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Abstract

The challenge of developing a generalized
mathematical pattern to describe the plastic behaviour
of metals, lead researchers to propose various
constitutive models, especially in the field of cyclic
plasticity, where phenomena with particular importance
to low cycle fatigue, appear. This study proposes the
use of a plasticity model based on the Armstrong &
Frederick kinematic hardening rule. The concept of
the backstress additive decomposition, as suggested by
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Chaboche, is altered in this model and performed in a multiplicative way.
Emphasis was given in achieving maximum simplicity in defining the model's
parameters. Numerical application of the model was executed for the
simulation of steel SS 304 ratcheting response. Examination of the derived
results indicates that the current modelling methodology can perform quite
well in fitting uniaxial experimental data, and has the potential to simulate
successfully multiaxial loading data, an issue to be addressed in other works.

1. Introduction

Cyclic loading of metals past the elastic response limit, results in the
occurrence of a complex behaviour. The need to describe the inelastic behaviour
of materials accurately and in a generalized manner is mainly dictated by
practical engineering problems, such as metal fatigue. Determination of the
stress-strain state at critical locations is a prerequisite to the design and analysis
of structures containing stress concentrations, especially when the loading is
cyclic. In order to predict successfully the fatigue life limit of components and
structures, an essential input for the analysis is the stress-strain response of the
material, as a constitutive relation, which predicts the current stress from a given
stress or strain history, at the particular point of interest. The prescribed remote
load history, as well as the selected rule that links remote load to local
stress/strain at geometrical discontinuities, act as input data for the constitutive
model that dictates the resulting hysteresis loops and hence the resultant damage
[1]. Therefore, it is important to adopt a constitutive model duly capable of
describing accurately the material actual behaviour. In the regime of low-cycle
fatigue (LCF), the cyclic deformation behaviour of metals is usually represented
by the cyclic stress—strain curve, cyclic hardening or softening curves and stress—
strain hysteresis loops. These curves are needed for life prediction methods and
for the correlation between macroscopic and microscopic features of the
materials.

Engineering components and structures are often subjected to cyclically
varying loads with mean stress (or mean strain). It is well known that the
fatigue process is sensitive to superposed tensile mean stress in both the high-
cycle fatigue and low-cycle fatigue regimes [2]. This can be explained by
noting that a positive mean stress increases the crack opening and accelerates
the fatigue damage accumulation. When investigating the effect of mean stress,
tests are generally run in two different modes: strain-controlled cycling with
constant mean strain, or stress-controlled cycling with constant mean stress. If
the material response is mainly elastic during cycling, as is the case in high-
cycle fatigue, the above two types of test are equivalent, and both can be used
to study the effect of mean stress on fatigue life of materials. However, if the
cyclic response of the material is an elastic-plastic one, which is the case in
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low-cycle fatigue, the two types of test may produce quite different results. For
the strain-controlled mode, the occurrence of plastic deformation causes mean
stress relaxation. For the stress-controlled mode, the plastic deformation causes
ratcheting strain (cyclic creep strain). The accumulated ratcheting strain can
cause additional damage, resulting in shorter fatigue lives. The accumulation
of damage is accelerated by two processes: (a) an increase in cyclic plastic
strain from cycle to cycle as a result of cyclic softening, (b) the displacement
of the mean strain to higher tensile strain levels [3].

In this study a new kinematic hardening model is presented based on the
Armstrong & Frederick model, introducing a multiplicative backstress
decomposition in combination with the additive decomposition introduced by
Chaboche at al [7,9]. Considering the case of ratcheting simulation, the
accuracy of the proposed model was verified through the comparison of
relevant experimental data on steel SS304 (data provided by T. Hassan) with
the simulation of the model.

