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1. Introduction

In [1] Hemker proposed a model test problem in two space dimensions, defined on the unbounded domain R? \
{x*> +y* < 1}, which is exterior to the unit circle. The problem involves the simple constant coefficient linear singularly
perturbed convection-diffusion equation

—sAu+u, =0, for ¥*+y*>1; (1)

with the boundary conditions u(x, y) = 1, if x> +y* = 1 and u(x, y) — 0 as x*> +y*> — co. An exponential boundary layer
and characteristic interior layers appear in the solution of this problem. In neighborhoods of the two points (0, 1), where
the characteristic lines y = C of the reduced problem (v, = 0) are tangential to the circle, there are transition regions,
where the steep gradients in the solution migrate from the exponential boundary layers (located on the left side of the
unit disk) to the characteristic internal layers which are emanating from the characteristic points (0, 1) (see Fig. 1). To
design a numerical method, which produces stable and accurate approximations over the entire domain, for arbitrary small
values of the perturbation parameter ¢, is seen in [1-5] as a reasonable challenge to the numerical analysis community.
Here we concentrate on the layers that appear in the vicinity of the circle by considering the problem restricted to a finite
domain. Hence, we do not address the potential merging of the two characteristic layers, which can occur at a sufficiently
large distance of O(1/¢) [6, pg.190] downwind (i.e., x > 1) of the circle.
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Fig. 1. The computed solution U;%* of the Hemker problem (2) generated by numerical method (21) for & = 21,

In several publications (e.g.[2,7]) the Hemker problem is used to test the stability of numerical algorithms designed
for a wide class of convection-dominated convection-diffusion problems, as classical finite element methods produce
spurious oscillations for this type of singularly perturbed problems. In [8], a stable numerical method was constructed on
a quasi-uniform mesh for problem (1), but there was a limited discussion of the accuracy of the numerical approximations.
In this paper, we guarantee parameter-uniform stability of the discrete operators by using simple upwinded finite
difference operators. Our main focus is on the design of an appropriate layer-adapted mesh, so that we guarantee that a
significant proportion of the mesh points lie within the layers. In Theorem 4, several pointwise bounds on the solution
of the continuous problem are established, from which the location and width of any layers are identified. Asymptotic
analysis [1,6,9-11] has also been used to determine the location and scale of all the layers that can appear in the solution
of problem (1).

The numerical algorithm constructed in this paper is composed of several different Shishkin meshes [12] defined across
different co-ordinate systems aligned to three overlapping subdomains. As we lack sufficient theoretical information about
the localized character of the partial derivatives of the continuous solution, we have no meaningful pointwise bounds
for the approximation error associated with any computational algorithm applied to the Hemker problem. Here, we
test for convergence of the numerical approximations using the double-mesh principle [13] and, more importantly, to
identify when any numerical method fails to be convergent. We emphasize that we shall estimate the global pointwise
convergence of the interpolated computed approximations across the entire domain. Numerical results with a preliminary
version of this algorithm were reported in [14].

The Shishkin mesh [13,15] is a central component of the algorithm. The simplicity of this mesh is one of the key
attributes of this particular layer-adapted mesh, which allows easy extensions to more complicated problems. Shishkin
meshes have the additional property that, if one has established parameter-uniform nodal accuracy [13] in a subdomain,
then (for problems with regular exponential boundary layers [16] and characteristic boundary layers [17]) this nodal
accuracy extends to global accuracy across the subdomain using basic bi-linear interpolation. This interpolation feature of
the mesh permits us employ overlapping subdomains, with different co-ordinate systems aligned to the local geometry
of the layers, and to subsequently test computationally for global accuracy across the entire domain.

In Section 2, we identify bounds on the solution of the Hemker problem restricted to a bounded domain. In Section 3,
we discuss how we computationally estimate the order of parameter-uniform convergence for any numerical method. In
Section 4, we construct and describe the numerical algorithm, which involves four distinct stages. The first two stages
generate an initial approximation which has defects only near the characteristic points. The third and fourth stage correct
this initial approximation. In Section 5, we present numerical results to illustrate the performance of the final algorithm.
The numerical results indicate that this new algorithm is generating numerical approximations which are converging, over
an extensive range of the singular perturbation parameter, to the solution of a bounded-domain version of the original
Hemker problem.

Notation: We will employ three distinct co-ordinate systems in this paper. A Cartesian co-ordinate system (x, y), a polar
co-ordinate system (r, 6) and a particular parabolic co-ordinate system (s, t). In each co-ordinate system, we adopt the
following notation for functions:

f(x ) =f(s,t) = f(r,0).
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We use these co-ordinate systems to solve various sub-problems on an annulus A, a rectangle S and planar regions Q*, Q ™.
The numerical solution is determined using four sub-components Uy, Ug, Uc and Up; where Uy is defined over the annulus
A, Uc is defined over the planar region Q* U Q™ and U, Up are defined over the rectangular region S. In addition, the
algorithm produces an initial global approximation U, which is shown to lose accuracy in some of the layers. This initial
approximation is subsequently corrected to produce a globally pointwise accurate approximation L_]Q’ . Throughout the
paper, || - |[p denotes the supremum or maximum norm measured over the domain D.

