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a b s t r a c t

In this work, we revisit a recent transient three-dimensional (3D) model for longitudinal
electromagnetic stirring in the continuous casting of rectangular steel blooms. Whereas
the earlier work was able to demonstrate accurate approximations to the solutions in
two asymptotic limits, both of which gave economical alternatives to time-consuming 3D
computations, here we show that the original governing equations can be manipulated
to a form that allows for rapid computation even outside of these asymptotic limits.
The resulting formulation requires the numerical solution of two steady-state complex
Helmholtz-like equations in two dimensions that are coupled via a non-standard internal
interface condition that is reminiscent of that occurring in the study of Marangoni con-
vection; these equations are then solved numerically using the finite-element software
Comsol Multiphysics. With this formulation, it is possible to compute the time-averaged
Lorentz force components in a way that requires around four orders of magnitude less
computational time than the fully 3D approach.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Electromagnetic stirring (EMS) is a technique that has long been used in the continuous casting of steel as a
ay to affect the flow of molten metal, and thereby the solidification structure, with a view to increasing yield and
roductivity [1]. One particular example, and the main focus of this work, is that of longitudinal EMS; a schematic for this
s shown in Fig. 1, which depicts a stirrer operating in the continuous casting of rectangular steel blooms. Here, a travelling
ave is passed in the direction of casting, x, by means of a linear induction motor, and this generates a Lorentz force that

in turn results in a fluid flow. In parallel with technical developments, mathematical modelling has often been used in
order to provide a more quantitative understanding of what effect EMS actually has and how its use can be optimized,
not just for rectangular blooms, but also for round blooms, square billets and slabs [2].
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Fig. 1. Schematic for the longitudinal stirring of blooms. A travelling wave is passed parallel to the casting (x) direction.

Mathematically, the models in question for longitudinal EMS involve the simultaneous solution of the time-dependent
Navier–Stokes equations for the velocity field of the molten metal and the time-dependent Maxwell equations for the
induced magnetic flux density [3–5]. However, the fact that the magnetic Reynolds number is small allows the equations
to be decoupled, so that the Maxwell equations can be solved first; thence, the Lorentz force can be computed and inserted
as a source term into the Navier–Stokes equations. Moreover, a further simplification that is often employed makes use
of the fact that the magnetic field frequency is large enough to allow the input of the time-averaged Lorentz force into
the Navier–Stokes equations.

In spite of these simplifications, the computation of the time-dependent Maxwell equations in three dimensions (3D)
alone is still time-consuming [6,7], even with currently available techniques. As an alternative, Nick and Vynnycky [6]
and Nick et al. [7] used asymptotic methods to obtain reliable approximate solutions for the problem of longitudinal EMS
in two different limits. Identifying the product of the wave vector of the electromagnetic field and the bloom width as
a key dimensionless parameter, denoted by ∆, they obtained asymptotic solutions for ∆ ≪ 1 and ∆ ≫ 1. Quantitative
comparison with the solutions to the time-dependent 3D Maxwell equations indicated good agreement for ∆ ≤ 0.01 and
∆ ≥ 10; nevertheless, it was shown in [7] that there was no agreement when ∆ = 0.1, implying that, for 10−2

≤ ∆ ≤ 10,
the only option available is to perform very time-consuming 3D computations in order to determine magnetic flux density,
the current density and the Lorentz force components. Thus, the purpose of this manuscript is to consider, still in the low
magnetic Reynolds number limit as in [6,7], a mathematical formulation that will circumvent the use of 3D computations
and yield the quantities required in a timely manner for all values of ∆.

The layout of the paper is as follows. In Section 2, we recap the mathematical formulation of the problem, whereas
in Section 3, we nondimensionalize the governing equations. The new analysis, in terms of the dimensionless parameter
∆, is given in Section 4, whilst Section 5 details the numerical method used to solve the resulting model equations: this
consists of just two two-dimensional (2D) time-independent complex partial differential equations, albeit with awkward
discontinuity conditions at interior interfaces. The results are presented in Section 6, and the conclusions follow in
Section 7.

2. Model formulation

2.1. Governing equations

As already depicted in Fig. 1, we consider a linear travelling stirrer that is located at

y = 0, −h/2 ≤ z ≤ h/2, −l ≤ x ≤ 0,
2
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Fig. 2. Cross-section in the y − z plane of Fig. 1, showing the stirrer, steel and air. O denotes the origin of the coordinates.

and delivers a pulse that is proportional to cos (ωt − λx), where t is time, ω is the angular frequency of the electric current
and λ is the wave vector of the electromagnetic field, which is given by λ = π/p, with p as the distance between the
north and south poles in the inductor; this profile makes it appropriate to assume a sinusoidal steady state condition.
Furthermore, the stirrer operates on a molten steel region whose cross-section occupies 0 ≤ y ≤ b, −h/2 ≤ z ≤ h/2, as
illustrated in Fig. 2; thus, the steel region is surrounded by air on the other three sides. As explained previously in [6,7],
although this is a drastic simplification of the situation in an actual continuous caster, it is nevertheless sufficient for
carrying out a meaningful analysis as regards determining the three-dimensional and transient characteristics of the
magnetic flux density and the Lorentz force.