2. Background
2.1. General framework of classical rate independent

elastoplasticity

In the following, the discussion is limited to time-independent structure of
constitutive theories, which are appropriate for modelling the deformation
behaviour of most metallic structural alloys at room temperature. In this case,
small-strain plasticity theory assumes that the total strain &, can be decomposed
into an elastic part & and a plastic part &,

e =& +¢’ (1)
The stress is related to the elastic strain through generalized Hooke's law,

0'=E(£-6”) 2)

Omitting possible distortions of the shape of the yield surface a typical Von
Mises yield surface function (kinematic/isotropic hardening) is considered:

f:g(s—a)(s—a)—kzzo ®3)

where a and k are the corresponding internal variables representing the shifted
centre (backstress) and size of the yield surface in deviatoric stress space,
respectively.

The set of constitutive relations is completed with the following equations:
Loading index:
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1 (R (4)
K

Unit normal to yield surface:

n=\fgs;’ (5)

Rate equations:

a=(L)" Ky (6)
(1) gk' ™
el = <L> n (8)

Consistency condition £ =0
K, =K, Y ©)
3

where v is a unit tensor indicating he direction of the rate of the back stress
tensor, K, is the plastic modulus, K, is the kinematic hardening modulus, " is

the derivative of £ with respect to the equivalent plastic strain, and ( ) are the

Macauley brackets executing the operation (4) = A if 4 > 0, and {4) = 0 if
A<QorA=0.

2.2. Kinematic hardening rules

A hardening rule specifies changes in the yield condition as a result of
loading of the material in the elastoplastic regime. Prager [4] introduced a
simple linear kinematic hardening rule by assuming that v = n which implies
from Eqgs. (5), (6) and (8) that the yield surface moves along the direction of
the plastic strain rate (linear hardening):

a=(L)K.n = a=Kzs" (10)

The main drawback of the Prager's kinematic hardening rule relates to the
linearity of the stress-strain behavior derived from it with the assumption of a
constant K, Though the model accounts for some Bauschinger effect,
difficulties appear when it is applied to complex loading programs involving
unloading and subsequent loadings in reverse direction. Also, for a prescribed
uniaxial stress cycle with a mean stress, this model fails to distinguish between
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shapes of the loading and reverse loading hysteresis curves and consequently
produces a closed loop with no ratcheting. Armstrong & Frederick [5]
proposed a nonlinear hardening or evanescent memory model by adding to
Prager’s model a dynamic recovery term according to which one has

a= c[asé" —?pa] (11)

where «' is defined as the saturation value of a, ¢ is a material constant
controlling the saturation rate and the equivalent plastic strain rate is defined

. /2
by o2 = |ZgpPep |
Y ¢ 388

The direction of the yield surface motion is altered by the introduction of
the dynamic recovery term —cz”a . The beneficial contribution of the dynamic
recovery term is that it “moves” the backstress a upon reverse loading faster
than it builds it up due to the proper K, variation on the yield surface, and that
induces a non-linear stress-strain curve. These features simulate better than
Prager’s model the events of loading, unloading, reloading. Like Prager’s model
it does not predict a smooth elastoplastic transition since material constants are
finite. Additionally, there is a hidden deficiency shown schematically by the path
CDEE'in Fig. 1. The rapid decrease of a during partial reverse loading path CD

A

SR

Figure 1. Schematic illustration of the response and efficiency of the Armstrong &
Frederick kinematic hardening rule [6].
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cannot be compensated fast enough during the subsequent unloading - reloading
path DEE' and the predicted elastoplastic stress - strain curve undershoots EE’
the actual one which should merge fast with BB’ as observed in corresponding
experimental data [6]. This deficiency can severely over-estimate the ratcheting
phenomenon for stress cyclic with non-zero mean stress.

As an improvement to the aforementioned model, Chaboche & Rousselier
[7] and Chaboche [9], based on previous contributions of the first author,
proposed a kinematic hardening rule arising from the superposition of several
Armstrong & Frederick hardening rules by introducing an additive
decomposition of the back stress as follows:

«=3a, (12)

Each of the variables a; then works independently with the same kind of
nonlinear rule. One of them can be linear, e.g. 4, :%é”. By introducing this

modification a smoother elasto-plastic transition is achieved, as the sum of
different evolution patterns attributes in a better way the characteristics
required for the simulation of the experimental data, including ratcheting
response. Of course, the success of the simulation depends on the number of
the backstresses used, which in turn hinders the determination of the material
constants and increases the computational cost.

