2

0

,
VPVS
V 2

0

, . . . ,
VSVS
V 2

0

)T
(5.7.12)

However, since the P and S wave speeds are related by the ratio VS = RVP , m can be
written as

m =
V 2
P

V 2
0

(
1, R,R,R2, R2, R2, R2

)
=
V 2
P

V 2
0

mR (5.7.13)

Then, the determinant of the Gramian G is given by

|G| =
V 4
P

V 4
0

mT
RAmR (5.7.14)
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Figure 5.7.4: The natural log of the inner product mT
RAmR for various values of the ratio R =

VS

VP
. While the inner product crosses many orders of magnitude, it does so in a smooth fashion,

suggesting that the product has no zeros in the interval.

Which is positive as long as mT
RAmR > 0 and this can be shown to be the case for all

R ∈ UD. As shown in the plot of its logarithm in Figure 5.7.4, loge(m
T
RAmR) varies

smoothly as R increases, with no asymptotes in (0, 1). This suggests that mT
RAmR is

positive for all R ∈ (0, 1). Assuming this to be true, the determinant |G| is then positive
for any possible wave speeds VP and V0, meaning that G is fully ranked in any isotropic
background.

Since the Gramian G is fully ranked, its function w is also fully ranked on its do-
main and thus there exist 22 incident slowness wave directions (θm, φm) along with 22
experiment modes MNm such that the 22 associated weighting vectors wm are linearly
independent. Since they are independent, the wm form an invertible weighting matrix W .
Tracing the incident and, via the surface normal n, reflected slowness vectors from the
scattering point y back to the surface gives the associated source and receiver locations,
sm and rm for the 22 experiments.

To obtain a patch of receivers, label the current surface normal n0. Let the source
locations sm, and experiment modes MNm be held fixed in each experiment, along with
the scattering point y. This will mean that the incident slowness vectors γMm and incident
wave mode vectors ξMm are fixed. The surface normal n is then allowed to vary in an
open set of considered surface normals I surrounding n0, which will lead to a different
scattered slowness vector γNm and scattered wave polarisation vector ξNm for each n. The
scattered slowness vectors can be traced upwards to the surface so as to obtain an open
set of receiver location rm on the surface. These open sets will be the patches of receivers
in each experiment.

Because the scattered slowness and wave polarisation vectors, γNm and ξNm are con-
tinuous functions of the surface normal n, so too is the weighting vector wm in each
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experiment, as it is a function of the components of these vectors. Thus the weighting
matrix W constructed from these weighting vectors will be a continuous function of n and
in particular, so will its determinant |W |. Since the determinant is a continuous function,
and since it is non-zero at the central estimate n0, there must be an open subset I0 of
I surrounding n0 in which the determinant is non-zero (see Figure 5.7.5). Thus, there
exists a subset of the experiment patches parameterised by the r0, corresponding to I0,
in which the weighting matrix W of the ensemble is invertible.

Figure 5.7.5: Because of the continuity of
the weighting matrix, if an invertible ensem-
ble exists for a central normal direction n0,
there will be an open set of considered nor-
mal directions I0 surrounding n0 in which
the weighting matrix is invertible.

Thus, in the case of an isotropic background
for any scattering point y scatterer surface nor-
mal n, it is possible to construct an invert-
ible ensemble examining the point y in which
the weighting matrix W and hence the matrix
eiωΦAW T in (5.5.15) is invertible for some sub-
set of the receiver patches.

The above analysis has all taken place in
the coordinate system En, which has its x3 di-
rection parallel to the surface normal n at the
point y. However, by the results of section A.2,
if an invertible weighting matrix W is found
in one orthonormal coordinate system, the ex-
periments which generated it will produce an
invertible weighting matrix in any orthonormal
coordinate system. Thus, a weighting matrix
exists in any orthonormal coordinate system in-
cluding the default background system Carte-
sian system E.

5.8 Finding an Invertible En-

semble

The analysis in the previous section shows only the existence of invertible ensembles of
experiments in the case of a scatterer with a fixed dip, but only by using experiments
in mixed modes. However, this analysis does not give any insight into how to find any
particular instance of an invertible ensemble. As in section 3.12 a method for finding
such ensembles will now be discussed. Moreover, the method will find well-conditioned
ensembles; that is, ensembles producing well-conditioned weighting matrices W .

Given the scattering interface point y and surface normal estimate n, any mixed mode
experiment is uniquely specified in the coordinate system En by its incident wave direction
variables (θ, φ) ∈ [0, 14π) × [−π

2 , 0]. The wave direction variables, via equation (5.7.7),
determine the experiment mode MN and the weighting vector w(θ, φ). With the surface
normal estimate n the wave direction variables specify the incident slowness vector γM ,
and via equations (5.6.2) and (5.6.3) the scattered wave slowness vector γN can be found.
These slowness vectors can then be used to trace upwards from y towards the source point
sm and central receiver point rm on the surface.

Let the wave direction variables be represented by the vector Θ as

Θ = (θ, φ)T (5.8.1)

Then, any ensemble of experiments is uniquely specified by 22 sets of wave direction
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variables Θi ∈ D, where the domain D = [0, 14π) × [−π
2 , 0]. As in section 3.12, the goal

of an invertible ensemble search is to find 22 such Θi which give a weighting matrix

W =
[

w(Θ1) w(Θ2) · · · w(Θ22)
]

(5.8.2)

which has as low a condition number as possible, subject to the constraint that W is fully
ranked.

This optimisation problem is complicated owing to the fact that, by its definition in
(5.7.7), the weighting vector function w(Θ) is discontinuous in its first variable θ. The
weighting vector changes mode with every 2π radians of longitude, and since the mode
functions (see section (D.3)) are quite different, it will be difficult to apply more traditional
optimisation techniques which rely on continuity to the problem, e.g. gradient descent.
However discretising the space and applying a genetic algorithm of the kind discussed in
section 3.12 can produce very well conditioned ensembles.

To apply the genetic algorithm, the search space is discretised by choosing sets of
“perfect” angles for which many components of the weighting vector become zero. To do
this, first consider the set of 8 longitude angles

Θ0 =

{
0,
π

6
,
π

4
,
π

3
,
π

2
,
2π

3
,
3π

4
,
5π

6

}
(5.8.3)

To expand this discretisation to the entire domain [0, 14π], let the set operation ⊕ be
defined as15

X ⊕ Y = {x+ y | x ∈ X, y ∈ Y } (5.8.4)

Then the incident wave longitude θ will be restricted to the set of 8 × 14 = 112 discrete
values

θ ∈ Θ0 ⊕ {0, π, 2π, . . . , 13π} (5.8.5)

The incident wave latitudes will also be restricted to the set of 4 discrete values

φ ∈
{
−π

6
,−π

4
,−π

3
,−π

2

}
(5.8.6)

remembering that the incident waves must point “downwards” in the En coordinate sys-
tem.

With these restrictions there are now only 448 = 112 × 4 possible experiment config-
urations for each individual experiment in the ensemble. As there are 22 experiments in
the ensemble, and as the order of the experiments does not effect the condition number16,
there are then

(
448
22

) ∼= 1.12× 1037 possible ensembles within this discretised search space.
As in section 3.12, a heuristic search based on genetic algorithms will be used to find well
condition ensembles in this space.

The possible experiment configurations are enumerated Θj , j = 1, . . . , 448, and the
corresponding weighting vectors wj = w(Θj) are precomputed. An ordered set J =
{j1, j2, . . . , j22}, 1 ≤ ji ≤ 448 then selects an ensemble of experiments in the search space.
The set J is referred to as the ensemble genotype, and to each genotype there corresponds
a phenotype weighting matrix

WJ =
[

wj1 wj2 · · · wj22

]
(5.8.7)

made from the precomputed weighting vectors. Each phenotype will then have a fitness

15e.g. if X = {a, b, c} and Y = {e, f}, then X + Y = {a + e, b + e, c + e, a + f, b + f, c + f}
16As permuting the columns of a matrix does not change its condition number.
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given by the fitness function (3.12.6).
With this choice of search space and fitness function, Algorithms (3.12.1), (3.12.2),

(3.12.3), and (3.12.4) can be used to perform a genetic algorithm search for well condi-
tioned ensembles. For the following searches, the population has been set to 1000 and the
population was allowed to evolve for 2000 generations. The ratio VS

VP
was set equal to 0.6,

and the fitness of each genotype was found via (3.12.6). To ensure good coverage of the
search space, the search was run 100 times.

As with the search algorithms presented in section 3.12, the parameters chosen for
the evolutionary algorithms presented here are not the only possible choices. However for
these results, it was found that the choice of these parameters affected only the search
time and memory usage for the algorithm, and that the results obtained by changing the
parameters were comparable. See the discussion at the end of section 3.12.

At each generation, the lowest condition number of the matrices WJ in the population
was recorded, and the resulting progression of lowest condition numbers in each generation
can be plotted. The resulting graph of lowest condition numbers for one particular run
of Algorithm (3.12.3) in the case of mixed mode ensembles is shown in Figure 5.9.1 on
page 145. It can be seen that the condition number improves as the algorithm progresses
through the generations. Moreover, this method can reliably generate well conditioned,
fully ranked ensembles17. The results of 100 independent runs of Algorithm (3.12.3) are
shown in Figure 5.9.2 on page 145. It can be seen that the condition numbers in any run
follow a general decreasing trend18.

Over the course of the 100 runs plotted in Figure 5.9.2, the lowest condition num-
ber obtained was 13.944, and the corresponding weighting matrix was fully ranked. The
ensemble giving this condition number is specified in Table (5.8.1). Each of the 22 exper-
iments in the ensemble is specified by giving the experiment mode MN , and the incident
longitude θ and latitude φ in the En coordinate system.

From the wave direction variables in Table (5.8.1) the incident slowness vector γM can
be found, and using equations (5.6.2) and (5.6.3) scattered wave slowness vector γM is
also found. Tracing these vectors to the surface gives the source and receiver locations,
sm and rm, in each experiment via equations (3.6.5), (3.6.3), and (3.6.4). The diagram
of these surface locations in the experiments of the ensemble is shown in Figure 5.9.3 on
page 146. Each experiment is plotted by showing a 4 × 4 km2 area of the surface from
above, with the seismic source and receiver locations marked. The scatterer is taken to lie
1 km directly below the origin in all experiments.

The above ensemble finds isolated receiver locations based on a central scatterer nor-
mal estimate n0. To obtain a patch of receivers for each experiment, the surface normal
estimate n can be allowed to vary in an open set of considered surface normals I sur-
rounding n0, while the source locations sm in the experiments remain fixed, as discussed
in section 5.7. Since the weighting matrix W is a continuous function of the normal n,
there will exist open patches of receivers surrounding the rm in each experiment in which
W is fully ranked and well conditioned. Thus a concrete instance of an invertible ensemble
of experiments in the case of a scatterer with a fixed normal has been found.

17Typically for any run, the best matrices in the population will all have a rank of 22 after approximately
20 generations have passed.

18Since they begin with random ensembles, the best condition numbers in the population at lower
generations can be quite high (> 1015), but these rapidly decrease in the initial generations.
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Experiment no. Mode θ φ

1 PP 30 −45
2 PP 150 −45
3 PP 240 −45
4 PSH 240 −90
5 PSV 120 −90
6 PSV 225 −30
7 SHSH 90 −30
8 SHSV 120 −30
9 SHSV 180 −30

10 SHSV 210 −30
11 SHSV 270 −30
12 SHSV 300 −90
13 SHSV 300 −60
14 SV SH 60 −60
15 SV SH 120 −30
16 SV SH 180 −30
17 SV SH 210 −60
18 SV SH 210 −30
19 SV SH 270 −30
20 SV SV 135 −60
21 SV SV 150 −30
22 SV SV 240 −90

Table 5.8.1: The most optimal set of 22 wave direction variables found over 100 runs of the
evolutionary algorithm. The set describes an ensemble of experiments which produces a weighting
vector W having a condition number of 13.944.
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Figure 5.9.1: The result of a genetic algorithm search for well conditioned mixed mode, fixed
normal ensembles. The best condition numbers in the population at each successive generation are
plotted for a single run of Algorithm (3.12.3). Condition numbers above 40 are not shown.

0

5

10

15

20

25

30

35

40

0 500 1000 1500 2000

B
es

t c
on

di
tio

n 
nu

m
be

r 
in

 p
op

ul
at

io
n

Generation

Figure 5.9.2: The result of multiple genetic algorithm searches for well conditioned mixed mode,
fixed normal ensembles. The best condition numbers in the population at each successive generation
are plotted for 100 independent runs of Algorithm (3.12.3). Condition numbers above 40 are not
shown.
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Figure 5.9.3: An ensemble of mixed mode, fixed normal experiments giving a fully ranked weighting
matrix with condition number 13.944. The plots each represent one experiment from Table (5.8.1).
In each plot, a 4 × 4 km2 area of the surface is shown. The point scatterer is taken to lie 1km
beneath the origin in each experiment, and the source and receiver points on the surface are plotted
as shown. A legend showing the modes of the incident and scattered waves is also shown.

146



5.9 Migration Analysis

Returning to the ensemble data equation (5.5.15),

d(r0, t) =

∫
eiωΦ(x,r0,t)AW T (x, r0, ω)c1(x)dxd̄ω (5.9.1)

the problem of the inversion of this equation will be examined, i.e. the interpretation of
the gathered data d to determine the elastic perturbations c1. A migration analysis of
the data gathered in the ensemble will first be performed. The data equation belongs
to an ensemble examining a fixed subsurface point y, with a surface normal n that lies
within a set of considered normals I parameterised by r0 for which the weighting vector is
invertible throughout. Since the existence of invertible ensembles has been proved, it will
be assumed throughout that the weighting matrix, W , in the data equation is invertible
over some subset of the receiver patches in each experiment.

As mentioned in section 5.4, equation (5.9.1) has the form of a Fourier Integral Oper-
ator on the elastic perturbations distribution c1. This means that the operator can map
location and direction of singularities in c1 in a potentially reversible way. In the case
of a vector valued distribution, this property is not as useful by itself as in the scalar
distribution case. This is because the singularities of a vector valued function(analysed in
the Fourier domain) do not distinguish between singularities in its various components.
However, analysis of the migration operator will be of use when inversion operators are
discussed.

As discussed in Chapter 4, section 4.9, the effect of the data equation is, in part, to
map singularities according to its wave front relation, which is defined solely by the phase
function Φ in the operator. In an effort to undo this mapping, another Fourier integral
operator with an adjoint phase is applied to the gathered data. Let

µ(y) = F ∗
µ
[d] =

∫
e−iωΦ(y,r0,t)d(r0, t)dr0d̄ωdt (5.9.2)

stand for the migration operator F ∗
µ
, which has kernel Kµ = e−iωΦ(y,r0,t). The operator F ∗

µ

to attempts to migrate singularities in the gathered data d back to appropriate singularities
in the migrated section µ(y). The key property of F ∗

µ
is that it has the same phase as

the adjoint of the data equation, which means its wave front relation is opposite to that
of the data equation (see section 4.9). A singularity in c1 mapped elsewhere by the wave
front relation of the data equation may be mapped back to its original location by the
wavefront relation of F ∗

µ
.

The operator F ∗
µ

does not yet map singularities back with their correct amplitudes
or into their correct components, but only back to their locations and directions, which
will suffice for now; the analysis of this migration operator will serve as the basis for the
construction of an inversion operator later on in the Chapter.

Replacing d in (5.9.2) by its definition from (5.9.1), and relabeling the second frequency
variable ω̃ gives

µ(y) =

∫
e−iωΦ(y,r0,t)+ieωΦ(x,r0,t)AW T (x, r0, ω̃)c1(x)dxd̄ω̃dr0d̄ωdt (5.9.3)
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5.9.1 Stationary phase approximation

Equation (5.9.3) will be simplified by using the method of stationary phase to approximate
the integral in the t and ω̃ variables, or more precisely in scaled versions of these variables.
Declare a new variable u and let ω̃ = ωu. Then d̄ω̃ = ωd̄u = (2π)−1ωdu and the integral
in (5.9.3) is rewritten as

µ(y) =

∫ [
(2π)−1

∫
ωeiω(uΦ(x,r0,t)−Φ(y,r0,t))AW T (x, r0, uω)dudt

]
c1(x)dxd̄ωdr0 (5.9.4)

=

∫
[SP (y,x, r0, ω)] c1(x)dxd̄ωdr0 (5.9.5)

where the matrix SP (y,x, r0, ω) is the integral to be simplified via a stationary phase
approximation.

The method of stationary phase(See [2:Alain Grigis & Johannes Sjostrand 1994] and
Appendix (C.4)) is based on the observation that if φ(z) is a phase function for which
∇φ 6= 0,∀z, and if a(z) is an infinitely differentiable function, then the integral

I(ω) =

∫
eiωφ(z)a(z)dz (5.9.6)

is a rapidly decreasing function of ω (see (4.2.1)), and so will be effectively zero for values
ω ≫ 1. In fact more generally, it can be shown that when the frequency variable ω ≫ 1,
the major contributions to integrals of the form (5.9.6) can only come from points where
the phase φ is stationary, i.e. where ∇φ = 0. This is done as follows.

Let φ be a function such that there exist z0 where ∇φ(z0) = 0, and where the Hessian
matrix Hφ(z0) is non-singular. Then the method stationary phase states that integrals of
the form (5.9.6) can be well approximated19 for ω ≫ 1 by the formula

∫
eiωφ(z)a(z)dz =

∑

{z0:∇φ(z0)=0}

(
2π

ω

)n
2

eiωφ(z0)a(z0)
e

iπ
4

sgn(Hφ(z0))

√
|detHφ(z0)|

+O(ω−(n
2
+1))

(5.9.7)
where n is the dimension of z, |detM | stands for the absolute value of the determinant
detM , and sgn(M) denotes the signature of a matrix M , which is given as the number
of positive eigenvalues minus the number of negative eigenvalues of the matrix. When
ω ≫ 1, the remainder term on the right hand side can in practise be safely ignored and
the first term taken as an approximation to the entire integral.

To apply this stationary phase approximation to matrix SP = SP (y,x, r0, ω), the
matrix in the integral is first written out row-wise using (5.5.11), (5.5.12) and (5.5.13),

19See corollary (C.4.7)
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and the scalar phase functions expanded using (5.4.5).

SP =
1

2π

∫
ωeiω(uΦ(x,r0,t)−Φ(y,r0,t))AW T (x, r0, uω)dudt

=
1

2π

∫ 
ω

· · ·
eiω(uφm(x,r0,t)−φm(y,r0,t))Am(x, r0, uω)wT

m(x, r0)
· · ·


 dudt

=
ω

2π




· · ·∫
eiω(ut−uτm(x,r0)−t+τm(y,r0))Am(x, r0, uω)wT

m(x, r0)dudt
· · ·


 (5.9.8)

where τm(x, r0) is the travel time for a scattered wave in the mth experiment which
scattered at the point x. The stationary phase approximation can now be applied, with
z = (u, t), to all components in each row. In the language of (5.9.7),

φ(z) = φ(u, t) = ut− uτm(x, r0) − t+ τm(y, r0) (5.9.9)

∇φ =

[
t− τm(x, r0)

u− 1

]
(5.9.10)

Hφ =

[
0 1
1 0

]
, ⇒ sgn(Hφ) = 0, |detHφ| = 1 (5.9.11)

The gradient ∇φ = 0 only when t = τm(x, r0) and u = 1. In addition, the Hessian Hφ is
never singular and its signature is always 0. Applying these results to (5.9.8) using (5.9.7),
and recalling that d̄u = (2π)−1du gives

SP =
ω

2π




· · ·
2π
ω e

iω(τm(y,r0)−τm(x,r0))Am(x, r0, ω)wT
m(x, r0) +O(ω−2)

· · ·




=




· · ·
eiω(τm(y,r0)−τm(x,r0))Am(x, r0, ω)wT

m(x, r0)
· · ·


+O(w−1) (5.9.12)

Using this approximation in (5.9.3) gives

µ(y) =

∫ 


· · ·
eiω(τm(y,r0)−τm(x,r0))Am(x, r0, ω)wT

m(x, r0)
· · ·


 c1(x)dxd̄ωdr0 + R1(y)

(5.9.13)
where R1 is a function smoother than the left hand as the O(ω−1) remainder has a
smoothing effect on the distribution(see sections 4.3 and 4.9). Specifically, via a similar
stationary phase approximation R1 can be shown to be the result of a Fourier Integral
Operator with a symbol at least one order less than that of the total operator F ∗

µ
; that is,

R1 will be a smoother function than µ.
The phase terms in each row of the matrix in (5.9.13) are all different from one an-

other. With an eye to extracting a single phase term, these are re-expressed using Taylor’s
remainder theorem[67:Xavier Saint Raymond 1991]. First the difference in travel times is
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rewritten as

τm(y, r0) − τm(x, r0) =

∫ y

x

∇τm(z, r0) · dz

=

∫ 1

0
∇τm(ty + (1 − t)x, r0) · (y − x)dt

= (y − x) ·
∫ 1

0
∇τm(ty + (1 − t)x, r0)dt (5.9.14)

And so if the vector ξm in each experiment is defined by

ξm(y,x, r0, ω) = ω

∫ 1

0
∇τm(ty + (1 − t)x, r0)dt (5.9.15)

Then the exponents in (5.9.13) become ξm · (y− x) respectively. With this, and bringing
the r0 and ω integrals within the brackets, µ is given by

µ(y) =

∫ 


· · ·∫
eiξm(y,x,r0,ω)·(y−x)Am(x, r0, ω)wT

m(x, r0)d̄ωdr0

· · ·


 c1(x)dx + R1(y)

(5.9.16)
The phase terms in (5.9.16) can be seen to resemble those of pseudodifferential operators
of the kind discussed in section 4.8. However, the ξm are not the variables of integration
in (5.9.16), nor are they equal to one another. To remedy this, a change of variables is
made on each of the rows in (5.9.16).

On each row of (5.9.16), with y and x as constants, let the change of variables

(r0, ω) 7→ ξm = ξ be made, with Jacobian
∣∣∣∂(r0,ω)
∂ξm

∣∣∣. Let any functions f with (r0, ω)

as parameters be expressed as equivalent functions having (y,x, ξ) as parameters, i.e.
f(y,x, ξ) = f(. . . , rm0 (y,x, ξ), ωm(y,x, ξ)), where rm0 and ωm are the inverse functions for
these variables in the mth experiment for fixed y and x.

It should be noted that this change of variables is justified under two important con-
ditions: firstly, the Jacobian of the transformation must be fully ranked at x = y; and
secondly, the change of variables is valid only for values of x in a neighbourhood of y. The
first condition will be shown to be true in section (5.10) for well conditioned ensembles. As
for the second condition, recalling the assumption in section (5.4) that scatterers far from
y do not affect the inversion process, it can be assumed that Am = 0 when |x − y| > ρ.
Therefore, assuming ρ is small enough, Am will act as a cutoff function when x is far from
y, and the change of variables formula can be applied.

Applying the changes of variables on each line to (5.9.16) gives

µ(y) =

∫




· · ·∫

Ĭm(y,x)

1

2π
eiξ·(y−x)

∣∣∣∣
∂(r0, ω)

∂ξm

∣∣∣∣ (y,x, ξ)

×Am(y,x, ξ)wT
m(y,x, ξ)dξ

· · ·




c1(x)dx + R1(y)

(5.9.17)
where Ĭm(y,x) is the set of vectors ξ reachable in the mth experiment. In general, these
Ĭm will differ for each row and for each subsurface point x considered. To mitigate this
problem, a smooth cut-off function χm(y,x, ξ) is added to each row such that χm = 0
when ξ lies outside of Ĭm. With this addition, each of the inner integrals in (5.9.17) can
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be written as an integral over all ξ ∈ R3.
This step, along with moving the ξ integration outside the main bracket gives

µ(y) =

∫
1

2π




· · ·
eiξ·(y−x)χm(y,x, ξ)

∣∣∣∣
∂(r0, ω)

ξm

∣∣∣∣ (y,x, ξ)

×Am(y,x, ξ)wT
m(y,x, ξ)

· · ·




c1(x)dξdx + R1(y)

(5.9.18)
The phase term in (5.9.18) is now the same across all rows. The equation can be condensed
by constructing following 22 × 22 matrices.

The cut-off matrix χ is a diagonal matrix having the individual cut-off functions χm
as its entries

χ(y,x, ξ) =




. . .

χm(y,x, ξ)
. . .


 (5.9.19)

The Jacobian matrix J is another diagonal matrix containing the individual Jacobians on
each row of (5.9.18)

J(y,x, ξ) =




. . . ∣∣∣∂(r0,ω)
∂ξm

∣∣∣ (y,x, ξ)

. . .


 (5.9.20)

And finally the AW T matrix defined by

AW T (y,x, ξ) =




· · ·
Am(y,x, ξ)wT

m(y,x, ξ)
· · ·


 (5.9.21)

With these matrices defined, µ can be written as the result of a matrix operator, as

µ(y) =

∫
1

2π
eiξ·(y−x)χ(y,x, ξ)J(y,x, ξ)AW T (y,x, ξ)c1(x)dxdξ + R1(y) (5.9.22)

or by declaring the matrix

B(y,x, ξ) = (2π)2χ(y,x, ξ)J(y,x, ξ)AW T (y,x, ξ) (5.9.23)

the migration operator F ∗
µ

can be more compactly written as

µ(y) = F ∗
µ
[d] =

∫
eiξ·(y−x)B(y,x, ξ)c1(x)dxd̄ξ + R1(y) (5.9.24)

which can be recognised as a Pseudodifferential Operator as described in Chapter 4, sec-
tion 4.8, albeit with a remainder term R1 which is the result of another pseudodifferential
operator of at least one order lower that the total operator F ∗

µ
, which will be a pseudod-

ifferential operator so long as constants Cὰβ̀γ̀ exist such that B satisfies the estimates

|∂ὰx∂β̀y∂
γ̀
ξ
B(x,y, ξ)| ≤ Cὰβ̀γ̀〈ξ〉m−|γ̀| (5.9.25)
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As it is a pseudodifferential operator F ∗
µ

possesses the microlocal property and so confines
the location and direction of singularities in the elastic parameter perturbations c1(x).
However as it is only a migration and not an inversion operator, the amplitudes of the
singularities in the migrated section µ will not in general match those of c1, and in
particular, will not necessarily be proportioned correctly component-wise. Thus as an
inversion operator, (5.9.24) is no better than an ordinary migration operator.

To overcome this limitation, the migration operator F ∗
µ

can be used as a basis for
analysis of an inversion operator for the data equation.

5.10 Inversion Analysis

The migration operator F ∗
µ

in (5.9.24) was shown to be a pseudodifferential operator. The
theory of pseudodifferential operators allows their asymptotic inverses to be constructed
if the original operator is elliptic. If it can be shown that this is the case for F ∗

µ
, then

the inverse of this operator will allow the construction of a local inversion operator for
the elastic parameter perturbations c1 at the point y. The construction of the inverses of
pseudodifferential operators is now briefly discussed.

5.10.1 Parametrices

Given an elliptic pseudodifferential operator P , it is possible to construct an operator Q
called the Parametrix 20[2:Alain Grigis & Johannes Sjostrand 1994] which serves as an
approximate inverse to P . Specifically, the parametrix will satisfy Q ◦P = I +R, where I
is the identity operator and R is a smoothing operator which removes all singularities of
any order in the function to which it is applied. Thus in total, Q ◦P is an operator which
confines singularities and leaves their amplitudes unchanged, and so the parametrix Q can
be regarded as a “inverse for singularities” of the operator P . So, despite the remainder
R, this is of advantage in the inversion analysis of the seismic scattering problem as it is
specifically the singularities of the function c1 which are being sought, as these occur at
the scattering interfaces.

The typical method for constructing a parametrix Q involves the iterative construction
of a sequence of operators

Q = Q0 +Q1 +Q2 + · · · (5.10.1)

with each operator having an increasingly more smoothing effect on functions. In addition,
the sequence is constructed so that operator Rm = (Qo + · · · + Qm) ◦ P − I will smooth
functions by decreasing the order of all singularities/discontinuities by m. In practise
therefore, the sequence of functions may be terminated at some finite m to obtain an
approximate parametrix Qm such that Qm ◦ P = I +Rm.

Let the symbol of the pseudodifferential operator P be p(y,x, ξ). A parametrix cannot
be directly constructed from this representation of P , as the symbol has dependence on
the inner x variable. However, it may be shown[2:Alain Grigis & Johannes Sjostrand 1994]
that p has the asymptotic development

σP (y, ξ) ∼
∑

|ὰ|≥0

(−i)|ὰ|
ὰ!

(
∂ὰx∂

ὰ
ξ
p(y,x, ξ)

)∣∣∣
x=y

(5.10.2)

which no longer depends on the inner variable x. Moreover, the first term in this sequence,
p(y,y, ξ), will to either contain or will itself be the principal symbol of the sum, which is

20Strictly, Q is the Left Parametrix of the operator.
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the most singular part of the operator. Using this term, let the symbol q0 of the operator
Q0 can be defined as

q0(y, ξ) = (p(y,y, ξ))−1 (5.10.3)

Then it may be shown that
Q0 ◦ P = I +R1 (5.10.4)

Where R1 is a smoothing pseudodifferential operator which increases the order of singu-
larities by one or more. More terms in the parametrix sequence can be constructed using
R1, however, this will not be used for the seismic inversion problem in this analysis.

In the seismic inversion problem the function c1 has no singularities more severe than
jump discontinuities. In addition, these jump discontinuities are the primary feature
being sought, and so the presence of smoother higher order singularities as artefacts is not
a severe shortcoming in the solution to the inversion problem. For this reason, only the
first term Q0 in the parametrix sequence is needed in the construction of an approximate
parametrix for the pseudodifferential operator F ∗

µ
.

5.10.2 Invertibility of the Migration Amplitude Matrix

By the above analysis, the first term, in the asymptotic expansion of the symbol of F ∗
µ

is
given by

σ0
µ
(y, ξ) = B(y,y, ξ) (5.10.5)

since the principal symbol for F ∗
µ

is contained in the integral portion of (5.9.24). So the
symbol of an approximate parametrix for F ∗

µ is given by B−1. However, before the matrix
B can be inverted, it must first be shown that such an inversion is possible. This is done
in the following lemma.

Lemma 5.10.1
For an invertible ensemble, the matrix B(y,y, ξ) is invertible for a conical set of ξ ∈ R3

Proof. Returning to the definition of the vector ξm in (5.9.15), it is seen that if x = y,
then ξm is given by

ξm(y,y, r0, ω) = ω∇τm(y, r0) (5.10.6)

The gradient ∇τm can be written in terms of slowness vectors by using equations (2.7.13),
(2.7.16) and (2.7.17). With this (5.10.6) reduces to

ξm(y,y, r0, ω) = ω
(
γM (y, r0) − γN (y, r0)

)
(5.10.7)

But by Snell’s law of reflection, as discussed in section 2.4, the difference in the incident
and reflected slowness vectors is parallel to the surface normal. This difference is given by
(2.4.5) as

γM − γN = −kmn (5.10.8)

where n is the estimated surface normal at y and km = km(y, r0) is a function which
depends on the incident slowness vector and experiment mode. Thus, leaving aside explicit
dependence on y in km and n

ξm(y,y, r0, ω) = −ωkm(r0)n(r0) = km(r0)ξ(r0, ω) (5.10.9)

where ξ = −ωn is the same vector across all experiments in the ensemble. With r0

parametrising the set of considered normals I, ξm and also ξ are elements of the conical
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set
Ĭ = {αn|α ∈ R, n ∈ I} (5.10.10)

Thus when x = y, all the sets Ĭm(y,y) in (5.9.17) are equal to the conical expansion set of
considered normals I. And so the cut-off functions χm(y,y, ξ) are all equal; this outcome
resulting from the design of the ensemble experiments. In addition, as these functions are
equal to one when ξ ∈ Ĭ, the matrix χ(y,y, ξ) is the identity matrix and hence invertible
when ξ is in this set.

Moreover, the matrix of Jacobians in (5.9.17) can be examined by studying individual
3 × 3 Jacobian matrices

∣∣∣∣
∂(r0, ω)

∂ξm

∣∣∣∣ (y,y, ξ), ∀m = 1, . . . , 22 (5.10.11)

This Jacobian can be evaluated by determining the value of its inverse at x = y. Since
ξ = −ωkm(r0)n(r0), the inverse of the Jacobian can be derived using partial differentiation
and the rules of determinants. This derivation proceeds on the 3 × 3 Jacobian matrices∣∣∣ ∂ξm
∂(r0,ω)

∣∣∣ as

∣∣∣∣
∂ξm

∂(r0, ω)

∣∣∣∣ =

∣∣∣∣∣∣

| |
∂ξ

∂r0

∂ξ

∂ω

| |

∣∣∣∣∣∣
=

∣∣∣∣∣∣

| |
∂ξ

∂n
∂n
∂r0

+ ∂ξ

∂km

∂km
∂r0

∂ξ

∂ω

| |

∣∣∣∣∣∣

=

∣∣∣∣∣∣

| |
−ωkmI ∂n∂r0

− ωn∂km
∂r0

−kmn

| |

∣∣∣∣∣∣

=

∣∣∣∣∣∣

| |
−ωkmI ∂n∂r0

−kmn

| |

∣∣∣∣∣∣
(5.10.12)

= − ω2k3
m

∣∣∣∣∣∣

| |
∂n
∂r0

n

| |

∣∣∣∣∣∣

where here the fact that
∣∣∣∣∣∣

| |
ωn∂km

∂r0
−kmn

| |

∣∣∣∣∣∣
= 0, ∀ ∂km

∂r0
∈ R

1×2 (5.10.13)

has been used.
Since r0 parameterises the set of considered normals n ∈ S2, it can always be the

case that the vectors of the 3 × 2 matrix ∂n
∂r0

are linearly independent from n and so the

determinant of these three vectors will be non singular; and since km is non zero21, it

follows that
∣∣∣ ∂ξm
∂(r0,ω)

∣∣∣ is non singular. Hence the Jacobian matrix J(y,y, ξ) =
∣∣∣∂(r0,ω)
∂ξm

∣∣∣ is

likewise non singular and hence invertible as long as ξ ∈ Ĭ.

21For homogeneous isotropic media, km 6= 0 will always be the case as rays connecting source to receiver
points must be reflected. However, in inhomogeneous media it may be possible for a single, unscattered
ray to connect a source with a receiver. Such cases are not considered in this thesis.
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Finally, the matrix AW T is given by

AW T (y,y, ξ) =




· · ·
Am(y,y, ξ)wT

m(y,y, ξ)
· · ·


 (5.10.14)

where functions with ξ as a parameter are defined by the rule,
f(y,x, ξ) = f(. . . , rm0 (y,x, ξ), ωm(y,x, ξ)) which maps them to their original data func-
tions in each experiment. The inverse functions rm0 and ωm in each must now be examined
in the case where x = y.

The set of estimated surface normals I is parameterised by r0. Therefore, given any
n ∈ I, it is clear that there exists a unique inverse function giving the corresponding r0,
i.e. the function r0 = r0(n) is known to exist across all experiments. Given the definition
of ξm in (5.10.9) it is clear that all parallel ξm will map to the same r0. Therefore, for all
experiments, leaving out explicit dependence on y, the inverse function rm0 is given by

rm0 (ξ) = r0(n(ξ)) = r0

(
ξ

|ξ|

)
(5.10.15)

Thus in all experiments, the same variable ξ will map back to the same parameter r0. The
inverse function ωm is then given by

ωm(ξ) =
ξ · n(ξ)

km(r0(ξ))
(5.10.16)

And so only the ωm values for the same ξ will differ across experiments.
Applying these results to (5.10.14), and recalling the original data definitions of the

matrices A, W and AW T in equations (5.5.12), (5.5.13) and (5.5.14) gives

AW T (y,y, ξ) = Ã(y, ξ) ×W T (y, r0(ξ)) (5.10.17)

where the diagonal matrix Ã is given by

Ã(y, ξ) =




. . .

Am(y,y, r0(y, ξ), ωm(y, ξ))
. . .


 (5.10.18)

Since Ã is a diagonal matrix, it will be non-singular so long as scattered signals from y
have been appropriately measured in all experiments in the ensemble.

In addition, for any fixed ξ ∈ Ĭ, the matrix W T in (5.10.17) is equal to the matrix
defined in (5.5.13), which is given by the r0 corresponding to ξ across all experiments in
the ensemble. By the analysis in section (5.7), in an invertible ensemble, the matrix W T

is invertible for r0 corresponding to normals n in the set I0 ⊆ I of normals surrounding
the central estimate n0. Similarly to (5.10.10), the ξ corresponding to such r0 lie in the
set

Ĭ0 = {αn|α ∈ R, n ∈ I0} (5.10.19)

And so in an invertible ensemble, the matrix W T is invertible if ξ ∈ Ĭ0 with Ĭ0 ⊆ Ĭ.
Thus matrix AW T (y,y, ξ) is invertible whenever ξ ∈ Ĭ0.
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By (5.9.23), the matrix B(y,y, ξ) is given by

B(y,y, ξ) = (2π)2χ(y,y, ξ)J(y,y, ξ)AW T (y,y, ξ) (5.10.20)

and it can be seen that since all three matrices in its product are invertible, B(y,y, ξ) is
hence invertible when ξ ∈ Ĭ0.

Thus for an invertible ensemble, there exists a conical subset Ĭ0 of R3 in which
B(y,y, ξ) is invertible and so the lemma is proved.

5.10.3 Constructing an Inversion Operator

With the first term in the asymptotic expansion of the symbol of F ∗
µ

shown to be invertible
for a subset of ξ, let F ∗

ν
stand for the approximate parametrix of the operator F ∗

µ
obtained

from this term. Then, the symbol of F ∗
ν

is given by

σν(y, ξ) = Ω(ξ)B−1(y,y, ξ) (5.10.21)

Where B−1 is the inverse of B where it exists and Ω is a smooth cut-off function, equal
to one on a large enough subset of Ĭ0 and zero outside of it, which prevents inversion
of singular B outside of Ĭ0. For the sake of brevity in the following equations define,
B−1

Ω (y, ξ) = Ω(ξ)B−1(y,y, ξ).
Letting η = ξ stand for the frequency domain variable of F ∗

ν
, the application of ν to

result of the migration operator F ∗
µ

is given by

ν(z) = F ∗
ν
[µ] =

∫
eiη·(z−y)B−1

Ω (z,η)µ(y)dyd̄η (5.10.22)

The operator F ∗
ν

will be referred to as the post migration inversion operator. It will now
be shown that this operator produces approximately the elastic parameter perturbations
c1 close to the scatterer point y.

Inserting the representation (5.9.24) for µ in (5.10.22) gives

ν(z) =

∫
eiη·(z−y)B−1

Ω (z,η)

(∫
eiξ·(y−x)B(y,x, ξ)c1(x)dxd̄ξ + R1(y)

)
dyd̄η

=

∫
ei(η·(z−y)+ξ·(y−x))B−1

Ω (z,η)B(y,x, ξ)c1(x)dxd̄ξdyd̄η + R2(z) (5.10.23)

=ν0(z) + R2(z)

where ν0 stands for the result of the integral in (5.10.23) and R2(z)—because of the
smoother nature of R1—is a function smoother than ν0. The integral ν0 itself can be
simplified by a stationary phase calculation in a similar way to the simplification of (5.9.8)
in section 5.9.1.