In considering the solution of Maxwell’s equations in the magnetohydrodynamic (MHD) approximation, we have the
following:

• the magnetic field constraint, given by

∇ · B = 0, (1)

where B is the magnetic flux density vector;
• Ampère’s law, expressed through

µJ = ∇ × B, (2)

where µ is the magnetic permeability, which is taken to be constant in both air and steel, and J is the electrical
current density vector;

• Faraday’s law, which is written as

∇ × E = −
∂B
∂t

, (3)

where E is the electric field;
• Ohm’s law,

J = σ (E + v × B) , (4)

where v is the velocity vector, which will simply be taken to be zero, in line with the assumption of low magnetic
Reynolds number, and σ is the electrical conductivity of the medium in question, which is taken to be constant in
both air and steel.

It is then straightforward to manipulate Eqs. (2)–(4) to obtain

σµ
∂B
∂t

= ∇
2B, (5)

which still has to be solved in tandem with Eq. (1). Thus, with B =
(
Bx, By, Bz

)
, we have, on writing out Eqs. (1) and (5)

n full,
∂Bx

+
∂By

+
∂Bz

= 0, (6)

∂x ∂y ∂z

3
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σµ
∂Bx

∂t
=

∂2Bx

∂x2
+

∂2Bx

∂y2
+

∂2Bx

∂z2
, (7)

σµ
∂By

∂t
=

∂2By

∂x2
+

∂2By

∂y2
+

∂2By

∂z2
, (8)

σµ
∂Bz

∂t
=

∂2Bz

∂x2
+

∂2Bz

∂y2
+

∂2Bz

∂z2
. (9)

Once the components of B have been determined, the principal quantities of interest are the components of the Lorentz
force, Fx, Fy and Fz , which are given by

Fx = JyBz − JzBy, Fy = JzBx − JxBz, Fz = JxBy − JyBx, (10)

where J =
(
Jx, Jy, Jz

)
, with( Jx

Jy
Jz

)
=

1
µ

⎛⎜⎝
∂Bz
∂y −

∂By
∂z

∂Bx
∂z −

∂Bz
∂x

∂By
∂x −

∂Bx
∂y

⎞⎟⎠ . (11)

inally, Fx, Fy and Fz can be used to calculate the time-averaged Lorentz force components - F̄x, F̄y and F̄z - via

F̄k =
1

2π/ω

∫ 2π/ω

0
Fkdt ′, k = x, y, z; (12)

the integrals in Eq. (12) are taken with respect to time over one period of oscillation, 2π/ω.

.2. Boundary conditions

At y = 0, as discussed in our earlier work [6–8], a well-posed problem is obtained if we prescribe the tangential
omponents of B; thus, following the notation in [6,7], we write

Bx =

{
α (z) cos (ωt − λx) for |z| ≤ h/2
0 for |z| > h/2 , (13)

Bz =

{
β (z) cos (ωt − λx) for |z| ≤ h/2
0 for |z| > h/2 . (14)

n [6,7], no particular constraints were placed on α (z) and β (z), and a number of different choices were ultimately made
for the purposes of quantitatively illustrating the model results: in [6],

α (z) = B0, β (z) = 0, (15)

nd

α (z) = B0

( z
b

)2
, β (z) = B0

( z
b

)2
; (16)

n [7],

α (z) = B0, β (z) = 0, (17)

α (z) = 0, β (z) = B0, (18)

nd

α (z) = B0, β (z) = B0. (19)

onsequently, in four of these cases–(15),(16),(17) and (19) - Bx is discontinuous at |z| = h/2, whereas Bz is discontinuous
t |z| = h/2 in three of them–(16),(18) and (19). Here, however, as we shall see later, it will be necessary to pay particular
ttention to these potential discontinuities.
In the air far from the steel, it is natural to expect that the magnetic flux density will be vanishingly small; thus, we

ake

B → 0 as x, z → ±∞, y → +∞. (20)
4



M. Vynnycky, A.S. Nick and M. Assunção Journal of Computational and Applied Mathematics 416 (2022) 114565

c
s
c

w
d
c

a

w

2

e

2.3. Interfacial conditions

At the steel–air interfaces at y = b, |z| ≤ h/2 and |z| = h/2, 0 ≤ y ≤ b, we have the usual electromagnetic interface
onditions between two media [9, p. 8]. These are: the continuity of the tangential components of the magnetic field
trength; the continuity of the normal component of the magnetic flux density; and the continuity of the tangential
omponents of the electric field. These are written, respectively, as[

B · t
µ

]+

−

= 0, (21)

[B · n]+
−

= 0, (22)

[E · t]+
−

= 0, (23)

here n and t are, respectively, the unit normal and tangential vectors at these interfaces. In equations ((21) )–(23), [ ]+
−

enotes the difference in the value of a function in the air (+) and in the steel (−). In full, and rewriting in terms of the
omponents of B alone, Eqs. (21)–(23) are: at y = b, |z| ≤ h/2,[

