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ABSTRACT
We reconsider the theory of turbulent plume formation provided by
Schmidt (1941a,b) and its integral formulation, particularly that of
Morton et al. (1956). A particular issue for the correct formulation of
a mathematical theory is whether the plume is taken to have finite
or infinite width, and whether the entrainment rate is prescribed or
deduced. Fox (1970) showed that the entrainment rate for a plume
can be deduced from the governing partial differential equations by
the use of integral moment theory, providing one assumes expres-
sions for the velocity and buoyancy profiles, but it is less clear if
entrainment needs to be prescribed if the plume is taken to be of
infinite width (as might be appropriate for a laminar plume). Here
we choose an eddy viscosity model of a plume which differs from
those previously used by allowing the eddy viscosity to vanish with
the vertical velocity. We then show that for the ordinary differential
equations describing the similarity solution for such a plume rising in
anunstratifiedmedium, their solution implies that theplume is finite,
and that the entrainment rate at the plume edge is a consequence
of the model formulation, and does not need to be hypothesised;
and we also show that the entrainment coefficient which is thus
determined is consistent with values obtained by experiment. We
also show that the resulting velocity profiles differ from those found
experimentally by their omission of theGaussian tail, andwe suggest
that this discrepancy may be resolved in the model by the inclusion
of the small molecular kinematic viscosity.
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1. Introduction

Aplume is an isolated convective upwelling. Examples are the rise of smoke from an indus-
trial chimney, the formation of cumulus clouds over oceans, ‘black smokers’ at mid-ocean
rise vents, and explosive volcanic eruptions. In these examples, a source of buoyancy at
(essentially) a point drives a convective flow in the fluid above. As suggested in figure 1, the
plume forms a turbulent, approximately conical region, with a fairly sharp boundary. The
turbulence causes rapid convective mixing, and allows us to conceptualise the plume as a
relatively homogeneous cloud of density ρ = ρ0 − �ρ rising through an ambient medium
of density ρ0. If ρ0 depends on height z, then themedium is called a stratifiedmedium, and
it is stably stratified if ρ′

0(z) < 0.
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Figure 1. A laboratory plume. Photograph courtesy Andy Woods. (Colour online.)
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1.1. Classical plume theory

The theory to describe the motion of a turbulent plume was apparently first properly for-
mulated by Schmidt (1941a,b), and his model will be revisited below. The problem was
evidently of then current interest, and there is an earlier paper by Zeldovich (1937) (see Zel-
dovich 1992), in which the important concepts of conserved integrals and self-similarity
are introduced. Fox (1970) comments that the assumption of similarity was common to
all plume theories then, based on experimental observation, although this is not theo-
retically consistent in a stratified medium. The first of Schmidt’s two papers (but really
one paper in two separated parts) considers the two-dimensional motion due to a line
source, and the second considers the cylindrically symmetric plume emanating from a
point source. Schmidt not only formulated the model, he solved it to the extent that he
could, providing the appropriate similarity form of the equations and their solution in the
form of power series, and additionally compared his results with experiments which he
conducted himself.

Schmidt’s theory used an eddy viscosity and thermal diffusivity based on Prandtl’s
mixing-length theory, and his choice of viscosity is discussed later. Schmidt was working
at a Kaiser Wilhelm-Institut in Bochum during the second world war (after the war these
became the Max Planck institutes), although there is no mention of military issues in his
two papers. The papers came to the attention of G. I. Taylor, who studied them intently
and used them as the inspiration for his report (Taylor 1945) for the U. S. Atomic Energy
Commission, of which more below.

The study of cylindrical plumes formed the basis for C.-S. Yih’s doctoral thesis, the
main results of which are reported by Rouse et al. (1952). The authors essentially repeat
Schmidt’s work, apparently only discovering it when their paper was in the press. They
provide the same model (but do not solve it), allowing the flow field to extend to infin-
ity in the radial direction, and derive evolution equations for the momentum, buoy-
ancy and kinetic energy fluxes, and display the self-similar form of the solutions. They
also conduct experiments, and fit the buoyancy and upflow cross-sectional profiles with
Gaussians.

There was a good deal of other interest in plumes at the time, much of it motivated by
meteorological phenomena, for example Sutton (1948), Railston (1954) and Priestley and
Ball (1955). This last paper followed the approach of Rouse et al. (1952), but considered
also a stratified atmosphere, of obvious practical interest, but rendering the straightforward
similarity approach untenable, since the scale height of the atmosphere provides a natural
vertical length scale.

Batchelor (1954) provides a review of the subject (and many other subjects). His com-
ment on Schmidt’s work is somewhat caustic: he “gave an analysis of the mixing-length
type, but I do not think such an analysis can be regarded as satisfactory at the present
time”, although he does not elaborate. Batchelor’s treatment of entrainment was presum-
ably based on discussions with his mentor G. I. Taylor, whose 1945 report had explicitly
introduced the concept. The matter came to a head when two of Batchelor’s junior col-
leagues fused their work with Taylor’s to produce what is undoubtedly the watershed paper
in the subject, that ofMorton et al. (1956). It is probably fair to say that many people would
place this paper as the foundation of the modern theory of plume dynamics. It is discussed
further below.
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Schmidt’s version of the model, as point forms of the equations, and including eddy
viscous and diffusive terms, remains influential (e.g., Yih 1977), but its connection to the
Morton–Taylor–Turner paper has become more opaque with time. Reviews of the subject
do include discussion of this early material (e.g., Hunt and Van Den Bremer 2011, Far-
rugia and Micallef 2014), and the proper point forms of the equations remain of use,
both in deriving suitable averaged equations (van Reeuwijk and Craske 2015, Woodhouse
et al. 2016), or in direct numerical simulations (Marjanovic et al. 2017, 2019). On the
other hand, for some this material has simply disappeared: for example, Rooney and Lin-
den (1996) state that the “initial work on isolated sources of buoyancy was performed by
Batchelor (1954), and Morton et al. (1956)”. A question we wish to address in this paper
is: does this loss of connection matter?

1.2. Averaged plume theory

TheMorton et al. (1956) paper was a landmark in the development of plume theory. Scase
et al. (2006) comment that at that time it had been cited 639 times; in April 2021, that num-
ber had grown to something in excess of 1,600. It was firmly rooted in the literature of the
time, introducing integral quantities, similarity, and Taylor’s concept of entrainment. It dif-
fered from the Rouse et al. (1952) and Priestley and Ball (1955) papers by consideringmass
flux rather than energy flux; the merits of this choice were discussed by Morton (1971).
Morton et al. (1956)weremotivated (aswas Taylor 1945) by the inapplicability of Schmidt’s
earlier similarity theory to stratified fluids (his 1945 work being precisely directed to the
calculation of the rise height of an explosive fireball). But the paper also makes the com-
ment, similar to that of Batchelor (1954) cited above, that “because of its dependence on
mixture length theories and of the arbitrary assumptions that have to be made, the neces-
sary labour would not be justified”. One senses an inherent distrust of the Prandtl theory
of turbulence.