2. The continuous problem

In this paper, we confine our discussion to the Hemker problem (1) posed on a bounded domain of dimension O(R?).
Consider the singularly perturbed elliptic problem: Find u(x, y) such that

Lu:=—eAu+u,=0, (x,y)€ 2; (2a)

u=0, (x,y) €080; uy=0, (x,y)€02y; u=1, (x,y) € 082y; (2b)
where the bounded domain £2 and the boundaries 0829, 082y, 052; are defined to be

Q:={x, 1 <x®+y* <R, x<0}U{(x,y)] —R<y <R,0< x <R, 1 < x* +y?}, (2¢)

02y ={R Y —R<y <R}, 02 :={xy)+y =1} (2d)

020 = (X, X +y* =R, x <0} U{(x,y)ly=+R 0 <x <R} . (2e)

A sample computed solution (using the algorithm (21)) is displayed in Fig. 1, which illustrates the location of the layers
that can appear in the solution. In all of our numerical experiments, we have simply taken R = 4.
We have a minimum principle associated with this problem.

Theorem 1 ([18, pg. 61]). For any w € C°(D) N C*(D), D C £2, if Lw(x,y) > 0, (x,y) € D, then miny w > min,p w.

Proof. Consider the special case of mingp w = 0. Assumexw < 0 at some internal point. Then the function v := e 2w
is negative at some interior point. However, then Lw = e2(—¢Av + iv) < 0 at the point where v takes its minimum
value. This is a contradiction. Complete the proof by considering the function wy := w — mingp w. 0O

Thus, we have a comparison principle.

Corollary 1. If w,v € CO(D)N C2_(D), D C $2 are such that Lw(x,y) > Lv(x,y), Y(x,y) € D and w > v on the boundary oD,
then w(x,y) > v(x,y), ¥(x,y) € D.

For any open connected subdomain D C 2 we define the boundaries
dDy = {p € 3D|(1,0)- 7, > 0} and Do := dD \ dDy;

where ﬁp is the outward normal to 3D at p. As in [18, pg.65], we can establish

Theorem 2. If w,v € C°(D)N C3(D), D C £2 are such that Lw(x, y) > Lv(x,y), ¥(x,y) € D; w > v on the boundary dDg

and wy > vy on the boundary Dy, then w(x,y) > v(x,y), V(x,y) € D.
Let us partition the domain £2 into a finite number of non-overlapping subdomains {D;}]_; such that
D;iNDj =@, i#j $£=U.D; and [};:=D;ND;.
Let 5’—;’1 denote the outward normal derivative of each subdomain D; and

ou ou o+ Ju |
Iij 8nj Lij-

[%]Fﬂi - an;
Using the usual proof by contradiction argument (with a separate argument for the interfaces Ij;) we can establish the
following

Theorem 3. If w, v € C°(2) N C}(UL,Dy) is such that (a) Lw(x, y) > Lv(x,y), ¥(x,y) € D; for all i; (b) [3%] . =
L]
€

v
[ﬁ]r,-'j
foralli,j; (c) w > v on the boundary 929 and (d) wyx > vy on the boundary 082y, then w(x,y) > v(x,y), V(x,y) .

2

Proof. Consider the function z = e’sz:(w— v) and assume that z(p) := ming z < 0. By (¢), z is not a consta)pt function and
P & 3820. Note that (w—v), = e2 (z+3-2) and so, by (d), p & d82y. By (a), p & D; for any i, as L(w —v) = e (—eAz+ 4-2).
Finally,

d(w —v)

0z
[ on ]r,-J

= e [7]1*,
an-'ij
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and, using the argument [18, Theorems 7 and 8, pp. 65-67] over each subdomain D;, we have that g—fl(ﬁ) <0ifp e I3
Hence we have the strict inequality [ %] ,. (B) < 0, which contradicts (b). O
LJ

Using these results, we can establish the following bounds on the solution:

Theorem 4. Assuming ¢ is sufficiently small, then the solution u of problem (2) satisfies the following bounds

0<uxy)<1, (x,y)€ 2; (3a)

u(r,0) < Cems(gl(r_n, cosf <0, r>1; (3b)
_yvl=1)

uix,y)<Ce ¢ ,ly|>=1, —R<x<R; (30)
_ (052 4)y|-1)

ux,y) < Ce 323 | xeeP[=1,1], —Ce?? <0.5x* + |y| — 1 < Ce*>. (3d)

Proof. The first bound follows easily from the minimum principle. See details in the appendix for all of the remaining
bounds. O

3. Computationally testing for convergence

As identified in [1], we do not have a useable closed form representation of the exact solution to the Hemker problem
to allow us to evaluate the accuracy of any computed approximation. The infinite series representation [1] for the
exact solution has difficulties for moderately small values of the singular perturbation parameter &. Hence, to test for
convergence we rely on the double-mesh method of estimating the order of convergence [13, Chapter 8]. We elaborate
on this experimental approach in this section.

For every particular value of ¢ and N, let UY be the computed solutions on certain meshes £2~, where N denotes the
number of mesh elements used in each co-ordinate direction. Define the maximum local two-mesh global differences DY
and the maximum parameter-uniform two-mesh global differences D" by

DY == U — U||gvygav and DV := sup D,
0<e<1
where L_JQ’ denotes the bilinear interpolation of the discrete solution Uﬁ’ on the mesh .Qf’ . Then, for any particular value
of ¢ and N, the local orders of global convergence are denoted by pY and, for any particular value of N and all values of e,
the parameter-uniform global orders of convergence p" are defined, respectively, by

_ DN _ DN
pY = log, <Dﬁ> and p" :=log, (DW) .
&

If, for a certain class C of singularly perturbed problems, there exists a theoretical error bound of the form: There exists
a constant C independent of £ and N such that foralle > 0

ION —ulle <CN?, p>0; (4)
then it follows that
DN <C(1+27P)NP.

Hence, for any particular sample problem from this class C, we expect to observe this theoretical convergence rate p in
the computed rates of convergence p". That is, we expect that pV ~ p.

A useful attribute of the two-mesh method is that we can use it to identify when a numerical method is not
parameter-uniform. Observe that

N 2N N SN
U — U e < IU; —ulle + llu— U le.