2.3. Isotropic hardening rules

While kinematic hardening rules are necessary in order to simulate the
unloading/reloading response, the isotropic hardening rule is often a necessary
constitutive ingredient associated with the increase of size of the yield surface,
observed mostly under strain controlled cyclic loading experiments. A typical
law for an isotropic hardening rule is given by:

k=c (k' —k)z" (13)

Where &' is defined as the saturation value of £ and ¢, a material constant
controlling the saturation rate. It was shown in [7,8,9] and elsewhere, that the
k' depends in general on the amplitude of the cyclic strain controlled loading.

Uniaxial and multiaxial application of combined isotropic-kinematic
hardening model scheme can be found in many works. An example of a
complete sequence of simulations and comparison with experimental data
can be found in Hassan & Kyriakides [10], who actually used a variation of
the Armstrong & Frederick model proposed by Dafalias and Seyed-Ranjbari

[8].
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3. Proposed model in uniaxial formulation

For the new kinematic hardening model introduced here, the concept of
the backstress additive decomposition [7,9] is altered and performed in a
multiplicative way, as originally suggested in [11]. This presentation is limited
to uniaxial formulation of the proposed model, therefore yielding the following
governing relations:

The Von Mises yield criterion, Eq. (3), becomes in the uniaxial stress case:

f:|0'—a|—k=0 (14)

where one can show that the uniaxial backstress a =(2/3)ay;.
Correspondingly the Armstrong & Frederick rule (11) becomes:

a= c[asé” —‘é”‘a] (15)

The idea now is to have a ¢ which is variable. But we do not wish to have
a typical variation with the accumulated plastic strain, because it would not
perform well in reverse loading. Rather we envision a variation which depends
on the direction of loading, exactly as it does for the variation of a. In order to
achieve this we first introduce a “directional” dimensionaless internal variable
b which obeys an evolution equation of the type of Armstrong & Frederick
rule as:

b= h[bsé” —\g‘f’\b] (16)

where b is defined as the saturation value of » and 4 a material constant
controlling the saturation rate. Then the ¢ is a variable which depends on the
evolving b according to the relation:

c=h,+h[ b ~(sgn(c—a))b | (17)

where £, a material constant and sgn (o — @) implies the sign of the quantity that
follows. Observe now how the model operates at this level. At the beginning the
b=0,and ¢ = h, + hb. When b = b* after monotonic loading with sgn (o— a) =
+, the ¢ = h,. Upon reversal the sgn (o — @) = —, and at the initiation of the

reverse loading one has ¢ = &, + 2hb . In other words the variation of ¢ resembles
that of the back stress. It follows from a combination of Egs. (15) and (17) that

a={h,+h[b ~(sgn(c-a))b||[ a's” -|¢|a] (18)

Clearly the variation of ¢ as described above reflects into the evolution equation
of a in Eq. (18), with beneficial consequences for the simulation of cyclic
loading. Observe that instead of considering the 5 as a second back stress which
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Is added to a according to the additive decomposition expressed by Eq. (12) in
the uniaxial case, the effect of 4 is expressed in a multiplicative way, in which
the dependent on b value of ¢ multiplies the coefficients of the evolution
equation of a in Eq. (18). This process does a slightly better job than adding a
second backstress, but it does not eliminate the need to introduce additional
additive back stresses, simply it reduces the requires number of such back
stresses more than the required number of quantities like b.

4. Numerical application - Validation of the model

The new model was implemented in Matlab for the case of uniaxial loading
histories. Within this framework the choice of forward Euler numerical method
of integration was considered to be sufficient in terms of computational
simplicity and CPU requirements. Equations (14) to (18) were used for the
uniaxial implementation of the model. Within this study, a repetitive routine has
been used to determine the starting values of the material parameters, based on
the least squares method [11,12]. Fine-tuning of these starting values has been
performed iteratively as the limited number of parameters still allowed for this.
Stress controlled derived experimental data were used for the validation of the
proposed model (loading scheme represented in Fig. 2) and in particular, steel SS
304 ratcheting experimental data, provided by Hassan in Fig. 3.