The idea of entrainment was abruptly suggested by Taylor (1945),1 who was already
aware of (and apparently motivated by) the work of Schmidt (1941a,b). In Morton et al.’s
(1956) description, entrainment occurs at the finite plume radius, whereas the various
kinds of diffusive model commonly describe the “plume” as formally extending to infinity
(e.g., Vázquez et al. 1996), as seems appropriate if the effective viscosity (or Reynolds stress)
does not vanish at the apparent edge. The basis for the entrainment assumption is that it
agrees with experimental findings (e.g., Carazzo et al. 2006). Various authors have used a
combination of experimental results and integral conservation laws to calculate values of
the consequent entrainment coefficient (Fox 1970, Kaminski et al. 2005, van Reeuwijk and
Craske 2015). We shall come back to this result below.

Much of the plume literature since 1956 has taken the Morton et al. (1956) paper as a
starting point. Unsurprisingly, this is the case for the two junior authors (Morton 1959,
Morton and Middleton 1973, Turner 1962, 1969, 1973, 1986). In his 1969 review, Turner

1 The reference, a war time report for the U. S. Atomic Energy Commission, is easily available on the web, and is marked as
unclassified on 2 March 1956 by W. F. Carrall; Morton et al.’s (1956) paper was published on 24 January of that year! The
work is dated 16 March 1945, and treats “the dynamics of a ball of fire produced in a large explosion”. The atomic bomb
was dropped on Hiroshima on 6 August of that year. The abstract (not written by Taylor) states that “the column should
rise to a maximum height and then mushroom out”.
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cites Schmidt’s papers, but follows Batchelor’s (1954) earlier suggestion, that such calcula-
tions “entail some questionable assumptions about the turbulence distribution across the
plume”. This view is repeated in his influential book (Turner 1973), where Rouse et al.’s
(1952) paper is quoted, but not Schmidt’s.

The natural result of this is that the subsequent literature has taken the Morton et
al. (1956) paper as the starting point; this can be seen for example in the papers of Caulfield
and Woods (1995), Hunt and Kaye (2001), Middleton (1975), Morton (1959), Morton
and Middleton (1973), Turner (1962), Van den Bremer and Hunt (2010), and no doubt
many others. The absence in these averaged models based on integral conservation laws
of the eddy viscous terms can lead to illogicality, as for example in the exposition of Lin-
den (2000), where the point forms of the governing equations are provided as for an inviscid
fluid (presumably on the basis that the viscous terms are small), and the integral conser-
vation laws are then discussed, based on these point forms. This is actually misleading, as
the inviscid point forms can be solved, but the solutions are very un-plume-like.

Although it is nevermentioned byMorton et al. (1956), theMorton–Taylor–Turner the-
ory is of a type similar to other approximate methods to solve boundary layer flows, such
as Pohlhausen’s method for shear flows (Schlichting 1979). Given the absence of com-
puting resources at the time, such methods were necessary, although now rarely used. A
more up to date analogy is the use of cross-sectional averaging to describe two-phase pipe
flows (e.g., Drew and Passman 1999), and indeed, such an averaging approach has been
used in describing two-phase plumes (Tomàs et al. 2016). We will return to this analogy
below.

There have been many developments of the Morton–Taylor–Turner theory, and
one particular one of note is the extension to time-dependent plumes (Delichat-
sios 1979, Yu 1990, Scase et al. 2006). These models started with the point forms of the
equations omitting Reynolds stress terms, and were later discovered to be ill-posed (Scase
and Hewitt 2012). Interestingly, this last paper provided a resolution for the ill-posedness
by introducing longitudinal dispersion due to eddy viscous effects. This is a rather contor-
tionist exit, insofar as the dominant lateral stresses are ignored, but the small longitudinal
ones are brought back. However, the correct resolution appears to be the omission of a
suitable ‘profile coefficient’ to represent the cross-sectional velocity profile (Craske and
Van Reeuwijk 2016, Woodhouse et al. 2016). Such profile coefficients are commonly used
in two-phase flows to avoid ill-posedness, which arises for similar reasons (e.g., Fowler
1997).

Our purpose in this paper is to revisit the Schmidt theory, to examine it from a more
mathematical viewpoint, and to ask whether it contains elements that can throw insight
on to the theory of plumes. The traditional approach in plume theory is exemplified by
Fox (1970). There are point forms of the equations, fromwhich integration yields ordinary
differential equations for mass flux, momentum flux and buoyancy flux. Taylor’s hypoth-
esis of entrainment is accepted, and values of the entrainment coefficient can be found
by using a further integral constraint corresponding to conservation of kinetic energy. The
subsequent effort becomes one of connecting experimental results to these derived integral
constraints. It is our contention that this procedure glosses over themathematical structure
of the model, and so our focus is on this more fundamental aspect, rather than pursu-
ing the goal of developing an improved model comparison with experiment; indeed it will
become clear that our results fall short of a satisfactory comparisonwith experiment. In the
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following section we introduce what we call the viscous plume theory, explicitly including
eddy-diffusive terms in the horizontal direction.We thenwork ourway through its analysis
from a modern perspective.

2. Viscous plume theory

The simplest mathematical model of a statistically steady turbulent plume is a cylindrically
symmetric flow of radius r = b(z), in which we use cylindrical coordinates (r, z), with cor-
responding velocity components (u,w) (thus the upwards fluid velocity is w). The plume
rises through amedium of density ρ0(z). The basic Reynolds-averagedmodel is then given
by

(ru)r + rwz = 0, (1a)

uur + wuz = − 1
ρ0

pr + 1
r
(rτ‖)r, (1b)

uwr + wwz = − 1
ρ0

pz − ρ

ρ0
g + 1

r
(rτ⊥)r, (1c)

uρr + wρz = 1
r
(rI)r. (1d)

These equations represent respectively conservation of mass, momentum (horizontal and
vertical), and buoyancy; p is the pressure, ρ is the density, ρ0 is the reference density of the
surrounding ambient fluid, and g is the acceleration due to gravity. In writing (1), we have
made the Boussinesq approximation, which is based on the assumption that �ρ is small,
�ρ � ρ0, where the density deficit �ρ in the plume is defined as

�ρ = ρ0 − ρ. (2)

We have included radial transport terms (but not the smaller longitudinal terms) which
represent the effects of turbulent mixing: the stresses in (1) are the Reynolds stresses
(divided by density)

τ‖ = −u′2, τ⊥ = −u′w′, (3)

and the equivalent buoyancy transport term

I = −u′ρ′, (4)

where the primes denote turbulent fluctuations, and the overbars suitable averages (e.g.,
ensemble averages).

In order to form a closedmathematical theory, closure choices for these transport terms
must bemade. In due coursewewill choose the simplest such closures, inwhich a turbulent
eddy diffusivity is introduced, so that (for a slender flow)

− u′2 ≈ νT
∂u
∂r

, −u′w′ ≈ νT
∂w
∂r

, −u′ρ′ = νT
∂ρ

∂r
, (5)
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and we will comment further on the choice of an eddy diffusivity below. Using the same
coefficient νT in the last term assumes a turbulent Prandtl or Schmidt number equal to
one; this assumption is made for simplicity. The longitudinal mixing terms are neglected
on the basis of our imminent assumption that the plume is thin; this assumption will be
quantified below. Commonly, the model is written in the above form (with or without the
eddy viscosity closure), with longitudinal gradients neglected (e.g., Fox 1970, Vázquez et
al. 1996, Agrawal and Prasad 2003, Kaminski et al. 2005).