Hence, if the parameter-uniform two mesh differences DN fail to converge to zero, then the numerical method is also
not a parameter-uniform numerical method. In our quest for a parameter-uniform numerical method, we used this feature
to identify necessary components to construct a parameter-uniform numerical method. On the other hand, without the
existence of a theoretical error bound (4) (as is the case with the Hemker problem), if the global two mesh differences
DN are seen to converge then we can only conclude that the numerical method may be a parameter-uniform numerical
method. We would require a theoretical parameter-uniform error bound on the numerical approximations, before one
can assert that the numerical method is indeed parameter-uniform.

For any numerical method applied to a class of singularly perturbed problems, our primary interest is in determining
the parameter-uniform orders of global convergence p". However, we can also examine the local orders of convergence

1 In passing we note that, in general, for a piecewise-uniform Shishkin mesh 2N U QN £ 22N as the transition point (where the mesh is not
uniform) depends on N.



AF. Hegarty and E. O'Riordan Journal of Computational and Applied Mathematics 409 (2022) 114155

pY to see how the numerical method performs for each possible value of ¢ over the range 0 < ¢ < 1. In general, we note
that pV # min, [)’g’ . In the case of piecewise-uniform meshes, certain anomalies can sometimes be observed in the local
orders of convergence (i.e., f)g’ % pN) for certain values of &. We illustrate this effect with the following theoretical example.
Based on the nature of the typical errors on a piecewise-uniform Shishkin mesh in a one dimensional convection-diffusion
problem, suppose that the two-mesh differences DY were of the form

£ if kelnN > 1 1
DN ::{ I+p - h =—, k>1.
: N-T if kelnN <1 where pi=ine f =

For this theoretical example, the parameter-uniform two mesh differences can be explicitly determined. Note first that

kinN :
DN <{ m if kelnN Zl
& — Nfl

if kelnN <1~
Hence, if N > 4, k > 1, we have
kInN
A Y lim pV = 1.
N+ kInN N—oo

Let us now consider the particular values of ¢ = 27%, k = 4 and N = 32. First observe that

DN _ 11‘;* if InN>4

e=2*"| N1 if InN<4"’

where p, = 16N~

Then, in particular,

D2, ,=27D% ,=02,

e=2"4 =2-4
which yields the order of convergence as
p?, 4~ —268 although p** ~0.55.

Thus, we can have negative local orders of convergence pY, for particular values of ¢ and N and still have positive
parameter-uniform orders of convergence p". This phenomena will appear in the numerical results section in Section 5.

In practice, note that the parameter-uniform orders p" can only be estimated over a finite setR, := {277,j =0, 1,..., ]}
of values of the singular perturbation parameter ¢ € (0, 1]. That is, we define

DN
pY = log B where DV := maxDV
® ’ DIZ?’N , R ecRL .

When a method is known to be parameter-uniform, J is taken sufficiently large so 52’,( = 13:,, for any K > J and ﬁg, is

taken to be the computed estimate of pV.

In this paper, we construct a numerical method that displays positive orders of convergence ﬁg’zo, for N sufficiently
large; i.e., N > Ny, where Ny is independent of &, when the numerical method is applied to the Hemker problem and
the range of the singular perturbation parameter is ¢ € R, := {277,j =0, 1, ..., 20}. For smaller values of the parameter
(e < 27?%), we have observed a degradation in the local orders of convergence. Hence, we cannot claim that the numerical
method described in this paper is parameter-uniform. This lack of convergence might be due to the presence of an
unidentified singularity; but, in effect, the character of the solution for & < 272° remains an open question.

To conclude this section, we note that the two-mesh differences are computed to enable the computation of
approximate orders of convergence. To generate approximations to the pointwise errors for any particular value of N
and ¢, we compare the computed solution for a given number of mesh points N to the computed solution on a fine mesh.
That is, we approximate the nodal error by

IUY —ullgn = UY — UMl gn,  forany N <N,;
and the global error by

[UN —ullo ~ ||UN — U;‘N*Hgy ., forany N <N,.

un!

4. The numerical algorithm

Polar coordinates are a natural co-ordinate system to employ in the semi-annular region to the left of the line x = 0
and rectangular co-ordinates are natural to the right of the line x = 0. To incorporate both co-ordinate systems, we first
generate an approximate solution to the problem (2) on the sector

- 3
A= (ol <r<RZ-1=0=<= +1), (5)
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which is a proper subset of the domain £2 and the parameter 7 is specified below in (7b).
The continuous problem (2), restricted to the sector A, is transformed into the problem: Find a periodic function,
t(r,9) = u(x, y) such that

o & . - NS sin(@) . ~
Lit := ——1igg — el + (cos(6) — = )it — ( )ug =0, in A; (6a)
r r

i(1,0)=1, T_r<o<24 iR 0)=0, T <<t (6b)
ulbg)=1, ——1=0=— =TT, un,o0)=9, —=0=—.

2 2 2 2
The remaining boundary points of this sector A are internal points within the domain £2, where the discrete solution has
not yet been specified. In order to generate an initial approximation to the solution i, we impose homogeneous Neumann
conditions at these internal points of the form:

ui(x,y)=0, if *+y*=R* and x> 0; (6¢)

a, T a3

ue(r,i—t):ue(r,7+r):0, for 1<r <R, (6d)
where 1(x, y) ~ u(x, y) for x < 0.

Remark 1. The choice of a homogeneous Neumann condition at the outflow is motivated by the following observation:
Consider the one-dimensional convection-diffusion problem: Find z(x), x € [0, L] such that

—ez" +az =f(x), x€(0,L); z(0)=A,z(L)=B; ax)>a >0
and the approximate problem: Find z4(x), x € [0, L] such that

—ezy +azy = f(x), x € (0,L); z4(0) = z(0), z4(L) = 0.

