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ARTICLE INFO ABSTRACT
Keywords: A semilinear initial-boundary value problem with a Caputo time derivative of fractional order
Semilinear a € (0,1) is considered, solutions of which typically exhibit a singular behaviour at an initial

Subdiffusion equation

L2 scheme

Graded temporal mesh
Pointwise-in-time error bounds

time. For an L2-type discretization of order 3 —a, we give sharp pointwise-in-time error bounds
on graded temporal meshes with arbitrary degree of grading.

1. Introduction. Main result

Our purpose is to extend sharp pointwise-in-time error bounds obtained in [1] for L2-type discretizations of linear subdiffusion
equations to the semilinear case:

Ofu+ Lu+ f(x,t,u)=0 for (x,1) € 2x(0,T],

u(x,t) =0 for (x,t) € 02 x(0,T], u(x,0) = ug(x) for x € Q. a.n

This problem is posed in a bounded Lipschitz domain 2 c R?, d € {1,2,3}. The operator of, for some « € (0,1), is the Caputo
fractional derivative in time defined [2] V¢ > 0 by

t
ofu(-,1) = ﬁ/o @t —s)"*ozu(-, s)ds,

where I'(-) is the Gamma function, and d, denotes the partial derivative in s. The spatial operator £ in (1.1) is a linear self-adjoint
second-order elliptic operator defined by Lu := 2;’=1{—axk(ak(x) axku)}, with sufficiently smooth coefficients {a,} in C(£2), which
also satisfy a;, > 0 in Q.

Throughout the paper, we make the following assumption on f.

Al. Let f be continuous in s and satisfy f(-,t,s) € L(£2) for all > 0 and s € R, and the Lipschitz condition with some constant
A>0:

|fx,t,8)) — fx,t,8)] < Als; —s5] Vs, €R, xe, t>0.
Remark 1.1 (A1 Within the Exact Solution Range). While, strictly speaking, Allen-Cahn-type equations (with the cubic f = u® — u)
and Fisher-type equations (with the quadratic f = u® —u), do not satisfy A1, our error analysis still applies, as described in [3, §8.1].
We shall focus on the semidiscretization of our problem (1.1) in time of type

SEU™ + LU + (-1, UM =0 inQ2, U"=0o0nd2 Vm=1,..,M, (1.2)
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subject to U® = u,, associated with the temporal mesh 0 = t, < t; < - < t,; = T. (An extension to the fully discrete case can be
carried out along the lines of [1, §5.2].)

The discrete fractional-derivative operator §; in (1.2) is an L2-type discrete fractional-derivative operator for d; [1,4], based on
piecewise-quadratic Lagrange interpolants:

I, on(0,1) form=1,
STUM = 0t (I™U)(t,). ™ :=3 I; on(t_.1;) forl<j<m, 1.3)
I,;; on(_t;) forj=m>1,

where I7; ; and IT,; are the standard linear and quadratic Lagrange interpolation operators with the following interpolation points:
o {115} and ;o {t_y 15t ) The above method (1.2), (1.3) is of order 3 — « in time on appropriate temporal meshes
(by comparison, while the Alikhanov discretization of 97 also enjoys the order 3 — a, in the parabolic case it deteriorates to order
2; see, e.g., [5, Theorem 4.4 v Theorem 4.10]).

There is a substantial literature on the L1 [5-9] and Alikhanov [5,10,11] schemes in the context of graded/nonuniform temporal
meshes, the analyses relying on that the discrete time-fractional operators are associated with Z-matrices (i.e. matrices with
non-positive off-diagonal values); the semilinear case has also been addressed [3,12,13].

Far fewer results are available for L2-type discretizations, such as (1.3), the difficulty in the analysis, to a large degree, due to that
the operator 47 is not associated with a Z-matrix even on uniform meshes [1,4,14] (for similar L2-type schemes, see also [15,16]).
In [4] this operator is analysed on uniform temporal meshes, and the optimal convergence order 3 — « in time is established under
unrealistically strong regularity assumptions on the exact solution. The case of nonuniform temporal meshes was addressed in [1]
building on the framework, developed in [5,9], based on monotonicity arguments and discrete barrier functions. An alternative
approach was recently presented in [14].