First, let ω = |ξ| and declare the new variables η̃ = ω−1η and ξ̃ = ω−1ξ so that
d̄η = ω3d̄η̃ and d̄ξ = ω3d̄ξ̃. Then ν0 becomes

ν0(z) =

∫
eiω(eη·(z−y)+eξ·(y−x))ω6B−1

Ω (z, ωη̃)B(y,x, ωξ̃)c1(x)dxd̄ξ̃dyd̄η̃ (5.10.24)

A stationary phase approximation is now carried out in the y and ξ̃ variables. The phase
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function φ and its derivatives are given by

φ = φ(y, ξ̃) = η̃ · (z − y) + ξ̃ · (y − x) (5.10.25)

∇φ =

[ ∇yφ
∇eξ
φ

]
=

[
ξ̃ − η̃

y − x

]
(5.10.26)

Hφ =

[
0 I
I 0

]
, ⇒ sgn(Hφ) = 0, |detHφ| = 1 (5.10.27)

The points of stationary phase occur when ξ̃ = η̃ and y = x. Then, using formula (5.9.7)
and remembering that d̄ξ̃ = (2π)−3dξ̃ , equation (5.10.24) simplifies to

ν0(z) =

∫
ω6

(2π)3

[
eiωeη·(z−x)

(
2π

ω

)3

B−1
Ω (z, ωη̃)B(x,x, ωη̃)c1(x) +O(ω−4)

]
dxd̄η̃

=

∫
eiωeη·(z−x)ω3B−1

Ω (z, ωη̃)B(x,x, ωη̃)c1(x)dxd̄η̃ +R3(z) (5.10.28)

where R3 is a function smoother than the one resulting from the integral term in (5.10.28).
Returning to the original frequency variable, by letting η = ωη̃, gives ν0 as

ν0(z) =

∫
eiη·(z−x)B−1

Ω (z,η)B(x,x,η)c1(x)dxd̄η̃ +R3(z) (5.10.29)

And substituting this result into (5.10.23), gives the post migration inversion operator ν

approximately as

ν(z) =

∫
eiη·(z−x)B−1

Ω (z,η)B(x,x,η)c1(x)dxd̄η̃ + R4(z)

where R4 = R2 + R3 is a function smoother than the integral term in (5.10.30), and so
contains at worst first order discontinuities. It can be seen that if z equals the scattering
point y, then ν is an approximate inverse for the elastic parameter perturbations c1 in
the region of y, specifically for the first order discontinuities of the perturbations.

To combine the operations of Migration an inversion into one step, define the 22 × 22
matrix

B−1
Ω (y, r0, ω) = Ω(n(r0)) ×W−T (y, r0) × (χJA)−1(y, r0, ω) (5.10.30)

where the diagonal matrix (χJA)−1 is given by

(χJA)−1(y, r0, ω) =




. . .

χ−1
m (y,y,n(r0)) ×A−1

m (x, r0, ω)

×
∣∣∣∣
∂ξm

∂(r0, ω)

∣∣∣∣ (y,y, r0, ω)

. . .




(5.10.31)

where the Jacobian term is given by (5.10.12). With the matrix B−1
Ω defined in (5.10.30),

the combined inversion/migration operator, or simply the inversion operator on the data
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equation (5.5.15) can be defined. This operator is labelled F ∗
c1 , and is given by

c1
ν
(y) = F ∗

c1 [d] =

∫
B−1

Ω (y, r0, ω)e−iωΦ(y,r0,t)d(r0, t)dr0d̄ωdt (5.10.32)

The operator F ∗
c1 returns an asymptotically valid inverse for the jump discontinuities of

the elastic parameter perturbations c1(y) at the point y. For ω ≫ 1, c1
ν
(y) will closely

approximate c1(y) if the true surface normal n to the scattering interface at y is contained
in the set of estimated normals I0, and as long as signals in the data resulting from scatters
far from y are negligible in the inversion process.

5.11 Inversion of Overdetermined Ensembles

The inversion operator in (5.10.32) deals with the very specific case of using an ensemble
of 22 seismic experiments to perform elastic parameter inversion at a single point y on
the scattering interface with estimated surface normal n in a set of estimated normals I0.
Before dealing with more general inversion operators, the case of using ensembles with
more than 22 experiments will be examined.

In the case of overdetermined ensembles of k > 22 seismic experiments, the ensemble
data equation (5.5.15) has the same overall form

d(r0, t) =

∫
eiωΦ(x,r0,t)AW T (x, r0, ω)c1(x)dxd̄ω (5.11.1)

but now the data vector d is a k × 1 vector, the matrices Φ and A are k × k diagonal
matrices, and W T is a k×22 matrix. As in section (3.13), this system of integral equations
does not have a proper inverse, but so long as the matrix W T has a full rank of 22 a left
pseudoinverse exists which can be used to construct a least squares inverse for the data
equation.

In section (5.9), the analysis of the migration operator F ∗
µ

defined by (5.9.2) was
carried out on a line-wise basis, and so the analysis still applies for an equivalent migration
operator for (5.11.1). Therefore for ensembles with k > 22 experiments, the k×1 migration
operator F ∗

µ
defined by

µ(y) = F ∗
µ
[d] =

∫
e−iωΦ(y,r0,t)d(r0, t)dr0d̄ωdt (5.11.2)

can still be shown to be a Pseudodifferential Operator of the form22

µ(y) =

∫
eiξ·(y−x)B(y,x, ξ)c1(x)dxd̄ξ + R1(y) (5.11.3)

where R1 is a smoother function than the result of the main integral, and where B is a
k × 22 matrix given by

B(y,x, ξ) = (2π)2χ(y,x, ξ)J(y,x, ξ)AW T (y,x, ξ) (5.11.4)

with χ and J being k × k diagonal matrices, and AW T being a k × 22 matrix. These
matrices are all defined as in equations (5.9.19), (5.9.20) and (5.9.21), with the addition
that the experiment index m can run up to k > 22.

22Compare with (5.9.24)
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While the migration operator F ∗
µ

requires no substantial modification for overdeter-
mined ensembles, the corresponding inversion operator cannot have the same symbol as
(5.10.22) as the inverse matrix B−1 does not exist. Instead, under the assumption that at
least one subset of 22 experiments in the main ensemble is invertible, let the 22×k matrix
B+

Ω be defined by23

B+
Ω (y, ξ) = ΩB(ξ)B+(y,y, ξ) (5.11.5)

where B+ is the pseudoinverse of B, which in the case of fully ranked B is given by

B+ =
(
BHB

)−1
BH (5.11.6)

where BH is the Hermitian24 of B. As in section (5.10), the function ΩB in (5.11.5) is a
smooth cutoff function, equal to one on a large enough subset of Ĭ0, and equal to zero
both outside of this set and when the rank of B drops below 22.

With B+
Ω do defined, the 22× 1 inversion operator F ∗

ν
for an overdetermined ensemble

is defined as

ν(z) = F ∗
ν
[µ] =

∫
eiη·(z−y)B+

Ω (z,η)µ(y)dyd̄η (5.11.7)

As in section (5.10), using the stationary phase approximation it can be shown that ν is
given approximately as

ν(z) =

∫
eiη·(z−x)B+

Ω (z,η)B(x,x,η)c1(x)dxd̄η̃ + R4(z)

where R4 is a smoother operator than the main integral. Thus when z = y, and recalling
the assumption from section (5.4) that signals received due to scatters far from y are neg-
ligible in the process of inversion, it can be seen that ν is the result of a pseudodifferential
operator and an approximate inverse for c1 at y.

The operations of migration and inversion can be combined into one step by defining
B+ in the data domain as

B+
Ω (y, r0, ω) = Ω(n(r0)) ×

(
W T (y, r0)

)+ × (χJA)−1(y, r0, ω) (5.11.8)

where (W T )+ is the 22×k pseudo inverse of W T as in section (3.13), and where the k×k
diagonal matrix (χJA)−1 is as given in (5.10.31) with the experiment index m allowed to
range up to k > 22. The combined inversion operator F ∗

c1 on the ensemble data is then
given by

c1
ν
(y) = F ∗

c1 [d] =

∫
B+

Ω (y, r0, ω)e−iωΦ(y,r0,t)d(r0, t)dr0d̄ωdt (5.11.9)

The result c1
ν

provides an asymptotically valid least squares inverse for the jump dis-
continuities of c1 at the point y provided the true surface normal n is contained in the
considered normal set I0 and provided the frequency ω is large enough.

5.12 Tripartite Seismic Experiments

Thus far, the migration and inversion methods discussed for the case of region inversion
have relied on the assumption that a single inversion point y and surface normal n0 on

23Compare with (5.10.21) and (5.10.22)
24The entries of the Hermitian are given as the complex conjugate entries of the transpose; BH

ij = Bji
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the scattering interface are both known. Using y and n0, as well as the estimated set of
normals I0, seismic experiments consisting of a single source sm and a two dimensional
patch of receivers rm are constructed to examine the scattering interface at y. While this
method is simpler to examine analytically, it is obviously practically deficient as only one
point in the region is inverted.

A key simplification offered by this method was the ability to use knowledge of y to
design an experiment in mode MN ; that is, one which considered only scattered waves
solely in mode N arising from incident waves solely in mode M . As outlined in section
(5.3), the direction b of the point force at the source s was chosen so as to ensure that only
waves in mode M impinged on the point y. Similarly, an inner product of the measured
scattered waves u1 with the polarisation vector ηN of scattered waves from y ensures only
scattered waves in the desired mode N were considered. A key disadvantage of this method
is that direction b of the point force at s is tied to the inversion point y, requiring entirely
new experiments to be carried out if the inversion point is changed. This is obviously
impractical for any case requiring inversion in a wider volume.

To overcome this limitation, consider a seismic experiment setup with source point s
and receivers r as before, except now instead of a single experiment resulting from a point
force with direction b let three separate experiments with point forces bk, k = 1, 2, 3 be
carried out individually. The experiment setups are identical in all respects apart from
the source directions bk, with the source and receiver points s and r, and emitted signal
f(t) equal in all three. It is further assumed that the three force direction bk are linearly
independent. Such a grouping of three linked experiments will be referred to conjointly as
a tripartite experiment .

Let uk denote the scattered waves measured in the kth member of the tripartite ex-
periment. Then combining equations (5.1.5), (5.1.6), and using (3.4.16) and (5.4.5), the
components of uk are given asymptotically by

ukp(r, t, s) =
6∑

N=4

3∑

M=1

∫

V×R

− eiωφ
MN

ω2f̂(ω)ANAMξNp ξ
M
q b

k
q (5.12.1)

× ρ0UMNwT
MNc1(x)dxd̄ω

However, recalling the assumption in section (5.4) that scattered signals resulting from
scatterers far from the current inversion point, y, will be negligible in the process of
inverting the data at that point, the distribution c1(x) in (5.12.1) can be replaced by25

A(x;y)c1(x) without severely reducing the accuracy of the data model for inversions
close to the point y. Similarly, while the polarisation vectors in (5.12.1), ξM = ξM (x, s)
and ξN = ξN (r,x), are functions of scatterer location x, they can also be replaced by
the vectors ξM = ξM (y, s) and ξN = ξN (y,x) with severely affecting the data model.
Applying these simplifying approximations to (5.12.1) gives an approximate representation
for the data gathered in a tripartite experiment as

dkp(r, t, s)
∼=

6∑

N=4

3∑

M=1

ξNp (r,y)ξMq (y, s)bkq E
MN (r, t, s;y) (5.12.2)

25Recalling the definition of A: For some radius ρ ≪ 1, the function A is a smooth cutoff function26

with A(x;y) = 1 when |x − y| < ρ and A(x;y) = 0 when |x − y| > 2ρ.
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where the EMN represent the integrals

E
MN (r, t, s;y) =

∫

V×R

−eiωφMN
ω2f̂(ω)ANAMA(x;y)ρ0UMNwT

MNc1(x)dxd̄ω (5.12.3)

It can be seen that the integrals in (5.12.3) contain isolated experiment mode data for
each possible mode MN . The representation in (5.12.2) can then be seen as a linear sum
of these isolated mode elements. To express this linear sum in matrix form, declare the
3 × 3 matrices

B =
[

b1 b2 b3
]

(5.12.4)

ΞM (y, s) =
[

ξPM ξSHM ξSVM
]
, ΞN (r,y) =

[
ξPN ξSHN ξSVN

]
(5.12.5)

where the ξAB vectors are as defined in (3.6.6). Letting the index numbers {1, 2, 3} corre-
spond respectively to the wave modes {P, SH, SV }, and recalling that the incident and
scattered wave mode numbers M ∈ {1, 2, 3} and N ∈ {4, 5, 6} also each correspond to
those same mode numbers, it can be seen that the matrix components are given by

Bij = bji , (ΞM )ij = ξji (y, s), (ΞN )ij = ξj+3
i (r,y) (5.12.6)

In addition, let the 3 × 3 experiment mode matrix E be defined by

Eij(r, t, s;y) = E
(i)(j+3)(r, t, s;y) (5.12.7)

and the 3 × 3 tripartite data matrix be defined by

Dij(r, t, s) = dji (r, t, s) (5.12.8)

then it can be seen that (5.12.2) can be rewritten using the summation convention as

Dpk(r, t, s) ∼= (ΞN )pj(r,y)(ΞM )qi(y, s)Bqk Eij(r, t, s;y) (5.12.9)

This equation can be rewritten in matrix form as

D(r, t, s) ∼= ΞN (r,y)ET (r, t, s;y)ΞTM (y, s)B (5.12.10)

Since the point force vectors bk are linearly independent, the matrix B is invertible. In
addition, as isotropic wave mode polarisation vectors form an orthonormal set, the matrices
ΞM and ΞN are orthonormal, with Ξ−1

M = ΞTM and Ξ−1
N = ΞTN . Then it can be shown

by inverting the matrix equation (5.12.10) that the experiment mode matrix E is given
approximately by

E(r, t, s;y) ∼= ΞTM (y, s)B−T
D
T (r, t, s)ΞN (r,y) (5.12.11)

The tripartite data matrix D =
[

d1 d2 d3
]

is known from the measured scattered
signals, and B is known from the point forces. The matrices ΞM (y, s) and ΞN (r,y) are
known from the geometry of the source, the receiver and the considered scattering point.
Equation (5.12.11) allows the approximation of individual experiment mode data for a
considered scattering point y without requiring that the point forces be dependant on the
point. Thus tripartite experiments can facilitate inversion at general points y without
having to be specifically tailored for each point.

Note that the experiment mode matrix E contains experiment mode data in the fol-
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Figure 5.13.1: To perform inversion at all points in a subsurface region Y (dotted volume), a large
region receiver array r@ (dashed area) is needed which covers a wide area of the surface above Y .
At sources (dots) placed throughout r@, tripartite experiments are performed and the scattered
wave measurements made across r@. Given a y ∈ Y and normal estimate n, for a source sm there
exists a corresponding patch of receivers rm found using Snell’s law. If rm lies within r@, then
measured data from experiment sm can be used in the inversion of elastic parameters at y.

lowing arrangement

E =




EPP EPSH EPSV

ESHP ESHSH ESHSV

ESV P ESV SH ESV SV


 (5.12.12)

where each of the individual components is given by the integral (5.12.3). By declaring
the amplitude term27

ÃMN = ÃMN (x, r, ω, s,y) = −ω2f̂(ω)ρ0UMNA
NAMA(x;y) (5.12.13)

it can be seem that the integrals in (5.12.3) take the form

E
MN (r, t, s;y) =

∫

V×R

eiωφ
MN

ÃMNwT
MNc1(x)dxd̄ω (5.12.14)

It can be seen that these tripartite experiment mode integrals have the same form as
ordinary “tailored” experiment mode integrals in (5.4.7). In particular, the weighting
vector functions are equal, and thus have the same rank as in the tailored experiment
case.

5.13 Inversion Of Entire Regions

Tripartite seismic experiments allow experiment mode data to be obtained for multiple
points y using the same seismic sources. This property can be exploited to enable inversion
of elastic parameter perturbations in wider regions.

To perform inversion at all points in some subsurface region Y , consider a large patch
of receivers r@, which will be called the region receiver array which covers a wide area of
the surface centred above Y (see Figure 5.13.1). In addition, let n sources, sm m = 1, . . . , n,
be placed as densely as is feasible throughout and around the array r@. At each source

27Compare with (5.4.4)
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point sm, let a tripartite seismic experiment be performed with known force directions
bk, and let the resulting scattered waves be measured by the receivers covering r@. Each
such tripartite experiment with source sm and total measurement across r@ will constitute
a region experiment on Y . All such region experiments together will constitute a region
ensemble on Y .

The construction of the region ensembles—specifically the size and location of r@ and
the sources sm—is not elaborated on in this thesis. It will be assumed that the sources
are sufficiently many in r@ so that inverse is possible at all points in Y , for a given suite
of likely normal estimates n ∈ IY . One possible method of constructing the ensemble is
to find a well conditioned tripartite ensemble for a specific normal vector n, for example
using a the genetic algorithm search to the one outlined in section (5.8). Once the slowness
vector directions have been found by the search, the space Y ×IY can be discretised, and
for each discrete pair (ym,nm) in this set the slowness vector directions can be rotated
into a suitable coordinate system28 and then traced from yi to the surface to obtain the
corresponding sm and patch rm. The region receiver array r@ can then be chosen to be a
set containing all sm and rm so generated. Such a method could also be modified to take
into account practicalities associated with specific ensemble locales.

Let dkmp denote the pth component of the scattered waves measured in the mth region

experiment, due to the kth experiment in the triplet. Then dkmp is a function of the source
point sm, receiver position r@, and the time t after first emission of the source signal.
From (5.12.1) these components are given by

dkmp = dkmp (r@, t, sm) =
6∑

N=4

3∑

M=1

∫

V×R

− eiωφ
MN

ω2f̂(ω)ANAMξNp ξ
M
q b

k
q (5.13.1)

× ρ0UMNwT
MNc1(x)dxd̄ω

As outlined in section (5.12), the data gathered in the mth region experiment can be used
to obtain individual experiment mode data for inversion close to a point y ∈ Y . Letting
EMN
m denote such experiment mode data, and dropping explicit dependence on sm in

(5.12.14), the data is given by

E
MN
m (r@, t;y) =

∫
eiωφ

MN
ÃMN
m wT

MNc1(x)dxd̄ω (5.13.2)

Note however that the integral in (5.13.2) is based on the linearisation of the inversion
problem, and does not explicitly take into account the restrictions on the incident and
outgoing slowness vectors at the point y, which must be related by Snell’s law (2.4.4). As
such, experiment mode data from most receiver locations r@ will not be useful in inverting
elastic parameters at y, as no appropriate signals will be received at those points29.

Therefore, instead of using data gathered from across the region array r@ the receiver
locations will be restricted. This is done by choosing a central estimate n for the scattering
interface normal at y, and generating a set of considered normals I0 about n parame-
terised by r0 ∈ R2, e.g. using equation (5.5.7). For fixed source points sm, scattering point
y and using Snell’s law, the generated normals in turn lead to patches rm = rm(r0;y,n)
on the surface, as described in section (5.5)(See Figure 5.13.1 on the previous page). In
this way, virtual experiments can be constructed from the region ensemble. As long as the
set I0 is the same across all virtual experiments, the experiments will be linked by the

28While still maintaining the condition number of the ensemble, as shown in section (A.2).
29Strictly speaking, the signals received are cancelled out by destructive interference during inversion.
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parameter r0, as well as y and n.
With the receiver locations in each experiment so restricted—according to particular

location and interface normal estimates y and n—the corresponding restricted experiment
mode data, which will be denoted ÊMN

m is given by

Ê
MN
m = Ê

MN
m (r0, t;y,n) = Ψ(rm(r0;y,n))EMN

m (rm(r0;y,n), t;y) (5.13.3)

where EMN
m is the experiment mode data as defined in (5.13.2). Ψ is a smooth cutoff

function equal to one when rm is on the receiver array, and zero outside of it, which
ensures that the experiment mode data is zero if the corresponding receiver locations lie
outside the region receiver array r@.

The restricted experiment mode data ÊMN
m can be obtained directly from the region

experiment data measured on r@, once the subsurface location y and estimated normal
n are given. The restricted experiment mode data has the same integral form as that in
(5.13.2) with

Ê
MN
m (r0, t;y,n) =

∫
eiωφ

MN
ÃMN
m wT

MNc1(x)dxd̄ω (5.13.4)

where occurrences of r@ in the inner functions have been replaced by rm(r0;y,n), and
where the cutoff Ψ(rm(r0;y,n)) has been added to ÃMN

m . These integrals can be seen to
have the same form as those of an ordinary experiment mode integrals in (5.4.7) and so
ensembles of such data can be inverted in the same way.

To construct an inversion operator, first the restricted experiment mode data obtained
in the experiments is arranged in a region data vector in the following way. Let the
region experiments be labelled with index m for m = 1, . . . , n, and let the nine experiment
modes be enumerated k = 1, . . . , 9 in the following order; (PP, PSH,PSV, SHP, SHSH,
SHSV, SV P, SV SH, SV SV ) so that Êkm corresponds to restricted data from the mth

region experiment in experiment mode k. In order to arrange the restricted experiment
mode data matrices as vectors, for the index l = 1, . . . , 9n define the functions

m(l) = ⌈l/9⌉, k(l) = l − 9(m(l) − 1) (5.13.5)

Then let the 9n× 1 region data vector be defined as

d̂(r0, t;y,n) =




· · ·
Ê
k(l)
m(l)(r0, t;y,n)

· · ·


 (5.13.6)

so that Ê
k(l)
m(l) is the lth entry of d̂, which then contains all the restricted experiment mode

data from all region experiments. Given enough experiments in the ensemble, d̂ represents
an overdetermined system of integral equations in the same form as (5.11.1) with

d̂(r0, t;y,n) =

∫
eiωΦ(x,r0,t;n)AW T (x, r0, ω;y,n)c1(x)dxd̄ω (5.13.7)

This system of overdetermined equations can be inverted in the same way as that outlined
in section (5.11), with the only major difference being that the matrix B+

Ω in (5.11.8) has
an explicit dependence on the estimated surface normal n. The inversion operator for a
region ensemble then has the form

c1
ν
(y,n) =

∫
B+

Ω (y, r0, ω;n)e−iωΦ(y,r0,t;n)d̂(r0, t;y,n)dr0d̄ωdt (5.13.8)
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Note that this region inversion operator depends not only on the selected inversion point
y, but also on the estimated surface normal n. If the number of experiments n is high
enough, and the region receiver array r@ large enough, then for most y in the inversion
region Y , and for most reasonable normal estimates n, the region ensemble will consider
at least 22 linearly independent experiment mode inversion integrals (5.13.7) and so the
inversion operator will be fully ranked. In the event that there are not enough appropriate
experiments in the ensemble to perform inversion at a particular point y, and the matrix
AW T in (5.13.7) is not fully ranked, the cutoff function ΩB in (5.11.5) will set B+

Ω = 0,
and hence c1

ν
= 0, reflecting that the region ensemble cannot perform inversion at such

estimates.
It is possible to select y and n in (5.13.8) which do not correspond to any real point or

normal on any scattering interface. Most obviously, y could be a point in the homogeneous
isotropic background. In such cases, the measured scattered waves will be out of phase
with those assumed by the inversion operator and the stationary phase calculation outlined
in (5.9.1) will not apply, and the result returned by the corresponding inversion operator
will be negligible for ω ≫ 1. Thus using the data measurements from the region ensemble,
(5.13.8) represents an inversion operator on the entire region Y , once scattering interface
normals in some predetermined search set n ∈ IY have been chosen.
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Chapter 6

Inversion in Anisotropic

Backgrounds

In Chapters 3 and 5, the inversion problem of elastic wave scattering was examined for
the case of anisotropic inclusion embedded in homogeneous isotropic backgrounds—for the
cases of point and volume inclusions respectively. In this Chapter, the inverse problem in
the case of more general background types will be examined.

For backgrounds which are inhomogeneous and/or anisotropic, no exact Green’s func-
tion of the form (2.7.1) exists from which to derive a suitable Forward Model. Instead, high
frequency Seismic Ray Theory and the method of characteristics will be used to derive
a high-frequency approximation for the Green’s function in inhomogeneous anisotropic
backgrounds. A standard overview of these techniques will be presented in section (6.1).

This approximate Green’s function derived from ray theory will then be used to con-
struct the Forward Model for elastic wave inversion in general background media. Under
this forward model, The local invertibility of the corresponding inverse problem will be
analysed and it will be shown that, similarly to the isotropic inverse problem, this will
depend on the rank of the relevant weighting vector function Gramians.

To demonstrate the effects of anisotropic backgrounds on the inverse problem, the case
of a Transversely Isotropic background will be discussed. The case of Transversely Isotropic
material will be examined as this is the simplest type of anisotropy; indeed analytical
formulas for the speeds and polarisations of waves in TI media can be derived as will be
demonstrated in section 6.3. The weighting vector functions for scattering experiments
in TI media will be derived and from these the corresponding Gramian matrices will be
found via numerical integration and their ranks evaluated.

The presentation of seismic ray theory presented in this thesis follows that of the
existing literature[62:V. Cerveny 2001]. The analytical formulas used for TI materials
are also known[51:P. Chadwick 1989]. The novel results of this chapter comprise the
application of the analysis of Gramian matrices of weighting vector functions to the case of
inversion in anisotropic backgrounds. The numerical calculation of the Gramian matrices
and their ranks for inversion TI backgrounds suggests that inversion may be more feasible
in anisotropic backgrounds than in simpler isotropic backgrounds.

6.1 Seismic Ray Theory

The elastodynamic wave equation (2.1.18) describes the propagation of elastic waves in
linearly elastic media. In order to solve the forward problem of elastic wave propagation,
the method of Green’s functions can be used. In the case of homogeneous isotropic media
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the Green’s function (2.7.1) can be given in closed form. However, for most other media,
inhomogeneous and anisotropic, no such closed form solution for a Green’s function can
be given.

In lieu of such closed form solutions, approximate Green’s functions for various media
can be found using seismic ray theory, which is based on the theory of Geometrical optics.
This section will give a very basic overview of the techniques involved in obtaining such
solutions. For a more comprehensive introduction and overview of this area see [62:V.
Cerveny 2001].

Given a known point force f , the equation to be solved for the elastic displacement
waves u is the Elastodynamic Wave Equation (2.1.18),

ρüi − (cijkluk,l),j = fi (6.1.1)

Here u = u(x, t) is a function of space and time. In the most general case of an anisotropic
inhomogeneous medium, the elastic parameters ρ = ρ(x) and cijkl = cijkl(x) are functions
of space, and there are up to 21 independent components in the Hooke’s tensor.

To find an approximate solution to (6.1.1) in the general case, an assumption is made
that the functions for transient elastic wave displacements u can be expressed as an infinite
asymptotic series of the form

ui(x, t) ∼=
∞∑

m=0

Ami (x)Fm(t− τ(x)) (6.1.2)

where the functions Fm in the series are increasingly smooth, obeying the relation

F ′
m+1(z) = Fm(z) (6.1.3)

This series is known as the progressing wave expansion. The function τ = τ(x) is the travel
time function of the wave, and is the time taken for the wave to travel from the source
point to the point x. Its gradient in x is the slowness vector for the wave, ∇τ = γ, with
this definition coinciding with the earlier one for isotropic materials given in (2.2.14) and
(2.2.17). The Am(x) functions are the amplitudes of the increasingly smoother sub-waves
of the series.

Equation (6.1.2) is the form of a ray series for transient elastic wave signals. For
time-harmonic or discontinuous waves, other forms may be used. For any such series
used, the ray series is asymptotic in the lowest frequency in the wave signal[62:V. Cerveny
2001]. However, for fixed frequency signals the terms in the series may not be convergent.
Typically the amplitude contribution of the terms decreases until, at some fixed m, the
series begins to diverge. For this reason, only the first few terms, indeed usually only the
first term, are taken as a good approximation of the wave equation for practical purposes.

Under the assumption that the source term f is localised in space, the right hand side
of (6.1.1) will be zero for most of the domain. Let the linear differential operator P(u)
describe the left hand side of the elastodynamic wave equation. Then for most regions of
the domain and most times, the components of P(u) should satisfy

Pi(u) = (cijkl(x)uk,l(x, t)),j − ρ(x)üi(x, t) = 0 (6.1.4)
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Substituting the series representation (6.1.2) into (6.1.4) and differentiating gives

Pi(u) =

∞∑

m=0

(cijklA
m
k τ,jτ,l − ρAmi )F ′′

m(t− τ)

−
(
cijklA

m
k,lτ,j + (cijklA

m
k τ,l),j

)
F ′
m(t− τ)

+
(
cijklA

m
k,l

)
,j
Fm(t− τ) (6.1.5)

Let the linear differential operators N, M and L be defined by

Ni(u) = cijklukτ,jτ,l − ρui (6.1.6)

Mi(u) = cijkluk,lτ,j + (cijklukτ,l),j (6.1.7)

Li(u) = (cijkluk,l),j (6.1.8)

so that (6.1.5) can be written as

Pi(u) =
∞∑

m=0

Ni(A
m)F ′′

m −Mi(A
m)F ′′

m+1 + Li(A
m)F ′′

m+2 (6.1.9)

Using relation (6.1.3), this series can be expressed in terms of the second derivatives of
the Fm functions as

Pi(u) =Ni(A
0)F ′′

0 +
(
Ni(A

1) −Mi(A
0)
)
F ′′

1

+

∞∑

m=2

(
Ni(A

m+2) −Mi(A
m+1) + Li(A

m)
)
F ′′
m = 0 (6.1.10)

The functions F ′′
m can be arbitrary, as can the initial conditions for the equation. For this

reason, in order that P(u) be identically zero, it is assumed that the coefficients of the F ′′
m

functions are all zero. This leads to the conditions

Ni(A
0) = 0 (6.1.11)

Ni(A
1) −Mi(A

0) = 0 (6.1.12)

Ni(A
m+2) −Mi(A

m+1) + Li(A
m) = 0 (6.1.13)

These conditions can be used to solve for the coefficients of the ray series.

6.1.1 Eikonal Equation

The first of these conditions, (6.1.11), deals with the A0 coefficient and the travel time τ .
Applying (6.1.6), it is found that these must satisfy

(cijklτ,jτ,l − ρδik)A
0
k = 0, i = 1, 2, 3 (6.1.14)

Letting the gradient of the travel time ∇τ = |∇τ |n, where n is the unit vector in the
direction of ∇τ , and dividing all three equations by ρ|∇τ |2, gives the matrix equation

(
Γ(x,n) − 1

|∇τ |2 I
)

A0 = 0 (6.1.15)
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where Γ(x,n) is the Christoffel matrix at the point x, as defined in (2.2.4). Equation
(6.1.15) is an eigenvalue/eigenvector equation, with A0 an eigenvector of Γ(n) and |∇τ |−2

as its corresponding eigenvalue. If κM = κM (x,∇τ) is an eigenvalue of the Christoffel
matrix Γ(x,∇τ/|∇τ |), then this condition means that the travel time gradient ∇τ must
satisfy

|∇τ |2 =
1

κM (x,∇τ) (6.1.16)

Equation (6.1.16) is referred to as the Eikonal Equation. It describes how the wave fronts
of the elastic displacements propagate outwards from their source. The Eikonal equation
is a first order, non-linear partial differential equation for the travel time τ , and so its
solution can be found using the method of characteristics1, as outlined in Appendix C
section C.6.

In the language of section C.6, with u = τ and p = ∇τ , the eikonal equation can be
written in the form

F (x,p, τ) = |p|2 − 1

κM (x,p)
= 0 (6.1.17)

Then it can be shown (see C.6) that the characteristic, or bi-characteristic curves of this
equation are given by

dx

ds
= λ

(
2p +

∇pκ
M

(κM )2

)
= λ

(
2∇τ + |∇τ |4∇pκ

M
)

(6.1.18)

dp

ds
= −λ

(∇xκ
M

(κM )2

)
= −λ|∇τ |4∇xκ

M (6.1.19)

dτ

ds
= λ

(
2|p|2 + p · ∇pκ

M

(κM )2

)
=

2λ

κM
(6.1.20)

where the last step has used the fact that since the Christoffel matrix Γ(x,∇τ) ,and hence
its eigenvalue κM (x,∇τ), depends only on the direction of p = ∇τ and not its length, the
eigenvalue function must satisfy

p · ∇pκ
M = 0 (6.1.21)

If a wave mode M is consistently chosen when calculating the eigenvalue κM , then equa-
tions (6.1.18), (6.1.19) and (6.1.20) constitute a system of Ordinary Differential Equations
for the travel time τ = τM of a wave in mode M , and its slowness vector p = ∇τM = γM

at the point x along the characteristic curve. This system of equations can be solved, usu-
ally numerically, once initial conditions for x, p and τ are specified on some 2 dimensional
initial surface.

The initial conditions are usually given on a 2 dimensional surface parameterised by
a variable σ. As well as the initial points x0 = x0(σ) on this surface, the initial slowness
vectors p0 = p0(σ) and travel times τ0(σ) must be specified. Then from every point on the
surface bicharacteristic curves are traced, which fill the region with solutions x = x(s,σ),
p = p(s,σ) and τ = τ(s,σ) to the eikonal equation (see Figure 6.1.1 on the following
page). The issue of how these initial conditions are specified will be left aside for the
moment, and discussed in section (6.1.3).

This system can be further simplified by finding analytic expressions for the derivatives
of the eigenvalue ∇xκ

M and ∇pκ
M along the ray. Letting ξM stand for the normalised

eigenvector corresponding to the eigenvalue κM of Γ, it is then the case that κM = ξM ·
1For further discussion of this method, see [62:V. Cerveny 2001] and [9:Bleistein 2001].
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ΓξM . Differentiating this equation with respect to xk or pk and using the fact that
ξM · ∂ξM = 0, it can be shown that (see [62:V. Cerveny 2001])

∂κM

∂xm
= ξMi

∂Γij
∂xm

ξMj ,
∂κM

∂pm
= ξMi

∂Γij
∂pm

ξMj (6.1.22)

s = 0

s = 1

s = 2

σ = 1

σ = 2

σ = 3

σ = 4

σ = 5

x0(σ)
p0

Figure 6.1.1: Starting from an initial surface
with position and slowness parameterised by
σ, equations (6.1.18), (6.1.19) determine a
family of characteristic rays which trace out
the solution u according to (6.1.20). Lines of
constant σ are the individual rays, and sur-
faces of fixed s are the wave fronts on which
the phase of the traced waves are equal.

which gives an analytic equation for the deriva-
tives of κM with respect to its variables. The
entries Γij of the Christoffel matrix are given
by (2.2.4), which rewritten in terms of the wave
slowness p becomes

Γik(x,p) =
1

|p|2ρ
−1(x)cijkl(x)plpj (6.1.23)

Partially differentiating this equation with re-
spect to pm and applying (6.1.22) it can be
shown that

∂κM

∂pm
= 2κM

(
1

ρ
cijkmξ

M
i ξ

M
k pj −

pm
|p|2

)

(6.1.24)
Applying this result to (6.1.18) and using
(6.1.16) then gives, for the space characteristic
curve

dxm
ds

=
2λ

κMρ
cijkmξ

M
i ξ

M
k pj (6.1.25)

And similarly for the slowness characteristic
curve it can be shown that

dpm
ds

=
λ

κM
(
ρ−1cijkl

)
,m
ξMi ξ

M
k pjpl (6.1.26)

One final parameter needed to solve the sys-
tem of ODEs along the bicharacteristic curves
is the function λ = λ(s) along the curve. This
function can be chosen in many ways, and can
determine numerical and geometrical properties
of the system of ODEs and its solution. Some
of the choices for λ are outlined in [9:Bleistein
2001].

For the purposes of the following discussion λ will be taken to be given by

λ(s) =
κM

2
=

(vM )2

2
(6.1.27)

where vM is the speed of the wave on the curve in the direction of ∇τ = γM . With this
choice of the function λ, it can be seen from (6.1.20) that

dτ

ds
= 1 (6.1.28)
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and so the running parameter s is equal to the wave travel time τ . This choice allows travel
time to be known without computation and effectively reduces the order of the system of
ODEs by one. Using (6.1.16), the remaining six equations in the system of ODEs are now
given by

dxm
ds

=
1

ρ
cijkmξ

M
i ξ

M
k pj (6.1.29)

dpm
ds

=
1

2

(
ρ−1cijkl

)
,m
ξMi ξ

M
k pjpl m = 1, 2, 3 (6.1.30)

These equations describe how the position x and slowness vector p for the solution are
updated, while the variable s itself describes the travel time τ . So long as the normalised
eigenvector of the Christoffel matrix ξM , i.e. the wave polarisation, is chosen consistently,
these equations describe a “ray” of the wave in mode M propagating outwards from an
initial surface.

With the initial surface parameterised by a variable σ as described above, σ and
s describe a family of curves or rays, with σ fixed along any one ray. The solutions
x = x(s,σ), p = p(s,σ) and τ = τ(s,σ) are traced out into the region by this family of
rays. The variable s denotes travel time along the ray. Fixing s and allowing σ to vary
describes level surfaces of τ = s, which are wave fronts of the wave.

The solution of the eikonal equation using these “rays” gives rise to the label of Ge-
ometrical Optics for these techniques. The characteristic rays2 correspond to those rays
studied in very basic analysis of light rays, and the eikonal equation itself has the basic
form |∇τ |2 = c−2 in the case of light waves in an isotropic, homogeneous medium, e.g. in
a vacuum or in air. Though the study of elastic waves in solids is not a topic in optics,
the mathematical equations and their solutions correspond in both regimes.

6.1.2 Transport equation

With the solution of the eikonal equation giving the wave travel time τ(x), the next step
in the solution of the elastic wave ray series is to obtain the solution for the first amplitude
term in the ray series A0. By (6.1.15), it is know that A0 must be an eigenvector of the
Christoffel matrix, but its amplitude cannot be found using only this equation. Only its
direction ξM is known. Let

A0 = A0ξM (6.1.31)

So that the scalar A0 is the amplitude of the wave term. To find A0 the second equation
in the ray series, (6.1.12), must be used. Taking the inner product of this equation with
A0 gives

A0 ·
(
N(A1) − M(A0)

)
= 0 (6.1.32)

By the symmetry of the Christoffel matrix, and using (6.1.11) it is the case that

A0 · N(A1) = A1 · N(A0) = 0 (6.1.33)

This allows the vector A1 to be removed from consideration in (6.1.32) giving

A0 · M(A0) = 0 (6.1.34)

2These are the projections of the bicharacteristic rays onto the spatial coordinate x.
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Writing this result in terms of its components and letting pj = τ,j gives

A0ξMi

(
cijkl(A

0ξMk ),lpj +
(
cijklA

0ξMk pl
)
,j

)
= 0 (6.1.35)

By differentiating terms in this equation and simplifying, it can be shown that this gives

2A0cijklξ
M
i ξ

M
k pjA,l + (A0)2(cijklξ

M
i ξ

M
k pj),l = 0 (6.1.36)

Let the vector UM be defined as

UMl =
1

ρ
cijklξ

M
i ξ

M
k pj (6.1.37)

Then using this, (6.1.36) becomes

2ρUMl A0A,l + (A0)2(ρUMl ),l =
(
ρ(A0)2UMl

)
,l

= 0 (6.1.38)

Writing A2
0 for (A0)2, this equation can be written as

∇ ·
(
ρA2

0U
M
)

= 0 (6.1.39)

This is the transport equation for the amplitude of the first term in the ray series. It
expresses the fact that the vector field ρA2

0U
M has no sources or sinks on regions where

f = 0. The transport equation can in fact be solved using the same constructions that
were used in the solution of the eikonal equation.

Comparing equations (6.1.37) and (6.1.25) it is seen that

UM =
κM

2λ

dx

ds
(6.1.40)

So UM is parallel to the characteristic rays of the eikonal equation. Moreover, if travel
time is taken as the running parameter s by setting λ = κM/2 for the ray equation,
UM = dx

ds , which means that UM is the ray velocity . There are a family of such rays,
x = x(s,σ), with s describing travel time for the wave along the length of the ray, and
with the parameter σ = (σ1, σ2) choosing between curves in the family.

Consider a bunch of such rays, forming a solid tube V , whose sides are made up of
members of a family of rays x = x(s,σ), and whose ends are made from the level surfaces
of τ where s is a constant(see Figure 6.1.2 on the next page). Let S denote the surface of
V . Then using (6.1.39), applying the divergence theorem[48:Michael Spivak 1965] gives.

∫

V
∇ ·
(
ρA2

0U
M
)
dx =

∫

S
ρA2

0U
M · dS = 0 (6.1.41)

where dS is the outward pointing surface differential, which is perpendicular to the surface
of the tube at every point. Let the surface of the tube S be divided up into three portions.
Let S0 and S1 denote the ends of the tube, with S0 as the end with the lower value
of constant travel time τ . Let T denote the sides of the tube, which is composed of the
outermost rays in the bunch. Then the integral over the surface of the tube can be divided
into three parts as

∫

S
ρA2

0U
M · dS =

(∫

S1

+

∫

S0

+

∫

T

)
ρA2

0U
M · dS = 0 (6.1.42)
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Figure 6.1.2: The transport equation can be solved by considering a family of rays forming a solid
tube V about a central ray (dotted). The tube is enclosed by sides T and end-caps S0 and S1.
As the divergence of ρA2

0U
M is zero away from sources, and its flux across T is zero, equating the

fluxes through S0 and S1 and shrinking the tube to a the central ray gives a differential equation
(6.1.48) for the wave amplitude along this ray.