The buoyancy equation requires some comment. It caters for the fact that the density
deficit in plumesmay arise because of temperature, dissolved concentrations or particulate
load, or a combination of these factors. But in all such cases, the turbulent conservationfield
for the relevant variable is simply based on advection and diffusion; for example we would
have Tt + u .∇T = ∇. [νT∇T] for temperature, and similarly for particulate or solute con-
centrations. Thus the buoyancy conservation equation simply represents this fact, together
with the assumption that the density is an algebraic function of the conserved quantities.
In certain circumstance, the veracity of this assumption may need to be examined further.
For example, in a volcanic ash-laden plume, the eruption column has a density which is
dependent on both temperature and ash concentration, and it rises through a surrounding
stratified atmosphere whose stratification is itself determined by the relation of density to
temperature and pressure. In such circumstance, (1d) may warrant further consideration,
but such issues will be ignored here.

2.1. Thin plume theory

There are two features of plumes which are commonly recognised, but whose cause is not
generally commented on. The first is that plumes have finite width. This is evident in figure
1, and commonly assumed. The second is that plumes are thin. Again, this is usually taken
for granted. Both of these observations will inform our discussion.

The principal approximation that we make is that the plume is thin, and this allows
the well-worn use of the lubrication approximation (and also explains why we omitted the
vertical diffusion terms); it implies that the radial pressure variation is small, and thus the
pressure is that of the surrounding ambient fluid,

pz ≈ −ρ0g. (6)

This allows us to write the remaining three equations in terms of the reduced gravity, which
is defined to be2

G = g�ρ

ρ0
. (7)

2 The usual notation is g′ for reduced gravity; this is avoided here, immediately because we use primes to denote turbulent
fluctuations, and later because we use primes to denote ordinary derivatives.
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Equations (1) can then be written in the simple form

(ru)r + rwz = 0, (8a)

(ruw)r + (rw2)z = rG + (rτ⊥)r, (8b)

N2rw + (ruG)r + (rwG)z = (rJ)r, (8c)

where the radial buoyancy transport term is

J = −u′G′, (9)

by analogy with (4), and N is the Brunt–Väisälä frequency, defined as

N =
(

−gρ′
0

ρ0

)1/2
, (10)

and we have put a pre-factor of 1 − �ρ
ρ0

equal to one in theN2 term. In (10), ρ′
0 denotes the

derivative of ρ0(z), taken to be a function of height.

2.2. Boundary conditions

Plume theory can go one of two ways from (8). Morton et al. (1956), and many other
authors since, have followed Batchelor’s (1954) advice, and have resisted providing a clo-
sure for the Reynolds-averaged terms. The model is not then a closed system of partial
differential equations, and progression requires the use of integral averages, as used by
Morton et al. (1956). Nonetheless, some kind of closure is necessary, this being commonly
the choice of velocity and buoyancy profile shapes. The use of averaging circumvents the
issue of applying boundary conditions to a large extent.

The alternative is to choose a closure such as that in (5), which then leads to the
modification of (8) as

(ru)r + rwz = 0, (11a)

(ruw)r + (rw2)z = rG + (νTrwr)r, (11b)

N2rw + (ruG)r + (rwG)z = (νTrGr)r, (11c)

If this is acceptable, we need to decide whether the plume is finite in width or not. This is
a mathematical issue. Because the equations are diffusive, one could apply conditions that
w = G = 0 at r = ∞, providing νT > 0 there. Indeed, it is commonly assumed, following
the curve fit to data by Rouse et al. (1952), that the velocity and buoyancy profiles are
Gaussian, as one might expect in a diffusive process.

In more detail, for an infinitely wide plume we would normally expect boundary condi-
tions at both r = 0 and r = ∞, but the degeneracy of the r-derivatives at r = 0 (due to the
factor r)mean that the conditions at r = 0may be absent, ormay be replaced by conditions
of finiteness (to prevent w ∼ 1

r , for example). Generally, this will not cause difficulty. Sim-
ilarly, the conditions w,G → 0 at ∞ should suffice providing νT > 0; u is then obtained
by quadrature from (11a) (with the boundary condition ru = 0 at r = 0), and in general
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we will have u ∼ 1
r as r → ∞, indicating in this case that the entrainment condition is a

consequence of the solution; this was used by Fox (1970), for example.
On the other hand, figure 1 suggests that the plume has a fairly well-defined fluctuating

edge, and this has been studied in detail by Burridge et al. (2017). So one might suppose,
as did Morton et al. (1956), that the mean velocity and buoyancy fields in the plume have
a boundary at r = b, and then one requires boundary conditions for w and G there, and
in general one would also require an extra condition to determine the location of the free
boundary, as one does in a Stefan problem, for example.

The matter of an extra condition to determine b is confused by the possibility that νT =
0 at r = b (if it does not, then effectively we return to the infinite plume case, as then we
allow νT > 0 “outside” the plume). To illustrate this, we compare the release at the origin of
a finite quantity of contaminant of concentration c in one spatial dimension x. With simple
diffusion,

ct = cxx, (12)

the “cloud” is infinite, and spreads out as a Gaussian. However, if diffusion is concentration
dependent, such that

ct = (ccx)x, (13)

then the cloud has a finite width, and its free boundary spreads at a rate determined by
the single boundary condition c = 0 at the edge. The analogy implies that it is reason-
able to suppose that if νT = 0 when w = 0, then the plume will be finite because of this,
and no extra boundary condition may be necessary (in particular, no extra entrainment
condition).

The above discussion motivates our choice of boundary conditions. The boundary of
the plume is taken to be at r = b(z), and we pose the conditions

w = G = 0 at r = b(z). (14)

Indeed, these are commonly assumed in the derivation of integral plume theory.
The observation that the plume expands indicates that entrainment must occur (Batch-

elor 1954). The turbulent eddies of the plume incorporate the ambient fluid, and dramat-
ically increase the plume volume flux. If the entrainment velocity (inwards) at the edge of
the plume is ue, then Morton et al. (1956) proposed that

u = −ue = −αw̄ at r = b, (15)

where w̄ is the cross-sectionally averaged vertical velocity, and the value ofα is found exper-
imentally to be approximately 0.1 (Wang and Law 2002, Carazzo et al. 2006). As originally
proposed,the plume boundary r = b(z) is indeterminate, so it seems that an extra bound-
ary condition for the governing partial differential equations to determine it is necessary.
As discussed above, this issue does not arise if b = ∞.

2.3. Plumewidth and entrainment

Later, we shall find the entrainment condition (15) does not need to be specified, but is a
consequence of themodel equations which we propose here.We consider this to be a novel
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result, but at first reading, it seems to have been already derived by Fox (1970), who states in
his abstract that “the rate of entrainment of ambient fluid into the plume is found to be an
explicit function of the dependent variables”. This makes it sound as if (15) can be deduced
from the governing equations, but this is not quite the case. Fox’s exposition is slightly inac-
curate (for example he refers to the entrainment velocity at the plume edge, but effectively
takes the plume as infinite), and it is easier to follow the later exposition of Kaminski et
al. (2005). Elaboration of the result is provided by van Reeuwijk and Craske (2015), who
also give a review of the development of the topic in the context of both plumes and jets.