Bx

µ

]+

−

= 0, (24)[
By
]+
−

= 0, (25)[
Bz

µ

]+

−

= 0, (26)[
1

σµ

(
∂Bz

∂y
−

∂By

∂z

)]+

−

= 0, (27)[
1

σµ

(
∂Bx

∂y
−

∂By

∂x

)]+

−

= 0; (28)

t |z| = h/2, 0 ≤ y ≤ b,[
Bx

µ

]+

−

= 0, (29)[
By

µ

]+

−

= 0, (30)

[Bz]+− = 0, (31)[
1

σµ

(
∂Bz

∂y
−

∂By

∂z

)]+

−

= 0, (32)[
1

σµ

(
∂Bx

∂z
−

∂Bz

∂x

)]+

−

= 0. (33)

We can note here in passing that, although it is the steel region that is of primary interest, there is nothing in the
interface conditions to suggest that the air region can be simply neglected; for this reason, it is necessary to formulate
the problem for both air and steel regions.

2.4. Initial conditions

Strictly speaking, Eqs. (6)–(9) require initial conditions. However, as we will be seeking periodic solutions, since the
problem is driven by the time-periodic boundary conditions in (13) and (14), it suffices simply to set

B = 0, (34)

ith the expectation that the effect of the initial transient should disappear after a couple of periods of oscillation [6,7].

.5. Model parameters

Representative model parameters are given in Table 1; note that these were the values used in [6,7], as well as much
arlier in [5]. Observe, in particular, that the value given for µs is the same as that for air. In fact, this marks the lower limit

for austenitic stainless steels, which have a relative permeability in the range 1–7 [10]; on the other hand, the relative
permeability of ferritic, martensitic and duplex stainless steels can be as high as 103. However, this fact does not affect
the applicability of the model equations given here.
5
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Table 1
Model parameters.
Parameter Symbol Value

Steel width b 0.25 m
Characteristic magnetic flux density B0 0.02 T
Current frequency f 50 Hz
Steel breadth h 0.35 m
Stirrer length l 1.2 m
Air magnetic permeability µa 1.2566 × 10−6 V s A−1m−1

Steel magnetic permeability µs 1.2566 × 10−6 V s A−1m−1

Air electrical conductivity σa 3 × 10−15-8×10−15 A V−1m−1

Steel electrical conductivity σs 7.14 × 105 A V−1m−1

3. Nondimensionalization

The equations of Section 2 are nondimensionalized by setting

X =
x
l
, Y =

y
b
, Z =

z
b
, τ =

ωt
2π

, (35)

nd, for k = x, y, z and K = X, Y , Z ,

BK =
Bk

B0
, EK =

Ek
B0/σsµsb

, JK =
Jk

B0/µsb
, FK =

Fk
B2
0/µsb

,

here B0 is a characteristic value for the magnetic flux density, and σs and µs are, respectively, the electrical conductivity
nd the magnetic permeability of the steel. Eqs. (6)–(9) give

ε
∂BX

∂X
+

∂BY

∂Y
+

∂BZ

∂Z
= 0, (36)

Ω
∂BX

∂τ
= ε2 ∂2BX

∂X2 +
∂2BX

∂Y 2 +
∂2BX

∂Z2 , (37)

Ω
∂BY

∂τ
= ε2 ∂2BY

∂X2 +
∂2BY

∂Y 2 +
∂2BY

∂Z2 , (38)

Ω
∂BZ

∂τ
= ε2 ∂2BZ

∂X2 +
∂2BZ

∂Y 2 +
∂2BZ

∂Z2 , (39)

here ε = b/l and Ω = f σµb2; however, note that the values for Ω for air and steel, which we will denote by Ωa and
Ωs respectively, are different. Also, from Eqs. (11), (10) and (12), respectively, we have( JX

JY
JZ

)
=

⎛⎝ ∂BZ
∂Y −

∂BY
∂Z

∂BX
∂Z − ε

∂BZ
∂X

ε
∂BY
∂X −

∂BX
∂Y

⎞⎠ , (40)

( FX
FY
FZ

)
=

( JYBZ − JZBY
JZBX − JXBZ
JXBY − JYBX

)
, (41)

F̄K =

∫ 1

0
FKdt ′, K = X, Y , Z . (42)

The boundary conditions (13)–(20) are then: at Y = 0,

BX =

{
ᾱ (Z) cos (2πτ − ΛX) for |Z | ≤ H/2
0 for |Z | > H/2 , (43)

BZ =

{
β̄ (Z) cos (2πτ − ΛX) for |Z | ≤ H/2
0 for |Z | > H/2 , (44)

where

ᾱ =
α

[α]
, β̄ =

β

[β]
, Λ = λl, H =

h
b
, (45)

ith [α] and [β] denoting, respectively, the scales for α and β; as X, Z → ±∞, Y → +∞,

B , B , B → 0. (46)
X Y Z

6
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The interfacial conditions, (24)–(33), become: at Y = 1, |Z | ≤ H/2,[
BX

µ

]+

−

= 0, (47)