The surface integral over the sides of the tube involves the inner product of UM with the
surface differential dS. But since UM = ∂x/∂s = dx/ds(s,σ0) is the tangent vector to
the characteristic rays which compose the sides, and the surface differential dS is parallel
to the surface normal of the sides, UM and dS are orthogonal and so UM · dS = 0 for all
points on the sides of the tube and thus

∫

T
ρA2

0U
M · dS = 0 (6.1.43)

For the integrals over the S0 and S1, the ends of the tube, it is noted that at these ends the
ray parameter s is constant. Thus, the surface differential is given by the cross product

dS = ± ∂x

∂σ1
× ∂x

∂σ2
dσ1dσ2 (6.1.44)

where the sign of the differential is determined by the nature of the parameterisation of
the surface and the choice of an outward pointing differential. For simplicity, it is assumed
in what follows that the parameterisation of x is such that the cross product of the σ1 and
σ2 tangent vectors is always positively parallel to the ray tangent ∂x/∂s3.

Since UM = ∂x/∂s, the inner product in the surface integrals is given by

UM · dS = ±∂x
∂s

·
(
∂x

∂σ1
× ∂x

∂σ2

)
dσ1dσ2 = ±|J(s, σ1, σ2)|dσ1dσ2 (6.1.45)

3This choice will be consistent as long as the tube does not shrink to a caustic along its length
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where J is the 3 × 3 Jacobian matrix

J =

[
∂x

∂s

∂x

∂σ1

∂x

∂σ2

]
(6.1.46)

and |J | is its determinant. Then, taking into account the opposite signs of the surface
normals on S0 and S1 relative to the ray tangents, and using (6.1.43), the equation for the
surface integral over the entire tube gives

∫

S1

ρA2
0|J | dσ1dσ2 −

∫

S0

ρA2
0|J | dσ1dσ2 = 0 (6.1.47)

This equation must hold for any tube, let the tube be allowed to shrink down towards a
single ray. Let s0 be the travel time at the lower end of this ray, and s the travel time at
the other end. Then shrinking the integrals down to this single ray gives

ρ(s)A2
0(s)|J(s)| = ρ(s0)A

2
0(s0)|J(s0)| (6.1.48)

where f(s) denotes the value of any function f along this single ray at travel time s.
Rearranging this equation gives

A0(s) = A0(s0)

√
ρ(s0)|J(s0)|
ρ(s)|J(s)| (6.1.49)

which is a formula for the scalar amplitude A0 of the wave term along the ray, in terms
of the initial and current values of the amplitude, density ρ, and ray family Jacobian J .
So long as the ray Jacobian’s determinant |J | does not become zero along the ray, this
formula will give a value for the amplitude A0. Along with the wave polarisation direction
ξM , this will give the first amplitude term A0 in the seismic ray series in (6.1.2).

If the ray Jacobian determinant |J | ever becomes zero at some point along the ray, this
indicates that the local ray tube family has become degenerate. Points in these degenerate
regions are called caustic points or simply caustics. The nature of the degeneracy is
determined by the current rank of the Jacobian Matrix. If the rank of the Jacobian
becomes 2, the cross sectional area of the local ray tube has collapsed to a line. Here, such
a caustic along a ray will be called a first order caustic. If the rank becomes 1, the area
has collapsed to a single point called a focus, and such a caustic along a ray will be called
a second order caustic, or double caustic; See Figure 6.1.3 on the following page.

The amplitude A0 obtained by solving the transport equation is not defined at any
caustic point. Moreover the amplitude will become arbitrarily large in the vicinity of
any caustic. While the amplitude of the wave does in practise increase substantially at
caustics, it cannot physically become infinite. The method of Geometrical optics, or ray
tracing has broken down at caustics, and another solution method must be used in this
region. This solution must be fitted in some way to the Geometrical optics solution once
away from the caustic.

Despite the breakdown of the Geometrical optics at and around caustic points, the
solution can still be used accurately after the ray has passed through the caustic point.
However, since the determinant |J | has changed sign when passing through the caustic,
this will affect the amplitude term in succeeding points on the ray. In the case of a first
order caustic, the determinant |J | changes sign as it passes through the caustic, and so
after taking the square root, there is a factor of ±i = e±iπ/2 multiplying A0. In this way,
the phase of the amplitude is said to be shifted by a factor of ±π/2.
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Figure 6.1.3: Diagram of first (top) and second (bottom) order caustic types along rays. In a
first order caustic, the cross sectional area of the ray tube collapses to a one dimensional line; In
a second order caustic, it collapses to a zero dimensional point called the focus. Diagram as in
Cerveny[62:V. Cerveny 2001].

The case of a second order caustic is more subtle. The determinant |J | in effect changes
sign twice, and while it returns to its original sign, the square root of this transformation
will be −1 = e±iπ, and so the phase of the amplitude is said to be shifted by ±π.

Phase shift of the amplitude is cumulative as it passes through caustics[62:V. Cerveny
2001]. Letting |detJ | stand for the absolute value of the determinant, the formula for the
amplitude along a ray can be written

A0(s) = A0(s0)

√
ρ(s0)|det J(s0)|
ρ(s)|det J(s)| e

−i∆φ(s0,s) (6.1.50)

where the function ∆φ(s0, s) tracks the number and type of caustics that the ray passes
through on its way to s; adding π/2 if the caustic is of first order and π if the caustic is of
second order. In this way, the method of Geometric optics can be extended past caustics
into regions farther from the initial surface. In addition, the method will remain accurate
in this region so long as the amplitude is evaluated away from a caustic.

6.1.3 Initial Conditions

In order to solve the eikonal and transport equations via the method of characteristics,
initial conditions must be specified for the rays. Specifically, the initial positions x0, slow-
ness vectors p0 and travel times τ0 must be given. In addition, further initial conditions
must be given for the transport equation.

For a point source at x′, the initial conditions for the rays can be given as follows.
Let the initial point source be situated at the single point s. Then, for each unit normal
n = n(σ) on the unit sphere with centre x′, calculate the Christoffel matrix Γ(x′,n) and
find its eigenvalue in the appropriate mode κM = (vM )2. Then let p = n/vM = γM be
the slowness vector associated to the wave normal direction in the given mode, so that
the endpoints of the p trace out the slowness surface of mode M at x′. The family of rays
emanating from x′ is then specified by the initial conditions, x0 = x′ and p0 = p(σ) and
by setting the initial time τ0 = 0 for all rays. Initially, the ray velocity ∂x/∂s = UM (σ)
where UM is the initial ray tangent given by (6.1.37).

175



In order to obtain initial conditions for the amplitude along each ray, the solution
for the inhomogeneous medium is matched to the Green’s function for an anisotropic
homogeneous medium with a point source at x′, set off at a time t = t′. As in section 2.6,
the Green’s tensor is the 3 × 3 matrix Gih whose columns satisfy the equation

ρG̈ih − cijklGkq,lj = δihδ(x − x′)δ(t− t′) for h = 1, 2, 3 (6.1.51)

For fixed h, equation (6.1.51) represents the equation for an elastic wave in a homogeneous
anisotropic medium, generated from an instantaneous unit point force in the h direction.
The elastic parameters in this equation ρ = ρ(x′) and cijkl = cijkl(x

′) are constant and it
can be shown(see [62:V. Cerveny 2001],[54:R. Burridge 1967]) that an asymptotic solution
for this Green’s tensor is given by

Gih ∼=
∑

M

1

4πρ|UM |
√
|KM |

ξMi ξ
M
h

|x − x′|δ
(
t− t′ − τM (x,x′)

)
eiθ(KM) (6.1.52)

where: ξM is the polarisation vector for a wave with unit normal direction n = (x − x′) /|x−
x′|; τM is the travel time for a wave from x′ to x with τM = γM ·(x−x′) where γM = n/vM

is the slowness vector for the wave; KM is the curvature matrix of the slowness surface at
the point γM and |KM | is its determinant; and UM is the ray velocity vector as defined
in (6.1.37).

Finally, the phase function θ(KM ) is given by

θ(KM ) =
π

2
(1 − sgn(KM )/2) (6.1.53)

where sgn stands for the signature of the matrix K(see section (C.4)). θ(KM ) depends
on the shape of the slowness surface. It will be 0 where the surface is convex outward,
π where it is concave outward, and π/2 at saddle points. In the case of an isotropic
medium, the slowness surfaces are spheres, and so θ(KM ) = 0 and

√
|KM | = vM , which

with |UM | = vM gives the leading terms of the isotropic Green’s tensor (2.7.1).
Equation (6.1.52) is an asymptotically valid form of the Green’s tensor for elastic waves

in a homogeneous anisotropic medium. If a source produces waves of frequency ω, then
(6.1.52) will be valid when |x−x′| ≫ vM

ω , i.e. in the far field of the wave, more than a few
wavelengths from the source. Because the leading order term A0 in the inhomogeneous
ray traced solution is corresponds to far field values, its amplitude will be matched to
these far field terms.

However, attempting to apply (6.1.50) to match the amplitude term will lead to
problems as typically the ray theory amplitude will become infinite as s0 → 0, i.e. as
|x−x′| → 0. To deal with this, it should be noted that the term

√
|J(s0)| → 0 as s0 → 0.

In fact it is the case that the product A0(s0)
√

|J(s0)| has a valid limit as s0 → 0, and so
it is the limit of this product as |x − x′| → 0 which will be matched to the homogeneous
background solution.

The product is matched in the following way. Without loss of generality, let x′ = 0 and
note that close to the source, using (6.1.40), x ∼= s∂x/∂s = sUM

0 , where UM
0 = UM

0 (σ)
is the initial ray tangent or velocity corresponding to the initial slowness direction p(σ)
on the slowness surface(see Figure 6.1.4 on page 178). With this, and using (6.1.46), the
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Jacobian determinant |J | in the vicinity of the source becomes

|J | =

∣∣∣∣
∂(sUM

0 )

∂s

∂(sUM
0 )

∂σ1

∂(sUM
0 )

∂σ2

∣∣∣∣

= s2
∣∣∣∣ UM

0

∂UM
0

∂σ1

∂UM
0

∂σ2

∣∣∣∣ (6.1.54)

Letting UM
0 = |UM

0 |m = vMm, where vM is the speed of the ray with initial unit normal
direction m, the Jacobian determinant becomes

|J | = s2
∣∣∣∣ vMm

∂vM

∂σ1
m + vM

∂m

∂σ1

∂vM

∂σ2
m + vM

∂m

∂σ2

∣∣∣∣

= s2(vM )3
∣∣∣∣ m

∂m

∂σ1

∂m

∂σ2

∣∣∣∣

= s2|UM
0 |3

∣∣∣∣ m
∂m

∂σ

∣∣∣∣ (6.1.55)

using the rules of determinants.
The variable σ ∈ R2 parameterises the slowness surface p = p(σ), and can be chosen

in several ways. Before specifying a particular parameterisation, it is useful to elaborate
on the relationship between m(σ), UM

0 (σ) and the slowness surface at p(σ). Returning
to the eikonal equation (6.1.16) which defines the slowness surface via the value of κM ,
and noting that κM = ξM · ΓξM and |p| = |∇τ |, rearranging this equation gives

1

ρ
cijklξ

M
i ξ

M
j pjpl = 1 (6.1.56)

and so the relation is a constant on the slowness surface. Multiplying by ρ and differenti-
ating this equation with respect to σm, and letting f ′ = ∂f/∂σm and ξ = ξM , gives

cijklξiξkp
′
jpl + cijklξiξkpjp

′
l + cijklξ

′
iξkpjpl + cijklξiξ

′
kpjpl = 0

= 2cijklξiξkpjp
′
l + 2|p|2Γikξ′iξk

= 2cijklξiξkpjp
′
l + 2|p|2κMξ′iξi = 0 (6.1.57)

Since ξ is normalised, ∂|ξ|2/∂σm = ξ′iξi = 0. With this (6.1.57) becomes

cijklξiξkpjp
′
l = UMl p′l = 0 (6.1.58)

which can be written as
UM · p′ = 0 (6.1.59)

Where p′ is any tangent vector to the slowness surface at p(σ) (see Figure 6.1.4 on the
following page). And so the ray velocity UM is orthogonal to both coordinate tangent
vectors ∂p/∂σm of the slowness surface4. Thus UM = |UM |m is parallel to the surface
normal of the slowness surface, which is therefore the vector m. With this result, and using
the fact that surface normals are always tangent to their derivatives with m·∂m/∂σm = 0,
the determinant in (6.1.55) is given by

∣∣∣∣ m
∂m

∂σ

∣∣∣∣ = A(
∂m

∂σ1
,
∂m

∂σ2
) (6.1.60)

4Since these span the tangent vector space at p(σ)
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where the function A gives the area of the parallelogram spanned by the normal vector
derivatives ∂m/∂σm.

O

p

p′

UM
0

∂x
∂s

Figure 6.1.4: The ray velocity vector
UM

0 is orthogonal to any tangent vec-
tors p′ of the surface at any p, and so
it is normal to the slowness surface p =
p(σ). Moreover with the correct choice
of running parameter, ∂x/∂s = UM

0 .

Given a parameterisation p = p(σ) of the slow-
ness surface, the 3 × 2 matrix ∂p/∂σ is the set of
coordinate tangent vectors for any point on the sur-
face. The 3 × 2 matrix ∂m/∂σ is the set of partial
derivatives of the surface normal m, which lie in
the plane spanned by ∂p/∂σ. The 2 × 2 curvature
matrix K for any surface is given by

KM =
∂σ

∂p

∂m

∂σ
(6.1.61)

where ∂σ/∂p is the 2× 3 matrix of dual vectors5 to
∂p/∂σ. KM is thus the matrix of coordinates of the
partial derivatives of m, in the coordinate system
defined by the basis vectors ∂p/∂σ. The determi-
nant |KM |, which is the curvature, then gives the
area of the parallelogram spanned by the derivatives
∂m/∂σm in this coordinate system. If the coordi-
nate tangent vectors are orthonormal, the coordi-
nate system defined by ∂p/∂σ must be orthonor-
mal, and so the area given by |KM | will be equal to
the required area, A(∂m/∂σ1, ∂m/∂σ2).

In order to obtain such coordinate vectors, the
parameterisation p = p(σ) can be chosen so that
the coordinate lines of σ are parallel to the lines
of principal curvature of the surface6. These lines
are orthogonal to each other at every point, and
so by normalising the tangent vectors ∂p/∂σ, an

orthonormal system of tangent vectors is obtained at every point. In such a coordi-
nate system, the surface curvature |KM | is then equal to the area of the parallelogram
A(∂m/∂σ1, ∂m/∂σ2).

Assuming that the slowness surface is parameterised by such a coordinate system, the
Jacobian determinant in (6.1.55) becomes

|J | = s2|UM
0 |3|KM | (6.1.62)

Next, using (6.1.52) and remembering x′ = 0 and x ∼= sUM , the amplitude A0 of the wave
in mode M along a ray in the homogeneous case—leaving aside the source factor ξMh —is
given by

A0 =
eiθ(KM )

4πρs|UM
0 |2
√
|KM

(6.1.63)

With this, the limit of the product A0
√
ρ|J | in (6.1.50) as s0 → 0 can be evaluated as

lim
s0→0

A0(s0)
√
ρ(s0)|J(s0)| =

eiθ(KM )

4π
√
ρ|UM

0 |
(6.1.64)

5∂σ/∂p can be calculated numerically as the pseudoinverse of ∂p/∂σ.
6see [21:Erwin Kreyszig 1991] §41.2
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and so with (6.1.50) the amplitude of the highest coefficient of the ray series along a ray
in an inhomogeneous medium is given by

A0(s) =
eiθ(KM )e−∆φ(s)

4π
√
ρ0ρ(s)|UM

0 | |detJ(s)|
(6.1.65)

where ρ0 stands for the density at the source point, and ρ(s) and J(s) are the density and
Jacobian along the ray. This formula for the amplitude remains valid in regions far from
caustic points or curves.

With the amplitude solution so matched, the asymptotic approximation to the Green’s
function for an elastic wave in mode M satisfying (6.1.1) with source term fi = δih(x −
x′)δ(t− t′), is given by

GMih (x, t;x′, t′) = AM (x,x′)ξMi (x)ξMh (x′)δ(t− t′ − τM (x,x′)) (6.1.66)

Where: AM = A0(x,x′) is the traced amplitude given by (6.1.65); ξM (x) is the wave
polarisation in mode M along the ray; and τM (x,x′) is the travel time along the ray
from the source x′ to the point x. It should be noted that the point x is itself obtained
by solving the system of ray equations derived from the eikonal equation, for those rays
having their endpoints at x′.

For more information on the initial conditions for the eikonal and transport equations
see, [62:V. Cerveny 2001], [9:Bleistein 2001], and [10:Burridge R. ; De Hoop M. V. ; Miller
D. ; Spencer C. ; 1998].

6.2 General Reflectivity Gramians

It can be seen that (6.1.66) has the same essential form as the Green’s function for an
isotropic homogeneous background defined in (2.7.5), and in fact reduces to it in the
isotropic homogeneous case where the characteristic rays become straight lines emanating
from x′. In the inhomogeneous anisotropic case, the wave polarisation vector ξM (x) is
variable, the amplitude of the wave is given by the ray traced formula in (6.1.65), and the
travel time must also be traced. However, all relevant conditions involved in the derivation
of the single scattering formula in section 2.7 still apply, and the single scattering equation
in the case of an inhomogeneous anisotropic medium can be shown to have the same
essential form as that in (2.7.25).

Thus in the case of an inhomogeneous anisotropic medium, with a point source at s
in the form of (2.6.9), the pth component of a scattered signal in mode N which resulted
from an incident wave in mode M is given asymptotically by

uMN
p (r, t, s) =

∫

V
AN (r,x)AM (x, s)ξNp (r)ξMq (s)bqf

′′(t− τMN ) (6.2.1)

×
(
−ρ1ξNi ξ

M
i + c1ijklξ

N
i γ

N
j ξ

M
k γ

M
l

)
dx

where here the vectors ξM = ξM (x) and γM = γM (x) are the polarisation and slowness
vectors ray traced from s to x. The vectors ξN = ξN (x) and γN = γN (x) are the initial
polarisation and slowness vectors of the scattered wave ray system, where γM is either
selected in the case of a point scatterer, or determined by Snell’s law in the case of a
scattering interface with estimated normal n0.

While the slowness and polarisation vectors multiplying the elastic perturbations in
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(6.2.1) result from the solution of ray tracing equation, the sum of products in the brack-
eted portion of the integral is identical to that in the isotropic homogeneous case. Thus it
can likewise be simplified by introducing the reflectivity weighting vector wMN = w(r,x, s)
and the elastic perturbations vector c1(x) which are defined in precisely the same way as
in section 3.4. Using these constructions, the data equations for experiments in inhomo-
geneous anisotropic media can be seen take the forms of (3.4.18) and (5.4.7) for point
scatterers and volume scatterers respectively.

dMN (r, s) = ρ0AMNUMNwT
MNc1 (6.2.2)

dMN (r, t, s) =

∫

V×R

eiωφ
MN

AMNwT
MNc1(x)dxd̄ω (6.2.3)

Ultimately, the question of the invertibility of ensembles of experiments in the case of an
inhomogeneous anisotropic background can be seen to reduce to the same question as in
the homogeneous isotropic background case; Namely, is the reflectivity weighting vector
function wMN , or combinations of it, fully ranked in the case of the particular anisotropic
background.

In the same way as in the isotropic case, this question is answered by evaluating the
Gramian matrices GMN of the weighting vector functions, and determining their ranks.
Through these, the ranks of the weighting vector functions, and the ranks of the multi-
mode weighting vector functions can be determined (see Appendix B) exactly as in the
case of a homogeneous isotropic background.

As in the isotropic case, the Gramians are evaluated at some known point y. In the
case of a point scatterer, the incident and scattered wave directions nM and nN are chosen
independently of one another. From these, the slowness vectors γM and γN and the wave
polarisation vectors ξM and ξN are determined by finding the eigenvalues and eigenvectors
of the Christoffel matrices, Γ(y,nM ) and Γ(y,nN ), at the point y.

In the case of a volume scatterer, a surface normal to the scattering interface at y
must be specified which constrains γN in terms of γM by Snell’s law((2.4.3)). In both
cases, the function wMN is then found using the four vectors γM , ξM , γN and ξN , and
using the background density ρ(y) and a specified background velocity V0, as described in
Section 3.4.

Thus in the case of a point scatterer, the weighting vector is ultimately a func-
tion of incident and scattered slowness directions, (θM , φM ) and (θN , θN ), with wMN =
wMN (θM , φM , θN , φN ). And in the case of a volume scatterer, wNM is a function of the
incident slowness direction solely with wMN = wMN (θM , φM ). Thus, as discussed in Sec-
tions 3.10 and 5.7 and in Appendix B, the point scatterer and volume scatterer Gramian
matrices are given respectively by

G
point
MN =

∫

S2
−
×S2

+

wMNwT
MNdθ

MdφMdθNdφN (6.2.4)

G
volume
MN =

∫

S2
−

wMNwT
MNdθ

MdφM (6.2.5)

where S2
− and S2

+ are the lower and upper unit hemispheres respectively7, which are
spanned by the wave direction variables.

Generally, the eigenvalues and eigenvectors of the Christoffel matrix Γ—and hence the

7In the case of a volume scatterer, S
2
− is taken in the En coordinate system.
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slowness and polarisation vectors and so ultimately the weighting vector itself—cannot be
obtained analytically and so must be obtained numerically. Thus the Gramian matrices
must be obtained by numerical evaluation of the integrals (6.2.4) and (6.2.5). Typically this
problem is numerically intensive, as it involves quadrature of numerically approximated
quantities. However, in cases of simpler forms of anisotropy, this quadrature is simplified
as eigenvalues and eigenvectors can have analytic representations. Such a case is presented
below for the case of a transversely isotropic background material.

6.3 Transversely Isotropic Backgrounds

A transversely isotropic material is a material which contains a single plane of isotropy.
Such materials, and the structure of their Hooke’s tensors, are discussed in Appendix A
Section A.3.2. Without loss of generality, assume the plane of isotropy is the horizontal
xy plane.

Then to summarise the results in Appendix A.3.2; the Hooke’s tensor of a transversely
isotropic material has at most 5 independent parameters. These parameters can be chosen
to correspond to the c1111, c3333, c1212, c1133 and c1313 components of the Hooke’s tensor8.
Aside from entries related by the Hooke’s tensor symmetries (2.1.8), (2.1.9) and (2.1.13),
all other entries in the Hooke’s tensor are zero.

The Christoffel matrix Γ of a transversely isotopic material is more complicated than
that for an isotropic material. However, its structure and the symmetry of the material in
the xy plane can be used to derive analytic expressions for wave speeds and polarisations
in the material. Hence analytic expressions for the reflectivity weighting vector can be
found. The derivation of these wave speeds and polarisations is now presented.

Equation (2.2.4) gives a formula for the entries of the Christoffel matrix in terms of
the wave normal direction n. Rearranging this formula gives

ρΓik(n) = cijklnlnj =
1

2
(cijkl + cilkj)nlnj (6.3.1)

To simplify this sum, let the 3 × 3 matrix Djl be defined as

(Djl)ik =
1

2
(cijkl + cilkj) (6.3.2)

It can be seen that for any l and j, Djl = Dlj . With these matrices, the matrix ρΓ is then
given by the sum

ρΓ(n) = Djlnjnl =D11n1n1 +D22n2n2 +D33n3n3

+ 2D12n1n2 + 2D23n2n3 + 2D13n1n3 (6.3.3)

With the five independent parameters of the Hooke’s tensor selected as described above,
the first three of the Djl matrices are given completely as

D11 =



c1111 0 0

0 c1212 0
0 0 c2323


 (6.3.4)

8In Voigt notation, these are the C11, C33, C66, C13 and C55 components of the Hooke’s matrix.
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D22 =



c1212 0 0

0 c1111 0
0 0 c2323


 (6.3.5)

D33 =



c2323 0 0

0 c2323 0
0 0 c3333


 (6.3.6)

and the sums of the equal matrices are given by

2D12 =




0 c1111 − c1212 0
c1111 − c1212 0 0

0 0 0


 (6.3.7)

2D23 =




0 0 0
0 c2323 + c1133

0 c2323 + c1133 0


 (6.3.8)

2D13 =




0 0 c2323 + c1133
0 0

c2323 + c1133 0 0


 (6.3.9)

In terms of its latitude φ and longitude θ in the selected coordinate system, the wave
normal vector n is given by

n =




cos(θ) cos(φ)
sin(θ) cos(φ)

sin(φ)


 (6.3.10)

With these components for n, (6.3.3) becomes

ρΓ(θ, φ) =D11 cos2(θ) cos2(φ) +D22 sin2(θ) cos2(φ) +D33 sin2(φ)

+ 2D12 sin(θ) cos(θ) cos2(φ) + 2D23 sin(θ) cos(φ) sin(φ)

+ 2D13 cos(θ) cos(φ) sin(φ) (6.3.11)

Setting the longitude θ = 0, gives a formula for the Christoffel matrix Γ0, generated by
wave normals which lie solely in the xz plane. Γ0 is seen to a function of φ alone with

ρΓ0(φ) = D11 cos2(φ) +D33 sin2(φ) + 2D13 cos(φ) sin(φ) (6.3.12)

Because transversely isotropic materials have a plane of isotropy in the xy plane, it can
be expected that rotation of the wave normal vector about the z axis will not change
the nature of the wave speeds or wave polarisations derived from the resulting Christoffel
matrix, except by that same rotation. This can indeed be shown to be the case. Let the
rotation matrix corresponding to a rotation of θ about the z axis be defined as

Q =




cos θ − sin θ 0
sin θ cos θ 0

0 0 1


 (6.3.13)

If this matrix is applied as a transformation to the first matrix in the sum in (6.3.12),
it can be shown that the result equals the sum of first, second and fourth matrices of
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(6.3.11). Specifically,

Q
[
D11 cos2(φ)

]
QT =D11 cos2(θ) cos2(φ) +D22 sin2(θ) cos2(φ)

+ 2D12 sin(θ) cos(θ) cos2(φ) (6.3.14)

Similarly applying the transformation to the remaining matrices in the sum in (6.3.12)
gives

Q
[
D33 sin2(φ)

]
QT = D22 sin2(φ) (6.3.15)

and

Q
[
2D13 sin(φ) cos(φ)

]
QT =2D23 sin(θ) cos(φ) sin(φ)

+ 2D13 cos(θ) cos(φ) sin(φ) (6.3.16)

which are the remaining matrices in the sum in (6.3.11). Combining these results, it can
be seen that

Q [ρΓ0(φ)]QT = ρΓ(θ, φ) (6.3.17)

And so the general Christoffel matrix for a transversely isotropic material is a simple rota-
tional transformation of the matrix for wave normals in the xz plane. Moreover, suppose
that κ and ξ were an eigenvalue, eigenvector pair of a Christoffel matrix corresponding to
a wave normal vector in the xz plane, i.e.

Γ0(φ)ξ = κξ (6.3.18)

By (6.3.17) Γ0 = QTΓQ, and as the rotation matrix is orthonormal9, it can be seen that

QTΓ(θ, φ)Qξ = κξ

⇒ Γ(θ, φ)Qξ = κQξ (6.3.19)

Thus, if κ and ξ are an eigenvalue/vector pair of Γ0(φ) then κ is an eigenvalue of Γ(θ, φ)
and the corresponding eigenvector is given by

ξQ = Qξ (6.3.20)

where Q is the rotation matrix corresponding to a rotation of θ about the z axis(see
Figure 6.3.1 on the next page). Thus κ = κ(φ) is only a function of the latitude φ of the
wave normal vector.

By equation (2.2.12) the speed of the wave in the mode corresponding to the eigenvalue
κ is given as v =

√
κ. Thus, it can be seen that the speed of waves in a particular mode in

transversely isotropic materials depends only on the latitude, φ, of the wave normal vector
n. In addition the wave polarisation vector in this mode is given by the corresponding
eigenvector ξQ, and so is simply a rotation of the eigenvector ξ obtained at the same
latitude in the xz plane.

In this way, it is seen that for transversely isotropic materials only waves travelling in
the xz plane need be examined in order to determine wave mode, speed and direction of
oscillation for all wave normals. Equivalently, only the properties of the matrix Γ0 need
be examined in detail.

9Meaning that QT = Q−1.
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Figure 6.3.1: In a transversely isotropic which has rotational symmetry about the z axis, wave
speeds and polarisation vectors depend solely on the latitude φ of their slowness vectors—up to a
rotation about the z axis. If polarisation vectors for any mode are known in the xz plane, then
polarisation vectors can be found for waves travelling in any direction by a simple rotation, and
the wave speeds will remain the same for fixed φ.

The 3 × 3 Christoffel matrix Γ0 defined in (6.3.12) is given in full by

Γ0(φ) =
1

ρ




c1111 cos2 φ

+ c2323 sin2 φ
0

(
c2323

+ c1133

)
cosφ sinφ

0
c1212 cos2 φ

+ c2323 sin2 φ
0

(
c2323

+ c1133

)
cosφ sinφ 0

c2323 cos2 φ

+ c3333 sin2 φ




(6.3.21)

Letting

A =
1

ρ

(
c1111 cos2 φ+ c2323 sin2 φ

)
(6.3.22)

B =
1

ρ

(
c1212 cos2 φ+ c2323 sin2 φ

)
(6.3.23)

C =
1

ρ

(
c2323 cos2 φ+ c3333 sin2 φ

)
(6.3.24)

D =
1

ρ
(c2323 + c1133) cosφ sinφ (6.3.25)

The eigenvalue equation for κ can then be written as

|Γ0(φ) − κI| =

∣∣∣∣∣∣

A− κ 0 D
0 B − κ 0
D 0 C − κ

∣∣∣∣∣∣
= 0 (6.3.26)

184



which reduces to the polynomial

(B − κ)
(
(A− κ)(C − κ) −D2

)
= 0 (6.3.27)

Thus, one eigenvalue of Γ0 is given by

κ2 = B (6.3.28)

and the remaining two eigenvalues are given by

κ1 =
1

2

(
A+ C +

√
E
)

(6.3.29)

κ3 =
1

2

(
A+ C −

√
E
)

(6.3.30)

where E is given by
E = (A− C)2 + 4D2 (6.3.31)

Because the Christoffel matrix is positive definite, it’s eigenvalues are positive and so
κ1 > κ3. Depending on the values of the Hooke’s tensor of the specific material, the
relationship between κ2 and κ3 may vary, with one or the other being larger depending
on the material. However, it will always be the case that κ1 is the largest of the three
eigenvalues.

The three corresponding wave speeds are given as the square roots of these eigenvalues.
Thus the fastest of the three wave modes is that corresponding to the κ1 eigenvalue, with
the wave modes corresponding to the κ2 and κ3 eigenvalues being slower. The relative
speeds of these latter two wave modes are determined by the specific Hooke’s tensor of
the material, and also by the angle φ between the wave normal direction and the plane of
isotropy of the material. The various classes of transversely isotropic material and their
wave mode relations are discussed in detail in Chadwick[51:P. Chadwick 1989].

To find the corresponding wave mode polarisation vectors, the eigenvectors of the
matrix Γ0 must be found. The eigenvector ξi corresponding to the eigenvalue κi can be
defined as a nullvector of the matrix Γ0 − κiI. With this definition, it can be seen that a
normalised ξ2 is given directly by

ξ2 =




0
1
0


 (6.3.32)

Moreover, it may be shown that unnormalised ξ1 and ξ3 eigenvectors, corresponding to
their respective eigenvalues, are given by

ξ1 =




1
2

(
A− C +

√
E
)

0
D


 (6.3.33)

ξ3 =




D
0

−1
2

(
A− C +

√
E
)


 (6.3.34)

It can be seen by taking their inner products that these three unnormalised eigenvectors
are orthogonal as required for eigenvectors of the symmetric Christoffel matrix Γ0.

It can be shown that the ξ1 vector, while not in general parallel to the wave normal
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vector n, is the eigenvector with the smallest angle between itself and the wave normal
vector, i.e. for which ξ̂ ·n is largest. In addition, this eigenvector corresponds to the wave
mode with highest speed v1 =

√
κ1. Waves in this first wave mode are thus referred to

as quasi-P waves, or qP waves. While not true longitudinal waves, they are the closest
analogue to P -waves in the transversely isotropic case.

In a similar way, the eigenvectors ξ2 and ξ3 and the waves speeds v2 =
√
κ2 and

v3 =
√
κ3 correspond to two quasi-S wave modes. These eigenvectors form a plane ap-

proximately perpendicular to the wave normal direction. As the ξ2 eigenvector is parallel
to the horizon, its associated mode will be referred to as quasi-SH or qSH. Following
this, the mode associated to the ξ3 eigenvector will be referred to as quasi-SV or qSV .

Thus transversely isotropic media has three wave modes, qP , qSH and qSV which
have in general three distinct wave speeds. In the isotropic case, these modes become the
standard P , SH and SV wave modes, with the two S wave speeds becoming equal.

Moreover, it can be seen from their definitions that the variables A, B, C and E all
remain unchanged if the latitude angle φ is replaced with its negative −φ. Since the
eigenvalues κi and hence the wave speeds depend only on these variables, it can be seen
that the slowness surface of any transversely isotropic material has reflection symmetry
in the xy plane of isotropy. In addition to this the variable D only changes sign during
such a reflection with D(−φ) = −D(φ), and is moreover squared in (6.3.31). Therefore,
knowledge of the eigenvectors and eigenvalues in one half space about xy can be easily
translated into knowledge of eigenvectors and eigenvalues in the other half space without
recomputation.

6.4 Transversely Isotropic Gramians

While the weighting vector for transversely isotropic materials can be given an analytic
expression, the integral in (6.2.4) must still be evaluated numerically, and so in order
to compute the transversely isotropic Gramian matrices, the elastic constants for the
transversely isotropic material must first be given, i.e. the material itself must be specified.

There are many classes of transversely isotropic materials. See [51:P. Chadwick 1989]
for a full discussion of these classes. Here, for the purposes of demonstration, four mate-
rials, each in a separate main class, have been chosen for Gramian evaluation in the point
scatterer case. The materials chosen are Cadmium (Cd), Cadmium Telluride (CdTe),
Cobalt (Co), and Titanium Boride (TiB). The density ρ and independent Hooke’s tensor
components for these materials are given in Table 6.4.1.

With the elastic properties of the background material specified, once a wave normal
direction (θ, φ) is given, the slowness and wave polarisation vectors can be found using

Material ρ c1111 c3333 c1122 c1133 c1313
Cadmium (Cd) 8642 116 50.9 42.0 41.0 19.6
Cadmium Telluride (CdTe) 6200 62.2 68.9 35.9 29.1 11.6
Cobalt (Co) 8900 295 335 159 111 71
Titanium Boride (TiB) 4500 690 440 410 320 250

(6.4.1)

Figure 6.4.1: The density (kg/m3) and Hooke’s tensor components (GPa) of four transversely
isotropic materials; Cadmium (Cd), Cadmium Telluride (CdTe), Cobalt (Co), and Titanium Boride
(TiB). Values from [51:P. Chadwick 1989].
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the analytic formulas in Section (6.3). However, in order to fully specify the reflectivity
weighting vector wMN , a background wave speed V0 must be given. This can be chosen in
a number of ways. For the purposes of this demonstration, V0 will be chosen by averaging
the geometric mean of the three wave mode speeds in the xz plane.

If Γ0(φ) is the Christoffel matrix of a wave with normal direction n(0, φ) in the xy
plane, then

|Γ0(φ)| = κ1κ2κ3 = v2
1v

2
2v

2
3 (6.4.2)

because the speeds, vi, of the wave modes are the roots of the corresponding eigenvalues
κi. The geometric mean of the wave speeds is then given by 6

√
Γ0. This value can then be

averaged over the wave normals in the xy plane via integration. Doing this, V0 is given by

V0 =
1

π

∫ π/2

−π/2
6
√
|Γ(φ)|dφ (6.4.3)

Performing this calculation gives the chosen background waves speeds for each material
approximately as

V Cd
0

∼= 2005.7 m/s, V CdTe
0

∼= 1901.0 m/s (6.4.4)

V Co
0

∼= 3687.7 m/s, V TiB
0

∼= 7800.9 m/s (6.4.5)

These background speeds are in no sense the only ones that may be chosen. Alternative
methods for averaging the wave speed V0 can be chosen10. However, these will be the
values selected for the purposes of this demonstration.

With the background speed so selected, the weighting vector wMN can be determined
completely once the incident and scattered wave normal directions, (θM , φM ) and (θN , φN ),
are given. In the case of a volume scatterer, the scattered wave normal is related to
the incident wave normal by Snell’s law as discussed in Section 2.4, which introduces
a significant complication in the computations. The scattered wave normal direction,
and hence its slowness and polarisation vectors must be found numerically rather than
analytically.

To avoid this, the volume scatterer case will not be considered here and instead, only
the Gramians in the case of a point anisotropic scatterer will be computed. In the case
of a point scatterer, the wave normal directions (θM , φM ) and (θN , φN ) are independent
of one another and so all slowness and wave polarisation vectors and hence the weighting
vector wMN have analytic form. The computation of the Gramian matrices using (6.2.4)
is then a straightforward numerical integration.

The three possible modes for incident and scattered rays in transversely isotropic
material are qP , qSH and qSV , as described in Section 6.3. Thus there are nine possi-
ble experiment mode combinations MN . Thus there are nine possible weighting vector
functions wMN and their associated Gramian matrices. Once an incident mode M and
outgoing mode N are selected, wMN is solely a function of the wave normal direction
variables (θM , φM , θN , φN ), Using (6.2.4), the single experiment mode Gramians can be
calculated for each material as

GMN = G
point
MN =

∫

S2
−
×S2

+

wMNwT
MNdθ

MdφMdθNdφN (6.4.6)

With the elastic parameters given in Table 6.4.1, the single experiment mode Gramians

10For example, V0 = 6

q

1
π

R π/2

−π/2
|Γ(φ)|dφ
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rank (GqPqP ) = 22 rank (GqSHqP ) = 19 rank (GqSV qP ) = 22
rank (GqPqSH) = 19 rank (GqSHqSH) = 11 rank (GqSV qSH) = 19
rank (GqPqSV ) = 22 rank (GqSHqSV ) = 19 rank (GqSV qSV ) = 22

(6.4.7)

Figure 6.4.2: Ranks of single mode Gramians for the case of a point scatterer for any of the four
transversely isotropic materials given in Table 6.4.1 on page 186.

of the four chosen materials can be computed. The results of these computations, to
two decimal places of accuracy, for the GqPqP mode Gramians for all four materials are
given in Figures 6.4.3 on the next page, 6.4.4 on page 190, 6.4.5 on page 191,and 6.4.6 on
page 192. While the matrices differ considerably, the ranks of all four GqPqP Gramians
when calculated are all found to be equal to 22, i.e. they are all of full rank.

In fact it can be shown that for all possible experiment mode Gramians GMN , the
individual ranks of GMN are the same regardless of which material was chosen from
Table 6.4.1 on page 186. These ranks are shown in Table 6.4.2. These materials are all
in very different transversely isotropic classes[51:P. Chadwick 1989] and so the equality of
the ranks of their mode Gramians suggests that most or perhaps all transversely isotropic
materials may share these same Gramian ranks. However, this conjecture will not be
studied further here.