Using a comparison principle (as in Theorem 2), we can establish the bound

B

e|lZ/(L)] _et—x
I(z = za)(X)| = e ¢
o
Hence, z4 is an O(N~!)-approximation to z, at some O(e In N) distance away from the end-point x = L. That is:

InN
Iz — za)%)| < CelZ(IN"' <CN~1; if xe[0,L—

].

This problem (6) is discretized using simple upwinding on a tensor product piecewise-uniform Shishkin mesh, whose
construction is motivated by the bounds (3b), (3d). Two transition points (where the mesh step changes in magnitude)
are used in the radial direction. The choice of the first transition point oy is motivated by considering the bound (3b) at
some fixed distance x < —§ < 0 to the left of x = 0 and by the theoretical error bounds [19] established for this mesh in
the region where x < —§ < 0. The choice of this point x = —§ is arbitrary. As in [19], we simply take it to correspond to
a critical angle 6,, such that

/ccose*:—%, 05 <k <1,
where « is again arbitrary. Hence, we have that
i(r,0) < Ce~%, for 6,<6<2m—6,
and
i(r,0) <CN7', if r>1+2¢InN and 6, <6 <27 —6,.

A second transition point o3, is motivated by the bound (3d) applied along the line x = 0. In the angular direction, the
bound (3d) also motivates the inclusion of a transition point t in the vicinity of the characteristic points. See also [9, pg.
269], [10, pg. 188] and [11, pg. 1183] for motivation for these scales in the vicinity of the characteristic points (0, 1).

The Shishkin mesh .{N?,Q’ The radial domain [1, R] is divided into three subregions. The radii r = 1, r = 1401, 1 =
1+ 01 4+ 02, r = R, mark the subregion boundaries and the radial transition points are taken to be

R—1 . R—1
,2¢InN} and o7 := min{

o1 = min{ , 3623 InN}. (7a)
The N radial mesh points are distributed in the ratio N/4 : N/4 : N /2 across these three subintervals. For the angular coordinate,
the interval [5 — T, 37” + 7] is split into three subintervals with the start/end points of each subinterval, respectively, at

b4 b4 3 3

5—7254-1'77—1',74-1'
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Fig. 2. A schematic image of the mesh f?l’f (7) on the annular subregion A (5).

and the mesh points are distributed in the ratio N/4 : N/2 : N /4 across the three associated subintervals. The transition points

are determined by

7= min{%, V6¢'3InN}.

(7b)

A schematic image of this mesh is presented in Fig. 2. However, in practice, the refinement in the radial direction only
becomes apparent to the user for very small values of e.

At the mesh points on the sector A, the computed solution will (in polar coordinates) be denoted by Ua(ri, 6;), (11, 6;) €
.Qf’;’ . This approximation is extended to the global approximation Ux(r, 8), (r, ) € A, using simple bilinear interpolation
We will utilize the following finite difference operators D;r, D ,D

2141, 6) — Z(13, 0)

+ 2
r’(Sr

211, 6) — Z(1i1, 6))

D} Z(ri, 6;) =

D
2(bDF)Z = (b — |b)DfZ + (b + |bI)D; Z;  82Z(ri,6)) =

. DrZ(ri, 6) = P
i~ li—

+Z(r;, 6)) — Dy Z(1;, 6;)

Stage 1: Numerical method for U, defined over an annular subregion A

Find Uy such that:

NUs=0,  (n.6) e 2
where MU := —=82U — 82U + (cos(6)) — —)DFU — =22
I Ti

Ua(1,6;) =1,

siné
(cos6D; — -

Dy)Ux(R.6) =0, 6 €(5—1,7)U(

b4 3 b4
7 T2+ UR6)=0 o <6 = —

T T 37 37w
2 2 272

(rig1 —1i-1)/2

2

(8a)
(8b)

(8c)

(8d)

2 Over any computational cell £2;; == (xi_1, X;) X (¥j—1, ¥;), where h; := X; — x;_1, k; := y; — yj—1, we denote the bilinear interpolant of any function
g(x,y) by g. For any smooth function v, where ol +llvpylle; <C, then lv—vle,; < Ch,.z+ij2. For a layer function of the form w(x, y) = e—ox/e"

] L
lw —llg, < Cllwllg, < CN"', if x=

PInN
£ and

lw = blle, < Chillwyllg, < CN~'InN, if hj <Ce’N~'InN.
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Table 1
Computed double-mesh global orders of convergence pY using the mesh .Q/"V (7) with x < 0, when applied to problem
(2) confined to the sector A with R = 4.

Py

eIN N=8 16 32 64 128 256 512
e=1 0.9855 0.9966 0.9996 0.9996 1.0002 1.0001 1.0000
272 1.0014 0.9115 0.9643 0.9867 0.9918 0.9958 0.9979
274 0.4693 0.6789 0.7825 0.6875 0.6950 0.7541 0.9911
26 0.5832 0.7176 0.7760 0.6887 0.7691 0.7990 0.8255
278 0.7205 0.7771 0.8441 0.6893 0.7713 0.7991 0.8266
210 0.3249 0.7079 0.9677 0.8376 0.9761 0.9231 0.8270
2712 0.1131 0.4659 0.8732 0.9145 0.8086 0.9597 1.0268
2714 0.1242 0.5344 0.6122 0.7242 0.8605 0.7995 0.9612
216 0.1669 0.4506 0.4704 0.6033 0.7562 0.8573 0.8242
2-18 0.2113 0.2972 0.3714 0.5046 0.6604 0.7978 0.8561
2720 0.2111 0.1873 0.2770 0.4167 0.5625 0.7077 0.8373
pggﬂ 0.2111 0.1873 0.2770 0.4167 0.5625 0.7077 0.8373

DS UA(m, % — 1) =D, U, 37” +1)=0, for 1<r <R (8e)

The boundary condition ((8)d) corresponds to applying the Neumann condition u, = 0 at these internal points of Q.

