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A B S T R A C T

The design space for high-performance lightweight composite structures has grown considerably since the
advent of the variable stiffness concept. In fact, variable stiffness composites have been found to improve
buckling performance and dynamic stability, and to tune the structure’s dynamic response by tailoring
structural stiffness. Thus, in order to exploit this wider design space, efficient linear analysis tools have
an important role in preliminary design of variable stiffness structures, enabling designers to find more
effective solutions when considering prestressed dynamically excited aerospace components. Considering this,
a multi-domain Ritz method for eigenfrequency, transient and dynamic instability analysis of prestressed
variable stiffness laminated doubly-curved shell structures is presented. Working within the first-order shear
deformation theory, Sanders–Koiter shell kinematics allow general orthogonal surfaces to be modelled without
further assumptions on the shallowness or on the thinness of the structure. The efficiency of the proposed Ritz
method is granted by using Legendre orthogonal polynomials as displacement trial functions, while flexibility
in modelling and design is given by penalty techniques that allow stiffened variable angle tow shell structures
to be modelled as an assembly of shell-like domains. The proposed approach is verified by comparison with
published benchmark results and finite element solutions. Original solutions are presented for a prestressed
stiffened variable angle tow shell structure, which show great accuracy with an order of magnitude fewer
variables when compared to standard finite element procedures, proving the reliability and efficiency of the
present method in dealing with the dynamic analysis of multi-part aerospace structures.
1. Introduction

Under various operating conditions, primary load-bearing compos-
ite structures, which are commonly used in aerospace applications,
are subject to static and dynamic loads. Static and time-periodic in-
plane compressive loads on structural elements, such as the upper
skin of an aircraft wing, affect the fundamental frequency and the
dynamic stability of the structure, respectively. When dynamic loads
are applied to these structural elements, compressive prestress could
possibly increase the amplitudes of the transient response, for specific
combinations of frequency and amplitude of the applied loads, and/or
induce parametric resonance. Variable stiffness (VS) composites [1,
2], have provided new approaches to addressing these challenges. In
fact, changing the ply angle across the structure’s planform allows for
greater tailoring of laminated composites properties. Furthermore, VS
composites have been found to improve buckling performance [3–6]
and dynamic stability [7,8] and to tune the structure’s dynamic re-
sponse [9–13] by tailoring structural stiffness. Therefore, it is of interest
to develop efficient and reliable analysis tools capable of capturing
the dynamic behaviour of prestressed VS composite structures. This
capability must include an accurate prediction of the critical buckling
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load alongside a reliable evaluation of eigenfrequencies, dynamic insta-
bility regions and transient response of the prestressed structure. The
extensive literature on the analysis of VS composite laminated panels
emphasises the significance of these themes.

In recent years, there has been a lot of interest in studying the
buckling behaviour of VS laminates. Gürdal et al. [14] and Lopes et al.
[15] were among the first to demonstrate the benefits of the material’s
extended tailorability in terms of critical buckling load. The improved
buckling performance of VS panels was also described by Weaver et al.
[16] in early experimental work. These breakthrough results have
driven many authors to develop efficient optimisation tools for the
design of VS panels [17–21]. The application of Ritz methods for the
analysis of VS composite structures has received a lot of attention since
Gürdal et al. [4,17,22–26]. The method’s computational efficiency,
which also allows the fibre angle variation to be defined as a continuous
function when modelling VS structures, justifies this interest.

Moving to the free and forced vibrations of VS composite plates,
extensive research work has been carried out by using finite element
(FE) approaches. In particular, within the p-version finite element (p-
FE) procedure significant research has been carried out by Ribeiro
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and Akhavan to study the dynamic response of VS laminates [11,27–
29]. Houmat [30,31,32] employed p-FE approaches within classical
lamination theory (CLPT) and a three-dimensional elasticity theory
for rectangular plates and sandwich plates and Yazdani and Ribeiro
[33] combined the p-FE approach with a layerwise theory for thick
VS plates. The p-FE technique remains a commonly used method, as
shown by recent publications [34–37]. Other approaches for forced
vibration analysis of VS laminates were proposed by Akbarzadeh et al.
[13], who employed a hybrid Fourier–Galerkin method, and Heydar-
pour and Aghdam [38,39] who worked with a layerwise differential
quadrature method (DQM) and a mixed integral-DQM approach. As for
the buckling analysis, Ritz methods have been extensively employed
for vibration analyses of VS composite laminates in the framework of
CLPT [40–43] and Carrera’s unified formulation (CUF) [44]. Consid-
ering VS layered shells, their dynamic behaviour has been studied in
various publications to date. Among the FE based approaches, Blom
et al. [45], working in the CLPT framework, performed eigenfrequency
optimisation studies on VS conical shells. Ribeiro [9,46] and Ribeiro
and Stoykov [10] employed the p-FE method to analyse linear and
nonlinear free and forced vibrations of thin VS cylindrical shells. In
regard to other approaches for eigenfrequency analysis of VS shells,
DQM based methods were used within CUF [47] and first-order shear
deformation theory (FSDT) [48] frameworks; the B-spline finite strip
method (FSM) [49] and the Galerkin approach [50] were implemented
with higher-order structural theories.

Regarding the dynamic analysis of VS composite plates under static
and time-periodic prestress, different approaches have been presented
in the literature. Within FE procedures, many authors employed the
FSDT theory for dynamic instability analysis of VS composite plates:
Samukham et al. [7,51] used four-noded quadrilateral iso-parametric
elements, Khalafi and Fazilati [52] employed a non-uniform rational
basis spline (NURBS) isogeometric FE analysis (IGA) and Rasool and
Singha [53,54] used a sixteen-node plate bending element (MITC16).
The prestressed vibration problem of stiffened VS plates was studied
by Zhao and Kapania [12], who developed an FE approach where a
Mindlin type plate theory and Timoshenko beam theory were used for
the plate and stiffeners, respectively. Among other approaches, Fazilati
[55] applied the B-spline FSM, in the framework of Reddy-type higher-
order shear deformation theory, to investigate the dynamic instability
behaviour of moderately thick plates containing delamination. The
great interest shown towards alternatives to classical mesh-based ap-
proaches for the analysis of VS laminates is justified by the inherent
limitations of FE, that requires discretisation of the fibre angle variation
and ad-hoc preprocessing routines, often making the solution even
more mesh-size dependent. Within these alternatives, Ritz-based pro-
cedures have shown compelling benefits when applied to the dynamic
analysis of VS composite shells allowing a substantial reduction in the
number of unknown variables without any significant difference in the
accuracy of the solution, when compared to FE procedures [56–59].
One of the few works that presented prestressed vibration results of
curved VS panels is by Samukham et al. [8], who, in the framework
of Donnell’s shell theory, also studied the dynamic instability of shal-
low VS cylindrical shells using the Generalised Differential Integral
Quadrature Method (GDIQM).

Despite many works discussing dynamics of prestressed VS com-
posite panels, the literature survey shows that most published works
are limited to individual plates and shallow shells. Furthermore, to the
best of the authors’ knowledge, no work has been presented on the
dynamic analysis of prestressed variable curvature or doubly curved
VS stiffened shell structures, which are commonly used in aerospace
structural components. Thus, this work presents a versatile and effi-
cient Ritz method for eigenfrequency, transient and dynamic instability
analysis of prestressed variable stiffness, laminated, doubly-curved shell
structures. Sanders–Koiter based shell kinematics are implemented,
allowing shell and stiffener components to be modelled as general
orthogonal surfaces without further assumptions on the shallowness or
2

the thinness of the overall structure. Accurate geometrical description
is achieved by using a rational Bézier surface representation and, with
simple preprocessing, general stacking sequences are considered. In
fact, only the function that analytically describes the fibre angle vari-
ation within the plies and the geometrical information of the shell are
required. The computational efficiency associated with Ritz methods
is achieved in this work by using Legendre orthogonal polynomials,
that approximate the unknown displacement field, requiring relatively
few polynomial terms to achieve accurate results. Stiffened variable
angle tow shell structures are modelled by an assembly of shell-like
domains and penalty techniques are used to enforce the displacement
continuity of the assembled multi-domain structure and the kinematical
boundary conditions. Allowing versatility in design and modelling, a
wide range of load cases and configurations can be treated for multi-
part VS composite structures. In the transient analysis of prestressed VS
structures, Rayleigh damping is employed and solutions are obtained
through the Newmark integration scheme. Finally, for the dynamic
instability analysis Bolotin’s first-order approximation was used to
retrieve the boundaries of first and second dynamic instability regions.
The proposed approach is validated through comparison with literature
and FE results, and novel, comprehensive dynamics solutions for a pre-
stressed stiffened VS shell structure are presented, demonstrating the
present method’s ability to handle the analysis of multi-part aerospace
structural elements.