By the theorems of fully ranked functions in Appendix B, the ranks of the Gramian
matrices GMN are equal to the ranks of the corresponding weighting vectors functions
wMN , and the ranks of the functions are equal to the maximum number of linearly inde-
pendent vectors in their range. Thus in the case of qPqP , qPqSV , qSV qP and qSV qSV
experiments, there exist 22 pairs of incident and scattered slowness vectors at the scat-
terer y such that the corresponding ensemble of 22 experiments is invertible. To obtain
the source and receiver points in each experiment, the incident and scattered waves are
ray-traced upwards to the surface using the specified slowness vectors and y as initial
conditions for the rays.
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GqPqP =


12.61 −0.43 −0.43 −4.84 −0.43 1.44 1.44 0 0 0 0 0 0 −0.07 0 0 0 −0.07 0 0 0 0
−0.43 0.07 0.01 0.35 0.02 −0.15 −0.05 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−0.43 0.01 0.07 0.35 0.02 −0.05 −0.15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−4.84 0.35 0.35 4.04 0.35 −1.18 −1.18 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−0.43 0.02 0.02 0.35 0.04 −0.10 −0.10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1.44 −0.15 −0.05 −1.18 −0.10 0.43 0.26 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1.44 −0.05 −0.15 −1.18 −0.10 0.26 0.43 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0.01 0 0 0 0 −0.03 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0.08 0 0 0 0 0 0.03 −0.18 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.08 0 0 0 0 0 0 0.03 0 −0.18 0 0 0
0 0 0 0 0 0 0 0 0 0 0.01 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0.01 −0.03 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −0.03 0 0 0 −0.03 0.09 0 0 0 0 0 0 0 0 0

−0.07 0 0 0 0 0 0 0 0 0 0 0 0 0.36 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0.03 0 0 0 0 0 0.08 −0.18 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −0.18 0 0 0 0 0 −0.18 0.61 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.03 0 0 0 0 0 0 0.08 0 −0.18 0 0 0

−0.07 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.36 0 0 0 0
0 0 0 0 0 0 0 0 0 −0.18 0 0 0 0 0 0 −0.18 0 0.61 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.03 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.03 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.18




(6.4.8)

Figure 6.4.3: The GqPqP Gramian matrix for a transversely isotropic Cadmium (Cd) medium in the case of a point scatterer.
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GqPqP =


15.54 −0.67 −0.67 −2.63 −0.67 1.33 1.33 0 0 0 0 0 0 −0.22 0 0 0 −0.22 0 0 0 0
−0.67 0.22 0.02 0.33 0.07 −0.26 −0.09 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−0.67 0.02 0.22 0.33 0.07 −0.09 −0.26 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−2.63 0.33 0.33 1.15 0.33 −0.61 −0.61 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−0.67 0.07 0.07 0.33 0.12 −0.18 −0.18 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1.33 −0.26 −0.09 −0.61 −0.18 0.41 0.25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1.33 −0.09 −0.26 −0.61 −0.18 0.25 0.41 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0.04 0 0 0 0.01 −0.04 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0.15 0 0 0 0 0 0.05 −0.19 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.15 0 0 0 0 0 0 0.05 0 −0.19 0 0 0
0 0 0 0 0 0 0 0 0 0 0.02 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0.01 0 0 0 0.04 −0.04 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −0.04 0 0 0 −0.04 0.08 0 0 0 0 0 0 0 0 0

−0.22 0 0 0 0 0 0 0 0 0 0 0 0 0.44 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0.05 0 0 0 0 0 0.15 −0.19 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −0.19 0 0 0 0 0 −0.19 0.35 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.05 0 0 0 0 0 0 0.15 0 −0.19 0 0 0

−0.22 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.44 0 0 0 0
0 0 0 0 0 0 0 0 0 −0.19 0 0 0 0 0 0 −0.19 0 0.35 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.05 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.05 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.22




(6.4.9)

Figure 6.4.4: The GqPqP Gramian matrix for a transversely isotropic Cadmium Telluride (CdTe) medium in the case of a point scatterer.
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GqPqP =


17.82 −0.71 −0.71 −2.68 −0.71 1.38 1.38 0 0 0 0 0 0 −0.25 0 0 0 −0.25 0 0 0 0
−0.71 0.22 0.02 0.32 0.07 −0.27 −0.09 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−0.71 0.02 0.22 0.32 0.07 −0.09 −0.27 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−2.68 0.32 0.32 1.09 0.32 −0.59 −0.59 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−0.71 0.07 0.07 0.32 0.12 −0.18 −0.18 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1.38 −0.27 −0.09 −0.59 −0.18 0.41 0.24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1.38 −0.09 −0.27 −0.59 −0.18 0.24 0.41 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0.04 0 0 0 0.01 −0.04 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0.16 0 0 0 0 0 0.05 −0.19 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.16 0 0 0 0 0 0 0.05 0 −0.19 0 0 0
0 0 0 0 0 0 0 0 0 0 0.02 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0.01 0 0 0 0.04 −0.04 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −0.04 0 0 0 −0.04 0.08 0 0 0 0 0 0 0 0 0

−0.25 0 0 0 0 0 0 0 0 0 0 0 0 0.44 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0.05 0 0 0 0 0 0.16 −0.19 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −0.19 0 0 0 0 0 −0.19 0.35 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.05 0 0 0 0 0 0 0.16 0 −0.19 0 0 0

−0.25 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.44 0 0 0 0
0 0 0 0 0 0 0 0 0 −0.19 0 0 0 0 0 0 −0.19 0 0.35 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.05 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.05 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.22




(6.4.10)

Figure 6.4.5: The GqPqP Gramian matrix for a transversely isotropic Cobalt (Co) medium in the case of a point scatterer.
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GqPqP =


17.38 −0.75 −0.75 −4.52 −0.75 1.84 1.84 0 0 0 0 0 0 −0.07 0 0 0 −0.07 0 0 0 0
−0.75 0.16 0.02 0.47 0.05 −0.28 −0.09 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−0.75 0.02 0.16 0.47 0.05 −0.09 −0.28 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−4.52 0.47 0.47 3.64 0.47 −1.31 −1.31 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−0.75 0.05 0.05 0.47 0.09 −0.18 −0.18 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1.84 −0.28 −0.09 −1.31 −0.18 0.62 0.36 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1.84 −0.09 −0.28 −1.31 −0.18 0.36 0.62 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0.03 0 0 0 0.01 −0.05 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0.10 0 0 0 0 0 0.03 −0.18 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.10 0 0 0 0 0 0 0.03 0 −0.18 0 0 0
0 0 0 0 0 0 0 0 0 0 0.02 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0.01 0 0 0 0.03 −0.05 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −0.05 0 0 0 −0.05 0.13 0 0 0 0 0 0 0 0 0

−0.07 0 0 0 0 0 0 0 0 0 0 0 0 0.27 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0.03 0 0 0 0 0 0.10 −0.18 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −0.18 0 0 0 0 0 −0.18 0.49 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0.03 0 0 0 0 0 0 0.10 0 −0.18 0 0 0

−0.07 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.27 0 0 0 0
0 0 0 0 0 0 0 0 0 −0.18 0 0 0 0 0 0 −0.18 0 0.49 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.03 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.03 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.13




(6.4.11)

Figure 6.4.6: The GqPqP Gramian matrix for a transversely isotropic Titanium Boride (TiB) medium in the case of a point scatterer.
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Chapter 7

Conclusions

7.1 Summary of Thesis Results

The central question of this thesis was whether mathematical inversion operators exist
which can convert surface measurements of scattered seismic waves into accurate estimates
for high frequency perturbations in the density ρ and in the Hooke’s tensor components
cijkl of subsurface materials. Using a linearised forward model of seismic wave scattering
described in Chapter 2, the existence of such inversion operators was shown in Chapters 3
and 5. By using ensembles of appropriately constructed seismic experiments, the data from
scattered wave measurements can be used to infer the density ρ and elastic constants cijkl
of anisotropic inclusions in isotropic background media. The existence of such operators
in anisotropic background was also discussed in Chapter 6.

The central contribution of this thesis to the existing literature is the technique of using
linked ensembles of experiments to invert for the high frequency elastic perturbations in
the volume inclusion case, along with the appropriate inversion operators on the gathered
data which accomplish this. This technique allows concurrent inversion of the density ρ
and all 21 independent Hooke’s tensor components of anisotropic inclusions from reflected
seismic wave measurements; this is done using asymptotically valid inversion operators,
and without relying on statistical or other estimates of parameters.

The thesis also presents a more fundamental theoretical analysis of the general prob-
lem of elastic wave inversion. Specifically, the technique of analysing the Gramians and
corresponding ranks of the weighting vector functions allows the determination of whether
or not, and with what types of experiment ensembles inversion is possible, in both the case
of point and volume inclusions. In particular, this technique can be used to determine un-
der which circumstances inversion is not possible in various types of seismic backgrounds.
This technique was applied extensively to the case of inversion in isotropic backgrounds,
and extended numerical to Transversely Isotropic backgrounds suggesting the feasibility
of inversion in general anisotropic backgrounds.

The thesis also presents an application of evolutionary algorithms to find concrete
instances of invertible ensembles in the isotropic background case.

7.2 Thesis Summary

A summary of the arguments and particular results of the thesis is now given.
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7.2.1 Forward Model of Wave Scattering

In Chapter 2 the mathematical linear elasticity was introduced, leading to the elastody-
namic wave equation which governs the propagation of waves in linear elastic media. Plane
waves in elastic media were discussed leading to the concept of wave modes, and of P and
S wave modes in isotropic media. These discussions lead to a simple forward model of
elastic waves in isotropic media.

Following this, a model of elastic wave scattering was developed in two steps. First
the background medium was linearised by dividing the elastic parameter distributions ρ
and cijkl between a known and unknown regions. Secondly, the Born approximation was
applied to this linearisation to give an approximate first order wave scattering model.

Combined with the forward model for wave propagation, these results gave an ap-
proximate forward model of elastic wave scattering by anisotropic inclusions in isotropic
backgrounds. It should be noted that the concepts and models presented here were not
novel, and can be found in [62:V. Cerveny 2001] and [10:Burridge R. ; De Hoop M. V. ;
Miller D. ; Spencer C. ; 1998] among other sources. This forward model was employed
extensively in the solution of the elastic wave inversion problem in later chapters.

7.2.2 Inversion of a Single Point Inclusion

In Chapter 3 the inversion of elastic parameters using scattered wave measurements was
discussed in the case of an isolated point anisotropic inclusion embedded in an isotropic
background medium at a known point y. Seismic experiments were described which
created incident waves and took measurements of the resulting scattered waves. Using the
forward model of elastic wave scattering developed in Chapter (2), a forward data model
was described which represented the data gathered in experiments as a linear sum of the
unknown elastic parameter perturbations ρ1 and c1ijkl at y.

To solve this linear problem, the concept of an ensemble of seismic experiments was
introduced, which allowed the linear data model to be inverted to find the elastic param-
eter perturbations. To prove that the data model was indeed invertible, the model was
simplified by introducing the elastic perturbation and reflectivity weighting vectors c1 and
wMN , and it was shown that the maximum rank of the linear system depended on the
function ranks of the wMN .

By evaluating their respective Gramian matrices, the weighting vector functions were
shown to be fully ranked in the case of PP mode experiments, but rank deficient otherwise.
In this way it was shown that ensembles of PP mode experiments were the only single
mode ensembles capable of properly inverting the data. In addition, it was shown that
any mixed mode ensembles must contain at least one PP mode experiment in order to be
invertible.

Finally, with the existence of invertible ensembles shown, a heuristic evolutionary al-
gorithm was presented which searched for ensembles of invertible experiments using from
a set of preset experiment setups, and an example of an invertible ensemble was shown,
which was moreover well conditioned and thus invertible without introducing significant
numerical error. Following this, a method for inverting overdetermined ensembles consist-
ing of more than 22 experiments was shown.

7.2.3 Fourier Analysis

Before moving to inversion of more complex scatterers, in Chapter 4 important concepts
from microlocal analysis were introduced. Beginning with the introduction of Fourier
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analysis, the relationship between the Fourier transform and the singularities of functions
was introduced. From this, the concept of the Wavefront set of a function was developed,
which gave details of the location and the direction of singularities, the analysis of which
constitutes microlocal analysis.

Following this, both Pseudodifferential and Fourier Integral Operators were described.
These operators affect the existing singularities of functions in known ways based on the
form of their respective phase and amplitude functions. It was shown that Fourier Integral
Operators map singularities in a potentially reversible way and that the corresponding
adjoint operator can reverse these mappings.

It should be noted that the concepts that were introduced in this chapter are not novel,
and are described in greater and more rigorous detail in many sources including [41:Lars
Hörmander 1971],[42:Lars Hormander 1983],[2:Alain Grigis & Johannes Sjostrand 1994]
and [45:Man Wah Wong 1999].

7.2.4 Inversion of Volume Inclusions

In Chapter 5 the inversion of elastic parameters was discussed in the case of more com-
plicated scattering geometries, specifically those in which scatterers have volume. Firstly,
to simplify the analysis, the inversion problem was initially restricted to the far simpler
case of inversion at a known point y on a scattering interface, and with estimated inter-
face normal n. This restricted case was used to analyse the inversion problem and later
extended to more general inversion cases.

Again using the forward model of elastic wave scattering in Chapter (2), a forward
data model was developed which represented the data gathered in experiments as a linear
integral of the elastic parameter perturbation distributions ρ1(x) and c1ijkl(x) over the
scattering region. Data gathered from ensembles of such experiments then formed a sys-
tem of such linear integrals, represented in the data equation as a matrix integral, which
moreover took the form of a Fourier Integral Operator on the elastic perturbations vector
c1(x).

Before describing an inversion operator on the data, the invertibility of the data equa-
tion was examined by analysing the ranks of the relevant weighting vector functions wMN ,
through evaluation of their Gramian matrices. Owing to the restriction in the degree of
freedom of the wMN functions due to Snell’s law, it was shown that in the case of volume
scatterers no invertible ensembles exist which use only a single experiment mode.

In the volume scattering case, it was shown that invertible ensembles are possible if
and only experiments in mixed modes are employed. With the existence of invertible
mixed mode ensembles proven, the same evolutionary search algorithm as that employed
in Chapter 3 was used to find an instance of such an invertible ensemble, which was
moreover well conditioned.

With the existence of invertible ensembles proven, an inversion operator for the data
equation was introduced in two steps. Firstly, a migration operator on the data was
introduced, with the same phases as the adjoint of the data equation, and was shown to
be a Pseudodifferential Operator which thus confined the location and direction of the
scattering interfaces in the migrated image. From the migration operator, an inversion
operator was constructed and shown to asymptotically to be an identity operator on the
elastic parameter distribution c1 close to the point y.

Following the construction of the inversion operator in case of a simplified model, a
more general inversion operator was developed firstly by discussing inversion of overde-
termined ensembles and secondly by introducing more general tripartite experiments with
the ability to extract multiple types of experiment mode data for any scattering point
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without tailoring the sources. Finally, a region ensemble was described which allowed the
construction of virtual experiments to measure data from hypothetical scattering inter-
faces, and a region inversion operator was described which can invert c1 across points in a
large region Y , with appropriately estimated scattering normals, using the data gathered
in the region ensemble.

7.2.5 Inversion in Anisotropic Backgrounds

In Chapter 6, inversion in anisotropic backgrounds was discussed. To construct an appro-
priate Green’s function in anisotropic media, seismic ray theory was introduced, and the
propagation of elastic waves approximated via the eikonal and transport equations. These
equations in turn were solved using the method of characteristics, in which the solutions
were traced along rays described by sets of ordinary differential equations.

Following the construction of an anisotropic Green’s function, the forward wave scatter-
ing model was applied in the case of anisotropic backgrounds and shown to have the same
integral form as in the isotropic background case, and thus the question of the invertibility
of the corresponding ensembles of seismic experiments again reduces to the evaluation of
the ranks of the weighting vector functions wMN . While the functions wMN depend on
the characteristics of the anisotropic background, the evaluation of their Gramians is to
be carried out in the same way, by evaluating the function integrals. However in general
this must be done numerically for anisotropic backgrounds.

To investigate the effect of anisotropic backgrounds on the invertibility of ensembles,
the case of inversion in Transversely Isotropic backgrounds was examined. First, formulas
to calculate the relevant slowness and polarisation vectors in TI backgrounds was derived,
and these were then used to numerically evaluate Gramian matrices for four select TI
materials. The ranks of these Gramians were calculated, and it was shown that the
ranks were the same for all materials. Moreover, for all materials, it was shown that
it is possible to obtain invertible single mode ensembles using qPqP , qPqSV or qSV qP
experiment modes, suggesting that anisotropic backgrounds are less restrictive to inversion
that isotropic ones.

7.3 Limitations

It should be noted that the results of this thesis are subject to several limitations which
are now emphasised.

Firstly, the analysis and discussion of inversion operators was carried out using a
linearised forward model, which assumes that the subsurface region can be divided into
known and unknown regions, and that the elastic perturbations c1 from the background
medium are discontinuous at the boundary between these regions. While this situation is
approximated in the case of different embedded rocks or stratified media, it is also the case
that the elastic parameters can vary continuously in certain backgrounds. As scattered
waves are not generated by continuous changes in elastic properties, the forward model
and hence the inversion operators developed cannot locate any such unknown continuous
changes.

It should also be noted that the analysis of both the forward model and the inversion
operators themselves relied heavily on the assumption that the seismic signals used were
of high frequency ω ≫ 1. This assumption allowed both the far field approximation and
the stationary phase approximation to be used in both the forward and inverse problems.
In the case of low frequency seismic waves, the inversion operators developed lose their
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asymptotic validity.
Although the analysis of the weighting vector function Gramian matrices Chapters 3

and 5 showed the existence of invertible ensembles of experiments, it should be noted that
these provided only existence proofs. The evolutionary algorithm presented to find actual
instance of ensembles was only heuristic in nature. No analysis of the weighting vector
functions themselves or how ensembles can optimally be constructed from them has been
presented.

An important note on the results of Chapter 5 is that the ranks of two of the single
mode and of the mixed mode Gramian matrices were numerically evaluated across a range
of ratios between P and S wave speeds. As such, the ranks obtained and hence the ranks of
the corresponding ensembles have only been confirmed empirically—though one concrete
instance of an invertible mixed mode ensemble was presented.

Finally, most of the analysis in the thesis was made in the context of homogeneous
isotropic background materials. While some discussion of inhomogeneous anisotropic back-
grounds was made in Chapter 6, the discussion of problems such as caustics was brief and
there may be problems with inversion in such backgrounds not considered by this thesis.
In particular, the presence of caustics In addition, the results on transversely isotropic
Gramian ranks are largely conjectural as they were obtained numerically and then only
for specific TI materials.

7.4 Future Work

This chapter will conclude with some suggestions for future work based on the results of
this thesis.

• While it can produce quite well conditioned ensembles, the evolutionary algorithm
described in sections (3.12) and (5.8) is ultimately heuristic in nature. An analysis of
the weighting vector functions wMN listed in Appendix D may have the potential to
reveal more fundamental experiment ensembles than those found via the evolutionary
search. In particular ensembles allowing the sequential discovery of coefficients might
be possible, similar to those described in the investigations in [1:A. Ben-Menahem
1990].

• The description of region ensembles in Chapter 5 section (5.13) provides only general
notes on the placement of the region receiver array r@ and the tripartite experiment
sources linked to it. Further research is needed as to how best to place the sources
and the array so as to gain as wide a coverage of a target inversion region Y as
possible.

• Chapter 6, the analysis of the effect of anisotropic backgrounds on inversion was
restricted to only four types of Transversely isotropic material. Further research
may provide analytic confirmation of the conjectures in section (6.4) concerning the
ranks of experiment mode Gramians. In addition, further research on the effects of
more general kinds of anisotropic backgrounds on inversion is needed.

• The forward model of elastic wave scattering introduced in Chapter 2 relies on the
linearisation of the subsurface medium and the Born Approximation. Further re-
search can consider extending this forward model and its analysis to more complex
subsurface scattering geometries and to multiply scattered waves. Particularly wor-
thy of investigation is the possibility of extending the inversion operators to the case
of layered or stratified media.
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Appendix A

The Weighting and Elastic

Perturbation Vectors

In this Appendix an alternative derivation will be given for the elastic perturbation vector
c1 and the reflectivity weighting vector wMN which were introduced in Chapter 3. This
derivation will be based on group theory and the symmetries of the Hooke’s tensor.

Using this derivation, the behaviour of these vectors under coordinate transformations
will be examined and it will be shown that while these vectors do not transform as tensors,
they do transform invertibly; and this has bearing on the inverse problem in the general
inclusion case in Chapter 5.

Finally, by analysing the behaviour of the vectors under transformation, a method of
deriving the component dependencies of linear elastic materials from their symmetries will
be presented in section A.3. To the authors knowledge, while the component dependencies
are previously know in the literature, the derivation presented here is in itself novel.

A.1 Construction of the Weighting and Elastic Perturba-

tions Vectors

In Chapter 2, an asymptotic solution to the forward scattering problem for elastic waves
was developed. The principal result of this analysis was equation (2.7.23), which gave
a representation for scattered elastic waves in terms of an integral over the scattering
domain. Central to this representation was the sum

Σ = −ρ1ξNi ξ
M
i + c1ijklξ

N
i γ

N
j ξ

M
k γ

M
l (A.1.1)

at each subsurface scattering point. This sum involves the density perturbation ρ1, the
Hooke’s tensor perturbations c1ijkl, and the components of the incident and scattered

slowness and wave polarisation vectors γM ,γM and ξM ,ξN . In all, this is a sum over 82
terms. However, because of symmetries in the Hooke’s tensor components, only 22 of the
elastic perturbations are independent of one another. This fact can be used to simplify the
sum Σ into a form which both expresses this fact and which cleanly separates the elastic
perturbations from the other terms in (A.1.1).

To begin this simplification let ΣR represent the rightmost part of the sum in (A.1.1).
Specifically

ΣR =
∑

1≤i,j,k,l≤3

ξNi γ
N
j ξ

M
k γ

M
l c

1
ijkl (A.1.2)
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The perturbations c1ijkl, as they are the difference of two tensors, obey the Hooke’s tensor
symmetries (2.1.8), (2.1.9) and (2.1.13), so that for any index ijkl

c1ijkl = c1jikl = c1ijlk = c1jilk = c1lkij = c1klji = c1klij = c1lkji (A.1.3)

So for certain permutations of the indices, the Hooke’s tensor component given by them
remains unchanged. By labelling the vertices of a square, with ij and kl as opposing pairs
of diagonals, it can be seen that these permutations correspond to certain reflection and
rotation symmetry transformations of the square(see Figure A.1.1 on page 201).

In addition, since the value of the selected components remains unaltered with the
application of a perturbation, the composition of any number of these perturbations will
leave the value unchanged. When generated, the complete set of such compositions, will
correspond to symmetries of the square as shown in Figure A.1.1.

The set of index permutations and their compositions is best described in the language
of groups. To formalise this treatment, first declare the set of indices as

S = {I = ijkl ; 1 ≤ i, j, k, l ≤ 3} (A.1.4)

Consider a permutation σ of the ordered set ijkl, e.g. σ(ijkl) = σiσjσkσl = lkij. Under
the permutation σ, each component m of the index is mapped bijectively to another
component σm, e.g. in the example the component j is mapped to σj = k. Any such
permutation will be referred to as an index permutation. Any index permutation is a
bijective function on the set S and will be written

σ : S → S , σ =

(
ijkl

σiσjσkσl

)
(A.1.5)

where σiσjσkσl is a permutation of the ordered set ijkl. Because of their bijectivity, for
any such σ, the inverse permutation σ−1 exists1 with and ∀I, J ∈ S if σ(I) = J , then
σ−1(J) = I. If σ and τ are two such permutations, let στ = σ◦τ denote their composition
with στ(I) = σ(τ(I)), which is then another permutation on the set.

Under this formalism and using (A.1.3), the set G of index permutations that leave
the value of the Hooke’s tensor components unchanged is given by

G =

{(
ijkl
ijkl

)
,

(
ijkl
jikl

)
,

(
ijkl
ijlk

)
,

(
ijkl
jilk

)
,

(
ijkl
klij

)
,

(
ijkl
lkij

)
,

(
ijkl
klji

)
,

(
ijkl
lkji

)}
(A.1.6)

It may be verified that, under the composition operation, this set is closed, associative,
and contains the inverse of every one of its elements as well as the identity permutation.
Therefore, the set G is a group2 under the operation of index composition. G will be
referred to as Hooke’s symmetry group, and the elements of G will be referred to as
symmetries of the Hooke’s tensor. A set of indexed values, such as cijkl, whose values
remain unchanged under the application of an element of G, will be said to be symmetric
under the action of G.

In addition, it may be verified that the set G is isomorphic to the symmetry group
of rotations and reflections of a square(see Figure A.1.1 on page 201)—known also as the

1The component mappings of σ−1 can be defined via those of σ as σ−1
σm

= m
2For an introduction to groups and their properties see, [46:Mark Anthony Armstrong 1988],[39:Joseph

J. Rotman 1994] and esp. [61:V. B. Alekseev 2004].
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dihedral group of order 4. The properties of the Hooke’s symmetry group will now be
used to simplify the rightmost part of the sum in (A.1.1), ΣR.

Let VM and V N denote the speeds of the incident and scattered waves, which are also
the reciprocal lengths of the respective wave slowness vectors. Using these, construct the
dimensionless quantity

bMN
ijkl = VMVNξ

N
i γ

N
j ξ

M
k γ

M
l (A.1.7)

Using bMN , the rightmost part (A.1.2) of the main sum can be written as

ΣR =
∑

1≤i,j,k,l≤3

ξNi γ
N
j ξ

M
k γ

M
l c

1
ijkl =

∑

I∈S

1

VMVN
bMN
I c1I (A.1.8)

Let the index permutation σ ∈ G be a symmetry of the Hooke’s tensor. Since σ is a
bijection on the set S, for any sum of indexed values TI

∑

I∈S
Tσ(I) =

∑

I∈S
TI (A.1.9)

Because of this, and using the symmetries of c, ΣR can be written

ΣR =
∑

I∈S

1

VMVN
bMN
I c1I =

1

|G|
∑

σ∈G

∑

I∈S

1

VMVN
bMN
σ(I)c

1
σ(I)

=
∑

I∈S

1

VMVN
c1I
∑

σ∈G

1

|G|b
MN
σ(I) (A.1.10)

where |G| is the order or size of the group of Hooke’s symmetries, which equals 8 in the
general case. Defining the set of indexed values

aMN
I =

∑

σ∈G

1

|G|b
MN
σ(I) (A.1.11)

Since bMN is dimensionless, aMN
I is also dimensionless. aMN

I allows the right sum to be
written as

ΣR =
∑

I∈S

1

VMVN
aMN
I c1I (A.1.12)

This representation has great advantage as it can be shown that both c1I and aMN
I are

symmetric under the action of G. This is proved in the following lemma

Lemma A.1.1
aMN
I is symmetric under the action of the Hooke’s symmetry group G.

Proof. Let σ′ ∈ G and let I ∈ S be any index. Then aMN
σ′(I) is given by (A.1.11) as

aMN
σ′(I) =

∑

σ∈G

1

|G|b
MN
σ◦σ′(I) (A.1.13)

Let τ = σ ◦ σ′. Since σ is a bijective function and σ′ is fixed, every element of σ ∈ G
corresponds uniquely to some element τ ∈ G. And so a sum over σ is equivalent to a sum
over τ . Therefore

aMN
σ′(I) =

∑

τ∈G

1

|G|b
MN
τ(I) = aMN

I (A.1.14)
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i

j

k

l
(a) Identity Transform:
ijkl → ijkl

i

j

k

l
(b) Reflection though diago-
nal: ijkl → jikl

i

j

k

l
(c) Reflection though diago-
nal: ijkl → ijlk

i

j

k

l
(d) Reflection though centre:
ijkl → jilk

i

j

k

l
(e) Reflection though verti-
cal bisector: ijkl → klij

i

j

k

l
(f) Anti-clockwise rotation
by π/2: ijkl → lkij

i

j

k

l
(g) Clockwise rotation by
π/2: ijkl → klji

i

j

k

l
(h) Reflection though hori-
zontal bisector: ijkl → lkji

Figure A.1.1: The group of permutations in (A.1.6) is isomorphic to the group of symmetries of
the square. This can be seen by labelling the corners of the square with the index labels ijkl as
seen in subfigure (a). Each member of the group corresponds to a particular reflection or rotation
which maps the square to itself. The new locations of the corners correspond to a permutation of
the index ijkl.
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Thus, the value of aMN
I remains unchanged under a symmetry of the Hooke’s tensor,

and the lemma is proved.

Therefore aMN has the same symmetries as the Hooke’s Tensor perturbations c1.
The symmetries of aMN and c1 define sets of indices for which the corresponding

components in these tensors must be equal, e.g. for the set {1112, 1121, 1211, 2111},
c11112 = c11121 = c11211 = c12111. Using the Hooke’s symmetry group (A.1.6), these sets
can be described and defined using the language of groups. In this formalism, the sets of
indices emerge as the orbits of the total index set S under the action of G. These concepts
are now briefly introduced.

The action of the group G on the set of indices S describes how the group G maps the
elements of S bijectively onto S. It is defined by

GS = {σ(I) | σ ∈ G, I ∈ S} (A.1.15)

For an individual index I ∈ S, the set

GI = {σ(I) | σ ∈ G} (A.1.16)

1112

1121

1211

2111

Figure A.1.2: The orbit of an index
under the action of a group is the set
of indices which the original index can
be mapped to by permutations of the
group. The index 1112 has the or-
bit {1112, 1121, 1211, 2111} under the
action of G. Moreover, it can be
shown(see [39:Joseph J. Rotman 1994])
that the orbits of all indices in a partic-
ular orbit are equal.

is called the orbit [46:Mark Anthony Armstrong
1988] of I under G. For example, if I = 1112 the or-
bit of I is the set GI = {1112, 1121, 1211, 2111} and
if I = 3333 then GI = {3333} (see Figure A.1.2).
The index I is called the generating element of the
orbit. By the properties of groups, and element I
can be a generating element of GI if and only if it
is a member of GI. Thus every element of GI can
be used to generate the complete orbit GI.

This last observation means that orbits of the set
S under the action of G must be disjoint. Thus the
set of all orbits of all elements of S will partition S
into disjoint subsets. Let these disjoint sets—which
are orbits—be labelled GIi, i = 1 . . . k, and let their
generating elements be some I = Ki in each set3.
With these, (A.1.12) can be written

ΣR =

k∑

i=1

∑

J∈GIi

1

VMVN
aMN
J c1J (A.1.17)

But, since every J ∈ GIi is given by J = σ(Ki) for
some σ ∈ G, and since the σ are symmetries, it is
the case that ∀J ∈ GI, c1J = c1Ki

and aMN
J = aMN

Ki
.

Therefore

ΣR =
k∑

i=1

∑

J∈GIi

1

VMVN
aMN
Ki

c1Ki
=

k∑

i=1

1

VMVN
aMN
Ki

Lic
1
Ki

(A.1.18)

3The generating element Ki can be chosen at random from the orbit GIi, but in this thesis, the Ki are
assumed to be those given in Table (A.1.19)
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where Li = |GIi| is the size of the orbit GIi, and Ki is one element selected from the orbit.
For more on the actions and orbits of groups on sets, see [39:Joseph J. Rotman 1994].

In the case of the Hooke’s tensor, G partitions the set of indices S in 21 disjoint orbits.
These orbits are enumerated as follows in Table (A.1.19), with a generating element from
the set Ki, and the corresponding orbit size Li.

i Ki Li
1 1111 1
2 2222 1
3 3333 1
4 1122 2
5 1133 2
6 2233 2
7 1112 4

i Ki Li
8 1113 4
9 1123 4
10 1212 4
11 1222 4
12 1233 4
13 1313 4
14 1322 4

i Ki Li
15 1333 4
16 2223 4
17 2323 4
18 2333 4
19 1213 8
20 1223 8
21 1323 8

(A.1.19)

These 21 orbits correspond to the 21 independent components of the Hooke’s tensor cijkl.
If the index ijkl is an element of the orbit GIi, then the value cijkl = cJ for any J ∈ GIi.
Because the orbits are disjoint, the values in different orbits may be unequal, and so there
may be up to 21 independent values. An individual orbit contains Li indices, which is the
number of components which must take on the ith value.

Using this partition and enumeration, two 21 dimensional vectors, aMN and c, are
constructed as

aMN = (aMN
K1

, . . . , aMN
K21

)T (A.1.20)

and
c = (c1K1

, . . . , c1K21
)T (A.1.21)

The vector c contains the 21 independent values of the Hooke’s tensor components c1ijkl,
and will be referred to as Hooke’s vector. If c is known, the Hooke’s tensor is known and
vice versa. With these vectors, and the 21 × 21 diagonal matrix L = Liδij , (A.1.18) can
be written succinctly as

ΣR =
1

VMVN
aTMNLc (A.1.22)

and it can be seen in the 21 independent values of the Hooke’s tensor been clearly distin-
guished in the sum.

Let the leftmost part of the main sum in (A.1.1) be labelled ΣL so that

ΣL = −ρ1ξMi ξ
N
i = −ρ1ΞMN (A.1.23)

where
ΞMN = ξMi ξ

N
i = ξM · ξN (A.1.24)

Now, using (A.1.22) and (A.1.23) the entire sum in (A.1.1) becomes

Σ = −ρ1ΞMN +
1

VMVN
aTMNLc (A.1.25)

To facilitate non-dimensional of vectors—and to avoid dependence of c1 on experiment
mode—the density of the background material ρ0 at the subsurface point, and a charac-
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teristic wave speed V0 are introduced4. With these Σ is rewritten as

Σ =ρ0 V 2
0

VMVN

(−ρ1

ρ0

VMVN
V 2

0

ΞMN +
1

ρ0V 2
0

aTMNLc

)

=ρ0UMN

(−ρ1

ρ0

ΞMN

UMN
+ aTMN

Lc

ρ0V 2
0

)
(A.1.26)

where

UMN =
V 2

0

VMVN
(A.1.27)

Using (A.1.26) two 22 × 1 non-dimensional vectors c1 and wMN are constructed as

c1 =

(−ρ1

ρ0
,
(Lc)T

ρ0V 2
0

)T
=

(
−ρ

1

ρ0
,
L1c

1
K1

ρ0V 2
0

, . . . ,
L21c

1
K21

ρ0V 2
0

)T
(A.1.28)

wMN =

(
ΞMN

UMN
,aTMN

)T
=

(
ΞMN

UMN
, aMN
K1

, . . . , aMN
K21

)T
(A.1.29)

These vectors will be referred to as the elastic perturbations vector and the reflectivity
weighting vector—or more briefly the weighting vector—respectively. It can be seen that
the construction of these two vectors outlined here coincides with their construction in
Chapter 3, section 3.4. However, this method gives better insight into the indices and
weights in table (3.4.13)/(A.1.19) and will be of great use when examining the weighting
vector under a change of coordinates in the next section.

With these vectors so defined, the sum in (A.1.1) can be written succinctly using the
inner product of these two vectors, times a scalar factor

Σ = ρ0UMNwT
MNc1 (A.1.30)

To be noted here, is that if the components of the elastic perturbations vector c1 are
known along with the background density ρ0 and velocity V0, then the perturbations in
the density ρ1 and the components of the Hooke’s tensor c1ijkl can be found directly.

A.2 The Weighting and Elastic Perturbations vectors under

a change of coordinates

The behaviour of the weighting vector wMN and elastic perturbations vector c1 under a
change of coordinate system will now be examined. To avoid the complication of having to
consider contravariant and covariant coordinates, the following discussion will be restricted
to orthonormal coordinate systems. In addition, for the sake of brevity, experiment mode
terms MN will be dropped in the following discussion where their meaning would be clear.
So the weighting vector will be written w and similarly for related terms.

It will be shown that though the weighting vector w, which is a function of the input
and output slowness and mode vectors, does not transform like a tensor under a change
of coordinates, it does transform linearly, and further this transformation is invertible. A
similar result will be shown for c1.

4The characteristic wave speed can be selected in a variety of ways, so long as it is constant across all
experiments. (see [10:Burridge R. ; De Hoop M. V. ; Miller D. ; Spencer C. ; 1998])
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Figure A.2.1: The orientations of two orthonormal coordinate systems E and Ẽ. There exists an
orthonormal matrix Q representing the transformation between these two systems. If an object
has representation v in the system E, then ṽ stands for its representation in the system Ẽ. If v is
a vector, then ṽ = Qv.

Consider a transformation from one orthonormal coordinate system E to another or-
thonormal system Ẽ (see Figure A.2.1). For any object, that object’s representation in
the Ẽ system will be denoted by a tilde over its E system label. Thus if v represents the
coordinates of a vector in the E coordinate system, then ṽ represents the coordinates of
that same vector in the Ẽ coordinate system. Since the coordinate systems are orthonor-
mal, scalar quantities will remain unchanged and so their notation in the E system will
be used for both coordinate systems.

Since the transformation is from one orthonormal coordinate system to another, it can
be represented by the transformation matrix Q, where Q is orthonormal with Q−1 = QT .
Therefore for any set of vector coordinates(see [37:James G. Simmonds 2000])

ṽ = Qv (A.2.1)

or in index notation
ṽj = Qijvi = Qijvi (A.2.2)

where here the Einstein summation convention has been used. Similarly tensors, such as
the Hooke’s tensor, transform according to the rule

c̃ijkl = QpiQ
q
jQ

r
kQ

s
l cpqrs (A.2.3)

Depending on the nature of their construction, other quantities may transform according
to different rules. In particular, it can be shown that the weighting vector w and elastic
perturbations vector c1 do not transform like tensors. However it can be shown that these
quantities transform linearly and reversibly.

Firstly, the weighting vector w̃ in the coordinate system Ẽ is examined. To do this,
the terms used in its construction in section A.1 are referred to. Beginning at (A.1.7), the
most elementary term in this sequence is

b̃ijkl = VMVN ξ̃
N
i γ̃

N
j ξ̃

M
k γ̃

M
l (A.2.4)

which is a product of components of vectors. Using the transformation rule (A.2.2) for
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vector coordinates gives

b̃ijkl = VMVNQpiξ
N
p Qqjγ

N
q Qrkξ

M
r Qslγ

M
s

= QpiQqjQrkQslVMVMξ
N
p γ

N
q ξ

M
r γ

M
s

b̃ijkl = Qpqrsijkl bpqrs (A.2.5)

where
Qpqrsijkl = QpiQqjQrkQsl = QpiQ

q
jQ

r
kQ

s
l (A.2.6)

Thus, b̃ijkl transforms like a tensor. Further using the index set S, (A.2.5) can be written
as

b̃J =
∑

I∈S
QIJbI (A.2.7)

The next element in the construction of w̃ is ã using (A.1.11). This gives

ãJ =
∑

σ∈G

1

|G| b̃σ(J) =
∑

σ∈G

∑

I∈S

1

|G|Q
I
σ(J)bI =

∑

σ∈G

∑

I∈S

1

|G|Q
σ(I)
σ(J)bσ(I) (A.2.8)

where in the last step relation (A.1.9) has been used for the sum over G. From its definition
in (A.2.6), it can be seen that for any σ ∈ G

Q
σ(I)
σ(J) = QIJ (A.2.9)

and so (A.2.8) becomes

ãJ =
∑

I∈S
QIJ
∑

σ∈G

1

|G|bσ(I) =
∑

I∈S
QIJaI (A.2.10)

and so ã also transforms like a tensor with ãijkl = Qpqrsijkl apqrs.
Similarly to the sum ΣR in (A.1.8), ã can be simplified using the symmetries of a.

Again using (A.1.9) and G,

ãJ =
1

|G|
∑

σ∈G

∑

I∈S
Q
σ(I)
J aσ(I) =

∑

I∈S
aI

1

|G|
∑

σ∈G
Q
σ(I)
J (A.2.11)

Similarly to how a itself was defined in (A.1.11), define the sum

RIJ =
∑

σ∈G

1

|G|Q
σ(I)
J (A.2.12)

so that
ãJ =

∑

I∈S
RIJaI (A.2.13)

Due to its construction, RIJ has the same symmetries in its I index that a does, with

R
σ(I)
J = RIJ for any σ ∈ G. Moreover if τ ∈ G then using (A.2.9) it follows that

RIτ(J) =
∑

σ∈G

1

|G|Q
σ(I)
τ(J) =

∑

σ∈G

1

|G|Q
τ−1◦σ(I)
J =

∑

σ′∈G

1

|G|Q
σ′(I)
J = RIJ (A.2.14)

where the sum over σ′ = τ−1 ◦ σ is equal to the sum over σ owing to the bijectivity of
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permutations. Thus RIτ(J) = RIJ for any permutation τ and so RIJ has the same symmetries

as a in both its indices. It then follows from (A.2.13) that ã has the same symmetries as
a.

Using the symmetries of RIJ and applying the same methods used in simplifying
(A.1.18), equation (A.2.13) becomes

ãJ =
k∑

n=1

LnR
Kn
J aKn (A.2.15)

where the indices Kn and orbit sizes Ln are those given in Table (A.1.19). The vector ã,
defined via (A.1.20), is then given by

ã = (ãK1 , . . . , ãK21)
T (A.2.16)

Where each term ãKm is given by

ãKm =
k∑

n=1

LnR
Kn
Km

aKn = HmnaKn (A.2.17)

where the 21 × 21 matrix H is given by

Hmn = LnR
Kn
Km

(A.2.18)

The matrix H will be called the parameter transformation matrix. With H so defined it
can be seen that the vector ã is given by

ã = Ha (A.2.19)

and so the ã is a linear transformation of a. However, H is not a tensor transformation,
so a itself is not a tensor.