In Table 1, we present the results from applying this numerical method to problem (2) posed on the sector A C £2. We
display the orders of convergence only for the region where x < 0 and we observe global convergence over the parameter
range ¢ € [27%0, 1].

We next introduce a rectangular mesh, which will be aligned to the internal characteristic layers. We retain the
computed solution Uy in the upwind region where x < 0 and then solve the problem (2) over the remaining rectangle

S={*y)I0<x=<R —R=<y=R} (9)

using a piecewise-uniform mesh £2¥, whose transition parameters are related to the bounds (3c) on the continuous
solution u. By (3c),

u(x,y) <CN7', if y>1+2¢"*InN.
The Shishkin mesh .QQ’ The mesh .QQ’ = wy, X w3 is a tensor product mesh of a uniform mesh w, in the horizontal direction

and a Shishkin mesh ws, which refines in the region of the interior characteristic layers. The mesh ws is generated by splitting
the vertical interval [—R, R] into the five subregions

[R—1—-n]U[-1-17,-14+1]U[-14+7,1 —=7]JU[1 =11, 1+ 2] U[1 4 12, R], (10a)
distributing the mesh elements in the ratio N/8 : N/4:N/4: N/4: N/8 and

,2¢'2InN}. (10b)

1
Ty = min{i, 2¢2InN}; 15 := min{
Observe that some of the mesh points in .Qg’ lie within the unit circle, where the value of the continuous solution is
known. See Fig. 3 for a schematic image of the composite mesh (£2) U 28)\ C;.

Stage 2: Numerical method for Uy defined over the downwind region S:
Find Ug(x;, y;) such that

MMy = (—saf — 682 + D;)UB(xi,yj) =0, (xy)e M\ (11a)

Usxioy) = 1. (. y) € 8NCr: o= {(x )X +y> < 1) (11b)
with the remaining boundary values computed from the equations

D, Up(R,y;) =0, —R <y; <R, Up(xi, —R) = Up(x;, R) =0, x; € [0, R]; (11¢)

Up(0,y;) = Ua(0,y;), yj € (=R, R)\ [-1,1]. (11d)

Here UA(O,yj) is a linear interpolant of the values Ux(r;, 6;) along the line x = 0.
The initial computed global approximation Uf’ to the solution of problem (2) is:

0N y) = | 0 0), for (r,0) €A\ (x=0) (12)
o Up(x.y). for (x.y)eS\Ci,
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Fig. 3. A schematic image of the composite mesh (Q,"" U Qé") \ C1, defined by (7) and (10).

Table 2
Computed double-mesh global orders of uniform convergence pY, for the mesh fZ,’;’ (7) used up to x = 0 and
subsequently combined with the rectangular mesh .Qg’ (10).

B!

N 8 16 32 64 128 256 512
e=1 1.1831 0.5014 0.7157 0.7719 0.8259 0.8743 0.9100
272 1.7592 0.0305 0.4492 0.6880 0.7791 0.8460 0.8944
24 1.0764 1.0413 0.0241 0.4368 0.6719 0.7768 0.8486
276 0.2376 0.7503 1.7967 —0.9041 0.7151 0.4173 0.7648
278 —0.0726 0.3699 0.6842 0.1372 0.8439 —0.0165 0.6041
2-10 —0.0700 0.0504 0.4604 1.0622 0.4357 0.2011 0.4706
2712 —0.1139 —0.0051 0.2692 0.8506 1.0414 —0.0081 0.3631
21 —0.1508 —0.0405 0.1558 0.5954 1.2268 0.1912 0.2453
2716 —0.1680 —0.0685 0.0477 0.3999 1.0007 0.7912 0.0780
2718 —0.1686 —0.0873 —0.0159 0.2119 0.7662 13778 —0.0380
2720 —0.1690 —0.0922 —0.0467 0.0795 0.5156 1.2055 0.5538

where Uy is defined by (8) and Uy is defined by (11).

In Table 2, we do not observe convergence of these initial numerical approximations Uf’ . Hence, although we observe
convergence in the annulus up to x < 0, this does not suffice to generate convergence across the entire domain, even if
the mesh is fitted to the characteristic layers. In Figs. 4, 5 we plot the error across the entire domain and we observe a
spike in the global pointwise error in the vicinity of the characteristic points. This global error does not decrease when
the mesh is refined.

We next describe the construction of a correction UY to the initial approximation UY.

Let us return to the bounds on the continuous solution given in Theorem 4. From (3d), the bound on the solution
remains constant along the parabolic pathy — 1 = —%xz. This is the motivation to introduce a third co-ordinate system
that is aligned to these parabolic curves. Under this transformation, a mixed derivative term will appear in the transformed
elliptic operator and we are required to restrict the dimensions of the sub-domain (where this new transformation is
utilized) in order to preserve inverse-monotonicity of the corresponding discrete operator.

We introduce a patched region Q := Q* U Q ™, in a neighborhood of the vertical line x = 0. We discuss the approach
on the upper region

Q= {xyly =t —x*/2,

with an analogous definition of the lower region Q ~. The width L and height 36 + 3 of this strip will be specified later
in order to retain stability of the discrete operator.
A natural coordinate system for this patched region Q7 is

(y=t—s%/2).

