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In this paper, we reassess the local solute redistribution equation (LSRE) of macrosegregation which, since
it first appeared in 1960s, has served as a cornerstone for understanding the composition variations that
occur in the solidification of alloys. We highlight some anomalies in earlier literature, in particular as
regards the prediction of remelting as a precursor to the formation of channel segregates (freckles, A-
segregates and V-segregates) in casting processes. Also, we suggest extensions to the LSRE for situations
where solute diffusion in the solid phase is not negligible, as well as when the mode of solidification is
unconsolidated equiaxed dendritic, rather than columnar/consolidated equiaxed dendritic. In addition, the
significance of the equation for latter-day numerical computations of macrosegregation is also discussed.
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1. Introduction

Macrosegregation refers to variations in composition that oc-
cur in alloy castings or ingots and which can range in scale from
several millimetres to centimetres or even metres; it is a central
problem, since it strongly influences the further workability of the
cast products and their mechanical properties. As is already well-
established [1], macrosegregation arises as a consequence of the
nature of the solidification process for alloys, which involves the
formation of a network of solid dendrites through which there is
the slow flow of the remaining molten liquid, often termed the
interdendritic melt, and the transport of alloying elements; the re-
gion where solid and liquid phase coexist is commonly referred
to as a mush. In particular, as solidification occurs, if the solute is
more soluble in liquid than in the solid phase, then it is rejected
into the melt; as a consequence, there will be a non-uniform dis-
tribution of solute in the final solidified casting.

One of the cornerstones of the current understanding of
macrosegregation during the solidification of alloys is the local so-
lute redistribution equation (LSRE), first derived for a binary alloy
by Flemings and Nereo [2]. In its original form, the LSRE was stated
as
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where g; is the liquid fraction, C; is the solute concentration in the
liquid phase, T is the temperature, v; is the interdendritic melt ve-
locity, t is the time, B8 is the solidification shrinkage parameter and
ko is the partition coefficient. This form has been cited on numer-
ous occasions since [1,3-5], as has the purportedly equivalent form

agL:_Kl—ﬂ)gLaq}(H‘“'W), 2)
oT 1 —ko C oT 8T/8t

as given in [4,6,7]; this has also been extended for use in the case
of multicomponent alloys [8,9]. Eq. (1) was subsequently the basis
used for explaining how remelting can lead to the interdendritic
flow instabilities that result in the formation of channel segregates
[4], of which there are three main types: freckles, A-segregates and
V-segregates. A schematic for the latter two, as they occur in ingot
casting, is shown in Fig. 1, with freckles merely being considered
as a special case of A-segregates when solidification occurs in the
opposite direction to gravity. Moreover, while the mechanism for
the formation of A-segregates is now reasonably well-established -
being a consequence of the enrichment of the interdendritic melt
with light solute elements, leading to a decrease in the local melt
density and the onset of thermosolutal convection [10] - the mech-
anism for the formation of V-segregates, which are the only type
of channel segregate to appear in continuous casting also [11-15],
is less so [1,16]. Outside of the main metallurgical literature where
channel segregates were first discussed, Fowler [17] and Worster
[18] both refer to results in the book by Flemings [3], which fol-
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Fig. 1. A- and V-segregates in large ingots.

low directly from [2,4], in stating the condition for the formation
of freckles as being

EEa—T—i-VL-VT>O, (3)

or alternatively
(vp—vpr)- VT >0, (4)

where v; 1 denotes the isotherm velocity, which may also be inter-
preted as the solidification rate.