In an infinitely wide plume, the entrainment condition is obtained by integrating (8a)
to the form

d
dz

∫ ∞

0
rw dr = − (ru)|∞ = αbw0 (16)

(van Reeuwijk and Craske 2015, equation (1.1)), where b and w0 are certain measures of
plume width and velocity, defined more specifically below. In the traditional approach,
there is a range of choices for these scales, as well as that for the buoyancy G0, and these
depend on the profiles which are assumed for the cross-sectional variation of the variables
(top hat, Gaussian, etc.). (In a finite plume, b could be the plume width, and we could take
w0 = w̄ if adopting (15).) Similarly, integration of the other two equations in (8) leads to
the integral relations

d
dz

∫ ∞

0
rw2 dr =

∫ ∞

0
rG dr,

d
dz

∫ ∞

0
rwG dr = −N2

∫ ∞

0
rw dr,

(17)

assuming w, G, τ⊥, J vanish at ∞.
The object of moment integral theory is to derive equations for the three representative

quantities b, w0 and G0, and these should follow from the three integral relations in (16)
and (17), assuming suitable cross-sectional profiles for w and G. Since there are four inde-
pendent integrals in (16) and (17), there is a variety of ways these representative quantities
can be chosen. More problematic is that these three moment equations include a fourth
unknown, the entrainment coefficient, and so the problem appears underdetermined.

To get around this, Fox now adds another integral relation, obtained by multiplying the
momentum equation (8b) by w, which leads to

( 1
2 ruw

2)
r + ( 12 rw3)

z = rwG + (rwτ⊥)r − rτ⊥wr, (18)

and thus

d
dz

∫ ∞

0

1
2 rw

3 dr =
∫ ∞

0
rwG dr −

∫ ∞

0
rτ⊥wr dr. (19)

It is evident that (18) is a conservation of kinetic energy equation. It is also clear that any
number of such equations could be written down for other such integrals; for example, if
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we multiply (8b) by wm, we can derive

d
dz

∫ ∞

0

rwm+2 dr
m + 1

=
∫ ∞

0
rwmG dr −

∫ ∞

0
mrτ⊥wm−1wr dr. (20)

At this point, we need to prescribe measures of plume width b, velocity w0 and buoyancy
G0, where these are functions of z. For example, van Reeuwijk and Craske (2015) choose
to define

b2w2
0 = 2

∫ ∞

0
rw2 dr, b2G0 = 2

∫ ∞

0
rG dr, b2w0 = 2

∫ ∞

0
rw dr. (21)

All the other integrals can then be written in terms of these and suitable profile coefficients;
for example we have the buoyancy flux integral

∫ ∞

0
rwG dr = 1

2θf b
2w0G0, θf = 2

∫∞
0 rwG dr
b2w0G0

; (22)

the point is that θf and other such coefficients are dimensionless, and depend only on
the shape of the profiles, which can be determined from experiment. Using such pre-
scriptions, (17) and (19) provide three equations for b, w0 and G0, so that (16) provides
a prescription for α; this is Fox’s result.

The usefulness of this result is that it provides an experimental basis from which the
entrainment coefficient can be determined. It is, however, slightly deceptive, because it
also seems to imply that the entrainment condition is a consequence of the model, rather
than having to be prescribed. The point is this: suppose we can solve equations (11) on
the infinite domain with boundary conditions w,G → 0 as r → ∞, and suppose that the
asymptotic behaviour ofu at∞ is given by (16), with b andw0 given by (21). Given assumed
profiles for w and G, Fox’s use of (19) will provide a value of α; but equally, we could use
any of themoment equations of (20), which presumably give different answers, because the
assumed profiles do not solve the governing partial differential equations; if they did, none
of the moment equations in (20) would provide any extra information, as they would all be
satisfied identically (since also so would (11b)). So while Fox’s method provides a useful
practical tool for calculating an approximate value of α, it does not answer the mathemat-
ical question of whether this quantity is a consequent property of the model equations, or
whether it needs to be separately prescribed. While the above discussion applies equally to
a finite plume, it seems that for the infinite plume, the entrainment rate would be a natural
consequence of solving the model equations, whereas for a finite plume it would seem that
it must be prescribed, as the extra condition to determine the free boundary of the plume
edge. This is the conundrum which concerns us.

2.4. Moment equations

The traditional approach to plume modelling (supposing a plume of finite width) follows
Morton et al. (1956) by considering averaged equations for the volume fluxQ, momentum
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fluxM and buoyancy flux B defined by

Q = 2π
∫ b

0
rw dr, M = 2π

∫ b

0
rw2 dr, B = 2π

∫ b

0
rwG dr. (23)

Commonly the factors of π are omitted in these definitions (e.g., van Reeuwijk and
Craske 2015). Providing we prescribe w = G = τ⊥ = J = 0 at r = b, we find from (8),
noting also (15),

dQ
dz

= 2α

√
πM
D1

, (24a)

dM
dz

= DGBQ
M

, (24b)

dB
dz

= −N2Q, (24c)

where

D1 =

⎡
⎢⎢⎢⎢⎢⎣

∫ b

0
r dr

∫ b

0
rw2 dr{∫ b

0
rw dr

}2

⎤
⎥⎥⎥⎥⎥⎦ , DG =

⎡
⎢⎢⎢⎣
∫ b

0
rG dr

∫ b

0
rw2 dr∫ b

0
rwG dr

∫ b

0
rw dr

⎤
⎥⎥⎥⎦ , (25)

the quantities D1 and DG also being dimensionless profile coefficients. For a more general
version of this approach, see van Reeuwijk andCraske (2015). It is important that the eddy-
diffusive terms vanish at the plume edge; in our case, this will be because we will choose
a prescription for the eddy viscosity that vanishes at the edge (and indeed, it is because of
this that the plume has an edge, in our theory).

In keeping with all such averaging methods, closure of the model requires constitutive
assumptions for the profile coefficientsDG andD1; see alsoWoodhouse et al. (2016). These
involve the profiles for w and G. For example, a top hat assumption gives DG = D1 = 1.
For constant values of these, the equations can be integrated analytically, to predict the rise
height of a plume in a stratified medium, such as shown in figure 2.

2.5. Eddy viscosity

Prandtl’s mixing-length theory (Prandtl 1925) was used by Schmidt (1941a,b) to prescribe
the eddy diffusivity:

νT = l2P

∣∣∣∣∂w∂r
∣∣∣∣ , (26)

and Schmidt chose the mixing-length lP ∝ plume radius b and thus also z (since the simi-
larity solution has b ∝ z). As Schlichting (1979) comments, this choice is unsatisfactory
away from boundaries, insofar as it predicts zero eddy diffusivity in the middle of the
plume. On the other hand, it works very well near rigid boundaries, where it can predict
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Figure 2. The umbrella cloud resulting from a plume rising in a stratified medium. Image courtesy of
Andy Woods. (Colour online.)

the logarithmic layer for example. Prandtl (1942) suggested a simpler assumption for ‘free’
turbulence (away from walls) which in the present case we could write as

νT = εTw̄b, (27)

and this would be a better assumption if the Reynolds stresses were concentrated near the
plume edge, i.e., a top hat velocity profile was appropriate. Both of the formulations (26)
and (27) were used in his discussion of turbulent jets by Rajaratnam (1976, chapter 2).
However, the assumption that stresses are larger at the edge is not borne out by experiment
(e.g., Wang and Law 2002). Here we propose to use a different choice,

νT = εTwb, (28)

which is perhaps the simplest choice which is essentially consistent with both of the com-
ments above. We should emphasise that this choice is not made because of an aim to
improve model fits to experimental data. After all, Schmidt already showed in his 1941
papers that a cross-sectionally constant viscosity provided a satisfactory fit to his data.
Rather, our purpose is to examine the mathematical structure of plume theory, with a par-
ticular emphasis on whether presumption of a finite plume width is appropriate, and if so,
whether entrainment needs to be prescribed.