The work is organised as follows: the shell theoretical framework
and analysis procedure are presented in Section 2. The model features
are presented in Section 3. The verification of the present approach
and original results are discussed in Section 4, followed by concluding
remarks in Section 5.

2. Formulation

The proposed modelling technique is based on deconstructing the
entire structure into shell-like domains. The complete thin-walled struc-
ture is then assembled by imposing the boundary conditions for each
component, which are given by displacement continuity and traction
equilibrium along the edges connecting distinct domains, as well as
by the external load and kinematical constraints. These constraints
are provided using a penalty technique, similar to prior studies in
the literature to join Ritz domains [60–62], and have been extended
to account for a six-degree-of-freedom FSDT description [22–24]. It
should be noted that the decomposition of the structure into multiple
domains in this work is solely for the purpose of modelling complex
multi-component structures, and the current Ritz approach relies on a
sufficient number of polynomial trial functions used in the displace-
ment field approximation to enhance the accuracy of the results (see
Section 2.4). Hence, a thin-walled multi-part structure can be treated
as an assembly of 𝑅𝑑 𝑁-layered quadrilateral domains with thickness
ℎ, which are denoted by the superscript k inside angle brackets [58]. In
each domain, the layer thickness is assumed constant and the plies are
made of homogeneous and orthotropic material. Therefore, the shell is
kinematically constrained on the lateral boundary and it is subject to
domain and boundary loads as specified in the following Sections.

2.1. Shell surface mapping

Following the procedure in [58,59], a rational Bézier surface repre-
sentation is used to perform the mapping of the shell domain to the
square domain [−1, 1] × [−1, 1], where integration rules are applied.
According to the nomenclature used in [59], 𝛺 is employed to de-
note the domain where the curvilinear coordinates (𝜉1, 𝜉2, 𝜁 ), sweeping
he reference surface (𝜁 = 0) are defined and the shell boundary is

expressed as 𝜕𝛺. Hence, a point (𝜉1, 𝜉2, 0) on the reference surface is
identified by the position vector 𝒓, which is expressed in matrix form
as

𝒓 = (𝑺(𝜉 , 𝜉 )𝑿)𝑇 (1)
1 2
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where 𝑺 is a 1 × (𝑛 + 1)(𝑚 + 1) vector that collects the Bézier shape
functions 𝑆𝑖,𝑗 [58] and 𝑿 is a (𝑛 + 1)(𝑚 + 1) × 3 matrix that collects the
coordinates of the control points 𝑥𝛼 𝑖,𝑗 . Then, by differentiating Eq. (1)
with respect to the 𝜉1 and 𝜉2 coordinates, the first fundamental form
expressions are retrieved

𝑎21 = 𝒈1⋅𝒈1 (2a)

𝑎22 = 𝒈2⋅𝒈2 (2b)

𝑎1𝑎2 cos𝜙 = 𝒈1⋅𝒈2 = 0 (2c)

where 𝒈1 and 𝒈2 are vectors tangent to the 𝜉1 and 𝜉2 lines respectively.
Note that by writing the fundamental form expressions in Eqs. (2)
the orthogonality condition of the 𝜉1 and 𝜉2 coordinate lines has been
introduced and within the current formulation it must be ensured
through Eq. (2c), thus implying the 𝜉1 and 𝜉2 curvilinear axes are the
two principal curvature lines of the reference surface. Furthermore,
𝒏̂ = 𝒈1×𝒈2

𝑎1𝑎2
is the outer normal unit vector and recalling the standard

procedures of differential geometry [63], the principal curvatures 𝑘1
nd 𝑘2 and the infinitesimal volume element of the shell 𝑑𝑉 can be
valuated as

1 = − 𝐿
𝑎12

(3a)

𝑘2 = − 𝑁
𝑎22

(3b)

𝑉 =
[

1 + 𝑘1𝜁
] [

1 + 𝑘2𝜁
]

𝑎1𝑎2 𝑑𝜉1𝑑𝜉2𝑑𝜁

=
[

1 + 𝑘1𝜁
] [

1 + 𝑘2𝜁
]

𝑑𝛺𝑑𝜁
(4)

where 𝐿 = 𝒏̂ ⋅ 𝜕2𝒓
𝜕𝜉12

and 𝑁 = 𝒏̂ ⋅ 𝜕2𝒓
𝜕𝜉22

in Eq. (3) are coefficients of the

uadratic form of the reference surface .

.2. First-order kinematics

The displacement field referred to the R̃(𝜉1, 𝜉2, 𝜁 ) coordinate sys-
em, operating within the first-order shear deformation theory (FSDT)
ramework, is given in matrix form as

= 𝒖 + (𝜁 + 𝜁 )L𝝑 (5)

where 𝒖 =
{

𝑢1, 𝑢2, 𝑢3
}𝑇 , 𝝑 =

{

𝜗1, 𝜗2, 𝜗3
}𝑇 and

L =
⎡

⎢

⎢

⎣

1 0 0
0 1 0
0 0 0

⎤

⎥

⎥

⎦

(6)

where 𝜁 is the offset of the shell’s mid-surface (𝜁 = 0) with respect to
the reference surface (𝜁 = −𝜁 ), 𝑢1, 𝑢2 are the displacement components
along the 𝜉1 and 𝜉2 axis of the points on the reference surface, 𝑢3 is
the transverse deflection along the 𝜁 direction, 𝜗1 and 𝜗2 are rotations
of the transverse normal around the 𝜉2 and 𝜉1-axis, respectively (see
Fig. 1).

Note that the displacement field is not affected by the ‘‘drilling’’
rotation 𝜗3 = 𝜗3

(

𝜉1, 𝜉2
)

due to the introduction of the matrix L.
The strain relations [63], in the framework of small deflections and
rotations, can be expressed in terms of generalised strains as

𝒆𝑝 =
⎧

⎪

⎨

⎪

⎩

𝑒11
𝑒22
𝑒12

⎫

⎪

⎬

⎪

⎭

=𝒵𝒵𝒵
𝐿

[

𝜺 + (𝜁 + 𝜁 )𝜿
]

(7a)

𝒆𝑛 =
{

𝑒13
𝑒23

}

=𝒵𝒵𝒵
𝑆
𝜸 (7b)

where the matrices 𝒵𝒵𝒵
𝐿
, 𝒵𝒵𝒵

𝑆
and the generalised strains, which were

defined by the authors in previous works [58,59], are reported in the

Appendix A.

3

2.3. Hamilton’s principle

The governing equations of the assembled structure are inferred
through Hamilton’s Principle [64]. According to Rayleigh’s damping
approach [65], a separate functional is introduced to account for
dissipative forces. Then, considering 𝑅𝑑 domains, Hamilton’s principle
states that

∫

𝑡2

𝑡1

{𝑅𝑑
∑

𝑘=1

[

𝛿𝑲⟨𝑘⟩ + (𝛿𝑼 ⟨𝑘⟩ + 𝛿𝑽 ⟨𝑘⟩
𝒆 + 𝛿𝑽 ⟨𝑘⟩

𝒑 )
]

+
𝑅𝑑−1
∑

𝑝=1

𝑅𝑑
∑

𝑞=𝑝+1
𝑽 ⟨𝑝,𝑞⟩

𝒄

}

𝑑𝑡

− ∫

𝑡2

𝑡1

{𝑅𝑑
∑

𝑘=1
𝛿𝑽 ⟨𝑘⟩

𝒅

}

𝑑𝑡 = 0

(8)

here 𝑲⟨𝑘⟩ is the kinetic energy the 𝑘th shell, 𝑼 ⟨𝑘⟩ is the strain energy,
⟨𝑘⟩
𝒆 is the work associated to external loads and 𝑽 ⟨𝑘⟩

𝒑 and 𝑽 ⟨𝑘⟩
𝒅 are

he work done by prestressing loads and dissipative forces, respec-
ively. Furthermore, 𝑽 ⟨𝑝,𝑞⟩

𝒄 is the energy associated with the continuity
ondition between adjacent domains which is enforced by a penalty
pproach. In the following subsections, the expressions of these energy
uantities are derived.