[BY ]+− = 0, (48)[
BZ

µ

]+

−

= 0, (49)[
1

σµ

(
∂BZ

∂Y
−

∂BY

∂Z

)]+

−

= 0, (50)[
1

σµ

(
∂BX

∂Y
−

∂BY

∂X

)]+

−

= 0; (51)

at |Z | = H/2, 0 ≤ Y ≤ 1,[
BX

µ

]+

−

= 0, (52)[
BY

µ

]+

−

= 0, (53)

[BZ ]+− = 0, (54)[
1

σµ

(
∂BZ

∂Y
−

∂BY

∂Z

)]+

−

= 0, (55)[
1

σµ

(
∂BX

∂Z
−

∂BZ

∂X

)]+

−

= 0. (56)

The initial condition (34) is now

BX , BY , BZ = 0 at τ = 0. (57)

. Analysis

As in [6,7], Eq. (36) and the boundary conditions in (43) will imply that, for BX , BY and BZ , we should try solutions of
he form

BX , BY , BZ ∼ cos (2πτ − ΛX) , sin (2πτ − ΛX) .

To this end, we begin by setting

Bk = Re
(
Bk (Y , Z) ei(2πτ−ΛX)

)
,

Ek = Re
(
Ek (Y , Z) ei(2πτ−ΛX)

)
,

}
k = X, Y , Z, (58)

here Re denotes the real part of a complex number and i =
√

−1. Eqs. (36)–(39) become, for i = a, s,

−∆iBX +
∂BY

∂Y
+

∂BZ

∂Z
= 0, (59)(

2πΩii + ∆2)BX =
∂2BX

∂Y 2 +
∂2BX

∂Z2 , (60)(
2πΩii + ∆2)BY =

∂2BY

∂Y 2 +
∂2BY

∂Z2 , (61)(
2πΩii + ∆2)BZ =

∂2BZ

∂Y 2 +
∂2BZ

∂Z2 , (62)

here ∆ = λb. In terms of BX ,BY and BZ , the boundary conditions are now: at Y = 0,

BX =

{
ᾱ (Z) for |Z | ≤ H/2
0 for |Z | > H/2 , (63)

BZ =

{
β̄ (Z) for |Z | ≤ H/2
0 for |Z | > H/2 ; (64)

as Y → +∞, Z → ±∞,

B ,B ,B → 0. (65)
X Y Z

7
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As for the interfacial conditions, these are: at Y = 1, |Z | ≤ H/2,[
BX

µ

]+

−

= 0, (66)

[BY ]+− = 0, (67)[
BZ

µ

]+

−

= 0, (68)[
1

σµ

(
∂BZ

∂Y
−

∂BY

∂Z

)]+

−

= 0, (69)[
1

σµ

(
i∆BY +

∂BX

∂Y

)]+

−

= 0; (70)

t |Z | = H/2, 0 ≤ Y ≤ 1,[
BX

µ

]+

−

= 0, (71)[
BY

µ

]+

−

= 0, (72)

[BZ ]+− = 0, (73)[
1

σµ

(
∂BZ

∂Y
−

∂BY

∂Z

)]+

−

= 0, (74)[
1

σµ

(
i∆BZ +

∂BX

∂Z

)]+

−

= 0. (75)

In view of the ansatz suggested by Eq. (58), which leads to a time-independent problem for BX ,BY and BZ , there is
ow no need to consider (57).

.1. BY

Consider first Y = 0. The idea here will be to combine Eqs. (59), (63) and (64), in order to obtain a boundary condition
or BY . We have

∂BY

∂Y
= F (Z) +

{
i∆ᾱ (Z) − β̄ ′ (Z) for |Z | ≤ H/2
0 for |Z | > H/2 , (76)

ith

F (Z) = β̄

(
−

H
2

)
δ

(
Z +

H
2

)
− β̄

(
H
2

)
δ

(
Z −

H
2

)
, (77)

here the prime denotes differentiation with respect to Z and δ denotes the Dirac delta function; consequently, the use
f δ in (76) takes into account the possibility of the appearance of the two point sources in ∂BZ/∂Z which arise as a result
f the two Heaviside jumps in BZ suggested by Eq. (44).
Now consider Y = 1, |Z | ≤ H/2. Eqs. (59) and (66) imply[

1
µ

(
∂BY

∂Y
+

∂BZ

∂Z

)]+

−

= 0, (78)

hence Eq. (68) implies[
1
µ

∂BY

∂Y

]+

−

= 0; (79)

ogether with Eq. (67), this gives a complete set of conditions for BY at this interface.
Consider now |Z | = H/2, 0 ≤ Y ≤ 1. If we are able to find an interface condition for BY that supplements (72),

e would have a well-posed problem for BY , thereby decoupling it from BX and BZ ; however, this turns out not to be
ossible, and B is coupled to B via Eq. (74).
Y Z

8
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4.2. BZ

The situation is similar for BZ . Consider |Z | = H/2, 0 ≤ Y ≤ 1. Eqs. (59) and (71) imply[
1
µ

(
∂BY

∂Y
+

∂BZ

∂Z

)]+

−

= 0, (80)

hence Eq. (72) implies[
1
µ

∂BZ

∂Z

]+

−

= 0; (81)

ogether with Eq. (73), this gives a complete set of interface conditions for BZ .
On the other hand, for Y = 1, |Z | ≤ H/2, we will have Eqs. (68) and (69), with BZ coupled to BY via the latter.