In this context, it is the purpose of this paper to investigate
equation (1) more thoroughly; in so doing, a number of anomalies
will be uncovered. Among these, it is found that although (3) and
(4) both turn out to be correct, they cannot be extracted from the
considerations in [3,4], which are in fact in themselves not en-
tirely correct either. Moreover, although Fowler [17] and, subse-
quently, Emms and Fowler [19] obtained (3) and (4) via an alter-
native route to that in [4], their model contained assumptions that
were not made in [2,4]. In addition, algebraic errors are found for
the case of multicomponent alloys [8,9]. Although these may seem
like petty details, there are at least two reasons to argue for the
correct form of Eq. (1), both of which have to do with remelting
as a necessary, although not sufficient, precursor to the formation
of channel segregates. On the one hand, there remains substantial
interest in the numerical computation of channel segregates in in-
got casting, although there is still significant doubt as to whether
they are being computed correctly [20-22]. A more appropriate
form of Eq. (1) could provide a diagnostic to verify whether such
computations are indeed correct; however, Eq. (1) does not pro-
vide such a diagnostic, not least because such simulations do not
compute 9g;/0C explicitly. Indeed, it is not obvious that such
simulations make use of Eq. (1) or the correct form of it at all,
and one of the observations here will be that the correct form of
Eqg. (1) does indeed arise from the volume-averaged approach for
the conservation equations that is often used for such simulations.
Secondly, there is the issue of how Eq. (1) should be applied in the
case of the only type of channel segregate that occurs in contin-
uous casting processes, i.e. V-segregates; this would be timely, as
there is still no detailed theoretical model for the formation of V-
segregates, neither for continuous casting nor ingot casting, in con-
trast to the detailed models that already exist for the formation of
freckles [17,19,23,24| and A-segregates in ingot casting [6].
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The layout of this paper is as follows. In Section 2, the gov-
erning equations relevant to an ingot casting situation for a binary
alloy are formulated; these pertain to the mushy zone, wherein
solid and liquid phases are known to coexist and which is where
the flow instabilities that give rise to channel segregates occur. In
Sections 3 and 4, the governing equations are analyzed in the con-
text of remelting and whether the mode of solidification is colum-
nar/consolidated equiaxed dendritic or unconsolidated equiaxed
dendritic, respectively. In Sections 5 and 6, the significance of the
analysis is discussed in the context of continuous casting, and con-
clusions are drawn in Section 7.

2. Governing equations

Here, the general volume-averaged conservation equations for
columnar/consolidated equiaxed dendritic solidification discussed
in [25], supplemented by the back-diffusion treatment proposed
in [26], is adopted; this formulation was recently used in [27-29].
The assumptions are that: solidification occurs with little under-
cooling; solute equilibrium is maintained at the liquid-solid inter-
face throughout solidification; solute diffusion in the liquid is com-
plete between the small dendritic channels; solid density is con-
stant; no pores form. These assumptions were also made by Flem-
ings and co-workers [2,4,8]; however, their assumption concerning
solute diffusion in the solid is relaxed, allowing it to be arbitrary,
rather than negligible.

The total mass balance over solid and liquid phases in the
mush, derived from summing the phase conservation equations, is
given by
ap

FT V-(orgvr) =0, (5)

where p; is the density of the liquid phase, g; is the liquid fraction
and with the mass-averaged velocity consisting only of the liquid
phase velocity, v;, since the solid does not move and its velocity is
therefore zero. Also, p is the mixture density and is written as

p=gpL+ (1—-g)ps. (6)

where ps is the density of the solid phase; typically for metal al-
loys, ps > p;. For p;, an often-used form is

pL:pref(1 _aT(T_Tref)"‘aC(C_Cref))’ (7)

where ar, ¢ > 0, with p.f, Ty and Gy as a reference density,
temperature and concentration, respectively; or.s, ey and Gy are
all constants.

The momentum balance for the liquid phase is given in simpli-
fied form by

ngvL =K (=Vp+ o18) (8)

where p is the dynamic viscosity of the liquid phase, p is the pres-
sure, g is the acceleration due to gravity and « is the permeabil-
ity tensor for the mushy region. Typically, « is taken to be of the
isotropic form kI, where I is the identity matrix and « is a function
of the liquid fraction, given often by the Carman-Kozeny relation as

Kogf
-3
(1-g)
where kg is given in terms of the primary or secondary dendrite

arm spacings.
The conservation of energy is given by

K(gL) = (9)

%({IOLCp.LgL + psCps(1 =g }T) + V- (picprgiviT)

3
= V-(kVT)=AH; = (p181). (10)
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where ¢, ; and ¢, s denote, respectively, the specific heat capacities
of the liquid and solid phases, AH; is the latent heat of fusion and
k is the mixture thermal conductivity, given by

k =gk + (1 —g1)ks, (11)

where k; and ks denote the thermal conductivities of the melt and
solid phases, respectively.