.3.1. Kinetic energy of the shell
The kinetic energy of the 𝑘th shell can be expressed as

=1
2 ∫𝑉

𝒅̇𝑇
(

𝑰3𝜌
)

𝒅̇ 𝑑𝑉

=1
2 ∫𝛺

[(

𝒖̇𝑇 𝑰𝟎𝒖̇
)

+
(

𝒖̇𝑇 𝑰𝟏𝜽̇
)

+
(

𝜽̇𝑇 𝑰𝑇𝟏 𝒖̇
)

+
(

𝜽̇𝑇 𝑰𝟐𝜽̇
)]

𝑑𝛺
(9)

where 𝜌 is the density, 𝑰3 is a (3 × 3) identity matrix and 𝒅̇ is the
temporal derivative of the displacement field, namely Eq. (5). Hence,
the 𝑰𝟎, 𝑰𝟏, 𝑰𝟐 inertia matrices, which were previously implemented by
the authors [58], are collected in the Appendix B.1.

2.3.2. Internal energy of the shell
The internal energy of the 𝑘th shell is

𝑼 =1
2 ∫𝑉

(

𝒆𝑇𝑝 𝝈𝑝 + 𝒆𝑇𝑛 𝝈𝑛
)

𝑑𝑉

=1
2 ∫𝛺

𝑁
∑

𝑘=1
∫

ℎ𝑘

ℎ𝑘−1

(

𝒆𝑇𝑝 𝝈𝑝 + 𝒆𝑇𝑛 𝝈𝑛
)

[

1 + 𝑘1(𝜁 + 𝜁 )
] [

1 + 𝑘2(𝜁 + 𝜁 )
]

𝑑𝜁𝑑𝛺

=1
2 ∫𝛺

[

𝜺𝑇 (𝑨𝜺 + 𝑩𝜿) + 𝜿𝑇 (𝑩𝜺 +𝑫𝜿) + 𝜸𝑇
(

𝑨
𝑆
𝜸
)]

𝑑𝛺

(10)

where 𝑨, 𝑩, 𝑫 and 𝑨
𝑆

are the shell’s generalised stiffness matrices
defined in [59] and reported in the Appendix B.2. Note that for VS com-
posite shells the constitutive matrices can be considered as functions of
the in-plane coordinates 𝜉1, 𝜉2.

2.3.3. Work done by the shell’s external loads
The work done by external loads acting on the 𝑘th shell is written

as

𝑽 𝑒 = − ∫𝛺

[

𝒖𝑇𝒒 + 𝝑𝑇𝒎
]

𝑑𝛺

− ∫𝜕𝛺𝑙

[

𝒖𝑇 𝑵̄ + 𝝑𝑇 𝑴̄
]

𝑑𝜕𝛺

− ∫𝜕𝛺𝑐

[

𝒖𝑇 𝑵̃ + 𝝑𝑇𝑴
]

𝑑𝜕𝛺

(11)

In Eq. (11), constraint reactions and external loads acting on the shell
include forces 𝒒 = {𝑞1 𝑞2 𝑞3}𝑇 and moments 𝒎 = {𝑚1 𝑚2 0}𝑇 per
unit area applied over the shell domain 𝛺 and the resultant forces
𝑵̃ = {𝑁̃1 𝑁̃2 𝑁̃3}𝑇 and moments 𝑴 = {𝑀1 𝑀2 0}𝑇 per unit length
applied on the boundary 𝜕𝛺. On the loaded part of the shell boundary
𝜕𝛺𝑙, are 𝑵̃ = 𝑵̄ and 𝑴 = 𝑴̄ , where the overbar denotes prescribed
quantities.
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The essential boundary conditions of the shell are provided by
rescribing the generalised displacements on the region 𝜕𝛺𝑐 of the
oundary and they read as

𝑢𝒖 = Ξ𝑢𝒖̄ on 𝜕𝛺𝑐 (12a)

𝜗𝝑 = Ξ𝜗𝝑̄ on 𝜕𝛺𝑐 (12b)

here, Ξ𝑢 and Ξ𝜗 are appropriate boolean matrix operators that select
he constrained components of the generalised displacements vectors.
t is worth noting that Eqs. (12) result in trivial zero identity for
nconstrained generalised displacement components.

The conditions in Eqs. (12) are enforced through a penalty approach
onsidered in previous work [59] which allows Eq. (11) to be written
s

𝑒 = − ∫𝛺

[

𝒖𝑇𝒒 + 𝝑𝑇𝒎
]

𝑑𝛺

− ∫𝜕𝛺𝑙

[

𝒖𝑇 𝑵̄ + 𝝑𝑇 𝑴̄
]

𝑑𝜕𝛺

− ∫𝜕𝛺𝑐

1
2
[

Ξ𝑢𝒖 −Ξ𝑢𝒖̄
]𝑇 𝝎𝑢

[

Ξ𝑢𝒖 −Ξ𝑢𝒖̄
]

𝑑𝜕𝛺

− ∫𝜕𝛺𝑐

1
2
[

Ξ𝜗𝝑 −Ξ𝜗𝝑̄
]𝑇 𝝎𝜗

[

Ξ𝜗𝝑 −Ξ𝜗𝝑̄
]

𝑑𝜕𝛺

(13)

where 𝝎𝑢 and 𝝎𝜗 are diagonal matrices containing the penalty coeffi-
ients. Finally, it should be emphasised that both external loads and
onstraint reactions can be time-dependent.

.3.4. Potential energy of the prestressing membrane loads
The energy associated with the 𝑘th shell’s membrane loads are

𝑽 𝑝 =
1
2 ∫𝛺

[

𝒖𝑇𝒟𝒟𝒟 𝑛𝑢
𝑇 𝑵̂𝒟𝒟𝒟 𝑛𝑢𝒖

]

𝑑𝛺 (14a)

̂ =

⎡

⎢

⎢

⎢

⎣

𝑁11
1
2

(

𝑁12 +𝑁21
)

0
1
2

(

𝑁12 +𝑁21
)

𝑁22 0
0 0 0

⎤

⎥

⎥

⎥

⎦

(14b)

here 𝑁𝑖𝑗 are membrane stress components associated with the pre-
tressed state and 𝒟𝒟𝒟 is a matrix linear differential operator, the
𝑛𝑢 g

4

definitions of which are described in prior publications [58,59] and are
included in Appendices B.2 and A, respectively.

2.3.5. Shell’s viscous damping
Rayleigh’s dissipation 𝑹𝐷 can be defined as [66]

𝑹𝐷 = 1
2 ∫𝑉

𝒅̇𝑇𝑪𝒅̇ 𝑑𝑉 (15)

where 𝑪 is the damping matrix. This allows to express the work of
dissipative forces, namely 𝑽 𝑑 , as

𝒅 =∫𝑉
𝒅𝑇

(

𝜕𝑹𝐷

𝜕𝒅̇

)

𝑑𝑉 = ∫𝑉
𝒅𝑇𝑪𝒅̇ 𝑑𝑉

=∫𝛺

[(

𝒖𝑇𝑪𝟎𝒖̇
)

+
(

𝒖𝑇𝑪𝟏𝜽̇
)

+
(

𝜽𝑇𝑪𝑇
𝟏 𝒖̇

)

+
(

𝜽𝑇𝑪𝟐𝜽̇
)]

𝑑𝛺
(16)

where 𝒅̇ is the temporal derivative of the displacement field 𝒅, namely
q. (5). The damping matrices 𝑪𝟎,𝑪𝟏,𝑪𝟐 were defined in [58] and are
eported in the Appendix B.3.