Importantly, in extending the framework of [5,9] to the linear version of (1.2),(1.3) in [1], the key was the following
inverse-monotone representation for &;":

m

, U

8 UM =Yk, VI Vm21, V= ———— vj>1, v :=U" (1.4)
Jj=0 1=

where §; € [0, 1). Then, under certain conditions on the mesh, a set {;} was chosen such that

m
Kmm >0 and D k,; =0 Vm>1, «,; <OVO<j<m<M. (1.4b)
Jj=0
By (1.4), the matrix associated with § is immediately inverse-monotone, i.e. all elements of the inverse to this matrix are non-
negative (as it is a product of two M-matrices, which are inverse-monotone). The latter property is equivalent to a discrete
comparison principle (as in Lemma 2.2 for 4 = 0), which plays a key role in the analysis of [1].

Novelty. In this paper, an extension of the sharp pointwise-in-time error bounds of [1] from the linear to the semilinear case
generally follows the approach of [3], but it hinges on another nontrivial result, the inverse-monotonicity of the discrete operator
6% —A, where 4 > 0 is from assumption Al on f (see Lemma 2.2). While elementary, our proof of this result is novel, and, importantly,
it immediately applies to any inverse-monotone discretization of the Caputo derivative d7. Another rather surprising feature of the
L2 operator §; in (1.3) is worth noting. The inverse-monotonicity of §7 + 4 (for 4 > 0) remains unclear, while one might expect
this to immediately follow from the inverse monotonicity of &7 (this feature is in sharp contrast to the Caputo derivative 97 or any
Z-matrix discretization of the latter, such as the L1 or Alikhanov operators).

Notation. We write a ~ b when a < b and a 2 b, and a < b when a < Cb with a generic constant C depending on @2, T, u, f, a,
and possibly the mesh grading parameter r (related to assumption A3 below; see also Remark 1.3) but not on the total number of

degrees of freedom. Additionally, the following main result of the paper and further assumptions below involve z; :=¢;, —1;_; and
U

Theorem 1.2. Let the graded temporal mesh {t; = T(j/M)’}j"iO, with any fixed r > 1, satisfy /l'rj‘?’ < {I'2-a)}~' Vj > 1 Suppose that u is
a unique solution of (1.1) with the initial data u, € L (£2) and under assumption Al on f. Also, for t € (0,T] suppose that u(-,t) € H& (£2)
and ||a;u(-,t)||L2(_Q) S 141%71, 1 =1,3. Then there exists a unique solution {U™ € Hé(Q) n Lm(.(z)}ﬁ‘f=1 of (1.2), for which one has
M‘qtz,fq/r, q:=min{r,3—a}, ifl<r#3-a,

M3 11 +In,, /1))] ifr=3-a (1.5)

lluC ) = U™l y) S E™ 1= {

While the above theorem is formulated for a practical case of the standard graded mesh, it applies to more general temporal

meshes that satisfy the following assumptions A2 and A3 (which is reflected in a more general statement of Theorem 1.2* in
Section 3).

A2 Assume that | < p;; < p; <p* Vj 2 K+ 1, for some integer | < K S 1 (i.e. K is sufficiently large, but independent of M),
where 5* :=2/(1 — 6*) — 1, with a constant 6* = 6*(a) in (0,1) from [1, Lemma 5.1] (for the existence and computation of
which see also [1, Corollary 2.10 and Remark 2.12]).
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A2* Assumption A2 is satisfied with K = 1.
A3 Given y € R, let the temporal mesh satisfy

=M™, T t/], tj:rlj’ vVi=1,....,.M,

forsome 1 <r<@B-a)/aify>a—1orforsomer>1ify <a-1.

Remark 1.3. For any fixed « € (0,1) and r > 1, there exists K = K(a,r) $ | such that the graded temporal mesh {t; = T(j/M)"} ,Ai o
satisfies A2 and A3; see [1, Corollary 3.3].