O<x<L<1, 1—13<t<1+438} (13)

s=x, t=y+x%/2,
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Fig. 4. Approximate global error U}?® — U?%48 on the mesh 2} U 2, (7) and (10) with N = 2048, for & = 271°.
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Fig. 5. Approximate global error U?°6 — U2%48 on the mesh 2} U 2, (7) and (10) with N = 2048, for & = 271°.

Then let (s, t) := u(x, y), 0" := (0,L) x (1 — 73, 1 + 38) and
Uy = U + stly, Uy =i, Uy =g, Ug = U + 25T + s* e + .

Under this transformation the problem (2) on the patched region can be specified as follows
—&(flss + 28flis + (1+ 2)ilee) + s + (s — &) = 0, (s, £) € Q+ \ Ci;
s, t)=1, if s>+(t—s*/2°<1.

We will use the initial computed approximation U{V (12) as boundary values to solve on the patched region Q+ as follows:

=

il := —e(flss + 2505 + (14 i) + s+ (s — )ity =0, (s,t) € QT \ Cy,
(s, 1—13)=1,  {i(s, 14+38) = Uy(s, 1+ 38), se(0,L),

(0, t) = Uy(0,t), Gyl t)=0, t € [1—13,1+35],

10
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is,t)=1, if s+ (t—s*/2 <1

We again note the use of a Neumann boundary condition at the artificial internal boundary s = L. To ensure that the
corner point (L, 1 — 73) of this patch Q* lies within the inner boundary (r < 1) of problem (2), we require that

1
—ELZ +1—13<v1-12
which, in turn, requires that
P1-V1-12 (1-+1-127
T3> — = .
214/1-12 2

We now specify the next phase of our numerical algorithm, where we correct the initial approximation Uy,

We numerically solve the problem on the patch Q*, in the s, t coordinate system, using a Shishkin mesh Q},V M with
two transition points located at t = 1+ 73 and 1 + 3 + 4. The choice for the transition parameters 13, 74 is motivated
by the bounds (3c) and (3d), written in the (s, t) coordinates

(14)

el il
(s, t) < Cmin{e 323 ,e” v&}, for see'’*[—1,1].

The Shishkin mesh fz{,v M We use a uniform mesh in the s-direction and a Shishkin mesh in the t-direction. The vertical strip
[1— 13, 14 38] is split into the following four sub-regions

[1—13, TJU[1, 1+ 3]U[1+ 713, 14+ (13 + 74)] U [1 + (3 + 74), 1+ 3]
where
3 := min{8, 3¢%> In M}, 74 := min{é, 24/ In M}, (15)

and M /4 mesh elements are distributed uniformly within each of these sub-intervals.
Within this patched region, we adopt the following notation

h=N"'L, k<k:=t—ti1<K; 2k=k+ki1,
where, as 73 < 14, we have

AM 'ty <k <K < 126M~.
Note that if we assume that

128 < MN7!, (16)
then the maximum mesh step K in the vertical direction will be such that K < N~1.

Stage 3: Numerical method for Uc defined near the characteristic points
Find U¢ such that:

VM .= —e£NMUc + D7 Uc + (5i — e)DEUc = 0, (si, ) € 20°M; (17a)

where £NMY 1= 62Y + 2s84Y + (1 +5°)8;Y; 28y = D; D; + D D} (17b)
and for the remaining mesh points

Uc(0, ) = Uq(0, ), D;Uc(L, ;) =0, 1—13<t;<1+38; (17¢)

Uc(si, 1—13) =1, Uc(si, 14 38) = Uy(si, 1+38), 0 <s; <L; (17d)

Ucsit) =1, if 2+ (5 —s/27 < 1. (17e)

The presence of the mixed derivative termﬂasﬁst in the transformed problem, creates the danger of loss of stability in the
discretization of the differential operator L [20]. However, by restricting the dimensions of this parabolic patch, we are
able to preserve an appropriate sign pattern in the system matrix elements, so that the matrix £¥°*™ is an M-matrix.

Theorem 5. If we choose the dimension of the patch Qr (13) to satisfy

L<L.:=2/NM-'t; and 126 < MN~! (18)
then the finite difference operator LEY (17) satisfies a discrete comparison principle. That is, for any mesh function Z,

if Z(si,1—1)>0,2(s;,1+38)>0,2(0,) >0, D;Z(L,t)>0, ¥(s;, ;) € Q"

and [NMZ(s;,t) >0, Y(si, ) € QT
then Z(si, ;) > 0, ¥(si, ;) € Q™.

11
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Proof. Let us examine the sign patterns of the second order operator £V'™ (defined in (17b)). From assumption (16), we

have that
kjS,’ KL K
——>1-—>1-——>0.
h — h — 2N —
Using this, we see that for the internal mesh points
J+1 ikl
_ﬁN’MY(Sis tj) = Z Z aknY(Sks tn)§

n=j—1k=i—1

where the sign of most of the coefficients ay, is easily identified to be

Git1j-1 = Qi—1j+1 =0; @Gi_1j-1 = _k%ih <0; 0141 = _kjjilh <0
%= % ik (14— (kjizi”) =0
A a4 s __i(] ki £) <0 = _(+sh)
k;k; kih kik; h kikit1
Finally, we look at the last two terms,
1 Si 1 Si

ai—],j — aH—Lj = —hfz —+ m, aH—l,j = —hfz + hkj+1 .

Observe that
1 Lh 1 MIL?
=) =-—pl-gy) =0

max{aj_1j, @Giy1,j} <

Si
UL

< 0.

if we choose L such that (18) is satisfied. This sign pattern on the matrix elements insures that the system matrix associated

with the finite difference scheme is an M-matrix [13, pg.19], which suffices to establish the result.