In their experiments, Wang and Law (2002) measured the turbulent fluxes, so it is pos-
sible to consider the applicability of (28). From experiment, and defining η = r

z , they took
velocity and Reynolds shear stress profiles

w = wc exp

[
−
(

η

ηw

)2
]
,

−u′w′ = −w2
cA
[
exp

{−kg(η − η0)
2}− exp

{−kg(η + η0)
2}] ,

(29)
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Figure 3. The quantities τE and τR defined by (30) and (29), with values ηw = 0.105, A = 0.02084, kg =
224.4, η0 = 0.06815, β = 3.96 and εT = 0.03. (Colour online.)

with constants ηw = 0.105, A = 0.02084, kg = 224.4, η0 = 0.06815 (see their equations
(14) and (34), and tables 3 and 6). In figure 3, we plot the consequent values of τR, the scaled
Reynolds shear stress, and τE, the scaled modelled Reynolds stress defined using (28);
specifically, these quantities are defined by

τR = −u′w′

w2
c
, τE = νT

w2
c

∂w
∂r

, νT = εTbw, b = βz, (30)

and the values of β = 3.96 and εT = 0.03 are chosen. The value of β is that which we find
later in solving for the velocity and buoyancy profiles in a similarity solution appropriate
when N = 0; it does not assume any particular value of the entrainment coefficient. It is
of course possible to tweak these values to obtain a better fit (for example, try ηw = 0.135
and εT = 0.034), but our point is that the assumption in (28) is reasonably consistent with
this set of experimental data.

2.6. Non-dimensionalisation

It seems that the question ofwhy plumes are thin is not often addressed, if at all. To consider
this we make the model (11) dimensionless as follows:

b, r ∼ d, z ∼ l, w ∼ w∗, u ∼ εw∗, N ∼
√
g
L
, G ∼ δg, (31)

where

ε = d
l
, (32)



GEOPHYSICAL & ASTROPHYSICAL FLUID DYNAMICS 15

and we suppose that the ambient density ρ0 changes on a length scale L, and that the excess
buoyancy �ρ ∼ δρ0, where in keeping with the Boussinesq approximation, we assume
δ � 1. The scales d, l and w∗ are yet to be chosen.

Substituting these scalings into equations (11), and using the choice of eddy viscosity
in (28), we obtain the dimensionless equations

(ru)r + rwz = 0, (33a)

(ruw)r + (rw2)z = δgl
w∗2 rG + εT

ε
(rbwwr)r, (33b)

l
δL

N2rw + (ruG)r + (rwG)z = εT
ε

(rbwGr)r. (33c)

Note that N is now dimensionless and O(1) by definition in a stratified ambient fluid.
There are three obvious choices for the scales which follow by taking the three dimen-

sionless constants in (33) to be equal to one, and this determines

l = δL, w∗ =
√

δgl, ε = εT , d = εTl. (34)

Note that thin plume theory is thus explicitly justified if εT � 1. Themodel equations (11)
take the dimensionless form

(ru)r + rwz = 0, (35a)

(ruw)r + (rw2)z = rG + [brwwr]r , (35b)

N2rw + (ruG)r + (rwG)z = [brwGr]r . (35c)

There is a slight awkwardness about this if the ambient fluid is unstratified, which corre-
sponds to the limit L → ∞. In that case there is no macroscopic length scale (the only
length scale is that of the inlet tube radius a0, but we implicitly assume l � a0, which
renders it irrelevant). As is well known, there is then a similarity solution, and thus l is
arbitrary. With this understanding, we can use (35) as is, and simply put N2 = 0 if the
ambient medium is unstratified.

It is perhaps worth pointing out that the choice ε � εT in (33) corresponds to choosing
an essentially inviscid plume as was done by Linden (2000), with boundary layers at the
sides. The inviscid problem is hyperbolic, and can be solved, but the solution is very un-
plume-like (it gets narrower as it rises), and we discount this possibility.

We shall consider the model (35) in the following section. The appropriate boundary
conditions which we assume are

w = G = 0, u = −αw̄
ε

at r = b. (36)

The last condition is the entrainment condition, included here in case it needs to be spec-
ified as an extra condition (although in the end we will find that is a consequence of the
model). Note that in a stratified medium,N2(δz) (remember thatN is now dimensionless)
is a slowly varying function of height if δ � 1. We can then generally take N to be locally
constant, but we shall now supposeN = 0, corresponding to an unstratified ambient fluid.
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3. The diffusive plume

When the ambient fluid is unstratified, the Brunt–Väisälä frequency N = 0, and it is well
known that the plume model (35) possesses similarity solutions of the form

w = z−1/3W(η), u = z−1/3U(η), G = z−5/3Γ (η), η = r
z
, b = βz, (37)

which we would expect to correspond to the far field solution away from the inlet, and
generally to be appropriate for l � a0.

Substituting (37) into (35), we find that U,W and � satisfy the equations

(ηU)′ − η( 13W + ηW′) = 0, (38a)

UW′ − W( 13W + ηW′) = Γ + β

η
(ηWW′)′, (38b)

UΓ ′ − W( 53Γ + ηΓ ′) = β

η
(ηWΓ ′)′, (38c)

with boundary conditions

W = Γ = 0, U = − 2α
εTβ2

∫ β

0
ηW dη at η = β . (39)

Additionally there are symmetry conditions at η = 0:

U = W′ = Γ ′ = 0 at η = 0. (40)

The first of these is automatic, and indeed (38a) is a quadrature forU requiring no bound-
ary condition. The two second order equations for W and � use the other two boundary
conditions in (40), as well as the two conditions at η = β . The unknown β must then
apparently be determined to satisfy the entrainment condition in (39).

A complication arises because, as is easily seen from (24c), the buoyancy flux

B0 = 2π
∫ b

0
rwG dr = 2π

∫ β

0
ηWΓ dη (41)

is independent of z in general (when N = 0) and must therefore be also prescribed. This
is accommodated as described below.