Since the Hooke’s tensor cijkl is by definition a tensor, it must obey the tensor transfor-

mation rule. Therefore the components of the Hooke’s tensor in the Ẽ coordinate system
are given by

c̃ijkl = Qpqrsijkl cpqrs (A.2.20)

or using the index set S

c̃J =
∑

I∈S
QIJcI (A.2.21)

Equation (A.2.21) has the same form as the sum in (A.2.10), and so the same process
as that for a outlined above can be used to simplify it. Following this method gives the
equivalent of the relation in (A.2.19) for the Hooke’s vector in the Ẽ coordinate system

c̃ = Hc (A.2.22)

So although the Hooke’s tensor cijkl transforms as a tensor, the Hooke’s vector c does not,
owing to the nature of its construction. However, the vector does transform linearly.

Thus the vectors ã and c̃ obey the same transformation rule, with the vectors being
linear transformations of their representations in the E coordinate system.

However, it has not yet been shown that the transformation defined by H is invertible.
To prove this consider the sum in (A.1.25), which contains the inner product aTLc, where
L is the 21 × 21 diagonal matrix given by Lij = Liδij . In the Ẽ coordinate system, this
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inner product is given by ãTLc̃ = aTHTLHc. Because they are scalars, it is conceivable
that these inner products could be equal in both coordinate systems. If this were true,
then it would be the case that HTLH = L, which would lead to H−1 = L−1HTL. And
this can in fact be proved by the following lemma.

Lemma A.2.1
The transformation matrix H is invertible for any transformation between orthonormal
coordinate systems with

H−1 = L−1HTL (A.2.23)

Proof. Following the motivation above, the product F = HTLH is considered. The entries
of the matrix F are given by

Fcd =
∑

f

H
T

cfLfHfd =
∑

f

LfHfcHfd (A.2.24)

Using the definition of H in (A.2.18), the definition and symmetries of RIJ in (A.2.12) and
(A.2.14), and the relations between the sums in (A.1.18), gives

Fcd =LcLd
∑

f

LfR
Kc
Kf
RKd
Kf

= LcLd
∑

I∈S
RKc
I RKd

I

=
LcLd

|G|2
∑

I∈S

∑

σ1∈G

∑

σ2∈G
Q
σ1(Kc)
I Q

σ2(Kd)
I (A.2.25)

Because the E and Ẽ coordinate systems are orthonormal, the transformation matrix Q
is orthonormal, with QTQ = QQT = I. This gives

QanQbn = QanQ
T
nb = δab (A.2.26)

With this result, and expanding (A.2.6), the following sum simplifies

∑

i,j,k,l

Qpqrsijkl Q
abcd
ijkl = QpiQaiQqjQbjQrkQckQslQdl

= δpaδqbδrcδsd = δpqrsabcd =

{
1 , pqrs = abcd
0 , otherwise

}
(A.2.27)

Thus it is the case that ∑

I∈S
Q
σ1(Kc)
I Q

σ2(Kd)
I = δ

σ1(Kc)
σ2(Kd) (A.2.28)

and therefore (A.2.25) becomes

Fcd =
LcLd

|G|2
∑

σ1∈G

∑

σ2∈G
δ
σ1(Kc)
σ2(Kd) (A.2.29)

If c 6= d then Kc and Kd lie in separate, disjoint orbits of S under the action of G.

Therefore ∀ σ1, σ2 ∈ G , σ1(Kc) 6= σ2(Kd) which means that δ
σ1(Kc)
σ2(Kd) = 0 and so Fcd = 0

when c 6= d. Therefore the matrix F is diagonal.
Now let c = d = i and consider the ith diagonal element. Using that fact that ∀ σ ∈
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G , δ
σ(J)
σ(I) = δJI , and choosing σ = σ−1

1 , Fii can be written as

Fii =
L2
i

|G|2
∑

σ1∈G

∑

σ2∈G
δ
σ1(Ki)
σ2(Ki)

=
L2
i

|G|2
∑

σ1∈G

∑

σ2∈G
δ
σ−1
1 (σ1(Ki))

σ−1
1 (σ2(Ki))

(A.2.30)

=
L2
i

|G|2
∑

σ2∈G

∑

σ1∈G
δKi

σ−1
1 ◦σ2(Ki)

(A.2.31)

Let σ3 = σ−1
1 ◦ σ2. Since σ−1

1 is a bijective permutation, and since and σ2 is fixed within
the inner sum, every element σ−1

1 ◦ σ2 ∈ G corresponds uniquely to some element σ3 ∈ G.
Therefore, the inner sum over σ1 ∈ G is equivalent to an inner sum over σ3 ∈ G. This
gives

Fii =
L2
i

|G|2
∑

σ2∈G

∑

σ3∈G
δKi

σ3(Ki)
(A.2.32)

Now, δKi

σ3(Ki)
= 1 if and only if the index permutation σ3 leaves Ki unchanged. Therefore

σ3 must be an element of the set

GKi = {σ ∈ G ; σ(Ki) = Ki} (A.2.33)

GKi is called the stabiliser subgroup of the index Ki, and is the set of permutations that
leaves Ki unaltered. If σ3 ∈ GKi , δ

Ki

σ3(Ki)
= 1, otherwise δKi

σ3(Ki)
= 0.

Therefore
∑

σ3∈G δ
Ki

σ3(Ki)
= |GKi |, where |GKi | is the size of the stabiliser subgroup of

Ki. By the Orbit Stabiliser Theorem (see [46:Mark Anthony Armstrong 1988],[39:Joseph J.
Rotman 1994]), the size of the stabiliser subgroup is given as the size of the group, divided
by the size Li of the orbit of the index Ki under the action of that group. Specifically,

|GKi | =
|G|
Li

(A.2.34)

Using this result (A.2.32) becomes

Fii =
L2
i

|G|2
∑

σ2∈G

|G|
Li

=
L2
i

|G|2
|G|2
Li

= Li (A.2.35)

Therefore F = L and so HTLH = L, as suggested by the motivation. Multiplying by L−1

gives (
L−1HTL

)
H = I (A.2.36)

which means that
H−1 = L−1HTL (A.2.37)

Thus, the inverse matrix H−1 exists. In addition, by taking the determinants of both side
of (A.2.37), it can be seen that ||H|| = 1.

And so H is an invertible, linear, volume preserving transformation for any transfor-
mation between orthonormal coordinates, and the lemma is proved.

With this result and equations (A.2.19), the weighting vector in the Ẽ coordinate
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system is defined, using (A.1.29), as

w̃ =

(
Ξ̃

U
, ãT

)T
=

(
1

U
ξ̃Mj ξ̃

N
j , ã

T

)T
(A.2.38)

The inner product of the polarisation vectors is a scalar, and so is easily shown to be
unchanged using (A.2.26), with

ξ̃Mj ξ̃
N
j = QijQkjξ

M
i ξ

N
k = δikξ

M
i ξ

N
k = Ξ (A.2.39)

And so w̃ is given by

w̃ =

(
Ξ

U
, (Ha)T

)T
=

(
Ξ̃
U
Ha

)
(A.2.40)

Letting P be the 22 × 22 matrix defined by

P =

[
1 0
0 H

]
(A.2.41)

it can be seen that
w̃ = Pw (A.2.42)

As H is invertible, P is invertible, with

P−1 =

[
1 0
0 H−1

]
(A.2.43)

Thus the weighting vector w̃ in the Ẽ coordinate system is a linear transformation of
the weighting vector w in the E coordinate system, and further this transformation is
invertible.

Finally, using (A.1.28), and the fact that scalars are unchanged by the orthonormal
transformation, the elastic perturbations vector in the Ẽ coordinate system is given by

c̃1 =

(−ρ1

ρ0
,
(Lc̃)T

ρ0V 2
0

)T
=

(−ρ1

ρ0
,
(LHc)T

ρ0V 2
0

)T
=

( −ρ1
ρ0

(LHL−1)Lc

ρ0V 2
0

)
(A.2.44)

thus it can be seen that

c̃1 =

[
1 0
0 LHL−1

]
c1 (A.2.45)

In fact, from (A.2.23), it can be seen that LHL−1 = (H−1)T = H−T . Therefore

c̃1 = P−Tc1 (A.2.46)

where P−T denotes the inverse of the transpose, and P is the same matrix as in (A.2.41).
As P is invertible, P−T is invertible with P T as its inverse.

Together (A.2.42) and (A.2.46) show that both the weighting vector w and elastic
perturbations vector c1 transform linearly and invertibly with an orthogonal change of
coordinate system. Moreover, using these equations shows the invariance of the scalar

w̃T c̃ = wTP TP−T c1 = wTc1 (A.2.47)

210



And so the inner product between these vectors is invariant under an orthogonal coordinate
transformation.

If multiple weighting vectors are gathered together as the columns of a matrix W in
the coordinate system E, then it can be seen that the matrix W̃ constructed in the same
way with the representations of these vectors in the Ẽ coordinate system will obey the
formula

W̃ = PW (A.2.48)

Since P is an invertible matrix, it can be seen that if W is invertible, the W̃ will also be
invertible. Therefore, if an invertible set of weighting vectors is found in any orthonormal
coordinate system, this set of vectors will be invertible in any other coordinate system.

A.3 Symmetric Materials

In the most general case, the Hooke’s tensor cijkl has 21 independent components, and
so all 21 components of the Hooke’s vector c are independent from one another. How-
ever, certain types of elastic material exhibit certain additional symmetries, which lead to
dependencies between the Hooke’s tensor, and hence vector, components. Thus in these
cases, the tensor and vector can be described using less than 21 independent values.

Symmetries in elastic materials are revealed as invariances in the Hooke’s tensor under
certain coordinate system transformations. Let Q be a transformation matrix between
two coordinate systems, E and Ẽ, as in section A.2. An elastic material is said to be
symmetric under Q if the representations of its Hooke’s tensor remain unchanged by the
transformation, i.e. if

c̃ijkl = cijkl, ∀ i, j, k, l (A.3.1)

Alternatively, by equation (A.2.22), and the fact that the mapping from Hooke’s tensors
to Hooke’s vectors is bijective, the material will be symmetric under Q if

H(Q)c = c (A.3.2)

whereH(Q) is the parameter transformation matrix derived fromQ, as described in section
A.2. It is then seen that in order for the material to be symmetric under Q, its Hooke’s
vector c must be an eigenvector of H(Q) with eigenvalue 1. Alternatively, c must be a
nullvector of H(Q) − I. The dimension of the nullspace of H(Q) − I gives the maximum
number of independent parameters of c.

In general, materials will not be symmetric under isolated coordinate transformations,
but rather under some family of transformations. Let Θ ∈ D ⊂ Rn be a set of variables
parametrising this transformation family, with Q = Q(Θ), and let H(Θ) = H(Q(Θ))
stand for the family of parameter transformation matrices derived from the transforma-
tions. Then for all Θ ∈ D

H(Θ)c = c (A.3.3)

where c is a constant Hooke’s vector, unaffected by the family of parameter transforma-
tions. Integrating this equation across the domain D gives

∫

D
H(Θ)cdΘ =

∫

D
cdΘ

⇒
[∫

D
H(Θ)dΘ

]
c = VDc (A.3.4)
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where VD is the volume of the domain D. By defining the 21 × 21 matrix

X =
1

VD

∫

D
H(Θ)dΘ (A.3.5)

it can be seen that
(X − I) c = 0 (A.3.6)

And so c is a nullvector5 of X − I. The dimension of the nullspace of this matrix gives
the maximum number of independent parameters of the Hooke’s vector c and hence of the
Hooke’s tensor cijkl of the material. Moreover, finding a basis for this nullspace allows for
a description of the Hooke’s tensor in terms of these variables.

This method is best illustrated through an example for some of the most important
types of elastic materials.

A.3.1 Isotropic Material

An isotropic material is a material with no preferred orientation, which has equal wave
speeds in any wave direction for a given wave mode. Specifically, such a material must
be symmetric under any rotation6 of coordinate system,i.e. under any rotation matrix7 Q
(see Figure A.3.1).

A general rotation matrix can be specified using its three Euler angles (θx, θy, θz), which
each specify a rotation about the x, y, z axes. Rotation matrices for each individual axis are
given by

Figure A.3.1: An isotropic material
is symmetric under any transformation
which maps a sphere centred at the ori-
gin to itself. Such transformations in-
clude all rotations about the origin.

Rx(θx) =




1 0 0
0 cos θx − sin θx
0 sin θx cos θx


 (A.3.7)

Ry(θy) =




cos θy 0 − sin θy
0 1 0

sin θy 0 cos θy


 (A.3.8)

Rz(θz) =




cos θz − sin θz 0
sin θz cos θz 0

0 0 1


 (A.3.9)

With these a general rotation may be given by

Q(θx, θy, θz) = Rx(θx)Ry(θy)Rz(θz) (A.3.10)

Equation (A.3.10) gives a parameterisation of the
family of symmetries of an isotropic material. With
this parameterisation and (A.3.5), the definition of
XISO is

5Equivalently, c is an eigenvector of X with eigenvalue 1. However, computationally, the nullvector
definition is easier to work with.

6The material must also be symmetric under several classes of reflections through origin centred el-
ements. However for the sake of brevity in what follows, and because consideration of reflections does
not alter the following results, reflection symmetries will not be considered for any of the three materials
presented in this chapter.

7Any rotation matrix is an orthonormal coordinate transformation matrix with determinant 1
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XISO =




9
64

123
512

123
512

7
64

7
64

41
256 0 0 0 7

32 0 0 7
32 0 0 0 41

128 0 0 0 0
9
64

123
512

123
512

7
64

7
64

41
256 0 0 0 7

32 0 0 7
32 0 0 0 41

128 0 0 0 0
3
8

9
64

9
64

1
8

1
8

3
32 0 0 0 1

4 0 0 1
4 0 0 0 3

16 0 0 0 0
3
64

41
512

41
512

13
64

13
64

99
256 0 0 0 −3

32 0 0 −3
32 0 0 0 −29

128 0 0 0 0
1
16

7
128

7
128

5
16

5
16

13
64 0 0 0 −1

8 0 0 −1
8 0 0 0 −3

32 0 0 0 0
1
16

7
128

7
128

5
16

5
16

13
64 0 0 0 −1

8 0 0 −1
8 0 0 0 −3

32 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3
64

41
512

41
512

−3
64

−3
64

−29
256 0 0 0 5

32 0 0 5
32 0 0 0 35

128 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1
16

7
128

7
128

−1
16

−1
16

−3
64 0 0 0 1

4 0 0 1
4 0 0 0 5

32 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1
16

7
128

7
128

−1
16

−1
16

−3
64 0 0 0 1

4 0 0 1
4 0 0 0 5

32 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0




(A.3.12)

Table A.3.1: The matrix XISO.

XISO =
1

(2π)3

∫ π

−π

∫ π

−π

∫ π

−π
H(Q(θx, θy, θz))dθxdθydθz (A.3.11)

The transformation matrix Q is itself quite unwieldy, and subsequently the matrix H is
an extremely long and complicated entity8. However, since the entries of H can be shown
to ultimately be composed of products and sums of univariate trigonometric functions
in the variables θx, θy, θz, the integrals in (A.3.11) though numerous, are individually
straightforward to carry out using tables or more preferably using a computer algebra
system.

The matrix which results from evaluation of the integrals in (A.3.11) is given Table
(A.3.1). This is a constant matrix, and so using it, XISO − I can be computed directly,
and its rank can also be evaluated as

rank(XISO − I) = 19 (A.3.13)

And so the nullspace of XISO−I has dimension 2, and so there are at most 2 independent
components in the Hooke’s tensor of an isotropic material. Moreover it may be shown that
the 21 × 1 vectors given by

cλ =
[
1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

]T
(A.3.14)

8Typically, H(Q) is too large and unwieldy a matrix to send to print. Since no results in this thesis
require any such matrix directly, no concrete instance of H is given except in the very simplest cases.
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cµ =
[
2 2 2 0 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 0

]T
(A.3.15)

constitute a basis for the nullspace of XISO − I, and so any isotropic Hooke’s vector can
be represented as a linear combination of these two vectors. Letting λ and µ stand for
these two independent parameters, the general form of the Hooke’s vector for an isotropic
elastic material is given by

c = λcλ + µcµ (A.3.16)

It may be shown using Table (A.1.19) and the symmetry group (A.1.6), that the Hooke’s
tensor cijkl derived from this Hooke’s vector is given by

cijkl = λδijδkl + µ (δikδjl + δilδkj) (A.3.17)

The vectors cλ and cµ are not the only possible basis for the nullspace of XISO− I. They
have been chosen so that their respective parameters λ and µ correspond to the traditional
Lamé parameters for an isotropic material(see [40:K. Aki & P. Richards 2002],[62:V. Cer-
veny 2001]). An explicit method for computing such basis vectors is given in the next
section.

A.3.2 Transversely Isotropic Material

Figure A.3.2: A transversely isotropic
material is symmetric under any trans-
formation which maps a cylinder, cen-
tred at the origin and with axis in the
z direction, to itself. Such transforma-
tions include all rotations about the z-
axis as well as rotations by π about the
x and y axes.

A transversely isotropic material is a material with
a single two dimensional plane of isotropy, that is,
equal wave speeds for all wave directions lying in a
certain plane for a given wave mode. Such a material
must be symmetric under any rotational coordinate
transformation which maps this plane to itself (see
Figure A.3.2).

Without loss of generality, let the plane of
isotropy be the xy plane, with the z as the normal
to this plane. With this convention the material will
be symmetric under any rotation about the z axis.
Such a rotation Rz is will be of the form (A.3.9).
As such the variable θz ∈ [0, 2π] parameterises the
family of symmetry transformations

Q(θz) = Rz(θz) (A.3.18)

and with this parameterisation and (A.3.5), the def-
inition of XTI is given by

XTI =
1

2π

∫ π

−π
H(Q(θz))dθz (A.3.19)

similarly to (A.3.11), this integral evaluates to the 21× 21 matrix given in Table A.3.2 on
the next page which is a constant matrix. From this it is found that

rank(XTI − I) = 16 (A.3.21)

and so the nullspace of XTI − I has dimension 5, and it follows that there are at most 5
independent components in the Hooke’s tensor of a transversely isotropic material.

A set of 5 linearly independent basis vectors for the nullspace of XTI−I can be found,
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XTI =




3
8

3
8 0 1

4 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0 0 0

3
8

3
8 0 1

4 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1
8

1
8 0 3

4 0 0 0 0 0 −1
2 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1
2

1
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1
2

1
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1
8

1
8 0 −1

4 0 0 0 0 0 1
2 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1
2 0 0 0 1

2 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1
2 0 0 0 1

2 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0




(A.3.20)

Table A.3.2: The matrix XTI .

and these vectors can be arranged as the rows of a 5×21 matrix N . In general, the matrix
N is not unique, but all such matrices will span the same nullspace. To obtain a unique
basis from any such N , the reduced row echelon form9 of N can be calculated, with the
resulting rows giving a unique basis of 5 vectors for the nullspace.

The resulting basis vectors are shown in Table A.3.3 on the following page as the
columns of a 21 × 5 matrix, and in addition using Table (A.1.19), the indices of the
Hooke’s tensor corresponding to the vector entries are shown alongside this matrix. The
general form of a Hooke’s vector for any transversely isotropic material is given by a linear
combination of these five vectors, with the coefficients in the linear sum corresponding to
five independent parameters of the Hooke’s tensor. By examining the leading 1’s in each
column of (A.3.22), it can be seen that these five independent parameters correspond
to the c1111, c3333, c1122, c1133 and c1313 components of the Hooke’s tensor. Moreover,
examination of the columns of (A.3.22) reveals the relations

c1111 = c2222, c1133 = c2233

c1313 = c2323, c1212 =
1

2
(c1111 − c1122) (A.3.23)

and shows that the remaining components are all zero.
These results can be rewritten using Voigt notation in which the 4 component indices

are replaced by shorter 2 component indices, and the 81 Hooke’s tensor components cijkl

9The reduced row echelon form of any matrix is unique, see [60:Thomas Yuster 1984], and moreover
this unique matrix is equal for all matrices with the same rowspace.
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


1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

0.5 0 −0.5 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0




1111
2222
3333
1122
1133
2233
1112
1113
1123
1212
1222
1233
1313
1322
1333
2223
2323
2333
1213
1223
1323

(A.3.22)

Table A.3.3: The nullvectors of XTI − I

are replaced by the 6 × 6 matrix components Cmn, using the rule cijkl = Cv(ij)v(kl) where
v is defined by

v(11) = 1 v(22) = 2 v(33) = 3
v(23) = 4 v(13) = 5 v(12) = 6

(A.3.24)

Using this notation, the independent components of the matrix C are, C11, C33, C12, C13

and C55, and the relations between its components are

C11 = C22, C13 = C23

C55 = C44, C66 =
1

2
(C11 − C12) (A.3.25)

In addition, by (2.1.13), C is a symmetric matrix. Using this gives the values of the
components C21,C31, and C32, with all remaining components of the matrix being zero.
These parameters and relations correspond to the traditional one specified for transversely
isotropic materials.

However, the above discussion has considered only those transformation resulting from
rotations about the z axis. A rotation by π about the x or y axes will still map the xy
plane of isotropy to itself. LetHπ

x andHπ
y denote these parameter transformation matrices,

which are given by

Hπ
x = H(Rx(π)) (A.3.26)

Hπ
y = H(Ry(π)) (A.3.27)
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and which are given in (A.3.31) below. Unlike rotations about the z axis, these trans-
formations are not a member of a family of transformations but are instead singular, so
(A.3.11) does not apply. To combine the restrictions to c from these transformation with
the restrictions already found, it is noted that by (A.3.3) c is a nullvector of Hπ

x − I and
Hπ
y − I. Combining this with the fact that c must be a nullvector of XTI − I, gives that

c must be a nullvector satisfying

(
1

3

(
XTI +Hπ

x +Hπ
y

)
− I

)
c = 0 (A.3.28)

Figure A.3.3: An orthorhombic mate-
rial is symmetric under any transforma-
tion maps a rectangular cuboid centred
at the origin to itself. Such transfor-
mations include rotations by π about
any of the three perpendicular coordi-
nate system axes.

Evaluating this matrix, it can be shown that

rank

(
1

3

(
XTI +Hπ

x +Hπ
y

)
− I

)
= 16 (A.3.29)

so the nullspace of this matrix has dimension 5.
Moreover, it can be shown that all 5 vectors in
(A.3.22) are null-vectors of this matrix, and so con-
stitute a basis for the Hooke’s vector of any trans-
versely isotropic Hooke’s vector. Thus the parame-
ters and relations of the Hooke’s tensor of a trans-
versely isotropic material are equivalent those de-
rived solely from examination of its symmetry under
a rotation about the z axis10.

A.3.3 Orthorhombic material

An orthorhombic material is a material which is
symmetric under a rotation of π about any of three
mutually perpendicular axes(see Figure A.3.3).
Without loss of generality, assume that the axes are
the standard x, y, z axes. Then, following (A.3.26)
and (A.3.27), define the parameter transformation
matrix corresponding to a rotation of π about the z
axis by

Hπ
z = H(Rz(π)) (A.3.30)

When evaluated, the matrices Hπ
x , Hπ

y and Hπ
z can all be seen to be diagonal matrices

whose diagonal entries are given by

diag(Hπ
x ) = [1 1 1 1 1 1 −1 −1 1 1 −1 −1 1 −1 −1 1 1 1 1 −1 −1 ]

diag(Hπ
y ) = [1 1 1 1 1 1 −1 1 −1 1 −1 −1 1 1 1 −1 1 −1 −1 1 −1 ]

diag(Hπ
z ) = [1 1 1 1 1 1 1 −1 −1 1 1 1 1 −1 −1 −1 1 −1 −1 −1 1 ]

(A.3.31)

Any Hooke’s vector c of an orthorhombic material must be an eigenvector with eigenvalue
1 of all three of these parameter transformation matrices, or equivalently, c must be a
nullvector satisfying (

1

3

(
Hπ
x +Hπ

y +Hπ
y

)
− I

)
c = 0 (A.3.32)

10Modifying this method in the case of reflection matrices, it can be shown that consideration of sym-
metry under reflection does not affect any of the results for the three materials considered in this chapter.

217



The matrix 1
3

(
Hπ
x +Hπ

y +Hπ
x

)
− I is a constant matrix and can be evaluated directly.

Upon doing so, it can be shown that

rank

(
1

3

(
Hπ
x +Hπ

y +Hπ
y

)
− I

)
= 12 (A.3.33)

so the nullspace of this matrix has dimension 9, and so there are nine independent compo-
nents of the Hooke’s tensor of an orthorhombic medium. Moreover, as in section (A.3.2),
a set of basis vectors for the nullspace of this matrix can be found, and the reduced row
echelon form of this basis can be taken to obtain a unique basis for the nullspace.

The resulting basis vectors so derived are shown in Table A.3.34 as the columns of
a 21 × 9 matrix, again with the indices of the corresponding Hooke’s tensor entries also
shown.

Any Hooke’s vector of an orthorhombic medium is a linear combination of these nine
vectors. It can be seen directly from (A.3.34) that the nine independent components of
an orthorhombic Hooke’s tensor are the c1111, c2222,c3333,c1122,c1133,c2233,c1212,c1313, and
c2323, components, with all other components being zero.

In Voigt notation, these are the C11, C22,C33,C12,C13,C23,C66,C55, and C44, compo-
nents of the 6 × 6 matrix C. In addition, the structure of (A.3.34) poses no additional
dependencies or relations on any other components.




1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0




1111
2222
3333
1122
1133
2233
1112
1113
1123
1212
1222
1233
1313
1322
1333
2223
2323
2333
1213
1223
1323

(A.3.34)

Table A.3.4: The nullvectors of 1

3

(
Hπ

x +Hπ
y +Hπ

y

)
− I.
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Appendix B

Fully Ranked Functions

In this Appendix the concept of fully ranked functions and the rank of vector valued
functions will be outlined in more detail than in the main text. Fully ranked functions
will be formally defined and their relation to the function Gramians will be proven. Finally,
the rank of a function will be defined and its link to the rank of its Gramian shown. The
positive definiteness of Gramian matrices is also discussed.

The theory of Gramian matrices and their relationship to sets of linearly independent
functions is well known in the theory of orthogonal functions[26:G. Sansone 2004]. De-
spite a review of the literature, the author has not been successful in finding prior work
equivalent to the concepts of function rank or fully ranked functions. Since these concepts
are relatively simple extensions of orthogonal functions it is likely that in this appendix,
only the terms “function rank” and “fully ranked function” are novel.

B.1 Definition

Consider a vector valued function

f : D → R
n, f(x) = (f1(x), f2(x), . . . , fn(x))T , D ⊂ R

m (B.1.1)

and the problem of finding n points an in the domain D such that the corresponding n
vectors fn = f(an) in the co-domain are linearly independent. If such a set of points an
can be found, then f will be called a fully ranked function.

An equivalent definition for a fully ranked function can also be given. Suppose the
set an above exists, with the corresponding fn. Then, by their linear independence, the
fn span the co-domain of the function. Next, suppose that there exists such a set fn in
the image of the function that spans its co-domain. Since these fn are in the image of the
function, there exist corresponding an in the domain which map to them. So the required
an exist.

This proves the equivalent definition for a fully ranked function.

Definition B.1.1
A function f is a fully ranked function if and only if there exists a set in its image which
spans its co-domain.

In order to determine whether a function is fully ranked, it is enough to examine its
component functions, as shown below.
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B.2 Component Functions

It is possible to determine the existence of such a set an, if the component functions fi of
the function f are linearly independent over the domain D. The component functions of
f are the fi, defined formally as

fi : D → R , i = 1 . . . n (B.2.1)

which generate the individual components of the vector valued function. It will be shown
that a function is fully ranked if and only if its component functions are linearly indepen-
dent. It will be assumed throughout that all component functions considered are square
integrable over D with

∫
D |fi|2dx < ∞, and that they are at worst piecewise continuous

with no isolated removable singularities.
First, the linear independence of the component functions fi is defined;

Definition B.2.1
The functions f1, . . . , fn : D → R are linearly independent over their domain if and only
if , the only constants αi that satisfy αifi(x) = 0 , ∀x ∈ D, are α1 = α2 = · · · = αn = 0.
If any non zero set of constants satisfies αifi(x) = 0 everywhere in the domain, then the
functions are linearly dependant.

With this definition, the following theorem shows the relationship between the rank of
a vector valued function and its component functions.

Theorem B.2.1
A function f : D → Rn is fully ranked if and only if its component functions f1, . . . , fn :
D → R are linearly independent over the domain D.

Proof. The if and only if cases will be dealt with separately

1. The if case will be proven first using proof by induction on the number of component
functions n

Let fk : D → Rk, fk(x) = (f1(x), . . . , fk(x))T be a vector valued function composed
of the first k component functions of f . Note that fn = f .

For n = 1 at least one a1 ∈ D can be chosen such that f1(a1) 6= 0, for if it could not
then f1(x)+

∑n
i=2(0)fi(x) = 0 , ∀x ∈ D, which is impossible by the assumption that

the component functions are linearly independent. Thus let f1(a1) = f1(a1) 6= 0.
Hence there exists a1 ∈ D such that f(a1) is a set of one linearly independent vector
in one dimension, and so the function f1 is fully ranked on the domain. Thus the
case is proved for n = 1.

Assume that the lemma is true for n = k. Therefore if fk is composed of the k
linearly independent functions f1, . . . , fk, then fk is fully ranked.

Since fk is fully ranked, it is therefore possible to select k points ai ∈ D such that
the k vectors fk(a1), fk(a2), . . . , fk(ak) are linearly independent. These vectors can
be written as the rows of a k × k matrix Mk

Mk =




fTk (ak)
fTk (ak−1)

...
fTk (a1)


 =




f1(ak) f2(ak) · · · fk(ak)
f1(ak−1) f2(ak−1) · · · fk(ak−1)

...
...

. . .
...

f1(a1) f2(a1) · · · fk(a1)


 (B.2.2)
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Since the rows of Mk are linearly independent, the determinant of Mk is non zero.

The inductive step will now be proven using proof by contradiction.

Assume the case is false for n = k+1. Therefore it is assumed that with the addition
of another function fk+1, which is linearly independent from the other k functions,
the vector valued function fk+1 is not fully ranked. Therefore, there exists no set of
ai ∈ D , i = 1 . . . k+1 such that the k+1 vectors fk+1(a1), fk+1(a2), . . . , fk+1(ak+1)
are linearly independent. Write these k+ 1 vectors as the rows of a (k+ 1)× (k+ 1)
matrix Mk+1

Mk+1 =




fTk+1(ak+1)
fTk+1(ak)
fTk+1(ak−1)
...
fTk+1(a1)




=




f1(ak+1) f2(ak+1) · · · fk(ak+1) fk+1(ak+1)
f1(ak) f2(ak) · · · fk(ak) fk+1(ak)
f1(ak−1) f2(ak−1) · · · fk(ak−1) fk+1(ak−1)

...
...

. . .
...

...
f1(a1) f2(a1) · · · fk(a1) fk+1(a1)




(B.2.3)
By the assumption that the case is false for n = k+1, the determinant of the matrix
Mk+1 must be zero for all possible sets of ai ∈ D , i = 1 . . . k + 1. The determinant
of this matrix is given by multiplying the entries in the first row by their minors and
summing the results.

det(Mk+1) = f1(ak+1)C1 + f2(ak+1)C2 + · · · + fk+1(ak+1)Ck+1 = 0 (B.2.4)

This must be true for all possible choices of ak+1 ∈ D, so let the k points a1, . . . ,ak
be arbitrary but fixed, and replace ak+1 by x. Then the minors Ci are fixed, and
the linear sum of the k+ 1 component functions is zero on the domain D. Formally

f1(x)C1 + f2(x)C2 + · · · + fk+1(x)Ck+1 = 0 , ∀x ∈ D (B.2.5)

But the functions fi , i = 1 . . . k + 1 are given to be linearly independent, and
therefore the only coefficients possible must be Ci = 0 , ∀i = 1 . . . k + 1. Therefore
all the minors of the first row of Mk+1 are zero.

But the k points a1, . . . ,ak are arbitrary. Then, let the points be set as the k points
which were chosen to create the matrix Mk. But then it can be seen that the lower
left k × k sub-matrix of Mk+1 is the matrix Mk. Since Ck+1 = ±det(Mk) and since
det(Mk) 6= 0 by the truth of the case for n = k, it follows that Ck+1 6= 0. So at least
one minor of Mk+1 is non zero, which contradicts the previous result that all minors
of Mk+1 are zero.

Thus a contradiction has been reached, and so the assumption that case is false for
n = k+1 is incorrect. Therefore, if the vector valued function fk is fully ranked, the
function fk+1 is also fully ranked. And since f1 is fully ranked, all the functions fk
are fully ranked including fn = f .

Therefore if its component functions f1, . . . , fn : D → R are linearly independent
over the domain D, then the function f : D → Rn is fully ranked over that domain.
And so the first case is proved.

2. The only if case will be proved by proving the contrapositive, and this will itself be
proved by contradiction.

Suppose that the n component functions are linearly dependant. Then there exist
non zero αi such that αifi(x) = 0 for all points x in the domain D.
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Next, assume that the function f is fully ranked, and so there exist n points an in the
domain D such that the corresponding n vectors fn = f(an) are linearly independent.
Let these vectors be written as the rows of the n× n matrix Mn

Mn =




fT (an)
fT (an−1)

...
fT (a1)


 =




f1(an) f2(an) · · · fn(an)
f1(an−1) f2(an−1) · · · fn(an−1)

...
...

. . .
...

f1(a1) f2(a1) · · · fn(a1)


 (B.2.6)

and by the linear independence of the rows, the determinant of Mn is non zero.
But, since the component functions are linearly independent, there exists a non zero
vector

α =




α1

α2
...
αn


 (B.2.7)

such that Mnα = 0. But this is only possible if the determinant of Mn is zero, which
contradicts the result that the determinant be non zero. Therefore the assumption
that f is fully ranked is false. Therefore, if the component functions are linearly
dependant then the function is not fully ranked.

Taking the contrapositive of this result, it follows that if the function is fully ranked,
then the component functions are linearly independent. Or rephrased, the function
if fully ranked only if the functions are linearly independent. And so the second case
is proved.

With both cases proved, it is therefore proved that a vector valued function f is fully
ranked if and only if its component functions are linearly independent.

B.3 Gramian Matrices

In the previous section, it was shown that the linear independence of the component
functions determines whether or not a function is fully ranked. In this section, a method
to determine linear independence of functions, and thus full rank, will be introduced1.

Firstly, an inner product 〈, 〉 is defined for functions on D as follows. For two functions
f and g mapping D to R define

〈f, g〉 =

∫

D
f(x)g(x)dx (B.3.1)

This definition satisfies all the requirements of an inner product[67:Xavier Saint Raymond
1991] and, along with standard addition and multiplication by scalars, allows the space of
real valued functions mapping D to R to be considered as an inner product space.

With this inner product so defined, the Gramian matrix can be defined.

Definition B.3.1
Given a set of real valued functions f1, . . . , fn : D → R, the Gramian matrix [26:G. Sansone
2004] or Gramian of the set is defined to be the n × n matrix G whose entries are given

1For more on the linear independence of functions and their Gramian matrices, see [26:G. Sansone
2004].
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by
Gij = 〈fi, fj〉 (B.3.2)

Equivalently, with the functions arranged as components in a row vector function f(x) =
(f1(x), . . . , fn(x)), the Gramian can also be written as

G =

∫

D
f(x)T f(x)dx (B.3.3)

Note here that by the symmetry of the inner product operation, the Gramian matrix
is symmetric, G = GT .

By examining the Gramian matrix of a set of functions, it can be determined whether
the functions are linearly independent. This is made possible by the following theorem

Theorem B.3.1
A set of functions is linearly independent if and only if their Gramian matrix is non
singular, i.e. fully ranked.

Proof. Let the set of functions be f1, . . . , fn : D → R,and let their Gramian G be defined
by (B.3.2).

To prove the if case, let the Gramian be given as non singular, and assume that the
functions are linearly dependant. Thus there exists set of non-zero constants α1, . . . αn
such that at every point in the domain

αjfj(x) = 0 , ∀x ∈ D (B.3.4)

For each i = 1, . . . , n take the inner product of this equation with the function fi to obtain

0 = 〈fi, αjfj〉 = 〈fi, fj〉αj = Gijαj = 0 (B.3.5)

But since G is non singular, the only αj that can satisfy Gijαj = 0 for all i are α1 = · · · =
αn = 0. But since the functions are linearly dependant, some of the αj are non zero, which
is a contradiction. Therefore, the assumption is false and if the Gramian is non singular
then the set of functions must be linearly independent.

To prove the only if case, let the functions in the set be linearly independent, and
assume that their Gramian is singular. Since the Gramian G is singular, there exist non
zero αj such that

Gijαj = 0, ∀i = 1, . . . , n (B.3.6)

For these αj , let the function g = αjfj . Then

〈g, g〉 = 〈αifi, αjfj〉 = αiGijαj =
∑

i

αi · 0 = 0 (B.3.7)

Therefore 〈g, g〉 = 0. But the only function which can have a zero inner product is zero.
Therefore

g(x) = αjfj(x) = 0, ∀x ∈ D (B.3.8)

But by the linear independence of the functions, this means that the αj are all zero.
But since the Gramian is singular some of the αj are non zero, which is a contradiction.
Therefore the assumption is false and the functions are linearly independent only if the
Gramian is non singular.

With both cases proved, it is therefore proved that a set of functions is linearly inde-
pendent if and only if their Gramian matrix is non singular.
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With this theorem, the Gramian matrix provides an alternative to the Wronskian
for determining if a set of functions is linearly independent. This is of use in situations
where the Wronskian is relatively intractable, or more importantly where the function is
multivariate, as in the case of the reflectivity weighting vector function.

Next, define the Gramian of a function

Definition B.3.2
The Gramian matrix of a vector valued function f : D → Rn is the Gramian matrix of its
component functions f1, . . . , fn.

With this definition, theorems B.2.1 and B.3.1 prove

Theorem B.3.2
A function f : D → Rn is fully ranked if and only if its Gramian matrix is non singular.

Thus the full rankedness of a function can be determined by computation and exami-
nation of the Gramian of the function.

B.4 Rank of a Function

Even if a function is not fully ranked, it is still possible to discuss its rank in the context
of linearly independent component functions and Gramians. First, the rank of a function
must be defined

Definition B.4.1
The rank of a function f : D → Rn can be defined as the maximum number of linearly
independent vectors in its image.

If a function has rank k, then there exist k points, ak, in the domain which map to
some set of k linearly independent vectors fk = f(ak) in the image.

As with the case of full rank, there is a relationship between the rank of a function
and its component functions. This relationship is given in the following theorem

Theorem B.4.1
The rank of a function f : D → Rn is equal to the maximum number of its component
functions that are linearly independent.

Proof. Let the component functions of f be labelled f1, . . . , fn.
Let the maximum number of linearly independent component functions be k, with

k ≤ n . Without loss of generality2 , it can be supposed that these functions are the
first k component functions f1, . . . , fk, and that the rest of the n−k component functions
fk+1, . . . , fn are linearly dependant on them.

Since the first k component functions are linearly independent, the function fk : D →
Rk, fk(x) = (f1(x), . . . , fk(x))T is fully ranked, and so there exist k points ak in D such
that the k × k matrix

Mk
k =




fTk (ak)
fTk (ak−1)

...
fTk (a1)


 =




f1(ak) f2(ak) · · · fk(ak)
f1(ak−1) f2(ak−1) · · · fk(ak−1)

...
...

. . .
...

f1(a1) f2(a1) · · · fk(a1)


 (B.4.1)

2Multiplication by a constant permutation matrix can bring the independent functions to the first k
positions.
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is a fully ranked matrix with rank k.
If the original function f is now evaluated at the points ak, then by arranging the

resulting k vectors as the rows of a k × n matrix

Mk =




fT (ak)
fT (ak−1)

...
fT (a1)


 =




f1(ak) f2(ak) · · · fk(ak) · · · fn(ak)
f1(ak−1) f2(ak−1) · · · fk(ak−1) · · · fn(ak−1)

...
...

. . .
...

f1(a1) f2(a1) · · · fk(a1) · · · fn(a1)


 (B.4.2)

it can be seen that the first k columns and rows of Mk are the matrix Mk
k , which has rank

k. Therefore the matrix Mk has rank k and thus there exist at least k linearly independent
vectors in the image of f . Thus f has a rank of at least k.