.3.6. Edge continuity conditions
The joining conditions along an edge 𝛤𝑝𝑞 shared by two adjacent

hells ⟨𝑝⟩ and ⟨𝑞⟩ require: displacement continuity and traction equi-
ibrium. The displacement continuity on 𝛤𝑝𝑞 is implemented enforcing
hat: (i) the modelling plane translations of the two contiguous shell
ave equal components in the global reference system R, (ii) the
otations around the global axes 𝑥𝑖 of the two contiguous shells are
qual. These considerations, as previously implemented by the authors
n [58], provide
⟨𝑝⟩
𝑢 𝒖⟨𝑝⟩ = Λ

⟨𝑞⟩
𝑢 𝒖⟨𝑞⟩ on 𝛤𝑝𝑞 (17a)

⟨𝑝⟩
𝜗 𝝑⟨𝑝⟩ = Λ

⟨𝑞⟩
𝜗 𝝑⟨𝑞⟩ on 𝛤𝑝𝑞 (17b)

here Λ
⟨𝑟⟩
𝛼 are suitable transformation matrices from the local to

he global reference systems, which contain the directional cosines
etween the axes 𝑥𝑖 and 𝜉⟨𝑘⟩𝑖 . When considering traction equilibrium,
hese reduce to the equilibrium of the boundary resultant forces and
oments expressed in terms of their components along and around the
lobal references axes, respectively. Both these conditions are enforced
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𝑲
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𝑿

𝑿

through a penalty approach considered in previous work [58] which
allows a penalty energy functional to be defined as

𝑽 ⟨𝑝,𝑞⟩
𝒄 =∫𝛤𝑝𝑞

1
2
[

Λ⟨𝑝⟩
𝑢 𝒖⟨𝑝⟩ −Λ⟨𝑞⟩

𝑢 𝒖⟨𝑞⟩
]𝑇 𝝎⟨𝑝,𝑞⟩

𝑢

[

Λ⟨𝑝⟩
𝑢 𝒖⟨𝑝⟩ −Λ⟨𝑞⟩

𝑢 𝒖⟨𝑞⟩
]

𝑑𝛤+

∫𝛤𝑝𝑞
1
2

[

Λ
⟨𝑝⟩
𝜗 𝝑⟨𝑝⟩ −Λ

⟨𝑞⟩
𝜗 𝝑⟨𝑞⟩

]𝑇
𝝎⟨𝑝,𝑞⟩
𝜗

[

Λ
⟨𝑝⟩
𝜗 𝝑⟨𝑝⟩ −Λ

⟨𝑞⟩
𝜗 𝝑⟨𝑞⟩

]

𝑑𝛤
(18)

where 𝝎⟨𝑝,𝑞⟩
𝑢 and 𝝎⟨𝑝,𝑞⟩

𝜗 are diagonal matrices containing the penalty
oefficients. Note that the joining constraints are algorithmically ex-
ressed considering all of the possible coupled combinations of shells in
he structure through the double summation introduced in Eq. (8); if the
hells ⟨𝑝⟩ and ⟨𝑞⟩ do not share a joining edge then 𝛤𝑝𝑞 has zero measure

and thus the corresponding constraint actually become meaningless.

2.4. Governing equations

Upon substitution of Eqs. (9), (10), (11), (14a), (16) and (17) into
Eq. (8), integrating by parts with respect to time, invoking the condition
of zero variation at the beginning and end of the time interval, the
governing equations of the joined structure are inferred introducing the
following Ritz approximation of the primary variables:

𝜏 =
𝑀𝜏
∑

𝑖=1

𝑁𝜏
∑

𝑗=1
𝑝𝑖(𝜉1) 𝑝𝑗 (𝜉2)𝐶𝜏𝑖𝑗 (𝑡) = 𝜳 𝜏 (𝜉1, 𝜉2)𝑪𝜏 (𝑡) (19)

where the 1×𝑁𝜏𝑀𝜏 row vectors 𝜳 𝜏 , with 𝜏 ∈
{

𝑢1, 𝑢2, 𝑢3, 𝜗1, 𝜗2, 𝜗3
}

, have
components 𝜓𝜏 (𝑖−1)𝑀𝜏+𝑗 = 𝑝𝑖(𝜉1)𝑝𝑗 (𝜉2) whereas the 𝑁𝜏𝑀𝜏 × 1 column
vectors 𝑪𝜏 contains unknown coefficients that depend on time.

2.4.1. System of equations for prestressed vibration
Considering the arbitrariness of the virtual displacements, the linear

dynamic system of equations for the 𝑘th domain of the assembled
structure can be obtained and expressed as

𝑲⟨𝑘⟩
𝑀 𝑿̈⟨𝑘⟩+𝑲⟨𝑘⟩

𝐶 𝑿̇⟨𝑘⟩ +

[

𝑲⟨𝑘⟩
0 + 𝛼0𝜆𝑐𝑟𝑲

⟨𝑘⟩
𝐺 +𝑹⟨𝑘⟩ +

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑘⟩
𝑘𝑟

]

𝑿⟨𝑘⟩−

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

[

𝑷 ⟨𝑘,𝑟⟩
𝑘𝑟 𝑿⟨𝑟⟩

]

= 𝑭 ⟨𝑘⟩
𝐷 + 𝑭 ⟨𝑘⟩

𝐿

for 𝑘 = 1,… , 𝑅𝑑 (20)

here 𝑿, 𝑿̇ and 𝑿̈ are column vectors that collect all unknown Ritz
oefficients and their first and second time derivative derivatives, 𝛼0
s the static buckling load factor, 𝜆𝑐𝑟 is the critical buckling coefficient
nd the mass matrix 𝑲⟨𝑘⟩

𝑀 , damping matrix 𝑲⟨𝑘⟩
𝐶 , stiffness matrix 𝑲⟨𝑘⟩

0
eometric stiffness matrix 𝑲⟨𝑘⟩

𝐺 , boundary conditions matrix 𝑹⟨𝑘⟩, join-
ng constraints matrix 𝑷 ⟨𝑟,𝑠⟩

𝑝𝑞 and the forces vectors 𝑭 ⟨𝑘⟩
𝐷 and 𝑭 ⟨𝑘⟩

𝐿 are
ased on previous works [58,59] and included in the Appendix C. It is
orth noting that by employing penalty techniques to enforce natural
oundary conditions, the stiffness operator’s dimension remains un-
hanged. Only the sparsity of the resulting stiffness matrix reduces due
o the presence of off-diagonal terms. Furthermore, properties including
ymmetry and positive-definiteness are preserved. From the general
ynamic system of equations (Eq. (20)), the linear static problem is
traightforwardly retrieved, namely

𝑲⟨𝑘⟩
0 +𝑹⟨𝑘⟩+

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑘⟩
𝑘𝑟

]

𝑿⟨𝑘⟩−

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

[

𝑷 ⟨𝑘,𝑟⟩
𝑘𝑟 𝑿⟨𝑟⟩

]

= 𝑭 ⟨𝑘⟩
𝐷 + 𝑭 ⟨𝑘⟩

𝐿

for 𝑘 = 1,… , 𝑅𝑑 (21)

he prebuckling membrane stress distribution can be computed us-
ng the static system of governing equations, allowing the geometric
tiffness 𝑲⟨𝑘⟩

𝐺 to be retrieved. Note that, especially for VS laminates,
he in-plane stress and/or displacement distribution can be highly
on-uniform even in simple cases where a uniform end-shortening is
5

pplied. This behaviour arises due to coupling between the in-plane
nd out-of-plane equilibrium equations which can occur in unsym-
etric laminates and in symmetric VS laminated shells due to the

nherent variability of the laminate in plane stiffness. The non-uniform
re-buckling stress distribution can have a significant impact on the
uckling load of such panels, so a linear static analysis step prior
o any buckling or prestressed vibration analysis of variable stiffness
omposite panels is crucial for a correct evaluation of the geometric
tiffness matrix 𝑲⟨𝑘⟩

𝐺 [14]. Hence, the buckling eigenvalue problem is
ddressed to compute the critical load. Namely,

𝑲⟨𝑘⟩
0 + 𝜆𝑲⟨𝑘⟩

𝐺 +𝑹⟨𝑘⟩+
𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑘⟩
𝑘𝑟

]

𝑿⟨𝑘⟩−

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

[

𝑷 ⟨𝑘,𝑟⟩
𝑘𝑟 𝑿⟨𝑟⟩

]