Remark 1.4 (Regularity of ug). It is assumed in the above Theorem 1.2 that the initial data u, € L (£2). By comparison, [17] addresses
a version of (1.1) under the assumption u, € H, d (2)n H?(R2) (with solution regularity bounds given by [17, Theorem 3.1]), which, for
smooth and convex polyhedral domains, implies u, € L, (£2). Note also that when assuming ||a{ uC, Dl S 1+ 1*~!, we indirectly
impose u, € Hé (£2) n H2(Q) even in the linear case.

2. Discrete comparison principle and stability properties for 57 — 1

Remark 2.1 (Matrix Associated with 57). One can easily see that the operator 67 of (1.3) allows a representation 6{U" = > j<m Amj U/
Vm > 1. Hence, it is associated with a lower triangular matrix A with elements {a,,;}. While the signs of its off-diagonal elements
vary, the diagonal elements a,,,, = 97 IT, ,,_;¢" (t) for m > 1 and a,,,, = 07 IT ¢'(t)) for m = 1, where ¢™ is the standard basis function
equal to 1 at #,, and vanishing at ¢; # t,,. Hence, a calculation (using integration by parts combined with [IT,,,_; — IT; ,]¢"(t) < 0
for t <1,) yields o*[I1,,,_, — I, ,1¢™(t,,) > 0. Hence, a,,, > 0*I1, ,¢™(t,), or, equivalently, a,,, > t,*{I'2—a)}~' Ym > 1.

Lemma 2.2 (Comparison Principle for 57 — 4). Suppose that the temporal grid {t;} in o satisfies A2* and Arf <{I'Q2- )}~ Vj > 1. Then
U° < B and (87 = HU™ < (8% — H)B™ Vm > 1 imply that U™ < B" Vm > 0.

Proof. As the operator & — 4 is linear, it suffices to consider the case B/ =0V}, i.e. to show that U’ <0 and @F—=AHU™<0Vm>1
imply U™ <0V m > 0. Thus, we have AU - AU <0, where 4 is an (M +1)x (M + 1) matrix associated with 6, while the notation of
type U := (U7} j"i o is used for the corresponding column vector. Note that, by [1, Corollary 2.10] (in which a milder upper bound
ono; =1-2/(1+p)), and so on p ;5 18 imposed compared to [1, Lemma 5.1]), assumption A2* is sufficient for the inverse-monotone
representation (1.4). Hence, the matrix A is inverse-monotone, i.e. the elements of its inverse, denoted by afnj, are non-negative (see
also [1, Remark 2.1]. Now AU < AU implies U< /1A’1L7, or, equivalently, (1 - ia} U™ < '12/<m afW,Uf, as A~! is lower triangular,
as well as A. Note that here 1 — Aa}, >0, in view of &} = 1/a,,, combined with iz% < {I'(2 - a)}~! and Remark 2.1. The desired
assertion follows by induction. []

Theorem 2.3 (Stability of 67 — 1). Given y € R, let the temporal mesh satisfy A2*, A3, and /lr;.” <{I'2—-a)}~' Vj > 1. Then for {U/ }in o
one has
(8% = WY S (z; /1)

Vil U0=0 } => U/ SsUM(y) = fyT]t771(Tl/tj)min(O’7] vj>1, 2.1)

where ¢, := 1 +In(T /7)) for y =0 and ¢, := 1 otherwise.

Corollary 2.4. Under the conditions of Theorem 2.3 on the temporal mesh, the operator 57 allows a representation of type (1.4).
Furthermore, for {U/ }j"io and {W/ }j"io with U = W0 = 0 the following is true:

m
Z Ky W= U™ S (o /1, Vm> 1
/=0 J <179 (g, -
U/ _ﬂjUj—l ) > U/ SU7(z57), (2.2)
= =W Vi1
1-5

where the coefficients {x,, ;} and {f;} are from (1.4), and U is defined in (2.1).

Proof of Theorem 2.3. Note that for 4 = 0 the desired assertion immediately follows from [1, Theorem 3.2], with the assumptions
of the latter satisfied in view of A2* and A3. To extend (2.1) from the case 4 = 0 to 4 > 0 and sufficiently large M (otherwise,
for M < 1, the desired assertion is straightforward), in view of Lemma 2.2, it suffices to construct an appropriate barrier function.
This function is constructed exactly as in the proof of [3, Theorem 3.1] with minimal changes (the discrete comparison principle of
Lemma 2.2 playing a key role in this proof).