The equation for the conservation of solute, taken over solid
and liquid phases, is given by

]
57 (PO +V - (piCGigive) = 0. (12)

where the form for the mixture concentration, C, depends on the
assumption made regarding solute transport at the microscale. The
two extremes are the lever rule and the Scheil equation, where

0os(1—g)Cs,
C = G + _
1Y 8ol {,Osfol gLCSngL’

with C; and Cs as the concentrations of the solute in the liquid and
solid phases, respectively, which are related by

CS = koCL, (14)

where kg is the partition coefficient, with 0 < kg < 1; moreover,
the lever rule assumes thermodynamic equilibrium between the
phases, whereas the Scheil equation assumes no solute diffusion
in the solid and perfect mixing in the liquid. For the purposes
of generalization, it is possible to introduce a parameter y, where
0 <y <1, that allows for a back-diffusion treatment, i.e. partial
solute diffusion into the solid, that lies between the limits of zero
back diffusion (y =0, the Scheil assumption) and complete back
diffusion (y = 1, the lever rule); as indicated by Swaminathan and
Voller [26], this treatment of back diffusion is equivalent to using
the Clyne and Kurz correction [30] of the well-known back diffu-
sion model of Brody and Flemings [31]. Following [26] in first set-
ting

1-a 0Cs hle]
/O dei =y( _gL)k0ﬁ» (15)

Eq. (12) becomes

lever rule

Scheil equation’ (13)

d 0 ile
PLa; (&0 — koPsCLﬂ + psy (1 — g)ko == + V-(piCigivi) = O;
ot Jat at
(16)

furthermore, Eq. (13) can now be generalized for 0 < y <1 to give

1-g dcs
oC=goC + ,05/ <Cs + yg’Ld)dg’L. (17)
0 8

It should also be noted that, if remelting occurs, the above ap-
proach will only be valid when y =1, i.e. when there is complete
diffusion in the solid. In this case, it can be assumed that the com-
position of the remelting solid is equal to the current solid compo-
sition and no special care needs to be taken to account for remelt-
ing, since the solid concentration will equal the partition coeffi-
cient multiplied by the interface liquid concentration. When y # 1,
the presence of a microscopic concentration profile in the solid re-
quires special remelting models [23,32-34]. In this case, the en-
tire average solid concentration history needs to be tracked, and
the correct liquid fraction is determined by backward time inter-
polation to find the liquid fraction and the average solid concen-
tration. However, as we are considering the conditions necessary
for remelting to occur, rather than what happens after it occurs,
we will not need to concern ourselves with these details here.

Assuming local thermodynamic equilibrium in the mushy re-
gion, the liquidus curve in the phase diagram for the alloy under
consideration is given by

T=f(C) for0<g <1, (18)
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with a common approximation for f(C;) being
f(G) =T —mG, (19)

where Ty, is the melting point of the solvent element and with m >
0; we will not explicitly assume this form here, although we will
suppose that f'(C;) <0, where the prime denotes differentiation
with respect to C;.

In what follows, we will mainly focus on Egs. (5), (16) and (18),
making little use of (8) and (10). Also, we omit any detailed dis-
cussion of the initial and boundary conditions for Egs. (5), (8),
(10) and (16), as these will not be of relevance here.

3. Analysis for columnar dendritic solidification

A commonly used approach is to adopt the Boussinesq approx-
imation, meaning that the full form for p;, Eq. (7), is used only in
Eq. (8), and that p; is taken to be constant everywhere else that it
appears in Eqgs. (5), (10) and (16). Moreover, we can now note that
(5) and (16) are identical to Eqs. (5) and (7), respectively, in [2],
meaning that we can directly link it, and the results that follow
from it, to any conclusions that follow from the volume-averaged
approach that was first established much later [25]. By eliminating
V.v;, Egs. (5) and (16) can now be combined to give

y 1—gL> )3CL 1-ko\C 0gL
1+ = —— = — = —v-V 2
(g (=57 (7% Jg o e @
where B = (os — pr)/ps. where now pp = pr5; with y =0, we
have the form given in [2],

BCL:_<1—’<0)CL agL—vL-VCL, 1)

at 1-8 g at

Next, in Section 3.1, we first revisit the argument used in [2] to
obtain the LSRE. After that, in Section 3.2, we consider how the
LSRE is used to inform on remelting.