Since each of the component functions fi, i = k + 1, . . . , n, is linearly dependant on
the first k functions, there exists a set of non zero constants αi1, . . . , αik, αii such that for
all points x in the domain

αi1f1(x) + · · · + αikfk(x) + αiifk+i(x) = 0 (B.4.3)

and in particular the constant αii is not zero.
For each i = k+1, . . . , n let the n×1 vector αi be given by the ith set of such constants,

with zeros in all unspecified positions

αi =




αi1
...
αik
0
...
αii
...
0




(B.4.4)

Then for all x ∈ D and i = k + 1, . . . , n

f(x)Tαi = 0 (B.4.5)

and owing to the structure of the final n− k entries in each vector, all the αi are linearly
independent from each other. Therefore the n − k ai vectors span an n − k dimensional
“nullspace” of the function f .

Next, assume that the rank of f is greater than k. Then there must exist a point x in
the domain of the function such that the vector f(x) is linearly independent from the set
of vectors f(ak) already discussed. Then the (k + 1) × n matrix

Mk+1 =




fT (x)
fT (ak)
fT (ak−1)
...
fT (a1)




=




f1(x) f2(x) · · · fk(x) fk+1(x)
f1(ak) f2(ak) · · · fk(ak) fk+1(ak)
f1(ak−1) f2(ak−1) · · · fk(ak−1) fk+1(ak−1)

...
...

. . .
...

...
f1(a1) f2(a1) · · · fk(a1) fk+1(a1)




(B.4.6)

must have rank k + 1 since it has k + 1 linearly independent rows.
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But, by (B.4.5), the n−k αi vectors are all linearly independent null-vectors of Mk+1,
so the nullspace of Mk+1 has dimension at least n − k. But since k ≤ n this means that
Mk+1 can have rank at most n−(n−k) = k. But Mk+1 has rank k+1, and a contradiction
has been reached. Therefore, the assumption that f had rank greater than k is false, and
f can have rank at most k.

But since it has been shown that f has rank at least k, then f must have a rank of k,
which is the maximum number of linearly independent component functions of f .

Therefore, the rank of a function is equal to the maximum number of its component
functions that are linearly independent.

In order to determine the rank of a function, it then suffices to determine the maxi-
mum number of component functions that are linearly independent. This can be done by
examining the Gramian matrix of the component functions, by the following theorem.

Theorem B.4.2
The maximum number of linearly independent functions in set of functions is equal to the
rank of the Gramian matrix of the set.

Proof. Let the set of functions be f1, . . . , fn : D → R, and let the n× n Gramian matrix
G of the set be given by (B.3.2).

Let the rank of G be k where k ≤ n. Let Gk denote the sub matrix in the first k rows
and k columns of G. Without loss of generality, suppose that the rank of Gk is k. Then,
by Theorem B.3.1, the first k functions in the set, f1, . . . , fk are linearly independent from
each other.

Since G is an n× n matrix of rank k, with Gk having full rank, each of its final n− k
vectors must be dependant on the first k vectors. Therefore for h = k + 1, . . . , n there
exist n− k, n× 1 vectors αj given by

αh =




αh1
...
αhk
0
...
αhh
...
0




(B.4.7)

such that

Gαh = 0, ∀h = k + 1, . . . , n (B.4.8)

Therefore

0 = αT
hGαh =

∑

i,j=1,...,k,h

αhi〈fi, fj〉αhj (B.4.9)

=
∑

i,j=1,...,k,h

〈αhifi, αhjfj〉 = 〈gh, gh〉 (B.4.10)
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Where
gh(x) =

∑

i=1,...,k,h

αhifi(x) (B.4.11)

Thus 〈gh, gh〉 = 0, and the only way this can be is if gh(x) = 0 for all points x in the
domain and for all h = k + 1, . . . , n. Therefore for every h there exist constants αhi such
that

gh(x) = αh1f1(x) + · · · + αhkfk(x) + αhhfh(x) = 0, ∀x ∈ D (B.4.12)

And so every one of the last n − k functions, fh, in the set is linearly dependant on the
first k functions.

And since the first k functions are linearly independent of one another, the maximum
number of linearly independent functions in the set is k functions, which is the rank of
the Gramian matrix of the set.

Therefore the maximum number of linearly independent functions in a set is equal to
the rank of the Gramian matrix of the set.

And so the maximum number of linearly independent functions in a set can be found
by evaluating the Gramian matrix and checking its rank.

Together with definition B.3.2, theorems B.4.1 and B.4.2 prove

Theorem B.4.3
The rank of a function is equal to the rank of its Gramian matrix.

Thus the rank of a function can be determined by examining its Gramian.

B.5 Properties of Gramian Matrices

A matrix A is said to be positive semi-definite if for any vector x

xTAx ≥ 0 (B.5.1)

Moreover for any such matrix, if the only vector giving xTAx = 0 is the zero vector x = 0,
then the matrix is said to be positive definite. It can be shown that all Gramian matrices
are at least positive semi-definite, with the Gramian being positive definite if and only if
it is non singular. This is proven in the following theorem.

Theorem B.5.1
All Gramian matrices of vector valued functions are positive semi-definite, with the Gramian
being positive definite if and only if it is non singular.

Proof. To prove positive semi-definiteness, let

α =




α1

α2
...
αn


 (B.5.2)

be a vector in the rowspace of a Gramian G and consider the inner product αTGα. By
the definition of the Gramian, via the component functions of the vector valued function,
this inner product becomes

αT
Gα = αiGijαj = αi〈fi, fj〉αj = 〈αifi, αjfj〉 = 〈g, g〉 (B.5.3)
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where g(x) = αif(x) is a function of x. The inner product of any function with itself must
be greater than or equal to zero, and therefore 〈g, g〉 ≥ 0. This means that

αT
Gα ≥ 0, ∀α ∈ R

n (B.5.4)

which proves that all Gramian matrices are at least positive semi-definite.
To prove the second assertion, it is first the case that if G is singular, then it can only

be positive semi-definite as there will exist null-vectors α0 of G for which αT
0 Gα0 = 0.

Next, if G is non singular, then the component functions, fi, of the vector valued
functions are linearly independent. This means that the function g = αifi is zero if and
only of all the αi are zero. And so, 〈g, g〉 = αTGα = 0 ⇔ α = 0, which proves that any
non singular Gramian G is positive definite.

In the case of positive semi-definiteness, a matrix can have only positive or zero valued
eigenvalues; a positive definite matrix can have only positive eigenvalues.
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Appendix C

Various Mathematical Results

In this appendix various mathematical results and methods used in the main text will be
briefly introduced and discussed.

C.1 Tensor Derivative Notation and the Einstein Summa-

tion Convention

In this thesis, to simplify the presentation of various formulae, two common space saving
conventions will be employed; the Einstein Summation Convention and tensor derivative
notation(see [37:James G. Simmonds 2000] and [21:Erwin Kreyszig 1991]). These conven-
tions will be used alone or in tandem as described below.

C.1.1 Summation Convention

In this thesis, the Einstein Summation Convention is used extensively to simplify the
presentation of formulae involving sums over indices. In addition, the derivatives of tensors
and other terms will be denoted by certain conventions depending on the variable of
differentiation. A brief description of these conventions are given here.

Under the convention, if a numerical index is repeated in any term in an equation, it
will be understood that summation over all possible values of that index has taken place.
Thus a term such as

σijnj (C.1.1)

is understood under the convention to be shorthand for

3∑

j=1

σijnj (C.1.2)

A summation is understood to have taken place over the index j because j was repeated1

in equation (C.1.1). The summation is taken over all values which the repeated index can
range over, with this range assumed to be known from the context of the equation or prior
information. In this thesis, indices almost always range over the values {1, 2, 3}.

Finally it is noted that wave modes M and N are not treated as indices in this thesis
and the summation convention will not apply to equations involving them.

1i.e. appeared twice
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C.1.2 Tensor derivative notation

Consider a function ui = ui(x, t), whose partial derivatives with respect to the jth space
variable xj are denoted ∂ui/∂xj , and whose partial derivative with respect to time is
denoted ∂ui/∂t. Where required, the partial derivatives of such functions will not be
denoted in this usual way, but rather in a shorthand notation depending on the variable
of differentiation.

Firstly, partial differentiation with respect to any spatial variable xj will be denoted
by subscript index notation as follows: If any variable is to be partially differentiated with
respect to the jth spatial variable, this is denoted by adding the index j to the right of a
comma in the variable subscripts. Thus a term such as

ui,j (C.1.3)

is understood to be shorthand for
∂uk
∂xl

(C.1.4)

In a similar way σij,k ≡ ∂σij/∂xk and A,k ≡ ∂A/∂xk. Second order and higher derivatives
will be denoted by using multiple indices after the comma; for example

uk,ij ≡
∂2uk
∂xi∂xj

(C.1.5)

Note that indices appearing to the right of the comma are still counted when applying the
Einstein summation convention to repeated indices. Thus

cijkluk,l ≡
3∑

k=1

3∑

l=1

cijkl
∂uk
∂ul

(C.1.6)

The above convention deals with partial differentiation with respect to space variables.
Partial differentiation with respect to time will be denoted by a dot over the variable,
with double dots representing second order partial derivatives and so on. Thus,

u̇i (C.1.7)

is understood to be shorthand for
∂ui
∂t

(C.1.8)

And similarly for other terms involving such dots. Second order and higher derivatives
with respect to time will be denoted by a corresponding number of dots over the variable;
for example

üi ≡
∂2uk
∂t2

(C.1.9)

C.2 Smooth Test Functions and Cutoff Functions

In the study of distributions and generalised functions, the objects in question may possess
many singularities of any order. To undo the analytical difficulties caused by these sin-
gularities/discontinuities, it is useful to define smooth test functions, which are infinitely
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φ
(x

)

−2 −1 1 2
x

1

Figure C.2.1: A plot of the smooth test function φ defined in (C.2.2). The test function is infinitely
differentiable, and is equal to zero outside of the interval [−1, 1]. φ has been normalised so that
φ(0) = 1.

differentiable functions of compact support2.
The existence of test functions must first be shown. To do this, first consider the

function

f(t) =

{
0 , t ≤ 0

e−
1
t , t > 0

(C.2.1)

it can be shown[42:Lars Hormander 1983] that f is an infinitely differentiable function on
R—that is, f ∈ C∞(R). Moreover, the function and all its derivatives tend to zero as
t→ 0.

Using f , a test function on R can be constructed as follows: Let the function φ be
defined as

φ(x) = e1f(1 − x2) (C.2.2)

Then φ is the desired test function3. It is an infinitely differentiable function which is zero
outside of the closed set [−1, 1]. The factor e1 has been chosen so that φ(0) = 1. φ is
graphed in Figure C.2.1.

The set of test functions on R is denoted C∞
0 (R), so that φ ∈ C∞

0 (R). It can be seen
that test functions on Rn can be defined by using functions such as

ψ(x) = e1f(1 − |x|2) (C.2.3)

so that ψ ∈ C∞
0 (Rn) is a test function in Rn with ψ(0) = 1.

It is sometimes useful to have test functions which are equal to one over interval of non
zero length. These functions are known as cutoff functions. This is usually done[42:Lars
Hormander 1983] by convolving test functions with functions such as rect(x/4), with the
integrals being constant over some range. To avoid the integrations required with this
method, it is also possible to define a cutoff function using a definition such as

χ(x) = 1 − φ(2φ(x)) (C.2.4)

Since φ is infinitely differentiable, φ(2φ(x)) and hence χ are infinitely differentiable. In
addition, outside of [−1, 1], φ(x) = 0, and since φ(0) = 1, this means that χ = 0 outside

2A function with compact support is zero everywhere except in a compact set; for the purposes of this
thesis, a compact set will be defined as one which is closed and bounded.

3On the open interval (−1, 1), the function can be given by φ(x) = e
x2

x2
−1 .
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of [−1, 1], and so χ has compact support. Therefore χ is a test function.

χ
(x

)

−2 −1 1 2
x

1

Figure C.2.2: A plot of the smooth cutoff function χ defined in (C.2.4). The cutoff function is an
infinitely differential test function, with χ = 0 outside of the interval [−1, 1], and χ = 1 on the
interval [− 1

2
, 1

2
].

Moreover, it can be seen that in the interval4 [−1
2 ,

1
2 ], 2φ(x) > 1. Therefore φ(2φ(x)) =

0 and so χ(x) = 1 in this interval. Thus χ is a test function which is equal to 1 in a
neighbourhood of 0. φ is graphed in Figure C.2.2.

Multiplication by cutoff functions such as χ can preserve local features of functions
while removing more distant ones, without introducing any new singularities. This is of
great use in the analysis of functions and of distributions and their singularities.

C.3 Multi-index notation

In the analysis of partial differential equations, it is often convenient to use more compact
notation for variables and derivatives. This is done using multi-index notation(see [42:Lars
Hormander 1983] and [67:Xavier Saint Raymond 1991]).

For functions in Rn, let a multi-index be defined5 as an n-dimensional vector6 ὰ =
(α1, α2, . . . , αn) where the αi ∈ N0, so that ὰ ∈ Nn

0 . In addition the order |ὰ| of a multi-
index will be defined as |ὰ| = α1 + α2 + · · · + αn, and the factorial ὰ! will be defined as
ὰ = α1! × α2! × · · · × αn!. Addition, subtraction and multiplication by a constant are
handled in the same way as normal vectors.

Let the n variables in Rn be denoted x1, x2, . . . , xn and let them be grouped into the
single vector x = (x1, x2, . . . , xn). Then the monomial xὰ is defined as xὰ = xα1

1 xα3
2 · · ·xαn

n .
Using this, any mth order polynomial in Rn can be written compactly as the sum

P (x) =
∑

|ὰ|≤m
aὰx

ὰ (C.3.1)

where the aὰ are constants depending on ὰ.
To extend this notation to differential equations, let ∂j stand for partial differentiation

with respect to the jth variable so that ∂j ≡ ∂
∂xj

. Then the derivative ∂ὰ is defined as

4In fact, 2φ(x) ≥ 1 in the interval [−a, a], where a =
q

log(2)
1+log(2)

, but this extended range is not needed

in this discussion.
5The grave accent notation used here for multi-indices is not usual, but will be employed to better

distinguish multi-indices from ordinary integer powers in equations.
6More correctly, an “n-tuple”.
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∂ὰ = ∂α1
1 ∂α2

2 · · · ∂αn
n . Using this, any mth order partial differential operator in Rn can be

written compactly as

P (x,∂) =
∑

|ὰ|≤m
aὰ(x)∂ὰ (C.3.2)

where the aὰ(x) are functions of x depending on ὰ. Then for any function u = u(x),
P (x,∂)u = f(x) is an inhomogeneous partial differential equation of order m for u.

Multi-index notation allows many useful formulae to be written more compactly. It
can be shown[67:Xavier Saint Raymond 1991], that Taylor’s theorem in Rn takes the form

u(x) =
∑

|ὰ|<m

(x − a)ὰ

ὰ!
∂ὰu(a) +Rm(x,a) (C.3.3)

Where Rm is the remainder term.
In addition for any two multi-indices ὰ, β̀, by defining the multinomial coefficient

(
ὰ

β̀

)
=

(
α1

β1

)(
α2

β2

)
· · ·
(
αn
βn

)
(C.3.4)

a binomial theorem for monomials can be stated as

(x + y)ὰ =
∑

|β̀|≤|ὰ|

(
ὰ

β̀

)
xβ̀yὰ−β̀ (C.3.5)

and Leibniz’s formula for the mth order derivative of a product uv can be written as

∂ὰ(uv) =
∑

|β̀|≤|ὰ|

(
ὰ

β̀

)
∂β̀u∂ὰ−β̀v (C.3.6)

It is generally useful to be able to write partial derivatives of large order in this format.

C.4 Stationary Phase Theorem

The method of stationary phase[42:Lars Hormander 1983][2:Alain Grigis & Johannes Sjos-
trand 1994] is used in the evaluation of integrals of the form

I(ω;φ, u) =

∫

Rn

eiωφ(z)u(z)dz (C.4.1)

where u ∈ C∞(Rn) is a test function7, the phase function φ ∈ C∞ is real, where the phase
frequency ω is large.

If the phase function φ has no critical points, then |∇φ| 6= 0 everywhere in the domain
of integration, and the differential operator L given by

L(f) =
1

|∇φ|2∇φ · ∇f (C.4.2)

is defined for all z ∈ Rn, and in particular (iω)−1L(eiωφ) = eiωφ. Applying this result to

7See section (C.2)
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(C.4.1), and using integration by parts with L∗ as the adjoint8 of L gives

I(ω;φ, u) =
1

iω

∫
eiωφ(x)L∗ (u(z)) dz (C.4.4)

As u and φ are infinitely differentiable, this process can be repeated indefinitely and
absolute magnitudes taken to give

I(ω;φ, u) ≤ 1

ωN
CN,φ,u (C.4.5)

where CN,φ,u is a constant depending on N ,φ and u. In this way, it can be seen that I is a
rapidly decreasing function9 of ω. This will be the case for all phase functions φ with no
critical points.

In the case of phases φ which do have critical points, it can then be seen that for large
ω, the dominant contributions to I(ω;φ, u) must come from regions close to points where
∇φ = 0. Such points are referred to as points of stationary phase, and analysis of the
contributions to I around these points leads to the stationary phase theorem.

The simplest type of phase function with a non-degenerate, isolated critical point is
φ(z) = az2 for non zero a ∈ R. Analysis of the oscillatory integral with this phase
function gives the following fundamental result leading to the stationary phase theorem.

π
4

R

−R

iR

−iR

Re

Im

Figure C.4.1: Two contours, solid and
dashed, in the complex plane for the integra-
tion of the function eiaz2

between −R and R
for a > 0. Because the function is holomor-
phic, the values of the integral along both
contours are equal.

Lemma C.4.1
For non zero a ∈ R

Ia =

∫ ∞

−∞
eiaz

2
dz = e

iπ
4

sgn(a)

√
π

|a| (C.4.6)

where sgn(a) is the sign function of a, which is
1 when a > 0 and −1 when a < 0.

Proof. The integral Ia is over all the real num-
bers and can be found by the limit Ia =
limR→∞ IRa , where

I
R
a =

∫ R

−R
eiaz

2
dz (C.4.7)

This integral can be calculated by the method of
contour integration. The function eiaz

2
is holo-

morphic with no poles in the complex plane, so
by Cauchy’s integral theorem the integral of this
function around any closed curve in the com-
plex plane must be zero. Or said another way,
the integrals of the function along any contours
having the same endpoints will be equal.

8Formally the adjoint L∗ is given by (see [32:Ivar Stakgold 1998], [42:Lars Hormander 1983])

L∗(u) = −∇ ·
„

∇φ

|∇φ|2 u

«

(C.4.3)

9See section (4.2).
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Consider the case where a > 0. Then it can be shown that in the first and third
quadrants10 |eiaz2 | → 0 as |z| → 0. With this, consider the piecewise linear contour with
vertices {−R,−R− iR,R+ iR,R} which is shown as the dashed path in Figure C.4.1 on
the previous page. As eiaz

2
is holomorphic, its integral along this contour is equal to its

integral along [−R,R], and so (C.4.7) is given by

I
R
a =

[∫ −R−iR

−R
+

∫ R+iR

−R−iR
+

∫ R

R+iR

]
eiaz

2
dz

=

[∫ R+iR

−R−iR
+2

∫ R

R+iR

]
eiaz

2
dz = I

1 + I
2 (C.4.8)

where the three line integrals have been reduced to two, as it can be shown that the
vertical contour integrals are equal11. The first of these integral, I1, can be found by

letting z = e
iπ
4 y over the contour, giving

I
1 =

∫ R+iR

−R−iR
eiaz

2
dz = e

iπ
4

∫ R
√

2

−R
√

2
e−ay

2
dy (C.4.9)

The second integral is found by letting z = R+ iy over the contour, giving

I
2 = 2

∫ R

R+iR
eiaz

2
dz = −2i

∫ R

0
ei(R

2−y2)e−2aRydy (C.4.10)

taking absolute values, it can be seen that

|I2| ≤ 2

∫ R

0
e−2aRydy =

1

R

(
1 − e−2aR2

)
(C.4.11)

Now Ia is given by
Ia = lim

R→∞
I
R
a = lim

R→∞
I
1 + lim

R→∞
I
2 (C.4.12)

Because a > 0 it can be seen from (C.4.11) that limR→∞ I2 = 0. With this, Ia becomes12

∫ ∞

−∞
eiaz

2
dz = Ia = e

iπ
4

∫ ∞

−∞
e−ay

2
dy = e

iπ
4

√
π

a
(C.4.14)

In the case where a < 0, the function eiaz
2

now decays in the second and third quadrants,
and grows indefinitely in the first and third. Therefore the contour integral must be taken

with vertices {−R,−R+ iR,R− iR,R}, with z = e−
iπ
4 y along the central contour. It can

then be similarly shown that

∫ ∞

−∞
eiaz

2
dz = e−

iπ
4

√
π

|a| , a < 0 (C.4.15)

10Whereas the function increases without bound in the second and fourth quadrants.
11To do this, let z → −z in the first vertical integral from −R to −R − iR.
12This formula uses the result(See [48:Michael Spivak 1965])

„

Z

R

e−ay2

dy

«2

=

Z

R2

e−a(x2+y2)dxdy = 2π

Z

∞

0

re−ar2

dr =
π

a
(C.4.13)
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Combining (C.4.14) and (C.4.15) then gives the lemma

∫ ∞

−∞
eiaz

2
dz = e

iπ
4

sgn(a)

√
π

|a| (C.4.16)

where a ∈ R is non zero and sgn is the sign function.

This lemma shows firstly that the oscillatory integral is indeed convergent, and also how

the sign of the constant a affects the result of the integration, via the factor13 e±
iπ
4 =

√
±i.

The lemma also has the following important corollary.

Corollary C.4.2
The Fourier Transform14 of f(x) = eiaz

2/2 is given by

f̂(ω) = e−iw
2/2ae

iπ
4

sgn(a)

√
2π

|a| (C.4.17)

Proof. The Fourier Transform of eiaz
2/2 at ω is given by

f̂(ω) =

∫ ∞

−∞
e−iωzeiaz

2/2dz = e−iω
2/2a

∫ ∞

−∞
eia(z−w/a)

2/2dz (C.4.18)

via completing the square in the phase terms. Letting y = z − ω/a, this becomes

f̂(ω) = e−iω
2/2a

∫ ∞

−∞
eiay

2/2dy (C.4.19)

and applying Lemma (C.4.1) to this integral proves the corollary.

And this result extends itself to diagonalised quadratic functions in multiple dimen-
sions. Let Λ be an invertible n × n matrix whose jth diagonal entry is λj ∈ R. Then
with x ∈ Rn, Λ can be used to define the diagonalised quadratic form φΛ(z) = 1

2z
TΛz =∑n

j=1
1
2λjz

2
j , which is the analogue of az2/2 in n dimensions. This then leads to the

following corollary.

Corollary C.4.3
The Fourier Transform of f(x) = eiz

T Λz/2 is given by

f̂(ξ) = e−iξ
T Λ−1

ξ/2e
iπ
4

sgn(Λ)

√
(2π)n

|detΛ| (C.4.20)

where |detΛ| is the absolute value of the determinant of Λ, and sgn(Λ) denotes the
signature of the matrix, which is the number of positive eigenvalues minus the number of
negative eigenvalues.

Proof. Formally, the Fourier Transform of the function can be expressed as the product
of one dimensional Fourier transforms

f̂(ξ) =

∫

Rn

e−iξ·zeiz
T Λz/2dz =

n∏

j=1

∫ ∞

−∞
e−iξjzjeiλjz

2
j /2dzj (C.4.21)

13Using the convention that
√
±i = e±

iπ
4 , it is possible to represent Ia =

q

iπ
a

. However, this will not

be done here as it can lead to confusion when applying the lemma in multiple dimensions.
14See section (4.2).
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Applying corollary (C.4.2) to these integrals then gives

f̂(ξ) =
n∏

j=1

e−iξ
2
j /2λje

iπ
4

sgn(λj)

√
2π

|λj |
(C.4.22)

Because Λ is a diagonal, its inverse Λ−1 is also a diagonal matrix, with jth diagonal entry

λ−1
j , and therefore

∏n
j=1 e

−iξ2j /2λj = e−iξ
T Λ−1

ξ/2. Again because the matrix is diagonal,
the λj are the eigenvalues of Λ and so

∑n
j=1 sgn(λj) = sgn(Λ), the signature of the matrix,

and so
∏n
j=1 e

iπ
4

sgn(λj) = e
iπ
4

sgn(Λ). Finally, the determinant of a diagonal matrix is the

product of its diagonal entries so |det Λ| =
∏n
j=1 λj , which leads to

∏n
j=1

√
2π
|λj | =

√
(2π)n

| det Λ| .

Combining these results in (C.4.22) gives (C.4.20), which proves the corollary.

This corollary allows the proof of another important lemma leading to the theorem
of stationary phase. This lemma involves the estimation of integrals of the form (C.4.1)
when the phase function is a diagonalised quadratic form.

Lemma C.4.4
If Λ is an n × n diagonal matrix, then for phase functions of the form φ(z) = zTΛz/2,
(C.4.1) is given by the formula

∫

Rn

eiωzT Λz/2u(z)dz = e
iπ
4

sgn(ωΛ)

√
(2π)n

|detΛ|
∞∑

k=0

(
i

2

)k 1

ωk+
n
2 k!

(
∂TΛ−1∂

)k
u(0) (C.4.23)

where ∂ = (∂1, . . . , ∂n)
T is the vector of partial derivatives15 in Rn, and ∂TΛ−1∂ represents

a second order diagonalised differential operator.

Proof. By Parseval’s lemma, any two functions f(z) and h(z), with Fourier transforms
f̂(ξ) and ĥ(ξ) obey the relation

∫

Rn

f(z)h(z)dz =

∫

Rn

f̂(ξ)ĥ(ξ)d̄ξ (C.4.24)

Letting f(z) = u(z) and h(z) = e−iωzT Λz/2, and using corollary (C.4.3) gives the relation

∫

Rn

eiωzT Λz/2u(z)dz = e
iπ
4

sgn(ωΛ)

√
(2π)n

ωn|det Λ|

∫

Rn

e−iξ
T Λ−1

ξ/2ωû(ξ)d̄ξ (C.4.25)

To approximate the integral on the right hand side, the exponential function can be
expanded using its Taylor series, et =

∑∞
k=0 t

k/k!, giving

∫

Rn

e−iξ
T Λ−1

ξ/2ωû(ξ)d̄ξ =
∞∑

k=0

ik

(2ω)kk!

∫

Rn

(
−ξTΛ−1ξ

)k
û(ξ)d̄ξ (C.4.26)

It can be shown that the Fourier Transform of
(
∂TΛ−1∂

)
u(z) is

(
−ξTΛ−1ξ

)
û(ξ). Ap-

plying this to the integrals in (C.4.26), along with the fact that for any function f(0) =

15See section (C.3)
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∫
Rn f̂(ξ)d̄ξ gives the result

∫

Rn

e−iξ
T Λ−1

ξ/2ωû(ξ)d̄ξ =
∞∑

k=0

ik

(2ω)kk!

(
∂TΛ−1∂

)k
u(0) (C.4.27)

And applying this result to (C.4.25) gives

∫

Rn

eiωzT Λz/2u(z)dz = e
iπ
4

sgn(ωΛ)

√
(2π)n

|detΛ|
∞∑

k=0

(
i

2

)k 1

ωk+
n
2 k!

(
∂TΛ−1∂

)k
u(0) (C.4.28)

Which proves the lemma.

This lemma can be extended to all quadratic form phase functions by the following
corollary.

Corollary C.4.5
If A is a symmetric n × n, non-singular matrix, then φA(z) = zTAz/2 represents a non-
degenerate quadratic form in Rn. And if φA is taken as a phase function in (C.4.1), the
integral is given by

∫

Rn

eiωzTAz/2u(z)dz = e
iπ
4

sgn(ωA)

√
(2π)n

|detA|
∞∑

k=0

(
i

2

)k 1

ωk+
n
2 k!

(
∂TA−1∂

)k
u(0) (C.4.29)

Proof. Since A is symmetric and non-singular, it has the decomposition A = QΛQT where
Q is an orthonormal matrix16 and Λ is a diagonal matrix containing the eigenvalues of A.
Letting QTz = y gives zTAz = yTΛy, and because of its orthonormality, |detQ| = 1 so
that

∫
dz ≡

∫
dy. Combining these results gives

∫

Rn

eiωzTAz/2u(z)dz =

∫

Rn

eiωyT Λy/2v(y)dy (C.4.30)

where v(y) = u(Qy). Since Λ is diagonal, Lemma (C.4.4) can be applied to the second
integral giving

∫

Rn

eiωzTAz/2u(z)dz = e
iπ
4

sgn(ωΛ)

√
(2π)n

|detΛ|
∞∑

k=0

(
i

2

)k 1

ωk+
n
2 k!

(
∂TΛ−1∂

)k
v(0) (C.4.31)

Since ∂v(y) = Q∂u(Qy), it follows that

(
∂TΛ−1∂

)
v(y) =

(
∂TQTΛ−1Q∂

)
u(Qy) =

(
∂TA−1∂

)
u(Qy) (C.4.32)

as from the decomposition of A, A−1 = QTΛ−1Q due to the orthonormality of Q. And
so with this result,

(
∂TΛ−1∂

)
v(0) =

(
∂TA−1∂

)
u(0). In addition, |detA| is equal to

|detΛ|. And finally, since Λ contains the eigenvalues of A, sgn(ωΛ) = sgn(ωA). Applying
these results to (C.4.31) then gives the corollary (C.4.29).

With these results, the Theorem of Stationary phase can be stated for integrals of the
form (C.4.1) for more general phase functions.

16If Q is orthonormal then QT Q = I and | det Q| = 1.
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Theorem C.4.6
Let φ(z) be a phase function with critical points z0 for which ∇φ(z0) = 0 and at which
the Hessian17 Hφ(z0) is non-singular. Then for |ω| ≫ 1, integrals of the form (C.4.1) can
be approximated by the formula

∫

Rn

eiωφ(z)u(z)dz = I(ω;φ, u)

+
∑

{z0∈Kφ}
eiωφ(z0)e

iπ
4

sgn(ωHφ(z0))

√
(2π)n

|detHφ(z0)|
∞∑

k=0

(
i

2

)k 1

ωk+
n
2 k!

(
∂TH−1

φ (z0)∂
)k
u(z0)

(C.4.33)

where I(ω;φ, u) is a rapidly decreasing function of ω, and where Kφ = {z0|∇φ(z0) = 0}
denotes the set of critical points of φ.

Proof. If v = dz
dt is any direction, then d∇φ

dt = Hφv is the rate of change of ∇φ in the
direction v. Since the Hessian Hφ is non-singular at any critical point z0, it follows that
the derivative in any direction of ∇φ at z0 can never be zero, and so all critical points of
φ are isolated critical points.

Let Sφ be the shortest distance between any two critical points of φ, and let δ > 0
be chosen so that δ ≪ 1 and 2δ ≪ Sφ. About each critical point, let a cutoff function18

χz0(z) be chosen so that χz0 = 1 when |z − z0| < δ and χz0 = 0 when |z − z0| > 2δ,
so that no two cutoff functions come close to having their supports overlap. With these
functions defined, let χ(z) = 1 −∑z0

χz0(z) be a global cutoff function which excludes
critical points of φ, and note that these cutoff functions now define a partition of unity19

with 1 = χ+
∑

z0
χz0 over all Rn.

As the cutoff functions form a partition of unity, it follows that

∫

Rn

eiωφ(z)u(z)dz =

∫

Rn

eiωφ(z)χ(z)u(z)dz +
∑

{z0∈Kφ}

∫

Rn

eiωφ(z)χz0(z)u(z)dz (C.4.34)

In the first integral on the right hand side, the function χu has no critical points of φ in its
support, so (C.4.5) applies and the integral is a rapidly decreasing function of ω, I(ω;φ, u),
which tends rapidly to zero as |ω| → ∞. This gives the first term in the approximation in
(C.4.33).

The remaining integrals each consider a small neighbourhood of an isolated critical
point z0. In the region of any such z0, the function φ is approximately given using Taylor’s
theorem as

φ(z) = φ(z0) +
1

2
(z − z0)

T Hφ(z0) (z − z0) +O
(
|z − z0|3

)
(C.4.35)

Because |z− z0| < 2δ ≪ 1, the remainder term can be neglected20 and so the integrals in

17The Hessian, Hφ, of φ is the matrix of second derivatives given by (Hφ)ij = ∂2φ
∂zi∂zj

.
18See section (C.2)
19See [42:Lars Hormander 1983]
20It is possible to avoid this approximation by using Morse’s lemma(See [2:Alain Grigis & Johannes

Sjostrand 1994]), but this is not done here.
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the sum over critical points can be approximated by

∫

Rn

eiωφ(z)χz0(z)u(z)dz
∼= eiωφ(z0)

∫

Rn

eiω(z−z0)THφ(z0)(z−z0)/2χz0(z)u(z)dz

= eiωφ(z0)

∫

Rn

eiωyTHφ(z0)y/2vz0(y)dy (C.4.36)

where y = z − z0 and vz0(y) = (χz0u) (y + z0). Since the cutoff function χz0 = 1 in a
neighbourhood of z0, it can be seen that for all k ∈ N0

(
∂TH−1

φ (z0)∂
)k
vz0(0) =

(
∂TH−1

φ (z0)∂
)k
u(z0) (C.4.37)

Applying corollary (C.4.5) to the integrals in (C.4.36), and using (C.4.37) gives the final
sum in (C.4.33). And so the theorem is proved.

Typically as |ω| → ∞, the approximation becomes increasingly more accurate even
when truncating the sum in (C.4.33). In particular for ω ≫ 1 the following approximation
is often useful.

Corollary C.4.7
For phases functions φ satisfying the requirements of Theorem (C.4.6) and positive ω ≫ 1,
integrals of the form (C.4.1) are well approximated by the formula

∫

Rn

eiωφ(z)u(z)dz ∼=
∑

{z0∈Kφ}
eiωφ(z0)e

iπ
4

sgn(Hφ(z0))

√
(2π)n

ωn|detHφ(z0)|
u(z0) (C.4.38)

C.5 Method of Green’s Functions

The method of Green’s functions(See [32:Ivar Stakgold 1998]) is used in the solution of
linear inhomogeneous differential equations of the form

Pu(x) = f(x) (C.5.1)

where P is a linear partial differential operator. To solve such equations, the Green’s
function for the operator P is found. A Green’s function G = G(x,x′) is a function
solving the equation

PG(x,x′) = δ(x − x′) (C.5.2)

where δ is the Dirac delta function21. The delta function has the property that

∫
δ(x − x′)f(x′)dx′ = f(x) (C.5.3)

for any function f , and this fact can be used to find a solution to (C.5.1) in terms of the
Green’s functions22 G(x,x′). Let the function v be defined by

v(x) =

∫
G(x,x′)f(x′)dx′ (C.5.4)

21Which is more properly referred to as a distribution(see [42:Lars Hormander 1983]).
22The Green’s functions considered in this thesis are all self-adjoint, and so adjoint functions and related

topics are not discussed here.
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Applying P to v gives

Pv(x) = P

[∫
G(x,x′)f(x′)dx′

]
=

∫
P
[
G(x,x′)f(x′)

]
dx′ (C.5.5)

Since P is a linear operator on x, for any x′ P [Gf ] = P [G]f . Using this with (C.5.2) and
(C.5.3) gives

Pv(x) =

∫
P
[
G(x,x′)

]
f(x′)dx′ =

∫
δ(x − x′)f(x′)dx′ = f(x) (C.5.6)

And so Pv(x) = f(x) which—leaving aside boundary conditions—means that v is a solu-
tion to (C.5.1).

It may be difficult to find Green’s Function G(x,x′) which satisfy (C.5.2) exactly.
In such cases, asymptotic approximations are often used to obtain approximate Green’s
functions which can still give acceptable estimate for solutions when applied to (C.5.4).

In the case of functions with homogeneous boundary conditions, i.e. u = 0 where
B(x) = 0, if the Green’s functions G(x,x′) all individually satisfy G = 0 where B(x) = 0,
then so will the solution given by (C.5.4). For most problems involving wave propagation,
the boundary conditions of the function involve u→ 0 as |x| → ∞, and the Green’s func-
tions for such equations also satisfy this condition, allowing them to be used in problems
with such boundary conditions.

C.6 Method of Characteristics

The method of characteristics is a method for solving first order partial differential equa-
tions with initial conditions by transforming them into a system of ordinary differential
equations.

Let u = u(x) be a single valued function of the space variable x ∈ Rn, with ∇u
denoting its gradient. Then, a first order differential for u is a relation involving x, u and
∇u, which can be written in the form

F (x,∇u, u) = 0 (C.6.1)

where F is some function of these three arguments. For example, a first order non-linear
wave equation written can be written in the form

∂u

∂t
− c(x)u

∂u

∂x
= 0 (C.6.2)

Letting p = ∇u in (C.6.1) gives an algebraic equation of the form

F (x,p, u) = 0 (C.6.3)

Equation (C.6.3) can be viewed as an equation defining a family of level surfaces, or
hypersurfaces, in R2n+1. Consider a one dimensional curve C ∈ R2n+1 parameterised by
a variable s, so that the variables x, p and u are each parameterised by this variable with

x = x(s), p = p(s), u = u(s) (C.6.4)

Then along this curve, the function F is also parameterised by s with F = F (s) =
F (x(s),p(s), u(s)).
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Furthermore, suppose that the curve C always lies on the same level surface of F
defined by (C.6.3). Then F (s) = 0 for all s and therefore dF/ds = 0 along the curve.
Writing

Fx = ∇xF, Fp = ∇pF, Fu =
∂F

∂u
(C.6.5)

for the partial derivatives of F with respect to its variables, and using the chain rule, the
condition that dF/ds = 0 gives

dF

ds
= Fx · dx

ds
+ Fp · dp

ds
+ Fu

du

ds
= 0 (C.6.6)

Furthermore, suppose that the curve defined by s satisfies the condition that p(s) =
∇u|x=x(s), so that C lies on the portion of the hypersurface corresponding to solutions of
(C.6.1). Then du/ds can be written as

du

ds
= ∇xu · dx

ds
= p · dx

ds
(C.6.7)

and with this equation (C.6.6) becomes

(Fx + pFu) ·
dx

ds
+ Fp · dp

ds
= 0 (C.6.8)

It can be seen that this condition will be satisfied along the curve if, for every s, the
derivatives of x and p along the curve are given by,

dx

ds
= λFp (C.6.9)

dp

ds
= −λ (Fx + pFu) (C.6.10)

for some function λ = λ(s). If this is so then dF/ds = 0 everywhere along the curve. Since
du/ds = p · dx/ds, these conditions mean that the derivative of u along the curve is given
by

du

ds
= λp · Fp (C.6.11)

Together, equations (C.6.9), (C.6.10) and (C.6.11) constitute a system of ordinary differ-
ential equations for the solution u to the differential equation (C.6.1). The three equations
are referred to as the characteristic equations and together with initial data, they define
the characteristic curve C. The x and p components of this curve are sometimes referred
to as the bicharacteristic curves of the equation, and in this case, the x component of C
is referred to as the characteristic curve. The characteristic curves carry the solution for
u along them, updating it according to the last of the three equations.

In order to solve for u, a set of initial conditions must be given. This is done by
specifying the values of u and ∇u = p at some point x0, being careful that these values
satisfy (C.6.1) at the point x0. These initial conditions specify the starting point of
the curve S in R2n+1, and the system of ODEs describes the motion of the curve given
knowledge of the function F . The curve then describes a locus of points x(s) and the
values u(s) at those points.

Typically, initial conditions are given not just at a single point, but on a n− 1 dimen-
sional surface in Rn. Let σ ∈ Rn−1 parameterise this initial surface with x0 = x0(σ) and
let u(σ) and p(σ) = ∇u|x=x0(σ) be the parameterisation of the initial data, or Cauchy
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data, on this surface. As in the single point case, this initial Cauchy must satisfy (C.6.1)
at every point on the initial surface with

F (σ) = F (x0(σ),p(σ), u(σ)) = 0 (C.6.12)

for all σ. In addition to this, since p = ∇u, the parameterisation of p must satisfy
∂u/∂σi = pj∂xj/∂σi for any parameter σi in σ. So in total p must satisfy

∇σu = pT
∂x0

∂σ
(C.6.13)

everywhere on the initial surface, where ∂x0/∂σ is the Jacobian matrix of x0 with respect
to σ. Finally, in order to ensure that the characteristic curves lift data cleanly from the
initial surface, it is important that the initial surface is nowhere tangent to the space
characteristic dx/ds. Specifically it is required that the determinant

∣∣∣∣
dx

ds

∂x0

∂σ

∣∣∣∣ 6= 0 (C.6.14)

for all σ at s = 0. Typically in physical problems, these conditions will be automatically
satisfied if the initial surface and data have clear physical meaning.