.3. BX

At this point, we may notice that the boundary conditions given in Sections 4.1 and 4.2 constitute the full set required
o solve Eqs. (61) and (62) for BY and BZ ; consequently, the problem for BY and BZ has decoupled from that for BX .
owever, there now appear to be two routes to determine BX : either simply to use Eq. (59) directly, so that

BX = −
i
∆

(
∂BY

∂Y
+

∂BZ

∂Z

)
, (82)

or to solve Eq. (60), subject to (63),(65),(66),(70),(71) and (75). Of course, the two approaches should give identical
results, although this is perhaps not entirely obvious at this point: it is clear that BX , as given by Eq. (82), will satisfy
(60),(63),(65),(66) and (71), but not (70) and (75). However, to demonstrate that Eq. (70) is indeed satisfied, we note that,
on using Eq. (59), Eq. (70) becomes[

i
σµ∆

(
−∆2BY +

∂

∂Y

(
∂BY

∂Y
+

∂BZ

∂Z

))]+

−

= 0,

hich, on using Eq. (61), gives

i
∆

[(
2π iBY +

1
σµ

∂

∂Z

(
∂BZ

∂Y
−

∂BY

∂Z

))]+

−

= 0,

which is evidently the case, in view of Eqs. (67) and (69). The corresponding result for Eq. (75) can be found in a similar
way, employing Eqs. (59),(61),(72) and (74).

4.4. Summary

At this stage, we are left solving, for i = a, s,(
2πΩii + ∆2)BY =

∂2BY

∂Y 2 +
∂2BY

∂Z2 , (83)(
2πΩii + ∆2)BZ =

∂2BZ

∂Y 2 +
∂2BZ

∂Z2 , (84)

ubject to: at Y = 0,

∂BY

∂Y
= F (Z) +

{
i∆ᾱ (Z) − β̄ ′ (Z) for |Z | ≤ H/2
0 for |Z | > H/2 , (85)

BZ =

{
β̄ (Z) for |Z | ≤ H/2
0 for |Z | > H/2 ; (86)

s Y → +∞, Z → ±∞,

BY ,BZ → 0; (87)

t Y = 1, |Z | ≤ H/2,[
1
µ

∂BY

∂Y

]+

−

= 0, (88)

[B ]+ = 0, (89)
Y −

9
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3
n
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a
n
w
i
f
v

o
a

w
o

[
BZ

µ

]+

−

= 0, (90)[
1

σµ

(
∂BZ

∂Y
−

∂BY

∂Z

)]+

−

= 0; (91)

t |Z | = H/2, 0 ≤ Y ≤ 1,[
1
µ

∂BZ

∂Z

]+

−

= 0, (92)[
BY

µ

]+

−

= 0, (93)

[BZ ]+− = 0, (94)[
1

σµ

(
∂BZ

∂Y
−

∂BY

∂Z

)]+

−

= 0. (95)

Mathematically, we can note that (83) and (84) are Helmholtz-like equations, albeit complex because of the pre-
multiplication factors on the left-hand sides. Also, interface conditions (91) and (95) resemble that which occurs in
the study of Marangoni convection, wherein the shear stress at the interface of two fluids is related to the tangential
temperature or concentration gradient and the interface is approximated to be planar [11,12]; more exactly, in Eq. (91),
BZ is analogous to the tangential velocity component and BY is analogous to the temperature or concentration, whereas
in Eq. (95), the roles are reversed. Computationally, we see that the numerical task is non-standard, in that, although BY
nd 1

µ

∂BY
∂Y are continuous at Y = 1 for |Z | ≤ H/2, BY and 1

µ

∂BY
∂Z will not be continuous at |Z | = H/2 for 0 ≤ Y ≤ 1;

moreover, the discontinuity involves ∂BZ
∂Y . Note also that BZ and 1

µ

∂BZ
∂Z will be continuous at this boundary, but BZ and

1
µ

∂BZ
∂Y will not be continuous at Y = 1 for |Z | ≤ H/2. In addition, there are two singularities in ∂BY

∂Y at Y = 0, Z = ±H/2 if
β̄ (±H/2) ̸= 0, and it would be numerically advantageous to reformulate the problem, so as to remove them; in principle,
this can be done and is explained further in the Appendix. However, the case β̄ (±H/2) ̸= 0 implies that BZ would be
iscontinuous at Z = ±H/2, which would be unphysical; indeed, this case was only introduced, somewhat artificially,
n [6] as a way to generate a benchmark solution for comparison against an asymptotic solution. Here, instead, we consider
ust the case when β̄ (±H/2) = 0, so that the situation is more physically motivated; moreover, we may use some of the
D solutions that were generated numerically in [7] to compare our new method against, rather than having to perform
ew time-consuming computations which those 3D solutions entailed. Hence, for the remainder of this paper, we consider

¯ ≡ 1, β̄ ≡ 0, corresponding to α = B0, β = 0, respectively; this means that we take [α] = [β] = B0 in Eq. (45).