Importantly, the special case of y = 0 and 4 > 0 (which involves ¢, = 1+1In(T /7)) was not addressed in [3, Theorem 3.1]. To
include this case, one needs the following minor modifications in the proof of [3, Theorem 3.1(i)]. With the notation of the latter
proof, the definition of the auxiliary barrier B{; for any y € R should be modified to 5;’B£ = fy"(r /t j)”V Vj > 1 subject to B? =0.
Then the construction of the barrier W’ remains unchanged, which leads to U’ < #, W/, equivalent to our (2.1). O

3
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Remark 2.5 (Sharper fy). For y = 0, a sharper version of (2.1) holds true with ¢, =% =1+In(; /7)) factor in U/, Indeed, an
inspection of the above proof shows that (2.1) is valid with unchanged constants for any 7' > ¢, (as long as 7' < 1). Hence, replacing
T by t,, one gets U’/ < [1 +ln(tm/1'])]”rlt‘;."1 Vj<m,soU™ [l +ln(tm/11)]r,t;’n" v m.

Remark 2.6 (Generalization for the L1 Method). A version of (2.1) for the L1 discrete operator in place of § is given by [3,
Theorem 3.1], however, with the case of y = 0 and 4 > 0 excluded. Since the relevant part in the above proof also applies to
the L1 operator, we now conclude that [3, Theorem 3.1] is valid with [3, (1.5)] replaced by its generalized version (2.1) (which
is different in that it now includes the factor #, and, hence, applies whether 4 = 0 or 4 > 0). Hence, we immediately obtain a
sharper version of the error bound [3, (4.2)], with for r = 2 — & from " = M©@=20-0) 2=(1=9) (with an arbitrarily small positive ¢)
to ™ = £uM®~2 19!, A similar improvement also applies to all other error bounds in [3] which involve £™.

Proof of Corollary 2.4. First, recall from the proof of Lemma 2.2 that A2* is, indeed, sufficient for the inverse-monotone
representation (1.4). Now, note that the assumptions in 2.3, rewritten in the matrix form, become 4, W —AU < F and Asz < W, with
lower triangular M x M matrices A; and A,, and the notation of type U := {U/} ,Ai , used for the corresponding column vectors. For
F, we use F" := (7,/t,,)7*! for m > 1. Note that being M-matrices (i.e. diagonally dominant, with non-positive off-diagonal elements,
which follows from (1.4)), both A, and A, are inverse-monotone. To complete the proof, define the auxiliary U* by A2L7 * =W,
which immediately implies that U < U* elementwise (as A, is inverse-monotone). Hence, one gets

(A Ay — NU* = AW — AU* < A\W — AU S F,
or, equivalently, (5 — HU™" < F" subject to U *0 = 0. So, an application of Theorem 2.3 yields the desired bound U/ < U*/ §
vi. O
3. Error analysis. Proof of Theorem 1.2
In view of Remark 1.3, it suffices to prove Theorem 1.2 under more general assumptions A2 and A3; see Theorem 1.2* below.
Lemma 3.1 (Stability for Parabolic Case). Given y € R, let the temporal mesh satisfy A2, A3, and At <{I'Q2- a)}~1 Vj > 1. Then for
(U’ }ino from (1.2) one has

£ Gty UDN Ly = U Nl Ly s J1r

J <UJ(r,: j > .
Vi>1, U0=0 inO } > U@ SV @) Vi, EB.1)

where U/ is defined in (2.1).

Proof. (i) We shall start by proving the desired assertion (3.1) under the simplifying assumptions that, in addition to U° = 0, we
also have U' = 0, and a more restrictive condition A2* is satisfied instead of A2 (or, equivalently, we have A2 with K = 1). Not
only A2* enables us to employ the results of Section 2, including Corollary 2.4. It also implies that the assumptions on the temporal
grid made in [3, Lemma 5.1] are satisfied, so we can imitate part (ii) of the proof of this lemma.