3.1. LSRE

To reach Eq. (1) from Eq. (21) in [2] required the following
steps.

1. v; - V(C, was replaced by %%, by considering what hap-

pens at an isotherm. However, at an isotherm, while it is cer-
tainly true that

aT aC

¢ Tt VT =0, 87tL +vr- V(G =0, (22)

where v; 1 is the velocity of an isotherm, and thence that

VLT~VC]_ V]_T-VT

—_ = 1= 23
aCy/ot aT/ot ’ (23)

it is not, in general, the case that v; r = v;. Indeed, if this were
the case, Eq. (4) would never be satisfied, meaning that freckles
would never form.

2. Having then arrived at

gL 1-8 vy - VT \ g 0C;

Bt__<1—ko Y gTae )¢ e (24)
both sides are divided by aa% to obtain Eq. (1); however, this
can only be true if g; = g;(t) and C; = C.(t), so that

g dG _ dg

dt ' dt — dG’

However, a stronger argument is the following. On using
Eq. (18), we have that

a aC,

T
I =f/(CL)W, v, - VT = f/(G)v, - V(, (25)
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Fig. 2. The criterion for remelting in terms of ”f and v; - VT. The considerations

in [4] for y = 0 indicate that (4, v, - VT) combinations in the shaded regions will
lead to remelting, whereas the actual result, from criterion (34), is that it should
T

occur when 8L > —v, . VT.

whence
v, - VT 9G
Vi VG = BLT/Bt B (26)
so that Eq. (24) gives
1- ko BgL _ v - VT BCL
(1—/3>CL e “gL<” 8T/8t>8t’ (@7)

which can be simplified to

‘lfko BgL _ 148 DT
(1 —ﬁ)qar ~TF@ o 2

Moreover, it is straightforward to extend this to the case when y #
0 to obtain

ko " 8gL_ DT l—gL oT
(1 ﬁ)qu) ——{ng+y(1 ﬁ>koat}- (29)

3.2. Remelting

In addition, Mehrabian et al. [4] suggest multiplying equation
(1) by 0C /0T to obtain Eq. (2). With the quantity inside the
square brackets of Eq. (2) supposedly negative regardless of the
value of kg, the discussion in [4] hinges on the value of 1+vj -
VT/(dT/at). In particular, if

v, - VT/(dT/9t) < —1, (30)

remelting is said to occur, since it will mean that dg;/dT < O; see
also [6,7]. In fact, this argument would lead to having to consider
the cases

oT oT

§+VL~VT>O, §<O (31)
and

oT oT

W+vL~VT<O, §>0 (32)

separately, as shown in Fig. 2.
However, the discussion becomes much simpler if we use equa-
tion (29). For remelting at any point, we must have

agy/ot >0 (33)
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at that point, i.e. the liquid fraction locally increases with time, and
since f'(C;) <0, kg <1, 8 < 1, we obtain, from Eq. (29),

aT 1 T
<at+"L VT)—f—y(l ﬁ>k0§>0 (34)

which reduces to (3) if y =0, which is the form cited in [17,19];
note, however, that (3) does not correspond to (30). Observe also
that neither Eq. (3) nor (34) indicate any particular position in the
mushy zone where remelting should first occur. On the other hand,
the detailed models of [17,19,24] give that criterion (3) should be
satisfied at the liquidus isotherm; we will return to this point
when considering unconsolidated equiaxed dendritic solidification
in Section 4. Furthermore, it should be noted that in these mod-
els, as well others in the non-metallurgical literature [18,35], it is
effectively the lever rule that is being assumed at the microscale,
i.e. y =1, and it is therefore perhaps, at first sight, surprising that
(3) was obtained at all. The explanation comes from the fact that
ko was set to zero in these models, in which case (34) reduces to
(3).

Now, for any isotherm, we can use Eqs. (22) and (29) to obtain

(w)cgﬁ = (1 (S o v
(35)

so that dg;/dt > 0 implies that

{vL— (”é(t%)ko)"”} VT >0, (36)

which is the generalization of Eq. (4).