The constraints in (14) and (18) are all satisfied if

1
M =N, L2=4T3 and T3S8§E,

as2x > (1—/1—4x)* for 0 <x < .

In the final phase, we solve the following discrete problem over the rectangle
S* = (L,,R) x (—R,R) C S, L, :=2y/NM~113;
using the mesh £2Y, which was defined in (10).

Stage 4: Numerical method for Up defined over the downwind region S*
Find Up such that

"MUp(xi, y;) = 0, (x1,¥;) € 28\ Cr;

P Ur(L..y;). ¥ € [-R. —1—38]U[1+358,R], 8 < M/(12N);

Dy Up(R,y;) =0, —R <y; <R, Up(x;, —R) = Up(x;, R) = 0, x; € [L, R].
Then our corrected numerical approximation is given by

i Ui(x,y), for (x,y)e 2\ ((x=1"}uQtuQ™)
U(x,y) =1 Uclx,y), for (x,y)eQtuQ-,
Up(x,y), for (x,y)e({x=>=L*}Nn£2)\(QTUQ™)

(20a)
(20b)

(20c)

(21)

In the next section, we present some numerical results to illustrate the convergence properties of this corrected
approximation, which is defined across three different coordinate systems. A schematic image of the composite mesh

20U )M U 28M is presented in Fig. 6.

5. Numerical results

In the previous section, we have seen that the initial approximations L_]f’ displayed a lack of convergence, due to the
presence of large errors in the neighborhood of the characteristic points. The corrected approximations Ug’ incorporate a
parabolic patch near these points. In the numerical experiments in this section, we have taken M = N, § = 0.05 and, for

12
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Fig. 6. A schematic image of the composite mesh £2,"" U 2" U M.
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Fig. 7. Approximate global error U}%® — U2 in corrected approximation for & = 271°.

ease of generating Tables, we have simply taken L = 2\/ min{8, £2/3 In 2048} in the patched region. When we include the
patch, we observe convergence in Table 3 of the corrected approximations over this parabolic patch .Q,’,V over an extensive
range of ¢ and N. In Table 4, the global orders of convergence over the entire domain for the corrected approximation L_]Q’
are given. These orders indicate that the corrected approximations are converging for all values of ¢ € [272°, 1]. In the
final Table 5, the approximate global errors over the entire domain are displayed for all ¢ € [272°, 1]. We observe that
as ¢ — 0 the global errors continue to grow for each fixed N. Hence, the method appears not to be parameter-uniform.
Nevertheless, for any fixed value of ¢ we do observe convergence as N increases. In particular, we see in Figs. 7 and 8
that for the corrected approximations UY, the approximate global errors U, — U2%*® essentially halve as the number of
mesh points are doubled. This is in sharp contrast to the approximate global errors U; — U12048 displayed in Figs. 4, 5.

The computed orders of convergence in Table 4 suggest that this multi-stage numerical method is producing a
converging sequence of numerical approximations to the analytical solution of the Hemker problem (2) across the entire
domain for singular perturbation values ¢ € [27%0, 1].

6. Conclusions

Based on parameter explicit pointwise bounds on how the continuous solutions decays away from the circle, a
numerical method was constructed for the Hemker problem. There are no spurious oscillations present in the numerical

13
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Fig. 8. Approximate global error U2°¢ — U2°#® in corrected approximation for ¢ = 271°.
Table 3

Computed double-mesh global orders of convergence pY for the corrected approximations Uc (17) measured over the
patched region Q (13), where L = 2,/min{$, £2/31n2048} and § = 0.05.

e|N N=8 16 32 64 128 256 512

1 1.4739 0.3521 0.6916 1.1128 0.7936 0.9664 0.9716
272 1.7825 0.2514 0.4127 1.1106 0.6181 0.9426 0.9508
274 1.4364 0.6690 0.4384 0.8073 0.6223 0.8619 0.4013
26 0.2310 0.7570 1.5302 —0.6245 2.0571 0.5677 0.2180
2-8 —0.2532 0.3617 0.8478 —0.0286 1.1685 1.2720 0.1293
2710 —0.0002 0.0086 0.4198 1.0663 1.6521 1.2344 0.8949
212 —0.0208 —0.0051 0.1917 0.8547 1.4528 1.2501 1.0148
214 0.1888 —0.0509 0.1504 0.5917 1.2201 1.3731 1.0606
2716 0.3670 —0.0685 0.0477 0.3999 1.0007 1.6196 1.1642
2718 0.3904 —0.0179 —0.0203 0.2101 0.7656 1.4258 1.3736
2720 0.7398 —0.2868 —0.0467 0.0795 0.5156 1.2055 1.6702
ﬁggo 0.3593 0.0521 —0.0351 0.1095 0.5156 1.2055 1.6702

Table 4

Computed double-mesh orders of global convergence pY for the corrected approximations U, (21) measured over the
entire domain £2.