3.1. Numerical solution strategy

Multiplying the first equation in (38) by� and adding it to η times the third equation yields
a first integral, from which we can determine

U = ηW + βWΓ ′

Γ
, (42)

and substituting this into (38) yields the two equations forW and �:

βWΓ ′W′

Γ
− 1

3W
2 = Γ + β

η
(ηWW′)′,

βWΓ ′2

Γ
− 5

3WΓ = β

η
(ηWΓ ′)′;

(43)
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the entrainment condition in (39) takes the form

W′ = − 2α
εTβ3

∫ β

0
ηW dη at η = β (44)

(here we have used l’Hôpital’s rule as inspection of (38) shows that W and � have finite
derivatives at the plume edge). It may be convenient to rescale η by writing η = √

βζ , so
that

WΓ ′W′

Γ
− 1

3W
2 = Γ + 1

ζ
(ζWW′)′,

WΓ ′2

Γ
− 5

3WΓ = 1
ζ

(ζWΓ ′)′
(45)

(the primes now referring to ζ -derivatives), subject to the same boundary conditions:

W′ = Γ ′ = 0 on ζ = 0, (46a)

W = Γ = 0 at ζ = Ω =
√

β , (46b)

and the entrainment condition can then be written in the form

W′ = − 2α
εTβ3/2

∫ Ω

0
ζW dζ at ζ = Ω . (47)

We need to deal with the buoyancy flux constraint (41), not to mention the fact thatW =
Γ = 0 is a perfectly adequate solution of (45). In fact equations (45) are invariant under
the re-scaling W ∼ λ, Γ ∼ λ2, and so there is a one-parameter family of solutions, and
then (41) provides the normalisation to select the unique solution. Equations (45) can be
rewritten in the form (

ζWW′

Γ

)′
= −ζ

(
1 + W2

3Γ

)
,

(
ζWΓ ′

Γ

)′
= − 5

3ζW.

(48)

The two equations in (48) can be written as the two pairs

ζW′ = −Γ P
W

, P′ = ζ

(
1 + W2

3Γ

)
, (49)

which are to be solved (given �) with boundary conditions

P = 0 at ζ = 0, W = 0 at ζ = Ω (50)

and

ζWΓ ′ = −ΓQ, Q′ = 5
3ζW, (51)

which are to be solved (givenW) subject to the boundary conditions

Q = 0 at ζ = 0, Γ = 0 at ζ = Ω . (52)
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3.1.1. Local expansions
We assume near ζ = 0 that

W ≈ W0 − W2ζ
2, Γ ≈ Γ0 − Γ2ζ

2, P ≈ P2ζ 2, Q ≈ Q2ζ
2. (53)

Substituting these into (49) and (51), we find the results are self-consistent, and in
particular

Γ ∼ Γ0
(
1 − 5

12ζ
2) as ζ → 0. (54)

Near ζ = Ω , we suppose

W ∼ W1(Ω − ζ ), Γ ∼ Γ1(Ω − ζ ), P ∼ P1 > 0, Q ∼ Q1 > 0, (55)

and these are also consistent, but importantly, Γ1 is unconstrained. In particular, the first
equation in (51) implies that

Q = −ΩW′ at ζ = Ω . (56)

Using (51), (52) and (56), the entrainment condition simply implies that � is actually
determined as

Ω =
(
6α
5εT

)1/2
, (57)

in view of (46). We emphasise the significance of this. If the entrainment condition
is applied, then it determines the location of the plume edge; or, if the plume edge is
determined independently from the solution of (58) and (59) below, then it implies the
entrainment condition, and also the value of the entrainment coefficient.

3.1.2. Entrainment
It is mildly convenient to define x = ζ 2, so that (49) and (51) have the form

W′ = − Γ P
2xW

, P′ = 1
2

(
1 + W2

3Γ

)
, (58a)

Γ ′ = − ΓQ
2xW

, Q′ = 5
6W, (58b)

where the primes now denote differentiation with respect to x. The boundary conditions
are

P = Q = 0 at x = 0, Γ = W = 0 at x = β = 6α
5εT

. (59)

It is not difficult to show that the variables have regular Taylor expansions about x = 0.
Now since the equations are invariant under the scalingW ∼ λ,Γ ∼ λ2,Q ∼ λ,P ∼ 1, the
value ofΓ = Γ0 can be chosen arbitrarily, and its actual value is then fixed by the buoyancy
flux B0. That is to say, solve the problem with Γ0 = 1, say; then under the re-scaling above,
the solution is obtained by choosing λ so that (41) is satisfied.

This implies that if we solve (58) as an initial value problemwith Γ0 = 1, the only quan-
tity which can be varied is the value ofW = W0 at x = 0; butW0 must be chosen to satisfy
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Figure 4. Computed profiles ofW (upper curve) and� (lower curve). The values ofW0 and β are 1.0217
and 3.9612 respectively in this calculation. (Colour online.)

the two boundary conditions at x = β . These appear to be independent, which implies that
β must be chosen in order to enable this. The apparent implication is that the entrainment
condition, at least in this formulation of the model, is actually a consequence of the choice
of eddy viscosity. To see whether this is so, we must solve the problem numerically.

One possibility is to use a shooting method, as indicated above. This is not generally
advisable for boundary value problems, and a suitable iterative scheme would be more
natural. However, the constraint in (56) makes it difficult to see how to do this. In fact,
shooting works well. Equation (58) has in general two possible behaviours, subject to the
initial conditions

P = Q = 0, Γ = 1, W = W0 at x = 0; (60)

these are that W → 0 at finite x, with a square root singularity if Γ > 0; or Γ ∼ e−
2
3 x,

W ∼ x−1/4 as x → ∞. The first behaviour is found for sufficiently small W0 < Wc, and
the second for W0 > Wc. At the unique value Wc ≈ 1.02, W and � both reach zero (lin-
early) at a value x = β ≈ 3.96, and thus ζ = √

β ≈ 1.99. Care is needed because of the
potential singular behaviour at both end points. Figure 4 shows the solutions forW and �

computed at the critical values. Because β is determined independently of the entrainment
condition, it follows that the entrainment condition is not an independent constraint, but
is determined by the model, and (57) determines the value of α.

3.1.3. Taylor series expansion
Equations (58) have regular Taylor series expansions of the form

Γ = 1 + g1x + g2x2 + · · · , (61a)

W = W0[1 + w1x + w2x2 + · · · ], (61b)

P = W2
0 [p1x + p2x2 + · · · ], (61c)
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Table 1. Coefficients in the Taylor expansions in (61) for a valueW0 = 1.0217.

n gn wn pn qn

1 − 0.416667 − 0.322827 0.645653 0.833333
2 0.531778 × 10−1 0.199176 × 10−1 − 0.190822 × 10−1 − 0.134511
3 − 0.343783 × 10−2 − 0.575621 × 10−3 − 0.252036 × 10−3 0.553266 × 10−2

4 0.133468 × 10−3 0.848386 × 10−5 − 0.119393 × 10−4 − 0.119921 × 10−3

5 − 0.341983 × 10−5 − 0.859618 × 10−7 − 0.449965 × 10−6 0.141398 × 10−5

6 0.620654 × 10−7 0.266417 × 10−9 − 0.161194 × 10−7 − 0.119391 × 10−7

7 − 0.923082 × 10−9 − 0.101864 × 10−9 − 0.556292 × 10−9 0.317163 × 10−10

8 − 0.630841 × 10−11 − 0.229750 × 10−10 − 0.205264 × 10−10 − 0.106108 × 10−10

9 − 0.348262 × 10−11 − 0.516569 × 10−11 − 0.117409 × 10−11 − 0.212732 × 10−11

10 − 0.773856 × 10−12 − 0.117037 × 10−11 − 0.145728 × 10−12 − 0.430474 × 10−12

Q = W0[q1x + q2x2 + · · · ], (61d)

and the first few coefficients are given in table 1 for the particular choice W0 = 1.0217.
These approximations are useful in checking the numerical solution. Calculation of the
coefficients can be enabled automatically through the iteration scheme for n ≥ 0,

qn+1 = 5wn

6(n + 1)
, (62a)

gn+1 = 1
n + 1

⎡
⎣− 1

2

⎧⎨
⎩qn+1 +

n−1∑
j=0

gj+1qn−j

⎫⎬
⎭−

n−1∑
j=0

(j + 1)gj+1wn−j

⎤
⎦ , (62b)

pn+1 = 1
n + 1

⎡
⎣μgn + 1

6

n∑
j=0

wjwn−j −
n∑
j=1

jpjgn−j+1

⎤
⎦ , (62c)

wn+1 = 1
n + 1

⎡
⎣− 1

2

⎧⎨
⎩pn+1 +

n∑
j=1

gjpn−j+1

⎫⎬
⎭−

n∑
j=1

jwjwn−j+1

⎤
⎦ , (62d)

in which

w0 = 1, g0 = 1, μ = 1
2W2

0
. (63)