4. Analysis for unconsolidated equiaxed dendritic solidification

The discussion to date has concerned columnar or consolidated
equiaxed dendritic solidification, for which the solid phase velocity
is zero; it is thus of interest to understand how the LSRE will differ
in the unconsolidated equiaxed zone of a metal casting, which con-
sists of free-floating dendrites and where the solid phase velocity,
Vs, is not zero. One of the simplest approaches is to take vg = v;
[36-38]; this is often referred to as the mushy fluid model, and is
applicable to amorphous materials, e.g. waxes and glasses, and in
a limited sense, the unconsolidated equiaxed zone of a metal cast-
ing. In the mushy fluid, the solid is usually assumed to be fully dis-
persed within the liquid and moving with the same velocity, with
the lever rule applying at the microscale, i.e. y = 1; here, however,
we consider the general case, i.e. 0 <y < 1.

Now, Egs. (5) and (16) are replaced by

9
a’f + V-(018VL + ps(1 — gL)vs) = (37)

d 0 G
&(pLgLCL) - PskoCL% +yps(l _gL)kOT; + V- (081Cvr)

+kops[—Civs - Vg +y (1 —g){vs - VG + GV -vs}] =0,  (38)

respectively. With vg = v;, we have

B8 L V(1 - paiv) =o. (39)

0 g hle
(1- ﬂ)ﬁ(gLCL) — koG == 5t = +y(1- gL)l<oT;+

A =BV - (&lvr) + ko[-Crve - VgL +y (1 —g)V - (Cvy)] =0
(40)
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As in Section 3, the idea is to eliminate the V.v; term between
Egs. (39) and (40). Expanding these out, we obtain

3
BE 1 pvi Ve = (1- BV, (41)
3 3 3G
(1= B)5; @G) - k&% +yQ —gL)koa—tL+
(A =B —ko)Crv - Vg +{(1 - B)gL + koy (1 —g)}vr - VG =

—{(1 = B)gL+koy (1 —g)}CLV v, (42)
respectively, and eliminate V.v; to arrive at

ad aC

(1= B —ko)gr + ko}C) + (¥ = 1)(1 —g)ko 5

+vi-V{(1 = B = ko)gL + ko}Cr) + ko(y — 1) (1 —g)ve - VC

_ (1 - B —yko)gL + vko gL ,
__ﬁ{ _ﬁgL+1 }CL[at +VLVng|’ (43)

expanding out still further results in
D
RI1 ko + (v = (1 = Rko(1 - g)IG o

DG,
Dt’
where R=1/(1 - 8). Now, although (44) is a non-linear partial
differential equation, it can nevertheless still be integrated. Rewrit-
ing it as

[1-k— (¥ = 1)(1 ~R)ko(1 )] Dg _ 1DG
(1-Bg){(1-B)g+yke(1-g)} Dt~ (G Dt’
we can then obtain

D (lrl ([(1 — kaR)gL + kaR]M> + In CL) — 0’ (46)

=—[(1 = R)g + R]{g + Y koR(1 — g1)} (44)

(45)

Dt (1-R)g +R)
where
W= (1 ko)A =B —yko) +ko(y —1)F (47)

(1-yko)(1 =B —vyko)
Assuming, as is reasonable, that at t = 0 there is only melt having
solute composition Cy, we have

CL = Co, gL = 1 att= 0; (48)
we can then integrate Eq. (46) to obtain

Co(1-Bg1)
(=B —yko)gL+ vko]" (49)
When § = 0, we have
Co 1—ko
T A —vkog+ vkl T T vk

with ¥y =0 and 1 giving the usual Scheil equation and lever rule,
respectively; nevertheless, with 8 # 0, Eq. (49) constitutes a new
result. Moreover, it identifies that even when the velocities of the
phases are non-zero, there is a closed-form expression that relates
C; and g;; thence, on using Eq. (18), we can relate T directly to ¢,
and g; also.