If these conditions are satisfied then it may be shown that in a neighbourhood V ∈ Rn

of the initial surface, the characteristics generated at the surface will map (s,σ) to points
x(s,σ) ∈ U , and that this mapping is a diffeomorphism. Moreover, the characteristics,
via (C.6.11), will specify the values of the solution u in V .

Depending on the partial differential equation and initial data, once characteristics
have travelled far enough from the initial surface problems may emerge as characteristics
can intersect and the solution u can become multi-valued. In addition, some regions of Rn

may never be reached by any characteristic curve, and so no value for u is specified there.
These “shadow” regions can be present from the start of curve generation, arbitrarily close
to the initial surface.

For a more complete description of the method of characteristics, see [20:Erich Zauderer
2006].

243



Appendix D

Weighting Vector Functions and

Gramians

This appendix presents in full the weighting vector functions wMN for seismic in isotropic
background materials, as well as their corresponding Gramian matrices1, which were used
in Chapters 3 and 5. The weighting vector functions and Gramians are given for the case
of a point anisotropic inclusion and for the case of a volume inclusion with vertical normal.
All functions and matrices are given in the default Cartesian background coordinate system
E.

The functions and Gramians follow on the next page.

1Strictly speaking, only the restricted Gramian matrices are given. See section (3.10).
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D.1 Isotropic background, point scatterer weighting vector functions

wPP =


1 :
V 2

P

V 2

0

(
cosφM cosφN sin θM sin θN + cosφM cosφN cos θM cos θN + sinφM sinφN

)

2 : cos2 φM cos2 φN cos2 θM cos2 θN

3 : cos2 φM cos2 φN sin2 θM sin2 θN

4 : sin2 φM sin2 φN

5 :
(
cos2 φM cos2 φN cos2 θM sin2 θN + cos2 φM cos2 φN sin2 θM cos2 θN

)
/2

6 :
(
sin2 φM cos2 φN cos2 θN + cos2 φM sin2 φN cos2 θM

)
/2

7 :
(
sin2 φM cos2 φN sin2 θN + cos2 φM sin2 φN sin2 θM

)
/2

8 :
(
cos2 φM cos2 φN cos2 θM cos θN sin θN + cos2 φM cos2 φN cos θM sin θM cos2 θN

)
/2

9 :
(
cosφM sinφM cos2 φN cos θM cos2 θN + cos2 φM cosφN sinφN cos2 θM cos θN

)
/2

10 :
(
cos2 φM cosφN sinφN cos2 θM sin θN + cosφM sinφM cos2 φN sin θM cos2 θN

)
/2

11 : cos2 φM cos2 φN cos θM sin θM cos θN sin θN

12 :
(
cos2 φM cos2 φN cos θM sin θM sin2 θN + cos2 φM cos2 φN sin2 θM cos θN sin θN

)
/2

13 :
(
sin2 φM cos2 φN cos θN sin θN + cos2 φM sin2 φN cos θM sin θM

)
/2

14 : cosφM sinφM cosφN sinφN cos θM cos θN

15 :
(
cosφM sinφM cos2 φN cos θM sin2 θN + cos2 φM cosφN sinφN sin2 θM cos θN

)
/2

16 :
(
sin2 φM cosφN sinφN cos θN + cosφM sinφM sin2 φN cos θM

)
/2

17 :
(
cosφM sinφM cos2 φN sin θM sin2 θN + cos2 φM cosφN sinφN sin2 θM sin θN

)
/2

18 : cosφM sinφM cosφN sinφN sin θM sin θN

19 :
(
sin2 φM cosφN sinφN sin θN + cosφM sinφM sin2 φN sin θM

)
/2

20 :
(
cosφM sinφM cos2 φN cos θM cos θN sin θN + cos2 φM cosφN sinφN cos θM sin θM cos θN

)
/2

21 :
(
cosφM sinφM cos2 φN sin θM cos θN sin θN + cos2 φM cosφN sinφN cos θM sin θM sin θN

)
/2

22 :
(
cosφM sinφM cosφN sinφN cos θM sin θN + cosφM sinφM cosφN sinφN sin θM cos θN

)
/2




(D.1.1)
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wPSH =


1 : VP Vs

V 2

0

(
cosφM sin θM cos θN − cosφM cos θM sin θN

)

2 : − cos2 φM cosφN cos2 θM cos θN sin θN

3 : cos2 φM cosφN sin2 θM cos θN sin θN

4 : 0
5 :

(
cos2 φM cosφN cos2 θM cos θN sin θN − cos2 φM cosφN sin2 θM cos θN sin θN

)
/2

6 : −
(
sin2 φM cosφN cos θN sin θN

)
/2

7 :
(
sin2 φM cosφN cos θN sin θN

)
/2

8 :
(
− cos2 φM cosφN cos2 θM sin2 θN − 2 cos2 φM cosφN cos θM sin θM cos θN sin θN + cos2 φM cosφN cos2 θM cos2 θN

)
/4

9 :
(
−2 cosφM sinφM cosφN cos θM cos θN sin θN − cos2 φM sinφN cos2 θM sin θN

)
/4

10 :
(
cos2 φM sinφN cos2 θM cos θN − 2 cosφM sinφM cosφN sin θM cos θN sin θN

)
/4

11 :
(
cos2 φM cosφN cos θM sin θM cos2 θN − cos2 φM cosφN cos θM sin θM sin2 θN

)
/2

12 :
(
− cos2 φM cosφN sin2 θM sin2 θN + 2 cos2 φM cosφN cos θM sin θM cos θN sin θN + cos2 φM cosφN sin2 θM cos2 θN

)
/4

13 :
(
sin2 φM cosφN cos2 θN − sin2 φM cosφN sin2 θN

)
/4

14 : −
(
cosφM sinφM sinφN cos θM sin θN

)
/2

15 :
(
2 cosφM sinφM cosφN cos θM cos θN sin θN − cos2 φM sinφN sin2 θM sin θN

)
/4

16 : −
(
sin2 φM sinφN sin θN

)
/4

17 :
(
2 cosφM sinφM cosφN sin θM cos θN sin θN + cos2 φM sinφN sin2 θM cos θN

)
/4

18 :
(
cosφM sinφM sinφN sin θM cos θN

)
/2

19 :
(
sin2 φM sinφN cos θN

)
/4

20 :
(
− cosφM sinφM cosφN cos θM sin2 θN − cos2 φM sinφN cos θM sin θM sin θN + cosφM sinφM cosφN cos θM cos2 θN

)
/4

21 :
(
− cosφM sinφM cosφN sin θM sin2 θN + cosφM sinφM cosφN sin θM cos2 θN + cos2 φM sinφN cos θM sin θM cos θN

)
/4

22 :
(
cosφM sinφM sinφN cos θM cos θN − cosφM sinφM sinφN sin θM sin θN

)
/4




(D.1.2)
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wPSV =


1 : VP VS

V 2

0

(
− cosφM sinφN sin θM sin θN − cosφM sinφN cos θM cos θN + sinφM cosφN

)

2 : − cos2 φM cosφN sinφN cos2 θM cos2 θN

3 : − cos2 φM cosφN sinφN sin2 θM sin2 θN

4 : sin2 φM cosφN sinφN

5 :
(
− cos2 φM cosφN sinφN cos2 θM sin2 θN − cos2 φM cosφN sinφN sin2 θM cos2 θN

)
/2

6 :
(
cos2 φM cosφN sinφN cos2 θM − sin2 φM cosφN sinφN cos2 θN

)
/2

7 :
(
cos2 φM cosφN sinφN sin2 θM − sin2 φM cosφN sinφN sin2 θN

)
/2

8 :
(
− cos2 φM cosφN sinφN cos2 θM cos θN sin θN − cos2 φM cosφN sinφN cos θM sin θM cos2 θN

)
/2

9 :
(
−2 cosφM sinφM cosφN sinφN cos θM cos2 θN − cos2 φM sin2 φN cos2 θM cos θN + cos2 φM cos2 φN cos2 θM cos θN

)
/4

10 :
(
− cos2 φM sin2 φN cos2 θM sin θN + cos2 φM cos2 φN cos2 θM sin θN − 2 cosφM sinφM cosφN sinφN sin θM cos2 θN

)
/4

11 : − cos2 φM cosφN sinφN cos θM sin θM cos θN sin θN

12 :
(
− cos2 φM cosφN sinφN cos θM sin θM sin2 θN − cos2 φM cosφN sinφN sin2 θM cos θN sin θN

)
/2

13 :
(
cos2 φM cosφN sinφN cos θM sin θM − sin2 φM cosφN sinφN cos θN sin θN

)
/2

14 :
(
cosφM sinφM cos2 φN cos θM cos θN − cosφM sinφM sin2 φN cos θM cos θN

)
/2

15 :
(
−2 cosφM sinφM cosφN sinφN cos θM sin2 θN − cos2 φM sin2 φN sin2 θM cos θN + cos2 φM cos2 φN sin2 θM cos θN

)
/4

16 :
(
− sin2 φM sin2 φN cos θN + sin2 φM cos2 φN cos θN + 2 cosφM sinφM cosφN sinφN cos θM

)
/4

17 :
(
−2 cosφM sinφM cosφN sinφN sin θM sin2 θN − cos2 φM sin2 φN sin2 θM sin θN + cos2 φM cos2 φN sin2 θM sin θN

)
/4

18 :
(
cosφM sinφM cos2 φN sin θM sin θN − cosφM sinφM sin2 φN sin θM sin θN

)
/2

19 :
(
− sin2 φM sin2 φN sin θN + sin2 φM cos2 φN sin θN + 2 cosφM sinφM cosφN sinφN sin θM

)
/4

20 :
(
−2 cosφM sinφM cosφN sinφN cos θM cos θN sin θN − cos2 φM sin2 φN cos θM sin θM cos θN + cos2 φM cos2 φN cos θM sin θM cos θN

)
/4

21 :
(
−2 cosφM sinφM cosφN sinφN sin θM cos θN sin θN − cos2 φM sin2 φN cos θM sin θM sin θN + cos2 φM cos2 φN cos θM sin θM sin θN

)
/4

22 :

(
− cosφM sinφM sin2 φN cos θM sin θN + cosφM sinφM cos2 φN cos θM sin θN

− cosφM sinφM sin2 φN sin θM cos θN + cosφM sinφM cos2 φN sin θM cos θN

)
/4



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wSHP =


1 : VP VS

V 2

0

(
cosφN cos θM sin θN − cosφN sin θM cos θN

)

2 : − cosφM cos2 φN cos θM sin θM cos2 θN

3 : cosφM cos2 φN cos θM sin θM sin2 θN

4 : 0
5 :

(
cosφM cos2 φN cos θM sin θM cos2 θN − cosφM cos2 φN cos θM sin θM sin2 θN

)
/2

6 : −
(
cosφM sin2 φN cos θM sin θM

)
/2

7 :
(
cosφM sin2 φN cos θM sin θM

)
/2

8 :
(
−2 cosφM cos2 φN cos θM sin θM cos θN sin θN − cosφM cos2 φN sin2 θM cos2 θN + cosφM cos2 φN cos2 θM cos2 θN

)
/4

9 :
(
− sinφM cos2 φN sin θM cos2 θN − 2 cosφM cosφN sinφN cos θM sin θM cos θN

)
/4

10 :
(
sinφM cos2 φN cos θM cos2 θN − 2 cosφM cosφN sinφN cos θM sin θM sin θN

)
/4

11 :
(
cosφM cos2 φN cos2 θM cos θN sin θN − cosφM cos2 φN sin2 θM cos θN sin θN

)
/2

12 :
(
− cosφM cos2 φN sin2 θM sin2 θN + cosφM cos2 φN cos2 θM sin2 θN + 2 cosφM cos2 φN cos θM sin θM cos θN sin θN

)
/4

13 :
(
cosφM sin2 φN cos2 θM − cosφM sin2 φN sin2 θM

)
/4

14 : −
(
sinφM cosφN sinφN sin θM cos θN

)
/2

15 :
(
2 cosφM cosφN sinφN cos θM sin θM cos θN − sinφM cos2 φN sin θM sin2 θN

)
/4

16 : −
(
sinφM sin2 φN sin θM

)
/4

17 :
(
sinφM cos2 φN cos θM sin2 θN + 2 cosφM cosφN sinφN cos θM sin θM sin θN

)
/4

18 :
(
sinφM cosφN sinφN cos θM sin θN

)
/2

19 :
(
sinφM sin2 φN cos θM

)
/4

20 :
(
− sinφM cos2 φN sin θM cos θN sin θN − cosφM cosφN sinφN sin2 θM cos θN + cosφM cosφN sinφN cos2 θM cos θN

)
/4

21 :
(
sinφM cos2 φN cos θM cos θN sin θN − cosφM cosφN sinφN sin2 θM sin θN + cosφM cosφN sinφN cos2 θM sin θN

)
/4

22 :
(
sinφM cosφN sinφN cos θM cos θN − sinφM cosφN sinφN sin θM sin θN

)
/4



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wSHSH =


1 :
V 2

S

V 2

0

(
sin θM sin θN + cos θM cos θN

)

2 : cosφM cosφN cos θM sin θM cos θN sin θN

3 : cosφM cosφN cos θM sin θM cos θN sin θN

4 : 0
5 : − cosφM cosφN cos θM sin θM cos θN sin θN

6 : 0
7 : 0

8 :

(
cosφM cosφN cos θM sin θM sin2 θN + cosφM cosφN sin2 θM cos θN sin θN

− cosφM cosφN cos2 θM cos θN sin θN − cosφM cosφN cos θM sin θM cos2 θN

)
/4

9 :
(
sinφM cosφN sin θM cos θN sin θN + cosφM sinφN cos θM sin θM sin θN

)
/4

10 :
(
− sinφM cosφN cos θM cos θN sin θN − cosφM sinφN cos θM sin θM cos θN

)
/4

11 :
(
cosφM cosφN sin2 θM sin2 θN − cosφM cosφN cos2 θM sin2 θN − cosφM cosφN sin2 θM cos2 θN + cosφM cosφN cos2 θM cos2 θN

)
/4

12 :

(
− cosφM cosφN cos θM sin θM sin2 θN − cosφM cosφN sin2 θM cos θN sin θN

cosφM cosφN cos2 θM cos θN sin θN + cosφM cosφN cos θM sin θM cos2 θN

)
/4

13 : 0
14 :

(
sinφM sinφN sin θM sin θN

)
/4

15 :
(
− sinφM cosφN sin θM cos θN sin θN − cosφM sinφN cos θM sin θM sin θN

)
/4

16 : 0
17 :

(
sinφM cosφN cos θM cos θN sin θN + cosφM sinφN cos θM sin θM cos θN

)
/4

18 :
(
sinφM sinφN cos θM cos θN

)
/4

19 : 0
20 :

(
sinφM cosφN sin θM sin2 θN + cosφM sinφN sin2 θM sin θN − cosφM sinφN cos2 θM sin θN − sinφM cosφN sin θM cos2 θN

)
/8

21 :
(
− sinφM cosφN cos θM sin2 θN + sinφM cosφN cos θM cos2 θN − cosφM sinφN sin2 θM cos θN + cosφM sinφN cos2 θM cos θN

)
/8

22 :
(
− sinφM sinφN cos θM sin θN − sinφM sinφN sin θM cos θN

)
/8



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wSHSV =


1 :
V 2

S

V 2

0

(
sinφN sin θM cos θN − sinφN cos θM sin θN

)

2 : cosφM cosφN sinφN cos θM sin θM cos2 θN

3 : − cosφM cosφN sinφN cos θM sin θM sin2 θN

4 : 0
5 :

(
cosφM cosφN sinφN cos θM sin θM sin2 θN − cosφM cosφN sinφN cos θM sin θM cos2 θN

)
/2

6 : −
(
cosφM cosφN sinφN cos θM sin θM

)
/2

7 :
(
cosφM cosφN sinφN cos θM sin θM

)
/2

8 :
(
2 cosφM cosφN sinφN cos θM sin θM cos θN sin θN + cosφM cosφN sinφN sin2 θM cos2 θN − cosφM cosφN sinφN cos2 θM cos2 θN

)
/4

9 :
(
sinφM cosφN sinφN sin θM cos2 θN + cosφM sin2 φN cos θM sin θM cos θN − cosφM cos2 φN cos θM sin θM cos θN

)
/4

10 :
(
cosφM sin2 φN cos θM sin θM sin θN − cosφM cos2 φN cos θM sin θM sin θN − sinφM cosφN sinφN cos θM cos2 θN

)
/4

11 :
(
cosφM cosφN sinφN sin2 θM cos θN sin θN − cosφM cosφN sinφN cos2 θM cos θN sin θN

)
/2

12 :
(
cosφM cosφN sinφN sin2 θM sin2 θN − cosφM cosφN sinφN cos2 θM sin2 θN − 2 cosφM cosφN sinφN cos θM sin θM cos θN sin θN

)
/4

13 :
(
cosφM cosφN sinφN cos2 θM − cosφM cosφN sinφN sin2 θM

)
/4

14 :
(
sinφM sin2 φN sin θM cos θN − sinφM cos2 φN sin θM cos θN

)
/4

15 :
(
sinφM cosφN sinφN sin θM sin2 θN − cosφM sin2 φN cos θM sin θM cos θN + cosφM cos2 φN cos θM sin θM cos θN

)
/4

16 : −
(
sinφM cosφN sinφN sin θM

)
/4

17 :
(
− sinφM cosφN sinφN cos θM sin2 θN − cosφM sin2 φN cos θM sin θM sin θN + cosφM cos2 φN cos θM sin θM sin θN

)
/4

18 :
(
sinφM cos2 φN cos θM sin θN − sinφM sin2 φN cos θM sin θN

)
/4

19 :
(
sinφM cosφN sinφN cos θM

)
/4

20 :

(
2 sinφM cosφN sinφN sin θM cos θN sin θN + cosφM sin2 φN sin2 θM cos θN

− cosφM cos2 φN sin2 θM cos θN − cosφM sin2 φN cos2 θM cos θN + cosφM cos2 φN cos2 θM cos θN

)
/8

21 :

(
−2 sinφM cosφN sinφN cos θM cos θN sin θN + cosφM sin2 φN sin2 θM sin θN

− cosφM cos2 φN sin2 θM sin θN − cosφM sin2 φN cos2 θM sin θN + cosφM cos2 φN cos2 θM sin θN

)
/8

22 :
(
sinφM sin2 φN sin θM sin θN − sinφM cos2 φN sin θM sin θN − sinφM sin2 φN cos θM cos θN + sinφM cos2 φN cos θM cos θN

)
/8



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wSV P =


1 : VP VS

V 2

0

(
− sinφM cosφN sin θM sin θN − sinφM cosφN cos θM cos θN + cosφM sinφN

)

2 : − cosφM sinφM cos2 φN cos2 θM cos2 θN

3 : − cosφM sinφM cos2 φN sin2 θM sin2 θN

4 : cosφM sinφM sin2 φN

5 :
(
− cosφM sinφM cos2 φN cos2 θM sin2 θN − cosφM sinφM cos2 φN sin2 θM cos2 θN

)
/2

6 :
(
cosφM sinφM cos2 φN cos2 θN − cosφM sinφM sin2 φN cos2 θM

)
/2

7 :
(
cosφM sinφM cos2 φN sin2 θN − cosφM sinφM sin2 φN sin2 θM

)
/2

8 :
(
− cosφM sinφM cos2 φN cos2 θM cos θN sin θN − cosφM sinφM cos2 φN cos θM sin θM cos2 θN

)
/2

9 :
(
− sin2 φM cos2 φN cos θM cos2 θN + cos2 φM cos2 φN cos θM cos2 θN − 2 cosφM sinφM cosφN sinφN cos2 θM cos θN

)
/4

10 :
(
−2 cosφM sinφM cosφN sinφN cos2 θM sin θN − sin2 φM cos2 φN sin θM cos2 θN + cos2 φM cos2 φN sin θM cos2 θN

)
/4

11 : − cosφM sinφM cos2 φN cos θM sin θM cos θN sin θN

12 :
(
− cosφM sinφM cos2 φN cos θM sin θM sin2 θN − cosφM sinφM cos2 φN sin2 θM cos θN sin θN

)
/2

13 :
(
cosφM sinφM cos2 φN cos θN sin θN − cosφM sinφM sin2 φN cos θM sin θM

)
/2

14 :
(
cos2 φM cosφN sinφN cos θM cos θN − sin2 φM cosφN sinφN cos θM cos θN

)
/2

15 :
(
− sin2 φM cos2 φN cos θM sin2 θN + cos2 φM cos2 φN cos θM sin2 θN − 2 cosφM sinφM cosφN sinφN sin2 θM cos θN

)
/4

16 :
(
2 cosφM sinφM cosφN sinφN cos θN − sin2 φM sin2 φN cos θM + cos2 φM sin2 φN cos θM

)
/4

17 :
(
− sin2 φM cos2 φN sin θM sin2 θN + cos2 φM cos2 φN sin θM sin2 θN − 2 cosφM sinφM cosφN sinφN sin2 θM sin θN

)
/4

18 :
(
cos2 φM cosφN sinφN sin θM sin θN − sin2 φM cosφN sinφN sin θM sin θN

)
/2

19 :
(
2 cosφM sinφM cosφN sinφN sin θN − sin2 φM sin2 φN sin θM + cos2 φM sin2 φN sin θM

)
/4

20 :
(
− sin2 φM cos2 φN cos θM cos θN sin θN + cos2 φM cos2 φN cos θM cos θN sin θN − 2 cosφM sinφM cosφN sinφN cos θM sin θM cos θN

)
/4

21 :
(
− sin2 φM cos2 φN sin θM cos θN sin θN + cos2 φM cos2 φN sin θM cos θN sin θN − 2 cosφM sinφM cosφN sinφN cos θM sin θM sin θN

)
/4

22 :

(
− sin2 φM cosφN sinφN cos θM sin θN + cos2 φM cosφN sinφN cos θM sin θN

− sin2 φM cosφN sinφN sin θM cos θN + cos2 φM cosφN sinφN sin θM cos θN

)
/4




(D.1.7)
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wSV SH =


1 :
V 2

S

V 2

0

(
sinφM cos θM sin θN − sinφM sin θM cos θN

)

2 : cosφM sinφM cosφN cos2 θM cos θN sin θN

3 : − cosφM sinφM cosφN sin2 θM cos θN sin θN

4 : 0
5 :

(
cosφM sinφM cosφN sin2 θM cos θN sin θN − cosφM sinφM cosφN cos2 θM cos θN sin θN

)
/2

6 : −
(
cosφM sinφM cosφN cos θN sin θN

)
/2

7 :
(
cosφM sinφM cosφN cos θN sin θN

)
/2

8 :
(
cosφM sinφM cosφN cos2 θM sin2 θN + 2 cosφM sinφM cosφN cos θM sin θM cos θN sin θN − cosφM sinφM cosφN cos2 θM cos2 θN

)
/4

9 :
(
sin2 φM cosφN cos θM cos θN sin θN − cos2 φM cosφN cos θM cos θN sin θN + cosφM sinφM sinφN cos2 θM sin θN

)
/4

10 :
(
sin2 φM cosφN sin θM cos θN sin θN − cos2 φM cosφN sin θM cos θN sin θN − cosφM sinφM sinφN cos2 θM cos θN

)
/4

11 :
(
cosφM sinφM cosφN cos θM sin θM sin2 θN − cosφM sinφM cosφN cos θM sin θM cos2 θN

)
/2

12 :
(
cosφM sinφM cosφN sin2 θM sin2 θN − 2 cosφM sinφM cosφN cos θM sin θM cos θN sin θN − cosφM sinφM cosφN sin2 θM cos2 θN

)
/4

13 :
(
cosφM sinφM cosφN cos2 θN − cosφM sinφM cosφN sin2 θN

)
/4

14 :
(
sin2 φM sinφN cos θM sin θN − cos2 φM sinφN cos θM sin θN

)
/4

15 :
(
− sin2 φM cosφN cos θM cos θN sin θN + cos2 φM cosφN cos θM cos θN sin θN + cosφM sinφM sinφN sin2 θM sin θN

)
/4

16 : −
(
cosφM sinφM sinφN sin θN

)
/4

17 :
(
− sin2 φM cosφN sin θM cos θN sin θN + cos2 φM cosφN sin θM cos θN sin θN − cosφM sinφM sinφN sin2 θM cos θN

)
/4

18 :
(
cos2 φM sinφN sin θM cos θN − sin2 φM sinφN sin θM cos θN

)
/4

19 :
(
cosφM sinφM sinφN cos θN

)
/4

20 :

(
sin2 φM cosφN cos θM sin2 θN − cos2 φM cosφN cos θM sin2 θN + 2 cosφM sinφM sinφN cos θM sin θM sin θN

− sin2 φM cosφN cos θM cos2 θN + cos2 φM cosφN cos θM cos2 θN

)
/8

21 :

(
sin2 φM cosφN sin θM sin2 θN − cos2 φM cosφN sin θM sin2 θN − sin2 φM cosφN sin θM cos2 θN

+cos2 φM cosφN sin θM cos2 θN − 2 cosφM sinφM sinφN cos θM sin θM cos θN

)
/8

22 :
(
sin2 φM sinφN sin θM sin θN − cos2 φM sinφN sin θM sin θN − sin2 φM sinφN cos θM cos θN + cos2 φM sinφN cos θM cos θN

)
/8



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wSV SV =


1 :
V 2

S

V 2

0

(
sinφM sinφN sin θM sin θN + sinφM sinφN cos θM cos θN + cosφM cosφN

)

2 : cosφM sinφM cosφN sinφN cos2 θM cos2 θN

3 : cosφM sinφM cosφN sinφN sin2 θM sin2 θN

4 : cosφM sinφM cosφN sinφN

5 :
(
cosφM sinφM cosφN sinφN cos2 θM sin2 θN + cosφM sinφM cosφN sinφN sin2 θM cos2 θN

)
/2

6 :
(
− cosφM sinφM cosφN sinφN cos2 θN − cosφM sinφM cosφN sinφN cos2 θM

)
/2

7 :
(
− cosφM sinφM cosφN sinφN sin2 θN − cosφM sinφM cosφN sinφN sin2 θM

)
/2

8 :
(
cosφM sinφM cosφN sinφN cos2 θM cos θN sin θN + cosφM sinφM cosφN sinφN cos θM sin θM cos2 θN

)
/2

9 :

(
sin2 φM cosφN sinφN cos θM cos2 θN − cos2 φM cosφN sinφN cos θM cos2 θN

+cosφM sinφM sin2 φN cos2 θM cos θN − cosφM sinφM cos2 φN cos2 θM cos θN

)
/4

10 :

(
cosφM sinφM sin2 φN cos2 θM sin θN − cosφM sinφM cos2 φN cos2 θM sin θN

+sin2 φM cosφN sinφN sin θM cos2 θN − cos2 φM cosφN sinφN sin θM cos2 θN

)
/4

11 : cosφM sinφM cosφN sinφN cos θM sin θM cos θN sin θN

12 :
(
cosφM sinφM cosφN sinφN cos θM sin θM sin2 θN + cosφM sinφM cosφN sinφN sin2 θM cos θN sin θN

)
/2

13 :
(
− cosφM sinφM cosφN sinφN cos θN sin θN − cosφM sinφM cosφN sinφN cos θM sin θM

)
/2

14 :
(
sin2 φM sin2 φN cos θM cos θN − cos2 φM sin2 φN cos θM cos θN − sin2 φM cos2 φN cos θM cos θN + cos2 φM cos2 φN cos θM cos θN

)
/4

15 :

(
sin2 φM cosφN sinφN cos θM sin2 θN − cos2 φM cosφN sinφN cos θM sin2 θN

+cosφM sinφM sin2 φN sin2 θM cos θN − cosφM sinφM cos2 φN sin2 θM cos θN

)
/4

16 :
(
− cosφM sinφM sin2 φN cos θN + cosφM sinφM cos2 φN cos θN − sin2 φM cosφN sinφN cos θM + cos2 φM cosφN sinφN cos θM

)
/4

17 :

(
sin2 φM cosφN sinφN sin θM sin2 θN − cos2 φM cosφN sinφN sin θM sin2 θN

+cosφM sinφM sin2 φN sin2 θM sin θN − cosφM sinφM cos2 φN sin2 θM sin θN

)
/4

18 :
(
sin2 φM sin2 φN sin θM sin θN − cos2 φM sin2 φN sin θM sin θN − sin2 φM cos2 φN sin θM sin θN + cos2 φM cos2 φN sin θM sin θN

)
/4

19 :
(
− cosφM sinφM sin2 φN sin θN + cosφM sinφM cos2 φN sin θN − sin2 φM cosφN sinφN sin θM + cos2 φM cosφN sinφN sin θM

)
/4

20 :

(
sin2 φM cosφN sinφN cos θM cos θN sin θN − cos2 φM cosφN sinφN cos θM cos θN sin θN

+cosφM sinφM sin2 φN cos θM sin θM cos θN − cosφM sinφM cos2 φN cos θM sin θM cos θN

)
/4

21 :

(
sin2 φM cosφN sinφN sin θM cos θN sin θN − cos2 φM cosφN sinφN sin θM cos θN sin θN

+cosφM sinφM sin2 φN cos θM sin θM sin θN − cosφM sinφM cos2 φN cos θM sin θM sin θN

)
/4

22 :




sin2 φM sin2 φN cos θM sin θN − cos2 φM sin2 φN cos θM sin θN − sin2 φM cos2 φN cos θM sin θN

+cos2 φM cos2 φN cos θM sin θN + sin2 φM sin2 φN sin θM cos θN − cos2 φM sin2 φN sin θM cos θN

− sin2 φM cos2 φN sin θM cos θN + cos2 φM cos2 φN sin θM cos θN


 /8



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D.2 Point Scatterer Gramians

WPP =
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WPSH =
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WPSV =

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WSHP =
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WSHSH =
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WSHSV =
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0 0 0 0 0 0 −π4

1024
0 π4

512
0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5π4

4096
0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5π4

4096
0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

512



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WSV P =


3π4

8

π2

9

π2

9

−8π2

9

π2

9

π2

9

π2

9
0 0 0 0 0 0 −π2

18
0 0 0 −π2

18
0 0 0 0

π2

9

27π4

4096

3π4

4096

−π4

256

9π4

4096

−3π4

1024

−π4

1024
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

π2

9

3π4

4096

27π4

4096

−π4

256

9π4

4096

−π4

1024

−3π4

1024
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−8π2

9

−π4

256

−π4

256

3π4

64

−π4

256

−π4

128

−π4

128
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

π2

9

9π4

4096

9π4

4096

−π4

256

15π4

4096

−π4

512

−π4

512
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

π2

9

−3π4

1024

−π4

1024

−π4

128

−π4

512

7π4

1024

π4

1024
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

π2

9

−π4

1024

−3π4

1024

−π4

128

−π4

512

π4

1024

7π4

1024
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 9π4

8192
0 0 0 3π4

8192

−π4

2048
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 3π4

1024
0 0 0 0 0 π4

1024
0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 3π4

1024
0 0 0 0 0 0 π4

1024
0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 3π4

4096
0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 3π4

8192
0 0 0 9π4

8192

−π4

2048
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −π4

2048
0 0 0 −π4

2048

3π4

1024
0 0 0 0 0 0 0 0 0

−π2

18
0 0 0 0 0 0 0 0 0 0 0 0 π4

256
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 π4

1024
0 0 0 0 0 3π4

1024
0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

128
0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 π4

1024
0 0 0 0 0 0 3π4

1024
0 0 0 0 0

−π2

18
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

256
0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

128
0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

1024
0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

1024
0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

512



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WSV SH =


π4

4
0 0 0 0 0 0 0 0 0 0 0 0 −π2

12
0 0 0 −π2

12
0 0 0 0

0 3π4

1024

−π4

1024
0 −π4

1024

−π4

512

π4

512
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 −π4

1024

3π4

1024
0 −π4

1024

π4

512

−π4

512
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 −π4

1024

−π4

1024
0 π4

1024
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 −π4

512

π4

512
0 0 π4

512

−π4

512
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 π4

512

−π4

512
0 0 −π4

512

π4

512
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 π4

1024
0 0 0 0 −π4

1024
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 7π4

4096
0 0 0 0 0 −3π4

4096

−π4

1024
0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 7π4

4096
0 0 0 0 0 0 −3π4

4096
0 −π4

1024
0 0 0

0 0 0 0 0 0 0 0 0 0 π4

1024
0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 π4

1024

−π4

1024
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −π4

1024
0 0 0 −π4

1024

π4

512
0 0 0 0 0 0 0 0 0

−π2

12
0 0 0 0 0 0 0 0 0 0 0 0 π4

256
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 −3π4

4096
0 0 0 0 0 7π4

4096

−π4

1024
0 0 0 0 0 0

0 0 0 0 0 0 0 0 −π4

1024
0 0 0 0 0 −π4

1024

π4

512
0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 −3π4

4096
0 0 0 0 0 0 7π4

4096
0 −π4

1024
0 0 0

−π2

12
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

256
0 0 0 0

0 0 0 0 0 0 0 0 0 −π4

1024
0 0 0 0 0 0 −π4

1024
0 π4

512
0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5π4

4096
0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5π4

4096
0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

512




(D.2.8)
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WSV SV =


3π4

8

−π2

9

−π2

9

−4π2

9

−π2

9

2π2

9

2π2

9
0 0 0 0 0 0 −π2

36
0 0 0 −π2

36
0 0 0 0

−π2

9

9π4

4096

π4

4096

π4

256

3π4

4096

−3π4

1024

−π4

1024
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−π2

9

π4

4096

9π4

4096

π4

256

3π4

4096

−π4

1024

−3π4

1024
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−4π2

9

π4

256

π4

256

π4

64

π4

256

−π4

128

−π4

128
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−π2

9

3π4

4096

3π4

4096

π4

256

5π4

4096

−π4

512

−π4

512
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2π2

9

−3π4

1024

−π4

1024

−π4

128

−π4

512

5π4

1024

3π4

1024
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2π2

9

−π4

1024

−3π4

1024

−π4

128

−π4

512

3π4

1024

5π4

1024
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 3π4

8192
0 0 0 π4

8192

−π4

2048
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 3π4

2048
0 0 0 0 0 π4

2048

−π4

512
0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 3π4

2048
0 0 0 0 0 0 π4

2048
0 −π4

512
0 0 0

0 0 0 0 0 0 0 0 0 0 π4

4096
0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 π4

8192
0 0 0 3π4

8192

−π4

2048
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −π4

2048
0 0 0 −π4

2048

π4

1024
0 0 0 0 0 0 0 0 0

−π2

36
0 0 0 0 0 0 0 0 0 0 0 0 π4

256
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 π4

2048
0 0 0 0 0 3π4

2048

−π4

512
0 0 0 0 0 0

0 0 0 0 0 0 0 0 −π4

512
0 0 0 0 0 −π4

512

π4

256
0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 π4

2048
0 0 0 0 0 0 3π4

2048
0 −π4

512
0 0 0

−π2

36
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

256
0 0 0 0

0 0 0 0 0 0 0 0 0 −π4

512
0 0 0 0 0 0 −π4

512
0 π4

256
0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

2048
0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

2048
0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π4

512




(D.2.9)
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D.2.1 Mixed Mode Gramian Decompositions

G21 = π4

8192
×



350 -18 -32 -54 -72 -24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
-18 350 -32 -54 -24 -72 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
-32 -32 896 -32 -192 -192 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
-54 -54 -32 166 -48 -48 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
-72 -24 -192 -48 280 -88 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
-24 -72 -192 -48 -88 280 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 101 0 0 0 -9 -12 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 156 0 0 0 0 0 -12 -16 0 0 0 0 0 0
0 0 0 0 0 0 0 0 156 0 0 0 0 0 0 -12 0 -16 0 0 0
0 0 0 0 0 0 0 0 0 110 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 -9 0 0 0 101 -12 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 -12 0 0 0 -12 184 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 256 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 -12 0 0 0 0 0 156 -16 0 0 0 0 0 0
0 0 0 0 0 0 0 -16 0 0 0 0 0 -16 288 0 0 0 0 0 0
0 0 0 0 0 0 0 0 -12 0 0 0 0 0 0 156 0 -16 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 256 0 0 0 0
0 0 0 0 0 0 0 0 -16 0 0 0 0 0 0 -16 0 288 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 84 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 84 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 128




(D.2.10)
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X8 = π2

36
×



0 4 0 0 0 4 0 -4
0 4 0 0 0 4 0 -4
0 -32 0 0 0 -32 0 -16
0 4 0 0 0 4 0 -4
0 4 0 0 0 4 0 8
0 4 0 0 0 4 0 8
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
-6 -2 -6 -9 -3 -2 -3 -1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
-6 -2 -6 -9 -3 -2 -3 -1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0




(D.2.11)

N8 = −8

27π2×


0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 36 0 0 0 36 0 0
0 0 0 0 0 0 0 0
0 20 0 0 0 20 0 -32
0 20 0 0 0 20 0 -32
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
18 6 18 27 9 6 9 3
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
18 6 18 27 9 6 9 3
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0



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D.3 Isotropic background, region scatterer weighting vector functions

wPP =


1 :
V 2

P

V 2
0

(
cos2 φ− sin2 φ

)

2 : cos4 φ cos4 θ
3 : cos4 φ sin4 θ
4 : sin4 φ
5 : cos4 φ cos2 θ sin2 θ
6 : cos2 φ sin2 φ cos2 θ
7 : cos2 φ sin2 φ sin2 θ
8 : cos4 φ cos3 θ sin θ
9 : 0
10 : 0
11 : cos4 φ cos2 θ sin2 θ
12 : cos4 φ cos θ sin3 θ
13 : cos2 φ sin2 φ cos θ sin θ
14 : − cos2 φ sin2 φ cos2 θ
15 : 0
16 : 0
17 : 0
18 : − cos2 φ sin2 φ sin2 θ
19 : 0
20 : 0
21 : 0
22 : − cos2 φ sin2 φ cos θ sin θ




(D.3.1)
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wSHSH =


1 : V 2
s

V 2
0

2 : cos2 φ cos2 θ sin2 θ
3 : cos2 φ cos2 θ sin2 θ
4 : 0
5 : − cos2 φ cos2 θ sin2 θ
6 : 0
7 : 0
8 : 1

2

(
cos2 φ cos θ sin3 θ − cos2 φ cos3 θ sin θ

)

9 : 0
10 : 0
11 : 1

4

(
cos2 φ sin4 θ − 2 cos2 φ cos2 θ sin2 θ + cos2 φ cos4 θ

)

12 : 1
2

(
cos2 φ cos3 θ sin θ − cos2 φ cos θ sin3 θ

)

13 : 0
14 : 1

4

(
− sin2 φ sin2 θ

)

15 : 0
16 : 0
17 : 0
18 : 1

4

(
− sin2 φ cos2 θ

)

19 : 0
20 : 0
21 : 0
22 : 1

4

(
sin2 φ cos θ sin θ

)




(D.3.2)
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wSHSV =


1 : 0
2 : − cos2 φ sinφ cos3 θ sin θ
3 : cos2 φ sinφ cos θ sin3 θ
4 : 0
5 : 1

2

(
cos2 φ sinφ cos3 θ sin θ − cos2 φ sinφ cos θ sin3 θ

)

6 : 1
2

(
cos2 φ sinφ cos θ sin θ

)

7 : 1
2

(
− cos2 φ sinφ cos θ sin θ

)

8 : 1
4

(
cos2 φ sinφ cos4 θ − 3 cos2 φ sinφ cos2 θ sin2 θ

)

9 : 1
4

(
− cos3 φ cos2 θ sin θ

)

10 : 1
4

(
cosφ sin2 φ cos θ sin2 θ − cos3 φ cos θ sin2 θ + cosφ sin2 φ cos3 θ

)

11 : 1
2

(
cos2 φ sinφ cos3 θ sin θ − cos2 φ sinφ cos θ sin3 θ

)

12 : 1
4

(
3 cos2 φ sinφ cos2 θ sin2 θ − cos2 φ sinφ sin4 θ

)

13 : 1
4

(
cos2 φ sinφ sin2 θ − cos2 φ sinφ cos2 θ

)

14 : 1
4

(
sin3 φ cos θ sin θ − cos2 φ sinφ cos θ sin θ

)

15 : 1
4

(
− cosφ sin2 φ sin3 θ − cosφ sin2 φ cos2 θ sin θ + cos3 φ cos2 θ sin θ

)

16 : 1
4

(
cosφ sin2 φ sin θ

)