. Numerical solution

To solve Eqs. (83)–(87), the finite-element software Comsol Multiphysics was used. Because of the nature of the steel–
ir interface conditions, which imply that BY , BZ and their normal derivatives are not continuous at all interfaces, it was
ecessary to use four PDE General Form modules: two each for BY and BZ . Thus, the modules are for four variables,
hich we denote by B(1)

Y ,B(2)
Y ,B(1)

Z and B(2)
Z . Referring to Fig. 2, the geometry needs to be divided in the manner shown

n the subplots in Fig. 3, i.e. with the air domain being cut by two arbitrary curves, most easily taken to be straight lines,
rom the steel corners out to computational infinity; these are denoted by C∗. In addition, the plots in Fig. 3 show which
ariable is solved for in which domain. The construct is such that:

• B(1)
Y and µ−1∂B(1)

Y /∂Y will be continuous at Y = 1, |Z | ≤ H/2;
• B(1)

Z and µ−1∂B(1)
Z /∂Z will be continuous at |Z | = H/2, 0 ≤ Y ≤ 1;

• at the curves C∗,

B(1)
Y = B(2)

Y , n∗ · ∇B(1)
Y = n∗ · ∇B(2)

Y ,

B(1)
Z = B(2)

Z , n∗ · ∇B(1)
Z = n∗ · ∇B(2)

Z ,

where n∗ denotes the unit vector normal to C∗.

Moreover, four Weak Form,Boundary modules are also required, in order to take account of the tangential derivatives
f BY at Y = 1 and BZ at |Z | = H/2 in Eqs. (91) and (95), respectively; thus, two of these Weak Form,Boundary modules
re required at Y = 1 and two at |Z | = H/2, one on each side of each boundary. The computational domain was taken as

Y 2
+ Z2

≤ R2
∞

, Y ≥ 0,

ith R∞ = 4; thus, R∞ is four times greater than the width of the steel region. The domain was discretized using second-
rder Lagrangian triangular elements, giving the mesh shown in Fig. 4; as evident from this figure, substantial refinement
10
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Fig. 3. Domain decomposition for the PDEs for: (a) BY ; (b) BZ .

Fig. 4. Mesh used for 2D computations.

was used for the steel region and, overall, the mesh had a total of around 1800 elements, corresponding to around 7900
degrees of freedom, which we denote by Ndof. For the computations, Comsol’s steady-state solver was employed; the
convergence criterion used to obtain solutions was(

1
N

Ndof∑
|EN |

2

)1/2

< Rtol, (96)

dof N=1

11
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Fig. 5. The x-component of magnetic flux density vector, Bx , vs. distance from the stirrer, y, for z = 0.0 m, t = 0.06 s, x = −0.6 m, for ∆ = 0.1, as
obtained from full 3D computations in [7] and the method in this paper for ᾱ = 1, β̄ = 0.

where Rtol is the relative tolerance, set equal to 10−10, and EN is the estimated error in the latest approximation to the
N th component of the true solution vector for the N th degree of freedom. These 2D computations were carried out on
an architecture similar to that used for the 3D model, i.e. an Intel(R) Core(TM) i7–8700 CPU @ 3.20GHz×6 processor
with a 32 GB RAM. The typical run time for the 2D computations was of the order of one second, whereas those for 3D
computations was of the order of three hours; this was incorrectly stated in [7] as being 9–11 h, which was actually
the time taken to compute for three different values of ∆, but even taking into account the correction, the new method
requires around four orders of magnitude less computation time.

6. Results

To demonstrate that the new 2D steady-state method is able to produce the same solutions as the original 3D transient
method, we consider the case when ∆ = 0.1 : in Fig. 7(a) in [7], there was already a considerable difference between the
result obtained from 3D numerical simulations and the asymptotic solution for small ∆.

Although the development in Sections 4 and 5 was in dimensionless variables, we present the results in dimensional
variables, as that is how the results in [7] were given. First of all, Figs. 5 and 6 compare the respective profiles for Bx and
y at z = 0 m, t = 0.06 s, x = −0.6 m as computed in [7] and using the method of this paper; note that x = −0.6 m
orresponds to the midpoint of the stirrer in the x-direction. As is evident, the agreement is very good.
Figs. 7 and 8 compare the respective profiles for Fx and Fy at z = 0 m, t = 0.06 s, x = −0.6 m as computed in [7] and

using the method of this paper; here also, it is evident that there is good agreement.
Next, Figs. 9 and 10 show comparisons for F̄x and F̄y, respectively; these are obtained in compact form by noting

that (
F̄x, F̄y, F̄z

)
=

B2
0

2µsb
(Re (J ) × Re (B) + Im (J ) × Im (B)) , (97)

here

J = ∇ × B, (98)