We may now also consider the significance of Eq. (49), as re-
gards the possibility of remelting. Differentiating (49) with respect
to t, we have

0 (1-yko)[(1~ ykoR)g + ykoR}"*" Ot~

G=

(50)

G
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where
h(g) = (1 =R)[(1 = ykoR)gL + v koR](1 — y ko)
—[(1=ko)(1 = ykoR) —ko(y — 1)(1 =R)]((1 - R)gL +(R);)
52

so, we need to consider the sign of h(g;). Rewriting Eq. (52) as

h(g1) = AgL +B, (53)
where
A=koR(1—-y)(1-=R)(1 - yko). (54)

B=R{(1-R)ko[-y?*ko+2y —1] = (1 —=ko)(1 — ykoR)}. (55)
it is evident that A < 0. As for B, we rewrite this as

B=RB(y),

where

B(y) = R—1)k3y? + (2 — R(ko + 1))koy + (Rkg — 1).

It is clear that B(0) = koR — 1 and B(1) = —(1 — ko). It is usually
the case that 1 < R < 1/kg; hence, B(0) < 0, B(1) < 0. Also, in view
of the form of B, i.e. the coefficient in front of the y2 term is pos-
itive, it cannot have a local maximum. Therefore, there is no value
of y for 0 < ¥ <1 such that B(y) > 0; hence, B(y) <0for0 <y <
1 and thus h(g;) <0 for 0 < g; < 1. Now, from Egs. (18) and (51),
we have

(1 )28 _ (L= 7ko)l(1 =B~ yko)si + ykol"" 3T
at Coh(g) f'(G) ot
So, for dg;/dt > 0, we would need dT/dt > 0.

Returning to the detailed models in [17,19,24], recall that these
assumed columnar dendritic solidification and found that chan-
nelling starts where g; = 1. This would be self-consistent if this
were the only solidification mode. In general, however, during a
casting process, both columnar/consolidated equiaxed and uncon-
solidated equiaxed dendritic solidification occur; this happens in
regions in which the solid fraction, gs(=1 —g;), is above and be-
low, respectively, a critical value known as the packing fraction,
gs p> whilst its value varies from system to system, an upper value
is typically around 0.3 [39], corresponding to g; =~ 0.7. Thus, if
remelting were to first occur in the unconsolidated equiaxed re-
gion of a mushy zone, the condition for remelting would no longer
be (34), but just 0T/dt > 0.

(56)

5. Significance for V-segregates in the continuous casting of
steel

In the continuous casting of steel, V-segregates are known to
form about the axis of symmetry, as shown in Fig. 3, although the
mechanism of formation remains unclear [11-14]; this is discussed
further in Section 6.2. Indeed, perhaps the only thing which can
be said with any degree of clarity, based on experimental observa-
tions [11,13], is that V-segregates are more likely to manifest when
there is an equiaxed zone in the centre of the casting. Moreover,
V-segregates must clearly form in the part of the mushy region
that is close to the point of complete solidification. In this region,
since the solid fraction is very high, it is more likely that equiaxed
crystals that are there have consolidated after settling, rather than
being of the free-moving and unconsolidated type that one might
expect in the mushy zone higher up the caster, where the solid
fraction is much lower.

Although we will not provide a model for V-segregate forma-
tion here, it is nevertheless possible to discuss some of the fea-
tures that such a model would need to have. First of all, and per-
haps rather paradoxically, we note that continuous casting is typ-
ically considered to be a steady state process, in the sense that
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Fig. 3. Schematic diagram of V-segregates in continuous casting. Length cutting of
the solidified strand.

the solidified strand is withdrawn at a constant casting speed; on
the other hand, the appearance of V-segregates suggests such that
it is not steady state, since it is clear that the concentration pro-
files that are frozen into the final solidified sample must have var-
ied with time. Consequently, this phenomenon cannot be captured
with a steady state model, as can other types of segregation that
occur in continuous casting, e.g. centreline segregation or inverse
segregation. Thus, what is required is a transient model that takes
into account constant casting speed. In what follows, we consider
how Egs. (37) and (38) should be developed to do this. For simplic-
ity, we consider here only the equations for a binary alloy, even
though in practice V-segregates can be found in multicomponent
steels [13,14]; nevertheless, we give the corresponding result for a
multicomponent alloy at the end of appendix A.