= 0

for 𝑘 = 1,… , 𝑅𝑑 (22)

here the eigenvalue 𝜆 is the load multiplier and the eigenvectors 𝑿⟨𝑘⟩

re the Ritz coefficients associated with the buckling mode. Finally,
aving identified the critical buckling load, the prestressed vibration
igenvalue problem can be formulated as follows

𝑲⟨𝑘⟩
0 + 𝛼0𝜆𝑐𝑟𝑲

⟨𝑘⟩
𝐺 +𝑹⟨𝑘⟩+

𝑁𝑃
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑘⟩
𝑘𝑟 − 𝜔2𝑲⟨𝑘⟩

𝑀

]

𝑿⟨𝑘⟩−

𝑁𝑃
∑

𝑟=1
𝑟≠𝑘

[

𝑷 ⟨𝑘,𝑟⟩
𝑘𝑟 𝑿⟨𝑟⟩

]

= 0

for 𝑘 = 1,… , 𝑅𝑑 (23)

here the eigenvalue 𝜔2 is the circular frequency and the eigenvectors
⟨𝑘⟩ are the Ritz coefficients associated with the vibration mode. Note

hat the load factor 𝛼0 can vary within 𝛼0 ∈ [0, 1] and is introduced
o alter the geometric stiffness of the shell between the free vibration
0 = 0 and buckling condition 𝛼0 = 1, which corresponds to zero
undamental frequency of the shell.

.4.2. System of equations for dynamic instability analysis
When harmonically-varying prestressing loads are considered, the

inear undamped, unloaded, equations of motion for the 𝑘th domain of
he assembled structure take the form

⟨𝑘⟩
𝑀 𝑿̈⟨𝑘⟩+

[

𝑲⟨𝑘⟩
0 + (𝛼0 + 𝛼1 cos𝛺𝑡)𝜆𝑐𝑟𝑲

⟨𝑘⟩
𝐺 +𝑹⟨𝑘⟩ +

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑘⟩
𝑘𝑟

]

𝑿⟨𝑘⟩−

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

[

𝑷 ⟨𝑘,𝑟⟩
𝑘𝑟 𝑿⟨𝑟⟩

]

= 0

for 𝑘 = 1,… , 𝑅𝑑

(24)

here 𝛼1 is the dynamic load factor, assuming a periodic uniform
nd-shortening in the form of 𝑢(𝑡) = (𝛼0 + 𝛼1 cos𝛺𝑡)𝜆𝑐𝑟. Hence, it is
esirable to determine boundaries of dynamic instability regions (DIR)
n the (𝛺, 𝛼0, 𝛼1) parametric space, based on (24). Following Bolotin’s
pproach [67], the solutions of Eq. (24) on the region’s boundaries are
ritten in Fourier series as [68–70]

=
inf
∑

𝑗=1

[

𝑿𝑎𝑗 sin
(2𝑗 − 1)𝛺𝑡

2
+𝑿𝑏𝑗 cos

(2𝑗 − 1)𝛺𝑡
2

]

(25a)

= 1
2
𝑿𝑏0 +

inf
∑

𝑗=1

[

𝑿𝑎𝑗 sin 𝑗𝛺𝑡 +𝑿𝑏𝑗 cos 𝑗𝛺𝑡

]

(25b)

where the solution in Eq. (25a) has period 𝑇1 = 4𝜋∕𝛺 and the solution
in Eq. (25b) has period 𝑇2 = 2𝜋∕𝛺. Considering Bolotin’s first-order
approximation [7,8,70], a truncated expansion, which corresponds to
𝑗 = 1 in Eqs. (25), is considered in the present work. Thus, substituting
the approximated solutions into Eq. (24) and setting the sum of the
constant terms and the coefficients of each sine and cosine term to zero,
this leads to the following linear eigenvalue problems in 𝛺2 (reported
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[

𝑲⟨𝑘⟩
0 + (𝛼0 ± 0.5𝛼1)𝜆𝑐𝑟𝑲

⟨𝑘⟩
𝐺 +𝑹⟨𝑘⟩+

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑘⟩
𝑘𝑟 − 0.25𝛺2𝑲⟨𝑘⟩

𝑀

]

𝑿⟨𝑘⟩−

[

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑟⟩
𝑘𝑟

]

𝑿⟨𝑟⟩ = 0

for 𝑘 = 1,… , 𝑅𝑑 (26)

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑲⟨𝑘⟩
0 − 𝛼0𝜆𝑐𝑟𝑲

⟨𝑘⟩
𝐺 +𝑹⟨𝑘⟩ +

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑘⟩
𝑘𝑟 −𝛼1𝜆𝑐𝑟𝑲

⟨𝑘⟩
𝐺

−0.5𝛼1𝜆𝑐𝑟𝑲
⟨𝑘⟩
𝐺 𝑲⟨𝑘⟩

0 − 𝛼0𝜆𝑐𝑟𝑲
⟨𝑘⟩
𝐺 +𝑹⟨𝑘⟩ +

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑘⟩
𝑘𝑟 −𝛺2𝑲⟨𝑘⟩

𝑀

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝑿𝑏0
⟨𝑘⟩

𝑿𝑏1
⟨𝑘⟩

⎤

⎥

⎥

⎥

⎦

−

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑟⟩
𝑘𝑟 𝟎

𝟎
𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑟⟩
𝑘𝑟

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝑿𝑏0
⟨𝑟⟩

𝑿𝑏1
⟨𝑟⟩

⎤

⎥

⎥

⎥

⎦

= 0 for 𝑘 = 1,… , 𝑅𝑑

(27)

[

𝑲⟨𝑘⟩
0 + 𝛼0𝜆𝑐𝑟𝑲

⟨𝑘⟩
𝐺 +𝑹⟨𝑘⟩+

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑘⟩
𝑘𝑟 − 0.25𝛺2𝑲⟨𝑘⟩

𝑀

]

𝑿⟨𝑘⟩−

[

𝑅𝑑
∑

𝑟=1
𝑟≠𝑘

𝑷 ⟨𝑘,𝑟⟩
𝑘𝑟

]

𝑿⟨𝑟⟩ = 0

for 𝑘 = 1,… , 𝑅𝑑 (28)

Box I.
w
w
e
i
(
o

n Box I): where Eqs. (26) provide the boundaries of the first instability
egion (principal parametric resonance) and Eqs. (27) and (28) define
he boundaries of the second instability region (secondary parametric
esonance).

. Implementation and modelling strategies

In this section the main attributes of the proposed multi-domain
itz analysis tool are discussed. Trial functions 𝜓𝑖(𝜉1, 𝜉2) are constructed

using Legendre orthogonal polynomials [71] whose efficiency and con-
sistency are well defined [72] for this type of formulation. In particular,
one sets

𝜓
(𝑛𝑀+𝑚)

= 𝜑𝑛(𝜉1)𝜒𝑚(𝜉2) 𝑛 = 0,… , 𝑁 ; 𝑚 = 0,… ,𝑀 (29a)

𝜑𝑛(𝜂) = 𝜒𝑛(𝜂) =
1

2𝑛𝑛!
𝑑𝑛

𝑑𝜂𝑛
[

(

𝜂2 − 1
)𝑛] (29b)

here 𝑀 and 𝑁 are the order of the approximated variable expansion
nd 𝜑𝑛(𝜉1) and 𝜒𝑚(𝜉2) are one-dimensional Legendre orthogonal poly-
omials as in Eq. (29b). Note that, while the trial functions provided
y Eqs. (29) generally do not fulfil the kinematic boundary conditions,
hey make it easy to implement and efficiently evaluate the integrals
nvolved in the system matrices. Thus, essential boundary conditions
re imposed in the variational statement through a penalty technique.
he penalty coefficients are selected considering them as artificial
ranslational and rotational springs distributed along the shell edges.
he stiffness per unit length of the translational springs is set to the
aximum Young’s modulus of the shell times 𝑆 and the rotational

prings’ stiffness is the maximum value of Young’s modulus times the
quare of the shell thickness times 𝑆, where 𝑆 is a stiffness parameter,

= 105. The selection criteria of the spring stiffness [22,23] and
he stiffness parameter [73,74] has been previously discussed by the
uthors in [58,59]. Domain and boundary integrals are numerically
 a