ith B = (BX ,BY ,BZ ), and once again we see that the agreement is very good, with the curves literally on top of each
ther in both cases.
Lastly, we note that we have not given any comparisons for Bz, Fz and F̄z; in fact, this was also not done for the case

of α = B0 and β = 0 in [6] for ∆ ≫ 1 and [7] for ∆ ≪ 1. In particular, when α = B0 and β = 0, Bz ≡ 0 for ∆ ≫ 1 [6],
and Bz ∼ O (∆) for ∆ ≪ 1 [7]; in general, Bz ≪ Bx, By and it is difficult to obtain a meaningful comparison in this
case, as the computational tolerance would have to be set to a prohibitively low value. It was for this reason that Nick
and Vynnycky [6] introduced the profiles given by Eq. (16), to ensure that Bx, By and Bz are all of the same order of
agnitude; even then, they made comparisons not at z = 0, where α = 0, β = 0, which would again lead to difficulties

as regards comparison since Bx and Bz are both zero there due to symmetry about z = 0, but at z = h/4. However, with
hindsight, we can see that Eq. (16) would be of limited use in making comparisons between the earlier 3D solutions and
12
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Fig. 6. The y-component of magnetic flux density vector, By , vs. distance from the stirrer, y, for z = 0.0 m, t = 0.06 s, x = −0.6 m, for ∆ = 0.1, as
btained from full 3D computations in [7] and the method in this paper for ᾱ = 1, β̄ = 0.

Fig. 7. The x-component of the Lorentz force density vector, F̄x , vs. distance from the stirrer, y, for z = 0.0 m, t = 0.06 s, x = −0.6 m, for ∆ = 0.1,
s obtained from full 3D computations in [7] and the method in this paper for ᾱ = 1, β̄ = 0.

ur new 2D method, albeit for a different reason: the profile for β (z) would lead to the previously discussed singularities
t y = 0, z = ±h/2. Without doubt, in this context, a wiser choice would have been, e.g.

β (z) = B0

{
1 −

(
2z
h

)2
}

;

owever, this would have needed the computation of further 3D solutions, which was not our focus here.

. Conclusions

In this work, we have revisited a recent transient 3D model for longitudinal electromagnetic stirring in the continuous
asting of rectangular steel blooms [6,7]. Whereas these earlier works were able to demonstrate accurate approximations
o the solutions in two asymptotic limits, both of which gave economical alternatives to time-consuming 3D computations,
ere we have shown that the original governing equations can be manipulated to a form that allows for rapid computation
ven outside of these asymptotic limits. The resulting formulation requires the numerical solution of two 2D steady-state
omplex Helmholtz-like equations that are coupled via non-standard internal interface conditions that are reminiscent
13
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a
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Fig. 8. The y-component of the Lorentz force density vector, F̄y , vs. distance from the stirrer, y, for z = 0.0 m, t = 0.06 s, x = −0.6 m, for ∆ = 0.1,
s obtained from full 3D computations in [7] and the method in this paper for ᾱ = 1, β̄ = 0.

Fig. 9. The time average of the x-component of the Lorentz force density vector, F̄x , vs. distance from the stirrer, y, for z = 0.0 m, x = −0.6 m, for
= 0.1, as obtained from full 3D computations in [7] and the method in this paper for ᾱ = 1, β̄ = 0.

f that occurring in the study of Marangoni convection; these equations were then solved numerically using the finite-
lement software Comsol Multiphysics. With this formulation, it was possible to compute the time-averaged Lorentz force
omponents in a way that required around four orders of magnitude less computational time than the fully 3D approach.
It is now worth considering how these results can be extended further. Although the analysis was carried out for a

tirrer operating at one frequency, it can form the basis for studying modulated EMS [13–15], wherein magnetic fields of
ifferent frequencies are applied simultaneously, with the intention that the resulting Lorentz force has a constant time-
veraged component and a time-varying component; this is believed to achieve more vigorous stirring than is possible
hen using just one frequency. In this case, Eqs. (13) and (14) would be replaced by

Bx =

⎧⎪⎨⎪⎩
n∑

i=1

αi (z) cos (ωit − λix) for |z| ≤ h/2

0 for |z| > h/2
, (99)

Bz =

⎧⎪⎨⎪⎩
n∑

i=1

βi (z) cos (ωit − λix) for |z| ≤ h/2

0 for |z| > h/2
, (100)
14
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Fig. 10. The time average of the y-component of the Lorentz force density vector, F̄y , vs. distance from the stirrer, y, for z = 0.0 m, x = −0.6 m,

or ∆ = 0.1, as obtained from full 3D computations in [7] and the method in this paper for ᾱ = 1, β̄ = 0.

ssuming n different angular frequencies (ωi)i=1,...,n and maintaining generality by introducing (αi (z) , βi (z) , λi)i=1,...,n
lso. We can now simply set