With vg = (0,0, Veast), where Vease denotes the casting speed,
Egs. (37) and (38) become

0 ad
_ﬁ% + (1 - IB)V . (gLVL) - Vcast% = 0, (57)
0 0 aq,
(1= B (816 — koG S+ (1 - g)ko 5
aG 0
+(l - ﬂ)v : (gLCLVL) + kOVcast |:)/(1 —gL)TZL - CLagZLi| = 0,

(58)
respectively; here, z denotes the casting direction. Eliminating V -
(gLv) between equations (57) and (58), we obtain

_ /28— _ 1 pyg 2T 1 ek 2L
(1 —ko)CLf'(C) o = (1 B TRAS g)ko or (59)

where
D 0 0
ﬁ = & + Vcast&-
Then, for remelting, we require dg;/dt > 0, which leads to
DT 1-g\, DT 1—ko\,. . g
gLﬁ +V<1 —ﬂ)koﬁ > —(1 y Gf (CL)VcastW, (60)

and reduces to (34) when Vst = 0.

6. Discussion

We now discuss the above results in the contexts of the numer-
ical simulation of alloy solidification in general, and the formation
of V-segregates in continuous casting in particular.
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6.1. Numerical simulation of alloy solidification

It is by now well-established that the use of computational
fluid dynamics (CFD) in order to simulate alloy solidification, and
macrosegregation profiles in particular, is fraught with difficulties
[40-43]. Typically, numerical dispersion and diffusion is present in
the simulated macrosegregation profiles reported in the literature,
hindering the interpretation of CFD results; in particular, authors
have found that using an unstructured mesh eliminates the numer-
ical dispersion that is present when using a structured mesh, but it
introduces numerical diffusion. On the other hand, using a refined
structured mesh alleviates problems with numerical oscillations,
but has been found to increase the computation time dramatically
[44]. In the case when channel segregates form, the issue is further
exacerbated, and there is still ongoing doubt as to whether, for ex-
ample, A-segregates in ingot casting are being computed correctly
[20-22], as regards mesh independence; this refers to their width,
their length and the spacing between them. In this context, the
contribution of this paper is to derive equations that can provide a
consistency check on whether a numerical code is computing the
intended equations correctly. To see how, recall equations (29) and
(59), which are for the ingot and continuous casting, respectively,
of a binary alloy; their counterparts for a multicomponent alloy are
given by equations (A7) and (A11), respectively. In particular, they
contain quantities that would be computed in the course of a nu-
merical simulation of the solidification of an alloy, i.e. C;, g, T and
v;; thus, at each time step and each point in the physical space,
one can check that these equations are indeed being satisfied. As
a corollary to this, one is able to obtain the conditions for remelt-
ing, given by (34)/(A8) and (60)/(A12), which can be considered
as necessary, although not sufficient, conditions for the formation
of channel segregates. Also, criteria (34)/(A8) can be considered as
complements to existing approaches based on local Rayleigh num-
ber for predicting the onset of freckles and A-segregates [45-48];
moreover, these criteria may help to resolve where in the mushy
zone the channel actually nucleates [10]. As for V-segregates, there
is as yet no agreement on the mechanisms that cause them in
ingot casting, although (34)/(A8) will be of relevance there also.
Moreover, some of the candidates for such a mechanism are simi-
lar to those in continuous casting, and are discussed in detail next.

6.2. V-segregates in continuous casting

In continuous casting, early work by Tomono et al. [11]| ob-
served that V-segregates only occurred in the equiaxed grain zone
of a continuously cast billet; this prompted the suggestion that
the enriched liquid between the equiaxed crystals is sucked in and
flows downwards and that, with the forcible movement of the pil-
ing equiaxed crystals to the billet centre, the enriched liquid ac-
cumulates along some planes, leading to the pattern seen in Fig. 3.
Later on, based on experimental observation, Abbott et al. [13] pro-
posed that V-segregation is induced by hot tearing and erosion of
the solid by flowing segregated liquid. More recently, Ma and Li
[14] attributed V-segregation to fissures in the equiaxed dendritic
network torn by solidification contraction. Indeed, all of these mir-
ror the mechanisms for the formation of V-segregates also sug-
gested for ingot casting [1,3], although there is as yet no detailed
mathematical model for this. Lastly, however, one may mention the
recent modelling work by Guan et al. [15], which does appear to
reproduce a V-segregate pattern, although it is not clear if this is
merely a numerical artefact, since the authors did not consider any
of three candidate mechanisms mentioned above; thus, since the
computations in [15] were for a binary alloy, one would need to
confirm that criterion (60) really is being satisfied. Nevertheless,
given that any theoretical investigation of V-segregate formation
will ultimately require numerical computation, it is clear that the
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remelting criteria presented in this paper will have a role to play
in determining the fidelity of such simulations.