6

computed by Legendre–Gauss quadrature formulae [75], setting the
order as per the order of the polynomials used for adequate accuracy.
Therefore, the numerical integration adopted dictates the lack of any
kind of sparsity of the structural matrices. However, it is recognised
that sparsity and bandwidth of structural matrices have an important
role in the overall computational time [76], thus, if this issue presents
a problem, the stiffness matrix’s bandwidth may be decreased with an
appropriate reordering strategy. The integral evaluation necessitates a
description of the shell’s constitutive law, which for VS laminates is
determined by the fibre angle variation 𝜃. As discussed in previous
works [58,59], the fibre angle variation of the shell is assumed to vary
as

𝜃(𝑟) = 𝜃0 + (𝜃′𝐵 − 𝜃′𝐴)
𝑟
𝑑
+ 𝜃′𝐴 (30)

where, referring to Fig. 2, 𝑟 is the reference curvilinear axis defined by
the intersection between the shell reference surface and the 𝛤 plane,
which is constructed by rotating 𝛤0 with an angle of 𝜃0 along the normal
𝐧̂. At other points in the domain, the fibre orientation is assumed to
be determined by shifting this basic path in a direction perpendicular
to the 𝑟-axis, thus generating parallel fibre paths in each layer along
this direction. The fibre orientation is then turned into a function of
𝜃 = 𝜃(𝜉1, 𝜉2), of both local in-plane coordinates, namely

𝜃⟨𝑘⟩(𝜉⟨𝑘⟩1 , 𝜉⟨𝑘⟩2 ) = 𝜃0
⟨𝑘⟩ +

𝑀
∑

𝑖=0
𝜓⟨𝑘⟩
𝑖 𝐶⟨𝑘⟩

𝜃𝑖
(31)

here 𝜃0 is a constant fibre angle and 𝐶𝜃𝑖 are unknown coefficient,
hich are retrieved by collocation of Eq. (31) to a set of (𝑀 + 1) refer-

nce points in the shell domain where the fibre angles are provided as
nput data. In the current version of the computer code linear variation
𝑀 = 1) of fibre orientation angles is considered. Following this type
f fibre pattern, the notation introduced by Gürdal and Olmedo [2]
nd extended in [58,59] describes a VS ply 𝜃 + ⟨𝜃′ |𝜃′ ⟩ in the case of
0 𝐴 𝐵
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o

Fig. 2. Shell with reference fibre path and fibre angle definitions.

𝑟 = |𝑟| or 𝜃0+⟨⟨𝜃′𝐴|𝜃
′
𝐵⟩⟩ if 𝑟 = 𝑟. The relative location along the thickness

f consecutive shells may be defined using offsets 𝜁 ⟨𝑘⟩, as displayed
in Fig. 3. They also choose the modelling surface, which defines the
physical meaning of the generalised displacements and it is the surface
where loads, kinematic restrictions, and edge continuity are applied.
The model used for the structural damping in the implementation of the
linear transient solution procedures is assumed viscous and frequency
dependent. Thus, in the framework of the Rayleigh damping model, the
damping matrix of the system, namely 𝑲𝐶 in Eq. (20), is numerically
evaluated as a linear combination of the mass and stiffness matrices of
the assembled structure as

𝑲𝐶 = 𝛼𝑲𝑀 + 𝛽𝑲 (32)

The coefficients 𝛼 and 𝛽 are determined from user-specified damping
ratios 𝜁𝑖 and 𝜁𝑗 for the 𝑖th and 𝑗th modes respectively by solving

1
2

⎡

⎢

⎢

⎣

1
𝜔𝑖

𝜔𝑖
1
𝜔𝑗

𝜔𝑗

⎤

⎥

⎥

⎦

{

𝛼
𝛽

}

=
{

𝜁𝑖
𝜁𝑗

}

(33)

Finally, the linear transient governing equations are solved by standard
Newmark time integration schemes.

4. Verification and results

In this section, buckling, eigenfrequency, linear transient and dy-
namic instability analyses of prestressed VS composite shells are con-
ducted, comparing their results with published and FE solutions. The
first part of the section addresses the verification of the present multi-
domain approach by referring to constant and variable stiffness panels
studied in literature [7,8,70]. Once the method’s accuracy is established
through the comparison with benchmark published results and, when
unavailable, FE solutions, original prestressed vibration, transient and
dynamic instability results are presented. To show the capability of the
proposed approach, a variable curvature doubly curved VS stiffened
shell is considered. This model is chosen as representative of aerospace
structures, such as the leading edge of an engine nacelle which is often
subject to compressive prestress while experiencing dynamic loads.
Furthermore, the study is not aimed at providing an optimised solution
for the considered load case but instead at showing how the present
approach can be employed to provide accurate results for generally
curved multi-part VS structures.
7

Table 1
Mechanical properties of material 𝐶𝐹𝑅𝑃1.
𝐸1 [GPa] 𝐸2 [GPa] 𝐺12 [GPa] 𝐺13 [GPa] 𝐺23 [GPa] 𝜈12 𝜌 [kg∕m3 ]

163 10 5 5 5 0.3 1480.0

Table 2
Geometry, layup and boundary conditions of a VS composite cylindrical panel.

Geometry: 𝑎 = 𝑏 = 0.3 [m] 𝑏∕𝑅 = 0.2 ℎ∕𝑎 = 0.0035
Layup: [90 ± ⟨0|30⟩]2𝑠

BC:
𝑤 = 𝑢1 = 0 at 𝜉1 = 0
𝑤 = 0 𝑢1 = 𝛼0𝜆𝑐𝑟 at 𝜉1 = 𝑎
𝑤 = 0 at 𝜉2 = [0, 𝑏]

Table 3
Normalised critical buckling loads (𝐾𝑐𝑟) of a VS cylindrical panel for increasing number
of domains 𝑅𝑑 and for fixed 𝑅𝑝 = 16.

Mode 𝑅𝑑 = 1 𝑅𝑑 = 2 𝑅𝑑 = 4 FEM GDIQMa FEMa

1 5.9240 5.9159 5.9146 5.9222 5.9480 5.9497
2 5.9368 5.9282 5.9267 5.9352 5.9613 5.9641
3 6.3550 6.3474 6.3416 6.3458 6.3820 6.3901
4 6.4697 6.4646 6.4626 6.4665 6.4853 6.4939

aSamukham et al. [8]

4.1. Buckling solutions

In order to verify the present approach for the buckling problem,
results presented by Samukham et al. [8], are considered as benchmark
solutions. In their work, the authors studied an axially compressed VS
shallow cylindrical shell with fibre angle variation orthogonal to the
load direction, as shown in Fig. 4. Therefore, following the fibre angle
definition given in Section 3, all fibre angle variations are considered
with respect to a direction vector 𝒏𝟎 tangent to the curved edge of
the cylinder with the characteristic distance 𝑑 starting from the edge
midpoint and equalling half of the curved edge length. The material
properties 𝐶𝐹𝑅𝑃1 are defined in Table 1, while geometry, layup and
boundary conditions are reported in Table 2. The FE model was gener-
ated using Abaqus with a fine mesh of 250 × 250 S4 elements to provide
benchmark converged results. The results are presented in terms of
normalised critical axial stress resultant 𝐾𝑐𝑟, namely

𝐾𝑐𝑟 =
𝑃𝑐𝑟𝑎2

𝐸1 ℎ3
(34)

where the average critical load 𝑃𝑐𝑟 is defined as,

𝑃𝑐𝑟 =
𝜆
𝑏 ∫

𝑏∕2

−𝑏∕2
𝑁11(𝑎∕2, 𝜉2) 𝑑𝜉2 (35)

Hence, a convergence study is carried out and the results are reported in
Table 3 for increasing number of domains 𝑅𝑑 = {1, 2, 4}. In this context,
𝑅𝑝 = 16 is sufficient to achieve converged results [59]. The multi-
domain analyses are carried out considering equally sized domains.
Note, this convergence study by varying 𝑅𝑑 is carried out merely
to verify the ability and the accuracy of the penalty method herein
employed to apply continuity conditions between Ritz domains. Present
and published results are in good agreement as can be observed in Ta-
ble 3. The present results show a percentage difference less than 0.15%
with the converged FE results. This close agreement was expected, since
Samukham et al. worked within Donnell’s shallow shell theory frame-
work while the present approach implements a FSDT displacement field
without further assumptions on thickness or curvature of the shell.