B =

n∑
i=1

Bi,

hich will lead to n independent problems of the type considered in this paper. Since each of these can now be computed
ery quickly using our new method, so can the components of the Lorentz force.
Lastly, we can contemplate whether the ideas developed in this paper may be used for other applications. Whilst we

re unaware of any other industrial situations where a linear travelling stirrer is used in this way, we believe that our
ethodology could also be used in horizontal stirring in the continuous casting of slabs [2,4,16,17]; recall that this paper
as specifically dedicated to the longitudinal stirring in the continuous casting of blooms. In the case of slabs, and with
eference to Fig. 1, it is the case that h ≫ b, and a wave is passed in the z-direction instead; thus, Eqs. (13) and (14)
ould be replaced by

Bx =

{
α (x) cos (ωt − λz) for |z| ≤ h/2
0 for |z| > h/2 , (101)

Bz =

{
β (x) cos (ωt − λz) for |z| ≤ h/2
0 for |z| > h/2 , (102)

espectively. It is then reasonable to expect that Eq. (58) would be replaced by

Bk = Re
(
Bk (X, Y ) ei(2πτ−ΛZ)

)
,

Ek = Re
(
Ek (X, Y ) ei(2πτ−ΛZ)

)
,

}
k = X, Y , Z, (103)

esulting in a two-dimensional problem, with X and Y as the independent variables.

ppendix. Removal of singularities when β̄ (±H/2) ̸= 0

In this case, it is clear from Eq. (85) that ∂BY
∂Y has Dirac delta-function singularities at Z = ±H/2. We now define

B̃Y := BY − β−

(
1 −

θ−

π

)
+ β+

(
1 −

θ+

π

)
,

where β− = β̄ (−H/2) , β+ = β̄ (H/2), and θ− and θ+ are defined as shown in Fig. A.1, in other words,

θ− =

⎧⎨⎩ tan−1
(

−Y
Z+H/2

)
Z < −H/2

π + tan−1
(

−Y
Z+H/2

)
Z > −H/2

,

θ+ =

⎧⎨⎩ tan−1
(

−Y
Z−H/2

)
Z < −H/2

π + tan−1
(

−Y
)

Z > −H/2
;

Z−H/2

15



M. Vynnycky, A.S. Nick and M. Assunção Journal of Computational and Applied Mathematics 416 (2022) 114565

t
a
b

s

a

a

a

Fig. A.1. Schematic showing how θ− and θ+ are defined.

hus, the idea is now to reformulate the problem in terms of B̃Y as the dependent variable, rather than BY . Thus, since θ−

nd θ+ are both harmonic, they make no contribution to the right-hand side of Eqs. (83), and Eqs. (83)–(87) would now
ecome, for i = a, s,(

2πΩii + ∆2) {B̃Y + β−

(
1 −

θ−

π

)
− β+

(
1 −

θ+

π

)}
=

∂2B̃Y

∂Y 2 +
∂2B̃Y

∂Z2 , (A.1)

(
2πΩii + ∆2)BZ =

∂2BZ

∂Y 2 +
∂2BZ

∂Z2 , (A.2)

ubject to: at Y = 0,

∂B̃Y

∂Y
=

{
i∆ᾱ (Z) − β̄ ′ (Z) for |Z | ≤ H/2
0 for |Z | > H/2 , (A.3)

BZ =

{
β̄ (Z) for |Z | ≤ H/2
0 for |Z | > H/2 ; (A.4)

s Y → ∞, Z → ±∞,

B̃Y ∼ −β−

(
1 −

θ−

π

)
+ β+

(
1 −

θ+

π

)
, BZ → 0; (A.5)

t Y = 1, |Z | ≤ H/2,[
1
µ

(
∂B̃Y

∂Y
+

1
π

(
β+

∂θ+

∂Y
− β−

∂θ−

∂Y

))]+

−

= 0, (A.6)[
B̃Y
]+
−

= 0, (A.7)[
BZ

µ

]+

−

= 0, (A.8)[
1

σµ

(
∂BZ

∂Y
−

∂B̃Y

∂Z
−

1
π

(
β+

∂θ+

∂Z
− β−

∂θ−

∂Z

))]+

−

= 0, (A.9)

where
∂θ−

∂Y
=

(Z + H/2)
(Z + H/2)2 + Y 2

,
∂θ−

∂Z
=

Y
(Z + H/2)2 + Y 2

,

∂θ+

∂Y
=

(Z − H/2)
(Z − H/2)2 + Y 2

,
∂θ+

∂Z
=

Y
(Z − H/2)2 + Y 2

;

t |Z | = H/2, 0 ≤ Y ≤ 1, [
1 ∂BZ

]+

= 0, (A.10)

µ ∂Z

−

16
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[
1
µ

(
B̃Y + β−

(
1 −

θ−

π

)
− β+

(
1 −

θ+

π

))]+

−

= 0, (A.11)

[BZ ]+− = 0, (A.12)[
1

σµ

(
∂BZ

∂Y
−

∂B̃Y

∂Z
−

1
π

(
β+

∂θ+

∂Z
− β−

∂θ−

∂Z

))]+

−

= 0. (A.13)

Thus, although the algebra has now become more cumbersome, the equations are at least free of singularities at
Y = 0, |Z | = H/2.
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