To be more precise, set ¥ =0 and V" = 1—;ﬁ,,,Um - lf—V;mU'"" for m > 1, and also
o
W = \/||V'"||2LZ(Q)+K;; (cumumy,  where & := lf‘;m.
Now, on representing ;U™ in (1.2) in terms of {V/} in view of (1.4a), take the L,(£) inner product (-,-) of (1.2) with V™. With
the simplified notation || - || := || - || ,(p), note that (5*U™, V™) = Z;.'LO K VI V™) 2 i V™ - Z;.';l [ | IV IIV™]]. Note
also that (LU™, V™) 2> &y kp(LU™ UMY = |y |4/ KK, [(cu™ U™ )|, where we used If’;m < |Kpmor |4/ K (which was

established under condition A2* in [1, (5.3)] for m > 3, while (CU™, U™ ') = 0 for m = 1,2 in view of U! = 0; the evaluation
leading to the latter hinges on a very delicate choice of j* in A2). Combining the above observations yields (57U™ + LU", V™) >
KW = Kyt | W W =0 K LIVIIIV | 2 Ko WP =20 Ky | W W = W™ 37, ;W Thus, the inner product
of (1.2) with V™ yields

m
W ki W < Gty UMDV < W £t UM
j=0
Dividing this by W™ and subtracting A||{U"™||, one gets ZT:O Kinj W= AU™|| S (z,/t,)"*! (where we also used the theorem hypothesis

on f). It remains to note that #HU"’H - lﬁ—'”IIU""l | <IV™|| < W™V¥m > 1. Hence, an application of (2.2), immediately yields

the desired (3.1). o

(ii) We now return to the original, more general, assumptions, i.e. U! = 0 is no longer assumed, while A2 is assumed with
1 < K 5 1 (including the case K := M < 1). This more general case is easily reduced to the case already addressed in part
(i) as follows. First, by imitating part (iii) in the proof of [1, Lemma 5.1] (with minor changes for the semilinear case), one gets
||U/||L2(Q) S 7% S UV for j < K directly from (1.2) (as K 5 1). Then, by imitating part (ii) in the proof of [1, Theorem 3.2], {U/}; ¢
are eliminated from (1.2), after which one can apply the result of part (i) of this proof. []
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Theorem 1.2*. Theorem 1.2 remains valid if the temporal mesh satisfies more general assumptions A2 and A3 in place of {t; =
TG/ My Y.
Jj=0

Proof. The existence of a unique solution U™ € Hé ()N L (2) for m > 1 follows from /lrj’.” < {Ir'2-a)}~' Vj > 1 combined with
Remark 2.1 exactly as in [3, Lemma 2.1(i)].

Next, for the error e” :=u(-,t,)-U™ € Hé (2)N L, (£2), using (1.1) and (1.2), and the notation u™ := u(-,1,,) for the exact solution
and r := 6fu" — D{u(-,1,,) for the truncation error, one gets e¥ =0 and 8fe™ +Le™+ F(-,t,.e") =0Vm> 1. Here the nonlinear term
FCutyu@™) 1= [ty + €M) = f (1) = P satisfies |F(-,t,,,9)] < Als|+ 17" Vs € R, 50 [[FC. 15,00 1,00~ Alle |0y < 17 11,000 S
(rl/tj)7+1, where we used a version of the truncation error bound [1, (4.6)] with y := min{a,(3 —a)/r —1}.

Hence, an application of Lemma 3.1 yields ||e/]| L@ S Ui (z137), and it remains to show that U/ = 7,7, t;?“(rl 1m0} ~ g
from (1.5). As a > 0, one concludes that min{0, y} = min{0, 3 — «)/r — 1}, while £, = 1 iff r # 3 — a (which is equivalent to
y # 0). Now, in view of 7; ~ M, if r > 3 — @, one gets U/ = rlt;’,‘“ ~ M"t;’f‘l ~ &/, Similarly, if » < 3 — «, one gets
U= 14(z [t M"‘3t;’.’_(3_“)/' =~ &. Finally, if r = 3 — a, (similarly to r > 3 — a) one gets UV = £or;1f™! = £EM ™15,
where, in view of Remark 2.5, one can use a sharper version of £, = 1 + In(t ;/71), s0 again Uvi~E O

Data availability
Data will be made available on request.