3.2. Comparisonwith experiment

As much of our introductory discussion focusses on the work of Schmidt (1941a,b) and
Rouse et al. (1952), we first compare our theory with their results. Both sets of experiments
used hot air as the plume fluid. They provided profiles of velocity and buoyancy across
the plume in terms of the similarity scaling, and can thus be directly compared with our
similarity solutions. Schmidt provided measurements of root mean square velocity (which
is in any case close to the mean vertical velocity) whereas Rouse et al. gave just the vertical
velocity. Rouse et al. fit Gaussians to their data, and the use ofGaussians for plume variation
is now an acquired habit (e.g., Turner 1973), whereas Schmidt fit his calculated Frobenius
series for his model, which worked equally well.
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Figure 5. Comparison of the similarity solution with the Schmidt (1941b) data, using a value εT =
0.0505. (Colour online.)
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Figure 6. Comparison of the similarity solution with the Rouse et al. (1952) data, using values εT =
0.0341 (left) and εT = 0.0404 (right). (Colour online.)

In figures 5 and 6, we compare these experimental results with the predictions from our
model. As we choose to normalise the data so that the maximum of each curve is one, all
that is really being compared here is the overall shape and the width, which depends on
εT .

Due to improvements in the accuracy of experimental procedure inmoremodern times,
as well as the introduction of direct numerical simulation (DNS) data, we also include
in figure 7 a comparison to the experimental data of Ezzamel et al. (2015) and Shabbir
and George (1994), as well as the DNS data of Marjanovic et al. (2017) (at z = 15) and
van Reeuwijk et al. (2016). All of these works provide profiles of velocity and buoyancy
across the plume in terms of a similarity scaling and we normalise and scale to the same
width. ForMarjanovic et al. (2017), we consider the case in which the plume is only slightly
lazy, when the plume source parameter in their notation Γ0 = 0.75

√
2, where Γ0 = 1 rep-

resents a pure plume, Γ0 < 1 a forced plume or buoyant jet (excess of momentum) and
Γ0 > 1 a lazy plume (deficit of momentum flux) (see also Morton 1959, Morton and Mid-
dleton 1973, Hunt and Kaye 2001, Hunt and Van Den Bremer 2011). For the DNS data of
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Figure 7. Comparison of the similarity solution with the data of Ezzamel et al. (2015) (ESH), Shabbir
and George (1994) (SG), Marjanovic et al. (2017) (MTB) and van Reeuwijk et al. (2016) (RSHC). We have
normalised all data to the same height and made all the same width, which required scaling the width
of Ezzamel et al. (2015) and van Reeuwijk et al. (2016) both of which are given in terms of r

b rather thanr
z , this was done using a value of εT = 0.0454 with β = 3.9612. (Colour online.)

van Reeuwijk et al. (2016), we just look at a few points from along the velocity and buoy-
ancy curves of their similarity profiles. Later we will also add a further comparison with
the results of Burridge et al. (2017).

We see that away from the plume edge, the shapes are reasonably well fit, with values of
εT ∼ 0.03 – 0.05. We note from (59) that the entrainment coefficient is defined by

α = 5
6εTβ , (64)

and since our numerical solution determines β = 3.96, this range of εT corresponds to val-
ues of α in the range 0.1–0.17, in good agreement with values determined experimentally
(Carazzo et al. 2006).

The most obvious discrepancy between the data and the experiments lies in the tails at
the plume edge, which indeed are more Gaussian than abrupt. From the point of view of
the Schmidt theory, the simplest explanation is that our choice of eddy viscosity is wrong,
and a more nearly cross-sectionally constant value such as that used by Schmidt is appro-
priate. The problem with this is that figure 1 is clearly suggestive of a precisely defined
average plume width. Furthermore, as we discuss in the following section, the derivation
of the usual moment equations does rely implicitly on the assumptions of the boundary
conditions at the plume edge.

One comment of relevancemay be the following. Although themean plume edge η = β̄

(see (37)) may be constant, the actual plume edge η = β fairly obviously fluctuates (see
figure 1). Detailed experiments by Burridge et al. (2017) show that the plume edge is well
approximated by aGaussian distribution, suggesting that it could be described by an essen-
tially statistical process. What is the effect of this on the mean velocity profile? Let us give a
simple example, in which we take a top hat profile w = 1 for η < β , w = 0 for η > β and
suppose that β has a probability density φ(η) with respect to the radial variable η. Then

P(w = 1) = P(β > η) =
∫ ∞

η

φ(y) dy, (65)
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and this is also the distribution of themean velocity. For example, a Gaussianmean velocity
w = e−η2/η20 follows from the choice

φ = 2η
η20

e−η2/η20 . (66)

The point is that plume boundary fluctuations will cause a smoothing of the mean velocity
profile, although it is less obvious how to deal with this in the context of the Schmidt theory.

4. Discussion

The Schmidt (1941a,b) model of plume dynamics, in which Reynolds stresses and turbu-
lent buoyancy transport are modelled by eddy diffusive terms, has been to a large extent
superseded by the retention of the original quadratic fluctuation average terms, and the
use of integral moments to provide a reduced set of ordinary differential equations for the
moments of mass flux, momentum flux, buoyancy flux and, in the case of Priestley and
Ball (1955) and others, kinetic energy flux.

There is thus a dichotomy in the evolution of plume models, depending on whether
closures for the eddy transport terms are provided or not. If not, integral moment theories
are necessary, and the closures then take the form of assuming cross-sectional profiles,
commonly chosen as Gaussian, so that a closed system can be formed for the moments.
However, there is no unique way of doing this, because one can form an infinite number of
different moment equations. Already this discrepancy is seen in the comparison between
the theories of Priestley and Ball (1955) and Morton et al. (1956).

A further dichotomy in themodels lies inwhether the plume is taken to be of finitewidth
or infinite width. Visibly, plumes are finite (Burridge et al. 2017), but measured velocity
and buoyancy profiles, being apparently Gaussian, suggest that the plume can be taken to
extend to infinity. In this case plume ‘width’ b can be taken as a measure of the width of
the Gaussian. For example, we might define the vertical velocity as measured to be

w = wc exp(−r2/b2); (67)

or we might define the width via an equivalent top hat profile:

wcb =
∫ ∞

0
w dr. (68)

In either case, entrainment occurs at the plume edge: mass conservation implies that
(see (16))

d
dz

∫ b

0
rw dr = − (ru)|b , (69)

whether b is finite or infinite. Taking the plume width to be finite, Morton et al. (1956) then
had to prescribe the entrainment rate as a boundary condition on u at b. On the other hand,
if the plume is infinite, Fox (1970) suggests that the entrainment rate can be determined
through the integral moment equations.