17 : 1
4

(
cos3 φ cos θ sin2 θ

)

18 : 1
4

(
cos2 φ sinφ cos θ sin θ − sin3 φ cos θ sin θ

)

19 : 1
4

(
− cosφ sin2 φ cos θ

)

20 : 1
8

(
− cosφ sin2 φ cos θ sin2 θ − cos3 φ cos θ sin2 θ − cosφ sin2 φ cos3 θ + cos3 φ cos3 θ

)

21 : 1
8

(
cosφ sin2 φ sin3 θ − cos3 φ sin3 θ + cosφ sin2 φ cos2 θ sin θ + cos3 φ cos2 θ sin θ

)

22 : 1
8

(
sin3 φ sin2 θ − cos2 φ sinφ sin2 θ − sin3 φ cos2 θ + cos2 φ sinφ cos2 θ

)




(D.3.3)
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wSV SH =


1 : 0
2 : cos2 φ sinφ cos3 θ sin θ
3 : − cos2 φ sinφ cos θ sin3 θ
4 : 0
5 : 1

2

(
cos2 φ sinφ cos θ sin3 θ − cos2 φ sinφ cos3 θ sin θ

)

6 : −1
2

(
cos2 φ sinφ cos θ sin θ

)

7 : 1
2

(
cos2 φ sinφ cos θ sin θ

)

8 : 1
4

(
3 cos2 φ sinφ cos2 θ sin2 θ − cos2 φ sinφ cos4 θ

)

9 : −1
4

(
cos3 φ cos2 θ sin θ

)

10 : 1
4

(
cosφ sin2 φ cos θ sin2 θ − cos3 φ cos θ sin2 θ + cosφ sin2 φ cos3 θ

)

11 : 1
2

(
cos2 φ sinφ cos θ sin3 θ − cos2 φ sinφ cos3 θ sin θ

)

12 : 1
4

(
cos2 φ sinφ sin4 θ − 3 cos2 φ sinφ cos2 θ sin2 θ

)

13 : 1
4

(
cos2 φ sinφ cos2 θ − cos2 φ sinφ sin2 θ

)

14 : 1
4

(
cos2 φ sinφ cos θ sin θ − sin3 φ cos θ sin θ

)

15 : 1
4

(
− cosφ sin2 φ sin3 θ − cosφ sin2 φ cos2 θ sin θ + cos3 φ cos2 θ sin θ

)

16 : 1
4

(
cosφ sin2 φ sin θ

)

17 : 1
4

(
cos3 φ cos θ sin2 θ

)

18 : 1
4

(
sin3 φ cos θ sin θ − cos2 φ sinφ cos θ sin θ

)

19 : −1
4

(
cosφ sin2 φ cos θ

)

20 : 1
8

(
− cosφ sin2 φ cos θ sin2 θ − cos3 φ cos θ sin2 θ − cosφ sin2 φ cos3 θ + cos3 φ cos3 θ

)

21 : 1
8

(
cosφ sin2 φ sin3 θ − cos3 φ sin3 θ + cosφ sin2 φ cos2 θ sin θ + cos3 φ cos2 θ sin θ

)

22 : 1
8

(
− sin3 φ sin2 θ + cos2 φ sinφ sin2 θ + sin3 φ cos2 θ − cos2 φ sinφ cos2 θ

)



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wSV SV =


1 :
V 2

S

V 2
0

(
cos2 φ− sin2 φ

)

2 : − cos2 φ sin2 φ cos4 θ
3 : − cos2 φ sin2 φ sin4 θ
4 : − cos2 φ sin2 φ
5 : − cos2 φ sin2 φ cos2 θ sin2 θ
6 : cos2 φ sin2 φ cos2 θ
7 : cos2 φ sin2 φ sin2 θ
8 : − cos2 φ sin2 φ cos3 θ sin θ
9 : 0
10 : 0
11 : − cos2 φ sin2 φ cos2 θ sin2 θ
12 : − cos2 φ sin2 φ cos θ sin3 θ
13 : cos2 φ sin2 φ cos θ sin θ
14 : 1

4

(
sin4 φ cos2 θ − 2 cos2 φ sin2 φ cos2 θ + cos4 φ cos2 θ

)

15 : 0
16 : 0
17 : 0
18 : 1

4

(
sin4 φ sin2 θ − 2 cos2 φ sin2 φ sin2 θ + cos4 φ sin2 θ

)

19 : 0
20 : 0
21 : 0
22 : 1

4

(
sin4 φ cos θ sin θ − 2 cos2 φ sin2 φ cos θ sin θ + cos4 φ cos θ sin θ

)



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wPSH =


1 : 0
2 : − cosα cos2 φ cos3 θ sin θ
3 : cosα cos2 φ cos θ sin3 θ
4 : 0
5 : 1

2

(
cosα cos2 φ cos3 θ sin θ − cosα cos2 φ cos θ sin3 θ

)

6 : −1
2

(
cosα sin2 φ cos θ sin θ

)

7 : 1
2

(
cosα sin2 φ cos θ sin θ

)

8 : 1
4

(
cosα cos2 φ cos4 θ − 3 cosα cos2 φ cos2 θ sin2 θ

)

9 : 1
4

(
− sinα cos2 φ cos2 θ sin θ − 2 cosα cosφ sinφ cos2 θ sin θ

)

10 : 1
4

(
−2 cosα cosφ sinφ cos θ sin2 θ + sinα cos2 φ cos3 θ

)

11 : 1
4

(
2 cosα cos2 φ cos3 θ sin θ − 2 cosα cos2 φ cos θ sin3 θ

)

12 : 1
4

(
3 cosα cos2 φ cos2 θ sin2 θ − cosα cos2 φ sin4 θ

)

13 : 1
4

(
cosα sin2 φ cos2 θ − cosα sin2 φ sin2 θ

)

14 : −1
2 (sinα cosφ sinφ cos θ sin θ)

15 : −1
4

(
sinα cos2 φ sin3 θ + 2 cosα cosφ sinφ cos2 θ sin θ

)

16 : −1
4

(
sinα sin2 φ sin θ

)

17 : 1
4

(
2 cosα cosφ sinφ cos θ sin2 θ + sinα cos2 φ cos θ sin2 θ

)

18 : 1
2 (sinα cosφ sinφ cos θ sin θ)

19 : 1
4

(
sinα sin2 φ cos θ

)

20 : 1
4

(
− cosα cosφ sinφ cos θ sin2 θ − sinα cos2 φ cos θ sin2 θ + cosα cosφ sinφ cos3 θ

)

21 : 1
4

(
− cosα cosφ sinφ sin3 θ + cosα cosφ sinφ cos2 θ sin θ + sinα cos2 φ cos2 θ sin θ

)

22 : 1
4

(
sinα cosφ sinφ cos2 θ − sinα cosφ sinφ sin2 θ

)



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wPSV =


1 : VPVS

V 2
0

(cosα sinφ− sinα cosφ)

2 : − cosα sinα cos2 φ cos4 θ
3 : − cosα sinα cos2 φ sin4 θ
4 : cosα sinα sin2 φ
5 : − cosα sinα cos2 φ cos2 θ sin2 θ
6 : 1

2

(
cosα sinα cos2 φ cos2 θ − cosα sinα sin2 φ cos2 θ

)

7 : 1
2

(
cosα sinα cos2 φ sin2 θ − cosα sinα sin2 φ sin2 θ

)

8 : − cosα sinα cos2 φ cos3 θ sin θ
9 : 1

4

(
cos2 α cos2 φ cos3 θ − 2 cosα sinα cosφ sinφ cos3 θ − sin2 α cos2 φ cos3 θ

)

10 : 1
4

(
cos2 α cos2 φ cos2 θ sin θ − 2 cosα sinα cosφ sinφ cos2 θ sin θ − sin2 α cos2 φ cos2 θ sin θ

)

11 : − cosα sinα cos2 φ cos2 θ sin2 θ
12 : − cosα sinα cos2 φ cos θ sin3 θ
13 : 1

2

(
cosα sinα cos2 φ cos θ sin θ − cosα sinα sin2 φ cos θ sin θ

)

14 : 1
2

(
cos2 α cosφ sinφ cos2 θ − sin2 α cosφ sinφ cos2 θ

)

15 : 1
4

(
cos2 α cos2 φ cos θ sin2 θ − 2 cosα sinα cosφ sinφ cos θ sin2 θ − sin2 α cos2 φ cos θ sin2 θ

)

16 : 1
4

(
2 cosα sinα cosφ sinφ cos θ − sin2 α sin2 φ cos θ + cos2 α sin2 φ cos θ

)

17 : 1
4

(
cos2 α cos2 φ sin3 θ − 2 cosα sinα cosφ sinφ sin3 θ − sin2 α cos2 φ sin3 θ

)

18 : 1
2

(
cos2 α cosφ sinφ sin2 θ − sin2 α cosφ sinφ sin2 θ

)

19 : 1
4

(
2 cosα sinα cosφ sinφ sin θ − sin2 α sin2 φ sin θ + cos2 α sin2 φ sin θ

)

20 : 1
4

(
cos2 α cos2 φ cos2 θ sin θ − 2 cosα sinα cosφ sinφ cos2 θ sin θ − sin2 α cos2 φ cos2 θ sin θ

)

21 : 1
4

(
cos2 α cos2 φ cos θ sin2 θ − 2 cosα sinα cosφ sinφ cos θ sin2 θ − sin2 α cos2 φ cos θ sin2 θ

)

22 : 1
2

(
cos2 α cosφ sinφ cos θ sin θ − sin2 α cosφ sinφ cos θ sin θ

)



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D.4 Region Scatterer Gramians

WPP =


π2

2
3π2

32
3π2

32
−π2

4
π2

32 0 0 0 0 0 π2

32 0 0 0 0 0 0 0 0 0 0 0
3π2

32
1225π2

16384
105π2

16384
9π2

1024
175π2

16384
25π2

2048
5π2

2048 0 0 0 175π2

16384 0 0 −25π2

2048 0 0 0 −5π2

2048 0 0 0 0
3π2

32
105π2

16384
1225π2

16384
9π2

1024
175π2

16384
5π2

2048
25π2

2048 0 0 0 175π2

16384 0 0 −5π2

2048 0 0 0 −25π2

2048 0 0 0 0
−π2

4
9π2

1024
9π2

1024
35π2

128
3π2

1024
5π2

256
5π2

256 0 0 0 3π2

1024 0 0 −5π2

256 0 0 0 −5π2

256 0 0 0 0
π2

32
175π2

16384
175π2

16384
3π2

1024
105π2

16384
5π2

2048
5π2

2048 0 0 0 105π2

16384 0 0 −5π2

2048 0 0 0 −5π2

2048 0 0 0 0

0 25π2

2048
5π2

2048
5π2

256
5π2

2048
9π2

1024
3π2

1024 0 0 0 5π2

2048 0 0 −9π2

1024 0 0 0 −3π2

1024 0 0 0 0

0 5π2

2048
25π2

2048
5π2

256
5π2

2048
3π2

1024
9π2

1024 0 0 0 5π2

2048 0 0 −3π2

1024 0 0 0 −9π2

1024 0 0 0 0

0 0 0 0 0 0 0 175π2

16384 0 0 0 105π2

16384
5π2

2048 0 0 0 0 0 0 0 0 −5π2

2048

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
π2

32
175π2

16384
175π2

16384
3π2

1024
105π2

16384
5π2

2048
5π2

2048 0 0 0 105π2

16384 0 0 −5π2

2048 0 0 0 −5π2

2048 0 0 0 0

0 0 0 0 0 0 0 105π2

16384 0 0 0 175π2

16384
5π2

2048 0 0 0 0 0 0 0 0 −5π2

2048

0 0 0 0 0 0 0 5π2

2048 0 0 0 5π2

2048
3π2

1024 0 0 0 0 0 0 0 0 −3π2

1024

0 −25π2

2048
−5π2

2048
−5π2

256
−5π2

2048
−9π2

1024
−3π2

1024 0 0 0 −5π2

2048 0 0 9π2

1024 0 0 0 3π2

1024 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 −5π2

2048
−25π2

2048
−5π2

256
−5π2

2048
−3π2

1024
−9π2

1024 0 0 0 −5π2

2048 0 0 3π2

1024 0 0 0 9π2

1024 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −5π2

2048 0 0 0 −5π2

2048
−3π2

1024 0 0 0 0 0 0 0 0 3π2

1024




(D.4.1)272



WSHSH =


π2 π2

16
π2

16 0 −π2

16 0 0 0 0 0 π2

16 0 0 −π2

16 0 0 0 −π2

16 0 0 0 0
π2

16
9π2

1024
9π2

1024 0 −9π2

1024 0 0 0 0 0 3π2

1024 0 0 −π2

512 0 0 0 −π2

512 0 0 0 0
π2

16
9π2

1024
9π2

1024 0 −9π2

1024 0 0 0 0 0 3π2

1024 0 0 −π2

512 0 0 0 −π2

512 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−π2

16
−9π2

1024
−9π2

1024 0 9π2

1024 0 0 0 0 0 −3π2

1024 0 0 π2

512 0 0 0 π2

512 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 3π2

1024 0 0 0 −3π2

1024 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
π2

16
3π2

1024
3π2

1024 0 −3π2

1024 0 0 0 0 0 9π2

1024 0 0 −π2

512 0 0 0 −π2

512 0 0 0 0

0 0 0 0 0 0 0 −3π2

1024 0 0 0 3π2

1024 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−π2

16
−π2

512
−π2

512 0 π2

512 0 0 0 0 0 −π2

512 0 0 9π2

1024 0 0 0 3π2

1024 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−π2

16
−π2

512
−π2

512 0 π2

512 0 0 0 0 0 −π2

512 0 0 3π2

1024 0 0 0 9π2

1024 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3π2

1024



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WSHSV =


0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 5π2

2048
−3π2

2048 0 −π2

2048
−π2

512
π2

512 0 0 0 −π2

2048 0 0 0 0 0 0 0 0 0 0 0

0 −3π2

2048
5π2

2048 0 −π2

2048
π2

512
−π2

512 0 0 0 −π2

2048 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 −π2

2048
−π2

2048 0 π2

2048 0 0 0 0 0 π2

2048 0 0 0 0 0 0 0 0 0 0 0

0 −π2

512
π2

512 0 0 π2

512
−π2

512 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 π2

512
−π2

512 0 0 −π2

512
π2

512 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 π2

1024 0 0 0 0 −π2

1024 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 5π2

4096 0 0 0 0 0 −3π2

4096
−π2

2048 0 0 0 0 −π2

4096 0

0 0 0 0 0 0 0 0 0 9π2

4096 0 0 0 0 0 0 −3π2

4096 0 −3π2

2048
−π2

4096 0 0

0 −π2

2048
−π2

2048 0 π2

2048 0 0 0 0 0 π2

2048 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 π2

1024
−π2

1024 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −π2

1024 0 0 0 −π2

1024
π2

512 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 π2

512 0 0 0 −π2

512 0 0 0 0

0 0 0 0 0 0 0 0 −3π2

4096 0 0 0 0 0 9π2

4096
−3π2

2048 0 0 0 0 −π2

4096 0

0 0 0 0 0 0 0 0 −π2

2048 0 0 0 0 0 −3π2

2048
π2

512 0 0 0 0 π2

2048 0

0 0 0 0 0 0 0 0 0 −3π2

4096 0 0 0 0 0 0 5π2

4096 0 −π2

2048
−π2

4096 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 −π2

512 0 0 0 π2

512 0 0 0 0

0 0 0 0 0 0 0 0 0 −3π2

2048 0 0 0 0 0 0 −π2

2048 0 π2

512
π2

2048 0 0

0 0 0 0 0 0 0 0 0 −π2

4096 0 0 0 0 0 0 −π2

4096 0 π2

2048
5π2

4096 0 0

0 0 0 0 0 0 0 0 −π2

4096 0 0 0 0 0 −π2

4096
π2

2048 0 0 0 0 5π2

4096 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 π2

512



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WSV SH =


0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 5π2

2048
−3π2

2048 0 −π2

2048
−π2

512
π2

512 0 0 0 −π2

2048 0 0 0 0 0 0 0 0 0 0 0

0 −3π2

2048
5π2

2048 0 −π2

2048
π2

512
−π2

512 0 0 0 −π2

2048 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 −π2

2048
−π2

2048 0 π2

2048 0 0 0 0 0 π2

2048 0 0 0 0 0 0 0 0 0 0 0

0 −π2

512
π2

512 0 0 π2

512
−π2

512 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 π2

512
−π2

512 0 0 −π2

512
π2

512 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 π2

1024 0 0 0 0 −π2

1024 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 5π2

4096 0 0 0 0 0 −3π2

4096
−π2

2048 0 0 0 0 −π2

4096 0

0 0 0 0 0 0 0 0 0 9π2

4096 0 0 0 0 0 0 −3π2

4096 0 −3π2

2048
−π2

4096 0 0

0 −π2

2048
−π2

2048 0 π2

2048 0 0 0 0 0 π2

2048 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 π2

1024
−π2

1024 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −π2
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Appendix E

Creative Commons

Attribution-ShareAlike 3.0

Unported License

The following is the text of the Creative Commons Attribution-ShareAlike 3.0 Unported
License, under which this work is published. The following licence can also be on the the
web page http://creativecommons.org/licenses/by-sa/3.0/ .

Licence

THE WORK (AS DEFINED BELOW) IS PROVIDED UNDER THE TERMS OF THIS CREATIVE
COMMONS PUBLIC LICENSE (”CCPL” OR ”LICENSE”). THE WORK IS PROTECTED BY COPY-
RIGHT AND/OR OTHER APPLICABLE LAW. ANY USE OF THE WORK OTHER THAN AS AU-
THORIZED UNDER THIS LICENSE OR COPYRIGHT LAW IS PROHIBITED.

BY EXERCISING ANY RIGHTS TO THE WORK PROVIDED HERE, YOU ACCEPT AND AGREE
TO BE BOUND BY THE TERMS OF THIS LICENSE. TO THE EXTENT THIS LICENSE MAY BE
CONSIDERED TO BE A CONTRACT, THE LICENSOR GRANTS YOU THE RIGHTS CONTAINED
HERE IN CONSIDERATION OF YOUR ACCEPTANCE OF SUCH TERMS AND CONDITIONS.

1. Definitions

a “Adaptation” means a work based upon the Work, or upon the Work and other pre-existing
works, such as a translation, adaptation, derivative work, arrangement of music or other al-
terations of a literary or artistic work, or phonogram or performance and includes cinemato-
graphic adaptations or any other form in which the Work may be recast, transformed, or
adapted including in any form recognizably derived from the original, except that a work that
constitutes a Collection will not be considered an Adaptation for the purpose of this License.
For the avoidance of doubt, where the Work is a musical work, performance or phonogram,
the synchronization of the Work in timed-relation with a moving image (”synching”) will be
considered an Adaptation for the purpose of this License.

b “Collection” means a collection of literary or artistic works, such as encyclopedias and an-
thologies, or performances, phonograms or broadcasts, or other works or subject matter other
than works listed in Section 1(f) below, which, by reason of the selection and arrangement of
their contents, constitute intellectual creations, in which the Work is included in its entirety
in unmodified form along with one or more other contributions, each constituting separate
and independent works in themselves, which together are assembled into a collective whole.
A work that constitutes a Collection will not be considered an Adaptation (as defined below)
for the purposes of this License.

c “Creative Commons Compatible License” means a license that is listed at
http://creativecommons.org/compatiblelicenses that has been approved by Creative Com-
mons as being essentially equivalent to this License, including, at a minimum, because that
license: (i) contains terms that have the same purpose, meaning and effect as the License Ele-
ments of this License; and, (ii) explicitly permits the relicensing of adaptations of works made
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available under that license under this License or a Creative Commons jurisdiction license
with the same License Elements as this License.

d “Distribute” means to make available to the public the original and copies of the Work or
Adaptation, as appropriate, through sale or other transfer of ownership.

e ”License Elements” means the following high-level license attributes as selected by Licensor
and indicated in the title of this License: Attribution, ShareAlike.

f “Licensor” means the individual, individuals, entity or entities that offer(s) the Work under
the terms of this License.

g “Original Author” means, in the case of a literary or artistic work, the individual, individ-
uals, entity or entities who created the Work or if no individual or entity can be identified,
the publisher; and in addition (i) in the case of a performance the actors, singers, musicians,
dancers, and other persons who act, sing, deliver, declaim, play in, interpret or otherwise per-
form literary or artistic works or expressions of folklore; (ii) in the case of a phonogram the
producer being the person or legal entity who first fixes the sounds of a performance or other
sounds; and, (iii) in the case of broadcasts, the organization that transmits the broadcast.

h “Work” means the literary and/or artistic work offered under the terms of this License
including without limitation any production in the literary, scientific and artistic domain,
whatever may be the mode or form of its expression including digital form, such as a book,
pamphlet and other writing; a lecture, address, sermon or other work of the same nature; a
dramatic or dramatico-musical work; a choreographic work or entertainment in dumb show; a
musical composition with or without words; a cinematographic work to which are assimilated
works expressed by a process analogous to cinematography; a work of drawing, painting, ar-
chitecture, sculpture, engraving or lithography; a photographic work to which are assimilated
works expressed by a process analogous to photography; a work of applied art; an illustration,
map, plan, sketch or three-dimensional work relative to geography, topography, architecture
or science; a performance; a broadcast; a phonogram; a compilation of data to the extent it
is protected as a copyrightable work; or a work performed by a variety or circus performer to
the extent it is not otherwise considered a literary or artistic work.

i “You” means an individual or entity exercising rights under this License who has not previ-
ously violated the terms of this License with respect to the Work, or who has received express
permission from the Licensor to exercise rights under this License despite a previous violation.

j “Publicly Perform” means to perform public recitations of the Work and to communicate
to the public those public recitations, by any means or process, including by wire or wireless
means or public digital performances; to make available to the public Works in such a way that
members of the public may access these Works from a place and at a place individually chosen
by them; to perform the Work to the public by any means or process and the communication
to the public of the performances of the Work, including by public digital performance; to
broadcast and rebroadcast the Work by any means including signs, sounds or images.

k “Reproduce” means to make copies of the Work by any means including without limitation
by sound or visual recordings and the right of fixation and reproducing fixations of the Work,
including storage of a protected performance or phonogram in digital form or other electronic
medium.

2. Fair Dealing Rights. Nothing in this License is intended to reduce, limit, or restrict any uses free
from copyright or rights arising from limitations or exceptions that are provided for in connection
with the copyright protection under copyright law or other applicable laws.

3. License Grant. Subject to the terms and conditions of this License, Licensor hereby grants You
a worldwide, royalty-free, non-exclusive, perpetual (for the duration of the applicable copyright)
license to exercise the rights in the Work as stated below:

a to Reproduce the Work, to incorporate the Work into one or more Collections, and to Repro-
duce the Work as incorporated in the Collections;

b to create and Reproduce Adaptations provided that any such Adaptation, including any
translation in any medium, takes reasonable steps to clearly label, demarcate or otherwise
identify that changes were made to the original Work. For example, a translation could be
marked ”The original work was translated from English to Spanish,” or a modification could
indicate ”The original work has been modified.”;

c to Distribute and Publicly Perform the Work including as incorporated in Collections; and,
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d to Distribute and Publicly Perform Adaptations.

e For the avoidance of doubt:

i Non-waivable Compulsory License Schemes. In those jurisdictions in which the
right to collect royalties through any statutory or compulsory licensing scheme cannot be
waived, the Licensor reserves the exclusive right to collect such royalties for any exercise
by You of the rights granted under this License;

ii Waivable Compulsory License Schemes. In those jurisdictions in which the right
to collect royalties through any statutory or compulsory licensing scheme can be waived,
the Licensor waives the exclusive right to collect such royalties for any exercise by You
of the rights granted under this License; and,

iii Voluntary License Schemes. The Licensor waives the right to collect royalties,
whether individually or, in the event that the Licensor is a member of a collecting society
that administers voluntary licensing schemes, via that society, from any exercise by You
of the rights granted under this License.

The above rights may be exercised in all media and formats whether now known or hereafter devised.
The above rights include the right to make such modifications as are technically necessary to exercise
the rights in other media and formats. Subject to Section 8(f), all rights not expressly granted by
Licensor are hereby reserved.

4. Restrictions. The license granted in Section 3 above is expressly made subject to and limited by
the following restrictions:

a You may Distribute or Publicly Perform the Work only under the terms of this License. You
must include a copy of, or the Uniform Resource Identifier (URI) for, this License with every
copy of the Work You Distribute or Publicly Perform. You may not offer or impose any
terms on the Work that restrict the terms of this License or the ability of the recipient of
the Work to exercise the rights granted to that recipient under the terms of the License. You
may not sublicense the Work. You must keep intact all notices that refer to this License
and to the disclaimer of warranties with every copy of the Work You Distribute or Publicly
Perform. When You Distribute or Publicly Perform the Work, You may not impose any
effective technological measures on the Work that restrict the ability of a recipient of the
Work from You to exercise the rights granted to that recipient under the terms of the License.
This Section 4(a) applies to the Work as incorporated in a Collection, but this does not require
the Collection apart from the Work itself to be made subject to the terms of this License. If
You create a Collection, upon notice from any Licensor You must, to the extent practicable,
remove from the Collection any credit as required by Section 4(c), as requested. If You create
an Adaptation, upon notice from any Licensor You must, to the extent practicable, remove
from the Adaptation any credit as required by Section 4(c), as requested.

b You may Distribute or Publicly Perform an Adaptation only under the terms of: (i) this
License; (ii) a later version of this License with the same License Elements as this License;
(iii) a Creative Commons jurisdiction license (either this or a later license version) that con-
tains the same License Elements as this License (e.g., Attribution-ShareAlike 3.0 US)); (iv)
a Creative Commons Compatible License. If you license the Adaptation under one of the
licenses mentioned in (iv), you must comply with the terms of that license. If you license the
Adaptation under the terms of any of the licenses mentioned in (i), (ii) or (iii) (the ”Appli-
cable License”), you must comply with the terms of the Applicable License generally and the
following provisions: (I) You must include a copy of, or the URI for, the Applicable License
with every copy of each Adaptation You Distribute or Publicly Perform; (II) You may not
offer or impose any terms on the Adaptation that restrict the terms of the Applicable License
or the ability of the recipient of the Adaptation to exercise the rights granted to that recipient
under the terms of the Applicable License; (III) You must keep intact all notices that refer
to the Applicable License and to the disclaimer of warranties with every copy of the Work as
included in the Adaptation You Distribute or Publicly Perform; (IV) when You Distribute or
Publicly Perform the Adaptation, You may not impose any effective technological measures on
the Adaptation that restrict the ability of a recipient of the Adaptation from You to exercise
the rights granted to that recipient under the terms of the Applicable License. This Section
4(b) applies to the Adaptation as incorporated in a Collection, but this does not require the
Collection apart from the Adaptation itself to be made subject to the terms of the Applicable
License.

279



c If You Distribute, or Publicly Perform the Work or any Adaptations or Collections, You must,
unless a request has been made pursuant to Section 4(a), keep intact all copyright notices for
the Work and provide, reasonable to the medium or means You are utilizing: (i) the name of
the Original Author (or pseudonym, if applicable) if supplied, and/or if the Original Author
and/or Licensor designate another party or parties (e.g., a sponsor institute, publishing entity,
journal) for attribution (”Attribution Parties”) in Licensor’s copyright notice, terms of service
or by other reasonable means, the name of such party or parties; (ii) the title of the Work if
supplied; (iii) to the extent reasonably practicable, the URI, if any, that Licensor specifies to
be associated with the Work, unless such URI does not refer to the copyright notice or licensing
information for the Work; and (iv) , consistent with Ssection 3(b), in the case of an Adaptation,
a credit identifying the use of the Work in the Adaptation (e.g., ”French translation of the
Work by Original Author,” or ”Screenplay based on original Work by Original Author”). The
credit required by this Section 4(c) may be implemented in any reasonable manner; provided,
however, that in the case of a Adaptation or Collection, at a minimum such credit will appear,
if a credit for all contributing authors of the Adaptation or Collection appears, then as part of
these credits and in a manner at least as prominent as the credits for the other contributing
authors. For the avoidance of doubt, You may only use the credit required by this Section
for the purpose of attribution in the manner set out above and, by exercising Your rights
under this License, You may not implicitly or explicitly assert or imply any connection with,
sponsorship or endorsement by the Original Author, Licensor and/or Attribution Parties, as
appropriate, of You or Your use of the Work, without the separate, express prior written
permission of the Original Author, Licensor and/or Attribution Parties.

d Except as otherwise agreed in writing by the Licensor or as may be otherwise permitted by
applicable law, if You Reproduce, Distribute or Publicly Perform the Work either by itself or
as part of any Adaptations or Collections, You must not distort, mutilate, modify or take other
derogatory action in relation to the Work which would be prejudicial to the Original Author’s
honor or reputation. Licensor agrees that in those jurisdictions (e.g. Japan), in which any
exercise of the right granted in Section 3(b) of this License (the right to make Adaptations)
would be deemed to be a distortion, mutilation, modification or other derogatory action
prejudicial to the Original Author’s honor and reputation, the Licensor will waive or not
assert, as appropriate, this Section, to the fullest extent permitted by the applicable national
law, to enable You to reasonably exercise Your right under Section 3(b) of this License (right
to make Adaptations) but not otherwise.

5. Representations, Warranties and Disclaimer

UNLESS OTHERWISE MUTUALLY AGREED TO BY THE PARTIES IN WRITING, LICEN-
SOR OFFERS THE WORK AS-IS AND MAKES NO REPRESENTATIONS OR WARRANTIES
OF ANY KIND CONCERNING THE WORK, EXPRESS, IMPLIED, STATUTORY OR OTHER-
WISE, INCLUDING, WITHOUT LIMITATION, WARRANTIES OF TITLE, MERCHANTIBIL-
ITY, FITNESS FOR A PARTICULAR PURPOSE, NONINFRINGEMENT, OR THE ABSENCE
OF LATENT OR OTHER DEFECTS, ACCURACY, OR THE PRESENCE OF ABSENCE OF
ERRORS, WHETHER OR NOT DISCOVERABLE. SOME JURISDICTIONS DO NOT ALLOW
THE EXCLUSION OF IMPLIED WARRANTIES, SO SUCH EXCLUSION MAY NOT APPLY
TO YOU.

6. Limitation on Liability. EXCEPT TO THE EXTENT REQUIRED BY APPLICABLE LAW,
IN NO EVENT WILL LICENSOR BE LIABLE TO YOU ON ANY LEGAL THEORY FOR
ANY SPECIAL, INCIDENTAL, CONSEQUENTIAL, PUNITIVE OR EXEMPLARY DAMAGES
ARISING OUT OF THIS LICENSE OR THE USE OF THE WORK, EVEN IF LICENSOR HAS
BEEN ADVISED OF THE POSSIBILITY OF SUCH DAMAGES.

7. Termination

a This License and the rights granted hereunder will terminate automatically upon any breach
by You of the terms of this License. Individuals or entities who have received Adaptations
or Collections from You under this License, however, will not have their licenses terminated
provided such individuals or entities remain in full compliance with those licenses. Sections
1, 2, 5, 6, 7, and 8 will survive any termination of this License.

b Subject to the above terms and conditions, the license granted here is perpetual (for the
duration of the applicable copyright in the Work). Notwithstanding the above, Licensor
reserves the right to release the Work under different license terms or to stop distributing the
Work at any time; provided, however that any such election will not serve to withdraw this
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License (or any other license that has been, or is required to be, granted under the terms of
this License), and this License will continue in full force and effect unless terminated as stated
above.

8. Miscellaneous

a Each time You Distribute or Publicly Perform the Work or a Collection, the Licensor offers
to the recipient a license to the Work on the same terms and conditions as the license granted
to You under this License.

b Each time You Distribute or Publicly Perform an Adaptation, Licensor offers to the recipient
a license to the original Work on the same terms and conditions as the license granted to You
under this License.

c If any provision of this License is invalid or unenforceable under applicable law, it shall not
affect the validity or enforceability of the remainder of the terms of this License, and with-
out further action by the parties to this agreement, such provision shall be reformed to the
minimum extent necessary to make such provision valid and enforceable.

d No term or provision of this License shall be deemed waived and no breach consented to unless
such waiver or consent shall be in writing and signed by the party to be charged with such
waiver or consent.

e This License constitutes the entire agreement between the parties with respect to the Work
licensed here. There are no understandings, agreements or representations with respect to
the Work not specified here. Licensor shall not be bound by any additional provisions that
may appear in any communication from You. This License may not be modified without the
mutual written agreement of the Licensor and You.

f The rights granted under, and the subject matter referenced, in this License were drafted
utilizing the terminology of the Berne Convention for the Protection of Literary and Artis-
tic Works (as amended on September 28, 1979), the Rome Convention of 1961, the WIPO
Copyright Treaty of 1996, the WIPO Performances and Phonograms Treaty of 1996 and the
Universal Copyright Convention (as revised on July 24, 1971). These rights and subject mat-
ter take effect in the relevant jurisdiction in which the License terms are sought to be enforced
according to the corresponding provisions of the implementation of those treaty provisions in
the applicable national law. If the standard suite of rights granted under applicable copy-
right law includes additional rights not granted under this License, such additional rights are
deemed to be included in the License; this License is not intended to restrict the license of
any rights under applicable law.

Creative Commons Notice

Creative Commons is not a party to this License, and makes no warranty whatsoever in connection with
the Work. Creative Commons will not be liable to You or any party on any legal theory for any damages
whatsoever, including without limitation any general, special, incidental or consequential damages arising
in connection to this license. Notwithstanding the foregoing two (2) sentences, if Creative Commons has
expressly identified itself as the Licensor hereunder, it shall have all rights and obligations of Licensor.

Except for the limited purpose of indicating to the public that the Work is licensed under the CCPL,
Creative Commons does not authorize the use by either party of the trademark ”Creative Commons”
or any related trademark or logo of Creative Commons without the prior written consent of Creative
Commons. Any permitted use will be in compliance with Creative Commons’ then-current trademark
usage guidelines, as may be published on its website or otherwise made available upon request from time
to time. For the avoidance of doubt, this trademark restriction does not form part of the License.

Creative Commons may be contacted at http://creativecommons.org/.
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4.5.3 Image plots of J and Ĵ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
4.5.4 Images plots of functions and their Fourier Transforms. . . . . . . . . . . . 106
4.6.1 Examples of conic sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
4.6.2 Flare set of Σ(Ts) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
4.6.3 Localisation of singularities in Ts . . . . . . . . . . . . . . . . . . . . . . . 110
4.6.4 Wave front plotted using localised flare sets. . . . . . . . . . . . . . . . . . 112
4.7.1 Cut-off function neighbourhoods . . . . . . . . . . . . . . . . . . . . . . . 114
4.9.1 The relationships between various operator types. . . . . . . . . . . . . . . 118
4.9.2 The mapping of a singularity by WF ′(F ). . . . . . . . . . . . . . . . . . . 119
4.9.3 Mapping of singularities through S′

F . . . . . . . . . . . . . . . . . . . . . . 120

5.3.1 Seismic Experiment: Region Scattering . . . . . . . . . . . . . . . . . . . . 126
5.5.1 Experiment Ensemble: Region Scatterers . . . . . . . . . . . . . . . . . . . 129
5.5.2 Volume Scatterer Matrix Equation Form . . . . . . . . . . . . . . . . . . . 132
5.6.1 Scatterer normal coordinate system . . . . . . . . . . . . . . . . . . . . . . 133
5.7.1 Generalised condition number of WPSH . . . . . . . . . . . . . . . . . . . 137
5.7.2 Generalised condition number of WPSV . . . . . . . . . . . . . . . . . . . 138
5.7.3 Gramian quadratic form generalised condition number . . . . . . . . . . . 139
5.7.4 The smooth variance of the inner product mT

RAmR . . . . . . . . . . . . . 140
5.7.5 Invertible subset of considered normals . . . . . . . . . . . . . . . . . . . . 141
5.9.1 Mixed mode ensemble GA search: Single run . . . . . . . . . . . . . . . . 145
5.9.2 Mixed mode ensemble GA search: 500 runs . . . . . . . . . . . . . . . . . 145
5.9.3 Well conditioned mixed mode, fixed normal ensemble . . . . . . . . . . . . 146
5.13.1 Region Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

6.1.1 Ray Tracing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
6.1.2 Transport Equation: Ray Tube . . . . . . . . . . . . . . . . . . . . . . . . 173
6.1.3 Caustic Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
6.1.4 Slowness Surface: Ray velocity vector . . . . . . . . . . . . . . . . . . . . 178
6.3.1 Transversely Isotropic Polarisation Vectors . . . . . . . . . . . . . . . . . . 184
6.4.1 Elastic parameters of four Transversely Isotropic materials. . . . . . . . . 186
6.4.2 Ranks of single mode Gramians for TI materials. . . . . . . . . . . . . . . 188
6.4.3 GqPqP for Cadmium. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
6.4.4 GqPqP for Cadmium Telluride. . . . . . . . . . . . . . . . . . . . . . . . . . 190
6.4.5 GqPqP for Cobalt. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
6.4.6 GqPqP for Titanium Boride. . . . . . . . . . . . . . . . . . . . . . . . . . . 192

A.1.1 Group of Symmetries of the Square . . . . . . . . . . . . . . . . . . . . . . 201
A.1.2 The Orbit of an Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
A.2.1 Orthonormal coordinate systems . . . . . . . . . . . . . . . . . . . . . . . 205
A.3.1 Isotropic Material Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . 212
A.3.2 Transversely Isotropic Material Symmetries . . . . . . . . . . . . . . . . . 214
A.3.3 Orthorhombic Material Symmetries . . . . . . . . . . . . . . . . . . . . . . 217

287



C.2.1 Smooth Test Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
C.2.2 Smooth Cutoff Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232
C.4.1 Contour Integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234

288



Index

Ψ.D.O, see pseudodifferential operator

adjoint, 234
allele, 83
amplitude matrix

point, 57
volume, 131

background medium, 38
Born approximation, 40

first order approximation, 40
series method, 40

caustic point, see caustics
caustics, 174

focus, 174
characteristic wave speed

isotropic, 55
transversely isotropic, 187

Christoffel Matrix, 29
condition number

generalised, 83, 136
conic set, 107

conic neighbourhood, 107
cutoff functions, 231

data, 6, 14
data equation

ensemble, 58, 131
point, 52
volume, 126, 128

data vector, 57
point, 57
volume, 130

density, 27
derivative notation, 230

dot notation, 230
spatial derivatives, 230

Dirac delta function, 240
direct problem, 5
displacement vector, 24

eikonal equation, 169
geometrical optics, 171
ray velocity, 172
rays, 169

Einstein summation convention, see sum-
mation convention

elastic parameters, 28, see density, see
Hooke’s tensor

background parameters, 39
perturbations, 39
perturbations vector, see elastic per-

turbations vector
elastic perturbations vector, 56
Elastodynamic Wave Equation, 28
ensemble, 53

amplitude matrix, 57
data equation, 58, 131
data vector, 57
invertibility, 58
invertible, 58
mixed mode, 74
overdetermined, 92, 158
region, 163
single mode, 62
uninvertible, 58
volume, 128
weighting matrix, 58
well conditioned, 82

experiment, see seismic experiment
region, 163
virtual, 163

F.I.O, see Fourier integral operator
flare set, 108

localised, 111
forward problem, 5
Fourier integral operator, 117

adjoint, 120
phase function, 116
relationship to Ψ.D.Os, 117
wavefront relation, 118

289



Fourier Series, 93
coefficients, 93
complex coefficients, 94
complex form, 94
series, 93

Fourier Transform, 96, 97
flare, 108
Fourier domain, 96
normal domain, 96
shift theorem, 107
singularities, see singularity
smoothness decay, 98
terrain generation, 98

function
essential support, 118
Gramian matrix, 69
rank of, 69
rapidly decreasing, 95
Schwartz function, 95
singular support, 111

genotype, 83
Gramian matrix, 68

definition, 69
function rank, 227
Gramian, 68
inhomogeneous materials, 180
mixed mode, 76
of a function, 69
restricted, 71, 135
single mode, 71, 135

Green’s Function, 240
Green’s tensor, 41

anisotropic background, 176
inhomogeneous background, 179
isotropic background, 43

high frequency, 4, 19
Hooke’s tensor, 25

independent components, 56
symmetries, 26
symmetry group, 199

ill-posed, 7
inclusion, 123

interface, 123
inverse problem, 5
inversion, 20

region, 165
inversion operator

post migration, 156, 159
region, 164
single step, 158, 159

invertibility, 58
isotropic, 32
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