In order to show the capability of the present method for com-
plex VS structures, a geometry, representative of typical aerospace
structures, is studied, namely a variable curvature doubly curved VS
stiffened shell shown in Fig. 5. The model’s material properties 𝐶𝐹𝑅𝑃2
are shown in Table 4, while Table 5 reports geometry, layup and
boundary conditions. The layup angle is considered to vary along the
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Fig. 3. Edges of contiguous shells and offsets.
Fig. 4. Geometry of a VS composite cylindrical panel.

Table 4
Mechanical properties of material 𝐶𝐹𝑅𝑃2.
𝐸1 [GPa] 𝐸2 [GPa] 𝐺12 [GPa] 𝐺13 [GPa] 𝐺23 [GPa] 𝜈12 𝜌 [kg∕m3 ]

181 10.27 7.17 7.17 7.17 0.28 1480.0

𝜉2 direction (see Fig. 5) for the left and right panels while a straight
fibre layup having a reference direction along the 𝜉1 axis is considered
for the stiffener. A ply thickness of 𝑝ℎ = 0.127 [mm] is assumed for
all layups as reported in Table 5. The shell structure is clamped on all
of the outer edges and undergoes uniform end-shortening along the 𝜉1
axis. Hence, the analysis is conducted considering the entire structure
to be subdivided in to five shell domains (𝑅𝑑 = 5), namely one domain
for each panel, one domain for the stiffener web and two domains
for the stiffener flange. For all domains 𝑅𝑝 = 30 is considered as it
provides converged results for the buckling modes studied with a total
number of degrees of freedom that is 𝐷𝑂𝐹𝑅 = 5× (30 × 30 × 6) = 27000.
n order to verify the accuracy of the solution, NASTRAN FE results
re taken as reference. In order to model VS shells, the FE model is
enerated using a subroutine that assigns an independent constant fibre
ngle for each mesh element. In particular, a mesh of 162112 CQUAD4
lements is used for the analysis, resulting in a total number of degrees
f freedom of 𝐷𝑂𝐹𝐹𝐸 = 968660, providing converged results. Table 6
hows the first four compressive buckling eigenvalues. The maximum
elative difference with FE solutions is less than 1.8%. Note that the
roposed method requires a number of DOF that is less than an order
f magnitude of the degrees of freedom required by FE analysis with
omparable computational time and without any noticeable loss of ac-
uracy. The good agreement between FE and Ritz results is also shown
n Fig. 6 where the first four buckling mode shapes are presented. It
s also interesting to note that, considering the two lowest eigenvalues,
𝑝 = 26 gives converged results which lie within 1% difference of the
E results.
8

Table 5
Geometry, layup and boundary conditions of a variable curvature doubly curved VS
stiffened shell.

Geometry:

𝑎 = 300 [mm] 𝑏 = 82.89 [mm] 𝑐 = 37.39 [mm] 𝑏∕𝑅2
= 0.75

𝑝ℎ = 0.127 [mm] 𝑤𝑠 = 38 [mm] ℎ𝑠 = 𝑤𝑠∕2 [mm]
𝑥2 = 1.499 𝑥3 + 0.06011( 𝑥3 − 13.4)2 + 0.0003124( 𝑥3 − 13.4)3

+5.829e−6( 𝑥3 − 13.4)4 − 10.24 [mm]

Layup:

Left shell
[

⟨⟨45|90⟩⟩∕⟨⟨−45| − 90⟩⟩∕02
]

𝑠
Right shell

[

⟨⟨90|67.5⟩⟩∕⟨⟨−90| − 67.5⟩⟩∕02
]

𝑠
Stiffener flange

[

±90∕04∕ ∓ 90∕ ± 45∕90∕02∕90∕ ∓ 45
]

Stiffener web
[

±45∕90∕0
]

𝑠

BC: 𝑢2 = 𝑢3 = 𝑤 = 𝜗1 = 𝜗2 = 0; 𝑢1 = 𝛼0𝜆𝑐𝑟 at 𝜉1 = [0, 𝑎]
𝑢2 = 𝑢3 = 𝑤 = 𝜗1 = 𝜗2 = 0 at 𝜉2 = [0, (𝑐 +𝑤𝑠 + 𝑏)]

Table 6
Buckling eigenvalues (𝜆 [mm]) of a variable curvature doubly curved VS stiffened
shell.

Mode 𝑅𝑝 = 26 𝑅𝑝 = 30 FEM

1 0.52407 0.52065 0.52004
2 0.52548 0.52115 0.52004
3 0.61743 0.59453 0.58735
4 0.62796 0.59762 0.58735

4.2. Free vibration solutions

The validation of the present approach for the free vibration prob-
lem is carried out considering the solutions for the VS cylindrical panel
reported by Samukham et al. [8]. The simply supported cylindrical shell
has geometrical properties, layup, boundary conditions and material
𝐶𝐹𝑅𝑃1 defined in Tables 2 and 1, respectively. In order to have
reference converged results, the FE model mentioned in Section 4.1 was
employed to evaluate the lowest four vibrations modes; the results are
presented in terms of normalised natural frequency 𝛺̄, which is defined
as follows:

𝛺̄ =
𝜔𝑎2

√

𝜌∕𝐸2

ℎ
(36)

Following the same approach as Section 4.1, Table 7 shows a conver-
gence study conducted for the free vibration analysis, in which a fixed
𝑅𝑃 = 16 with an increasing number of domains 𝑅𝑑 = {1, 2, 4} are used.
As shown in Table 7 the present approach is within 0.15% of FE results
while being in excellent agreement with the GDIQM results.

Extending the validation of the present approach for multi-domain
VS structures, the eigenfrequencies of the variable curvature doubly-
curved VS stiffened shell shown in Fig. 5 are examined. The fully
clamped VS shell structure has geometrical properties, layup, boundary
conditions and material 𝐶𝐹𝑅𝑃2 defined in Tables 5 and 4, respectively.
As described in Section 4.1, the analysis is conducted considering the
entire structure to be subdivided in to five shell domains (𝑅𝑑 = 5),
following the same multi-domain scheme reported above. For all Ritz
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Fig. 5. Geometry of a variable curvature doubly curved VS stiffened shell.
Fig. 6. Buckling modes of a stiffened VS curved shell: present (Figs. 6(a) to 6(d)); FE (Figs. 6(e) to 6(h)).
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Table 7
Normalised fundamental frequency (Ω̄) of a VS cylindrical panel.

Mode 𝑅𝑑 = 1 𝑅𝑑 = 2 𝑅𝑑 = 4 FEM GDIQMa FEMa

1 7.2556 7.2594 7.2524 7.2449 7.2526 7.2799
2 7.8045 7.8007 7.7995 7.8144 7.8205 7.8346
3 10.7469 10.7388 10.7341 10.7469 10.7711 10.7892
4 14.8706 14.8629 14.8562 14.8644 14.8973 14.9334

aSamukham et al. [8].

Table 8
Eigenfrequencies (𝜔 [Hz]) of variable curvature doubly curved VS stiffened shell.