References

[11 N. Kopteva, Error analysis of an L2-type method on graded meshes for a fractional-order parabolic problem, Math. Comp. 90 (2021) 19-40.
[2] K. Diethelm, The Analysis of Fractional Differential Equations, in: Lecture Notes in Mathematics, Springer-Verlag, Berlin, 2010.
[3] N. Kopteva, Error analysis for time-fractional semilinear parabolic equations using upper and lower solutions, SIAM J. Numer. Anal. 58 (2020) 2212-2234.
[4] C. Lv, C. Xu, Error analysis of a high order method for time-fractional diffusion equations, SIAM J. Sci. Comput. 38 (2016) A2699-A2724.
[5] N. Kopteva, X. Meng, Error analysis for a fractional-derivative parabolic problem on quasi-graded meshes using barrier functions, SIAM J. Numer. Anal.
58 (2020) 1217-1238.
[6] M. Stynes, E. O’Riordan, J.L. Gracia, Error analysis of a finite difference method on graded meshes for a time-fractional diffusion equation, SIAM J. Numer.
Anal. 55 (2017) 1057-1079.
[7] H.-L. Liao, D. Li, J. Zhang, Sharp error estimate of the nonuniform L1 formula for linear reaction-subdiffusion equations, SIAM J. Numer. Anal. 56 (2018)
1112-1133.
[8] H.-L. Liao, W. McLean, J. Zhang, A discrete Gronwall inequality with application to numerical schemes for fractional reaction-subdiffusion problems, SIAM
J. Numer. Anal. 57 (2019) 218-237.
[9] N. Kopteva, Error analysis of the L1 method on graded and uniform meshes for a fractional-derivative problem in two and three dimensions, Math. Comp.
88 (2019) 2135-2155.
[10] H. Chen, M. Stynes, Error analysis of a second-order method on fitted meshes for a time-fractional diffusion problem, J. Sci. Comput. 79 (2019) 624-647.
[11] H.-L. Liao, W. McLean, J. Zhang, A second-order scheme with nonuniform time steps for a linear reaction-subdiffusion problem, Commun. Comput. Phys.
30 (2021) 567-601.
[12] B. Ji, H.-L. Liao, L. Zhang, Simple maximum-principle preserving time-stepping methods for time-fractional Allen-Cahn equation, Adv. Comput. Math. 46
(2020) 2, Paper No. 37.
[13] H.-L. Liao, T. Tang, T. Zhou, A second-order and nonuniform time-stepping maximum-principle preserving scheme for time-fractional Allen-Cahn equations,
J. Comput. Phys. 414 (2020) 109473.
[14] Ch. Quan, X. Wu, H1-Norm stability and convergence of an L2-type method on nonuniform meshes for subdiffusion equation, SIAM J. Numer. Anal. 61
(2023) 2106-2132.
[15] G. Gao, Z. Sun, H. Zhang, A new fractional numerical differentiation formula to approximate the Caputo fractional derivative and its applications, J.
Comput. Phys. 259 (2014) 33-50.
[16] Y. Xing, Y. Yan, A higher order numerical method for time fractional partial differential equations with nonsmooth data, J. Comput. Phys. 357 (2018)
305-323.
[17] B. Jin, B. Li, Z. Zhou, Numerical analysis of nonlinear subdiffusion equations, SIAM J. Numer. Anal. 56 (2018) 1-23.


http://refhub.elsevier.com/S0893-9659(24)00326-4/sb1
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb2
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb3
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb4
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb5
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb5
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb5
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb6
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb6
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb6
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb7
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb7
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb7
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb8
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb8
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb8
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb9
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb9
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb9
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb10
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb11
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb11
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb11
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb12
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb12
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb12
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb13
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb13
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb13
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb14
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb14
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb14
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb15
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb15
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb15
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb16
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb16
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb16
http://refhub.elsevier.com/S0893-9659(24)00326-4/sb17

	Error analysis of an L2-type method on graded meshes for semilinear subdiffusion equations
	Introduction. Main result
	Discrete comparison principle and stability properties for δtα-λ
	Error analysis. Proof of Theorem 1.2
	Data availability
	References