7. Conclusions

In this paper, we have reassessed the local solute redistribu-
tion equation (LSRE) of macrosegregation which, since it first ap-
peared in 1960s, has served as a cornerstone for understanding
the composition variations that occur in the solidification of al-
loys. We have highlighted some anomalies in earlier literature, in
particular as regards the prediction of remelting as a precursor to
the formation of channel segregates (freckles, A-segregates and V-
segregates) in casting processes. Extensions to the LSRE were sug-
gested for situations where solute diffusion in the solid phase is
not negligible, as well as when the mode of solidification is un-
consolidated equiaxed dendritic, rather than columnar or consol-
idated equiaxed dendritic, and for continuous casting, where the
solid phase is transported at constant speed in the casting direc-
tion.
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Appendix A. multicomponent alloys undergoing
columnar/consolidated equiaxed dendritic solidification

For the case of (n+ 1)-component alloys undergoing colum-

nar/consolidated equiaxed dendritic solidification, we retain
Eq. (5), whilst Eq. (16) is replaced by, for j=1,...,n,

d i i BgL
PL& (gLCL(J)> - koﬂsq(” ot

() ) 96" ()
sy (1 - gk e 4 V- (mCVgivi) = 0. (A1)
and (18) is replaced by
T=f(c".¢?.....q"). (A2)
So, for j=1,...,n, we obtain
aco (1-K)c % + 8.0 - Buve)
at D ’ (A3)
t a(1-8)+0-g)yWk;

which already differs from Eq. (2) in [9] when y () = 0. Rearrang-
ing (A3) to the form

17kl(3j) ij)@:— 1+Lj)(1_g’->k(j) BCL(j)
1-8 ) & ot g \1-p)° ] ot

and noting that

— VLVCISJ) s

(A4)

0 n ‘
Zﬁ(c(])) atj . VT = Zf,(CL)VC(]), (A5)
=1
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multiplication of (A4) by f’ (C{”) and summation over j leads to

, 1-k )
gLHZf (Cm)( 1_% )qn} agtL _

_Z( (1 fgé), m)f/(Cm) Zf/(CL)VL Ve,
(A6)
which can also be rewritten as
n ) 8g
() [OAYal®)] L
{;f (@) )e | 2
8C
_ WM 1WD (W
e -y k()

j=1

For a binary alloy, i.e. n = 1, we recover Eq. (29). As regards remelt-
ing, since f’ (J)) <0 and k(” B <1, the condition that dg; /9t >

0 implies that
DT n -\ acY)
=Pl + (1 -y f ()5 >0.  (A9)
j=1

which reduces to (3) if y Dk{? =0 for j=1,....n.

Finally, combining the analysis in this appendix with that in
Section 5 for the case of continuous casting, we have Eq. (57) and,
forj=1,...,n,

. ()
a- ﬂ)%(&qm) k(J)C aag’- + y(J)(] —a )k(J) 3C

L Bz] 0,

+(1-B)V. (gLC(j)VL) + k(J)Vcast[y(])(l -&

(A9)
which will lead to
(J) (J)
1D\ 8L 1 _ v - ()
(1 K )q = ,B)gL y (1 - gkl —L-.
(A10)

Multiplication of (A4) by f’ (C{j)) and summation over j leads to

[i<1_,<g>>f,<qwhg;:

j=1

DC
() ()
P <1—g>2w>k 7(e”) 2 (AT1)
Then, for remelting, we require dg; /0t > 0, which leads to
DC
_ _ WD (W)
(- Prape +0 go]Z]y Kf ()
n . . . 9
- 2(1_kg>)f/(c;f>)c;v vcastg (A12)
j=1

and reduces to (A8) when Va5 = 0.
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