e|N N=38 16 32 64 128 256 512

1 2.0261 0.6227 0.2352 0.7464 0.8763 0.9448 0.9799
272 2.0506 1.0501 0.3720 0.3373 0.8437 0.9907 0.4472
274 1.9773 0.1282 1.9129 0.8324 0.3435 0.3734 —0.3310
276 0.2310 0.7570 1.5302 —0.6245 2.5573 0.2520 0.0335
278 —0.2532 0.3617 0.8478 —0.0286 1.1685 1.2720 0.1293
2710 —0.0002 0.0086 0.4198 1.0663 1.6521 1.2344 0.8949
2712 —0.0208 —0.0051 0.1917 0.8547 1.4528 1.2501 1.0148
271 0.1888 —0.0509 0.1504 0.5917 1.2201 13731 1.0606
2716 0.3670 —0.0685 0.0477 0.3999 1.0007 1.6196 1.1642
218 0.3904 —-0.0179 —0.0203 0.2101 0.7656 1.4258 1.3736
2720 0.7398 —0.2868 —0.0467 0.0795 0.5156 1.2055 1.6702
[ng 0.3593 0.0521 —0.0351 0.1095 0.5156 1.2055 1.6702

solutions, as we use simple upwinding in all co-ordinate directions used. Several layer adapted Shishkin meshes are
utilized and these grids are aligned both to the geometry of the domain and to the dominant direction of decay within the
boundary/interior layer functions. Numerical experiments indicate that the method is producing accurate approximations

14
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Table 5

Approximate global errors ||UY — U2%4%||, over the domain £2.

eIN N=38 16 32 64 128 256 512
1 0.1689 0.0828 0.0686 0.0435 0.0245 0.0127 0.0057
272 0.2735 0.1434 0.0765 0.0530 0.0311 0.0197 0.0100
274 0.4079 0.2272 0.1415 0.0887 0.0515 0.0305 0.0169
276 0.5720 0.4206 0.2369 0.1186 0.1109 0.0330 0.0188
2-8 0.6790 0.5657 0.4065 0.2034 0.1852 0.0650 0.0123
210 0.7331 0.6325 0.4882 0.3030 0.1344 0.0518 0.0198
2712 0.7769 0.6916 0.5624 0.3859 0.1971 0.0698 0.0326
2714 0.8140 0.7414 0.6287 0.4662 0.2718 0.1100 0.0446
216 0.8458 0.7847 0.6871 0.5419 0.3462 0.1615 0.0547
2718 0.8718 0.8213 0.7393 0.6122 0.4329 0.2280 0.0799
2720 0.8950 0.8519 0.7830 0.6720 0.5095 0.3025 0.1213

over an extensive range of the singular perturbation parameter. Hence, the method is stable for all values of the singular
perturbation parameter and the numerical approximations are converging to the continuous solution for each value of
the parameter; however, this convergence is not uniform in the singular perturbation parameter.
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Appendix. Bounds on the continuous solution

1. For 0 < k¥ < 1, consider the barrier function
Kk cos(@)(r—1)

B(x. ::{ e ¢ ,cos(0) <0, r>=1, 22
() 1 , x>0, ¥+y*>1 =
For the subregion where x < 0, note the following expressions for the partial derivatives of this barrier function:
~ sin(6 -
L QTR S
&
. K cos(6) «2 sin%(0) -
By, = —(7(r -1)-—F0- 1)2)B ;
-~ kcos(6)~_ -~ Kk%cos*(0)~_
Br=—"F, Bi=—3B

Combining these expressions, we can deduce that

e 1.
B > Ssin?(0)(1 —x + )1 = —)B >0, cos(6)(0, r)1;
£ r r
9B K 1 9B

[, =B «0.y)==(1——=)>0: B (x,y)=1 ¥ +y* =1, —(R.y) =0.
on ¥ £ 1yl 0x

Using Theorem 3 we establish the bound (3b).
2. Consider the following barrier function

_0=1
B*(x, y) ':{ e1e” Ve y>1; (=2
’ ’ ecl(1+X) s y E ‘1 ’

In the region where y > 1, note the following expressions for the partial derivatives of this function:

Bf =CiB" and —¢B; =—B*
and so, for ¢ sufficiently small,

IB" = (C; —eC{ —1)B* >0, Vy>1.
Note also that

9Bt

-+ : 2 2 _ 1.
Bfx,y) =1, if ¥+y*=1; [W]yﬂ

=—B/(x,1")>0 and B (R, y)>0.

Using Theorem 3 we establish the bound (3c) for y > 0 and using symmetry we deal with the case of y < 0.
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3. For y > 0, consider the following function, defined in a neighborhood of the line x = 0,
k(0.5 +y—1)

X
B(x,y) = (1+ 8%)(1 —aC)y e B, e <x<Ce'3, al < 1;

where the possible ranges for the positive parameters «, «, C will be specified below. Note the following expressions
for the partial derivatives of this function:

(1—aC)! KX R )
= —7F—a— — - 253 -
Bx - 31/3 ((X 81/3(] + 8]/3 ))e N
2 —1 2.,
k*(1—aC) ax \ _x0524+y-1)
= - 253 .
eBy = el/3 ( 81/3)6 ’

- 1 g —x0524y-1) 13 3
By = —0(e?)e 27 | —Ce'® <x < CeV3.
&

Let us introduce £ := xe~1/3, then for £ € C(—1,1),0 < aC < 1,

1—aC)! k(052 4y-1)
—¢Byy + By = (81—/3)(01 —kE(1+aé) — (1 +af)e 2°

1 o _ k(052 4y=1)
> — (——— —Ck —«?)e £2/3 .
- el 6 )

In order that LB(x, y) > 0, x € Ce'/3(—1, 1) (and recalling that «C < 1) we impose the following constraints:

C 8 9

Kk<—, a>-C% <= (23)
3 9 8

For simplicity, we take the particular values,

1
C=1, =09 and K=§.

From this,

Bu(x,y) >0, By(x,y)<0; —e¥<x<e'? y>o.
By restricting the domain of the function B(x, y) to the strip

S={(x x| <& —pue?? <05 +y—1< pe?}
then e# > B(x,y) > e ¥*  (x,y) € S and

e B(x,y) = 1>u(x,y), (xy)€S\S.

Using Theorem 1 we establish the bound (3d) for y > 0 and using symmetry we deal with the case of y < 0.
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