From the point of view of a mathematical model, this raises the question as to whether
the finite and infinite plume models are fundamentally different, in terms of whether
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entrainment is prescribed or not.We think that this question can only be sensibly answered
if turbulent closures are specified, for then the model becomes a closed system of partial
differential equations with associated boundary conditions.

Supposing that an eddy viscosity model is a suitable closure, and that the corresponding
model is given by (11), then an infinite plume model is associated with a non-zero value of
the (eddy) viscosity νT everywhere, including in the far field, where one would suppose the
laminar molecular value νL (the kinematic viscosity) would be appropriate, i.e. νT → νL
as r → ∞. In this case the boundary conditions for (11) are simply w = G = 0 at r = ∞,
and the entrainment condition is presumably a consequence of the asymptotic behaviour
of u at ∞, since u is obtained by quadrature as

u = −1
r

∫ r

0
rwz dr. (70)

This is what underlies Fox’s (1970) pragmatic determination of the entrainment coefficient
from the moments derived from experimental data.

Now in practice the far field (kinematic) viscosity is very small. For Burridge et al.’s
(2017) experiments, and using a value of εT ∼ 0.03 in (27) or (28), we find from their
table 1 that νT/νL is in the range 80–150. From their figure 5, we see that edge fluctuations
are essentially absent at radial distance r ≈ 2b. This suggests that the value of νT in the
plume should effectively decrease to zero at the plume edge, and the simplest way to do
this is to have it vanish when w = 0. The choice we have made here in (28) is the simplest
such choice, but others are possible.

Now the consequence of this is that the diffusion coefficients in (11) are degenerate,
and as a result, the prescription of boundary conditions at what is now a free boundary
are less than clear. We continue to require w = G = 0 there, but one might expect an
extra condition to be required to determine the plume boundary, and the natural candidate
would be the entrainment condition, which would then need to be prescribed rather than
deduced. In particular, the choice of a non-vanishing eddy viscosity such as that used by
Schmidt (1941a,b), together with the assumption of a finite width plume, would require
such an extra condition.

However, what we find, by consideration of the similarity form which is appropriate for
an unstratified ambient medium, is that in fact the degeneracy of themodel with vanishing
eddy viscosity at themargin also predicts the entrainment condition, and specifically in the
form (15), and it also gives an explicit value for the entrainment coefficient α via (57) as

α = 5
6εTβ ≈ 10

3 εT , (71)

with apparent estimates of εT ∼ 0.03–0.05 givingα ∼ 0.1–0.17, which is in linewith exper-
imental results (Carazzo et al. 2006). We emphasise that this is a deduction from the
solution of the point forms of the equations, and does not rely on any presumed profiles of
the variables. For an eddy viscosity which vanishes at the plume edge, entrainment is a con-
sequence of the describing equations, just as it is for the infinite plume with non-vanishing
viscosity.

However, while our results may illuminate the classical Morton–Taylor–Turner theory
of finite width plumes, they seem to lose ground in comparison of our predicted velocity
profiles with experimental data, principally because of the lack of a Gaussian tail. Figures
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5–7 showed this explicitly for various sets of experimental data. One comment worthmak-
ing is that both the Rouse et al. (1952) and Schmidt (1941a,b) experiments were made in
air, which at 20◦C has a kinematic viscosity 15 times higher than water. We might then
expect the ratio νT/νL to be in the range 5–10, and given the square root dependence of
diffusional profiles on the diffusion coefficient, the explanation may simply be in retaining
a finite value of νT to r = ∞ (and thus an infinite plume).

Pursuing this concept suggests the idea of studying the model (35), except that we
choose the dimensionless viscosity to be ν + bw, rather than bw, where, following (34),
we choose

ν = νL
εTw∗d

= νL

εT
2
√

δgl3
. (72)

If ν � 1, then the leading order solution is that we have given for a finite plume, but this
approximation breaks down as w → 0, and we expect then to pick up the Gaussian tail.
A probable way to construct such an improved approximation is by using the method of
strained coordinates, but such exploration awaits future work. It seems possible that such
an approach could be used in comparison with experimental data, in much the same way
as the integral moment method has been used (e.g., van Reeuwijk and Craske 2015, van
Reeuwijk et al. 2016).

We find an intriguing comparison in the experiments of Burridge et al. (2017). These
experiments were done with aqueous solutions, and the velocity measurements were also
filtered to separate them into ‘eddy-present’ and ‘eddy-absent’ components; figure 8 shows
a comparison of our predicted velocity profile with the eddy-present measurements. The

Figure 8. Comparison of our predicted velocity profile with the eddy-present velocity profiles of Bur-
ridge et al. (2017, figure 13, and making use of values from their table 1). The two dashed lines indicate
the range of experimental profiles. To obtain this fit we use a value εT = 0.0351. (Colour online.)
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broader spread of the actual mean velocity profile (not shown) is associated with the eddy-
absent velocity profile which roughly corresponds to measurements in the ambient fluid as
it is being entrained into the plume. It is noticeable that the eddy-present velocity appears to
truncate at finite distance. It represents situations when there is almost no vertical motion
outside the plume (which corresponds to our assumption).

In our analysis, we have focussed on the case of an unstratified ambient medium, but
there seems to be nothing in the formulation for a stratified medium that would give
different results. That is, we would expect similar cross-sectional profile behaviour, with
zero Reynolds stress at the plume edge, and that an entrainment condition would occur
naturally as a consequence.

5. Conclusions

In this paper, we have studied the mathematical structure of plume theory from the per-
spective of the point forms of the equations as originally given by Schmidt (1941a,b) in
which the turbulent mixing terms are described by eddy diffusion. We have been particu-
larly interested in the distinction between descriptions in which the plume is taken to have
finite or infinite width, since in the latter case, the entrainment condition is presumably a
consequence of the solution, whereas in the former, it seems that it must be prescribed.

Supposing that the average vertical velocity w → 0 at the edge of the plume, it is nat-
ural to suggest that the eddy diffusivity will tend to zero there too, and we proposed a
simple choice for this (εTbw, where b is plume radius) which satisfies this constraint. The
mathematical consequence of this is that the resulting advection–diffusion equations are
degenerate at the plume edge, since the diffusion coefficient goes to zero there; in con-
sequence, as in nonlinear diffusion equations such as the porous medium equation (13),
the plume is finite as a consequence of the model, but crucially, the entrainment condition
is still a consequence of the solution. Further, the explicit calculation of the entrainment
coefficient α in terms of the friction coefficient εT in (71) agrees with values obtained from
experiment using the Fox integral moment method (van Reeuwijk and Craske 2015).

Where this theory appears inadequate is that it does not display the Gaussian tail of the
velocity and buoyancy profiles which are experimentally measured. One possible resolu-
tion lies in how one should implement an averaged boundary condition at a fluctuating
boundary, but a simpler remedy is the suggestion that the laminar viscosity of the ambient
fluid should not be discounted, so that we choose an eddy viscosity of the form

νT = νL + εTbw, (73)

where νL is the laminar kinematic viscosity. When the laminar viscosity νL is small, we
regain the present theory, but it will be subject to a correction at the plume edge which we
conjecture will enable the Gaussian tail to be obtained in the solution.
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