A typical stress-strain response from a ratcheting experiment on SS 304 is
shown in Fig. 3 (after T. Hassan), while the simulation with the present model
Is shown in Fig. 4. The cyclic mean stress is 5.2 ksi and the stress amplitude is

3

Figure 2. Typical stress controlled loading scheme and produced cyclic stress - strain
curves.
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Figure 3. SS 304 ratcheting experiments (after T. Hassan).
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Figure 4. SS 304 ratcheting computed data.

1.6

32.025 ksi. What derives from the experimental data is that the plastic strain
appears to have an exponential relationship with the number of cycles. Fig. 5
represents the ratcheting rate evolution versus cycle number. The observed
reduction in the rate of ratcheting is due to the cyclic hardening feature of the
material [10]. The material exhibited negative ratcheting during the first cycle,
and this is due to Bauschinger effect. It has been noticed that the amount of
negative ratcheting is seen to increase as stress amplitude increases, moreover
this initial reduction in plastic strain decreases as mean stress increases [10]. In
subsequent cycles, strain ratcheting was positive. However, given that this
material exhibits significant cyclic hardening it can be concluded that the
interaction between ratcheting and hardening in this case is relatively weak.
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Figure 5. Plastic strain at positive stress peaks per cycle for SS 304 experimental data
(after T. Hassan) and computed ratcheting data.

Finally, we observe that the shape of the loops remained relatively unchanged
as plastic strain increased. The abovementioned experimental data are utilized
to examine the new model’s capability to predict ratcheting.

Based on the previous development, the proposed model incorporates a
kinematic hardening rule comprised of a Prager, an Armstrong & Frederick
and a multiplicative type backstress in combination, as shown in the following
with the aforementioned order:

a=c,(a'¢" ~|¢"|a)+ e +{h, +h[ b ~(san(o—a5))b |} ae” ~[¢]a, ] (19)

where clearly the third term with a3 is the multiplicative contribution. No
isotropic hardening was considered for the ratcheting simulation. Appropriate
determination of the model’s parameters was conducted to simulate the
experimental hysteresis loops in Fig. 5, and their values are given in Table 1.
What is noticed is that the model simulates accurately the shape of the cyclic
curves though it steadily underpredicts the ratcheting rate. Particularly it is
noticed that the model predicts a plastic strain which is approximately 0.05% to

Table 1. Parameters used for SS 304 ratcheting simulation.

E = 27.800 ksi

Kinematic hardening rule
a'=21.24 ksi C, =14 Armstrong & Frederick
C, = 380 ksi Prager
b =0.49 h = 2000
aSS ~ 335 ksi b= 14 Multiplicative backstress
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0.13% (average of 0.07%) lower than the experimental one. This is deemed as
acceptable given that the maximum plastic strain is approximately 1.55% and
the error is much lower than the margin which derives from the applicable
safety factor.

S. Conclusions

The novel idea introduced in this presentation, based on the work in [11],
Is that instead of adding back stresses in a so-called additive decomposition of
kinematic hardening, we introduce a directional variable which evolves like a
back stress according to an Armstrong & Frederick rule, but instead of being
added to the back stress as another component, it multiplies the coefficient of
the back stress evolution equation, in what one can term a multiplicative back
stress decomposition. Such proposition does not eliminate the scheme of
additive decomposition of the back stress, but it renders more efficient the
contribution of the multiplicative terms in the simulations. The proposed
model was validated for stress controlled uniaxial experimental data on steel
SS 304. The produced simulations are considered as fairly acceptable, bearing
out the model's consistency to represent successfully the materials overall
ratcheting behavior. The implementation of the multiplicative backstress
decomposition notion is characterized by computational simplicity, indicating
the perspective of further research and development in the area of multiaxial
cyclic plasticity.
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