Mode 𝑅𝑝 = 18 FEM

1 2432.8 2432.1
2 2665.0 2664.7
3 2703.0 2701.1
4 2788.8 2789.0

domains 𝑅𝑝 = 18 is chosen as it provides converged results; this multi-
domain Ritz model has a total number of degrees of freedom that is
𝐷𝑂𝐹𝑅 = 9720. In order to verify the accuracy of the solution, NASTRAN
FE results are taken as reference and the same FE model defined in
Section 4.1 is used. Hence, Table 8 reports the lowest four eigenvalues
of the structure, which show a maximum relative difference with FE
solutions less than 0.05%. The excellent agreement between the present
approach and FE is also shown in Fig. 7 where the mode shapes are
presented.
 i

9

4.3. Prestressed vibration solutions

In order to validate the present multi-domain approach for pre-
stressed vibration analysis, eigenfrequencies solutions for prestressed
VS composite shells have been examined. Thus, the VS cylindrical
shell studied in Section 4.1 is considered. The VS shell, which un-
dergo axial uniform end-shortening, is configured as shown in Fig. 4.
The material is the 𝐶𝐹𝑅𝑃1 considered previously and reported in
Table 1. Moreover, Table 2 also shows the boundary conditions and
layup of the VS shallow shell, in which the fibre variation is along
the 𝜉2 axis orthogonal to the load direction. Hence, Fig. 8 shows the
esults obtained from the proposed approach and from FE in terms of
ormalised fundamental frequency 𝛺̄ vs load factor 𝛼0. Adopting the
ame approach of Section 4.1, the analyses are conducted with a fixed
𝑃 = 16, for increasing number of domains 𝑅𝑑 = {1, 2, 4}. The present
pproach gives converged results and shows excellent agreement with
E results reported in Fig. 8. To verify the eigenfrequencies under
restress retrieved from the present method, a NASTRAN FE model is
eveloped following Zhao and Kapania’s approach [12]. Considering
mesh of 100 × 100 CQUAD4 elements, the FE model provides the

onverged results reported in Fig. 8 which closely match present results.
With reference to prestressed VS shell structures, the variable curva-

ure doubly curved shell (Fig. 5) defined in Section 4.1 is analysed. The
S structure is subjected to uniform end-shortening along a direction
erpendicular to the fibredirection as described in Table 5. The struc-
ure is modelled with five domains (𝑅𝑑 = 5) and as for the buckling
ase two sets of solutions are considered: 𝑅𝑝 = {26, 30}. Geometry,
ayup, boundary conditions and the 𝐶𝐹𝑅𝑃2 material used are reported
n Tables 5 and 4 respectively. The present results are compared
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Fig. 7. Natural vibration modes of a stiffened VS curved shell: present (Figs. 7(a) to 7(d)); FE (Figs. 7(e) to 7(h)).
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Fig. 8. VS composite cylindrical shell: prestressed vibration results.

with converged FE solutions obtained from NASTRAN, using the same
models defined in Section 4.1. Hence, the results are reported in Fig. 9
in terms of fundamental frequency normalised with respect to the
eigenfrequency of the unloaded structure (𝜔0) and buckling load factor.
By examining the results, it can be noticed that both polynomial orders
give accurate eigenfrequencies over the whole range of prestress levels,
matching closely with FE solutions. This agreement was expected since
𝑅𝑝 = 26 provides accurate values for the lowest buckling eigenvalue.
Therefore, for this type of analysis it is possible to reduce the DOF
of the Ritz model to 𝐷𝑂𝐹𝑅 = 5 × (26 × 26 × 6) = 20280, which is
till more than an order of magnitude lower than the FE requirement
𝐷𝑂𝐹𝐹𝐸 = 968660). In conclusion, the present multi-domain approach
as been validated and it enables accurate and efficient eigenfrequency
nalysis of prestressed VS composite shells.

.4. Transient analyses

To show the accuracy of the proposed method for the linear tran-
ient analyses of prestressed complex multi-part structures used in
erospace applications, original results for the dynamic response of
he VS stiffened shell geometry discussed in Section 4.1 is considered.
ifferent prestress levels are studied and the results are verified by
10
Fig. 9. Eigenfrequencies of prestressed variable curvature doubly curved VS stiffened
shell.

comparison with FE results. The configuration of the variable curvature
doubly curved VS shell structure is shown in Fig. 5. Details of geometry,
layup and material are the same as in Section 4.1 and are detailed in
Tables 5 and 4. The shell structure is clamped on all of its outer edges
and the analysis is conducted by considering the entire structure to
be subdivided in to five shell domains (𝑅𝑑 = 5), following the same
multi-domain scheme described in Section 4.1. The structure undergoes
uniform end-shortening, for increasing prestress levels, and a uniform
pressure load varying with time as 𝑃 (𝑡) = 2.0e−3 sin(2𝜋 𝜔1 𝑡) [N∕mm2],
where 𝜔1 = 2432.8 [Hz] is the fundamental frequency of the structure.

ll of the analyses are carried out by using a Newmark time integration
cheme with a fixed time step 𝑡𝑠 = (5𝑇1∕300), where 𝑇1 is the oscillation
eriod of the fundamental frequency of the structure. The total analysis
ime is set equal to 5𝑇1. In addition to the undamped case, damped tran-
ient analyses are carried out, for each prestress level, by considering
he damping coefficients 𝜁1 and 𝜁3 associated with the first and third
atural frequencies, namely 𝜁1 = 𝜁3 = 0.05 (see Eqs. (32) and (33)).

For all Ritz domains 𝑅𝑝 = 26 is chosen as it provides converged results;
this multi-domain Ritz model has a total number of degrees of freedom
that is 𝐷𝑂𝐹𝑅 = 20280. In order to verify the accuracy of the solution,
NASTRAN FE results are taken as reference and a FE model with a
mesh of 162112 CQUAD4 elements is used for the analysis, resulting in a
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Fig. 10. Linear transient results of variable curvature doubly curved VS shell structure.
total number of degrees of freedom of 𝐷𝑂𝐹𝐹𝐸 = 968660. A comparison
of FE and Ritz results is shown in Figs. 10 in terms of the time
history of the vertical displacement of the midpoint of the stiffener’s
web and time normalised with respect to 𝑇1. The structural response
11
shown in Figs. 10 is characterised by typical resonance behaviour:
i.e. exponentially growing amplitude related to the first natural mode
of vibration. Indeed, setting the excitation frequency equal to the
fundamental frequency is done in order to show the accuracy of the
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Table 9
Mechanical properties of material 𝐶𝐹𝑅𝑃3.
𝐸1 [GPa] 𝐸2 [GPa] 𝐺12 [GPa] 𝐺13 [GPa] 𝐺23 [GPa] 𝜈12 𝜌 [kg∕m3 ]

40 1 6 6 5 0.25 1

Table 10
Geometry, layup and boundary conditions of a composite laminate [7,70].

Geometry: 𝑎∕𝑏 = 1 𝑎∕ℎ = 25
Layup: [0∕90∕90∕0]

BC: 𝑤 = 𝑢2 = 0 𝑢1 = 𝑢(𝑡) at 𝜉1 = [0, 𝑎]
𝑤 = 𝑢2 = 0 at 𝜉2 = [0, 𝑏]

Fig. 11. First and second dynamic instability regions of a cross ply laminate [7].

resent approach for resonance analysis. Comparing the results shown
n Fig. 10(a) though Fig. 10(e), the influence of increasing prestress
evel is displayed by the variation of the amplitude’s extrema: higher
restress lead to lower amplitudes in the dynamic response. Similarly,
significantly more notable amplitude reduction is given by damping,

s reported in Figs. 10. Generally, the results show excellent agreement
ith FE results for all analyses, by using a number of 𝐷𝑂𝐹𝑅 that is less

han an order of magnitude of the degrees of freedom requested by the
E analyses.

.5. Dynamic instability results

The verification of the present approach for the dynamic instabil-
ty problem is carried out by considering dynamic instability bound-
ries for the principal and secondary parametric resonance, reported
y Moorthy et al. [70] and Samukham et al. [7]. In particular, a square
ymmetric simply-supported constant stiffness cross-ply laminate, as
efined in Tables 10 and 9, is studied. The plate undergoes uniform
eriodic end shortening u(t) and the static load factor is set to 𝛼0 = 0
or all the analyses in this section. Hence, Fig. 11 shows the comparison
etween DIR solutions obtained with the present approach, which
onverges for 𝑅𝑝 = 12, and the published results [7], it is important to
emember that the inner region delimited by the curves is the unstable
egion. The present results are reported in terms of excitation frequency

normalised with the fundamental frequency of the plate 𝜔 versus the
ynamic load factor 𝛼1 and all show excellent agreement with literature
olutions.

In order to verify the present multi-domain method for VS struc-
ures, the dynamic instability boundaries published by Samukham et al.
 a

12
Fig. 12. First dynamic instability region of a simply supported and a clamped VS
composite cylindrical shell [8].

Fig. 13. First and second dynamic instability regions of simply supported VS composite
cylindrical shell [8].

[8] for the VS cylindrical shell from Section 4.1 are considered as
benchmark solutions. The model’s configuration, material, geometry
and layup are described in Fig. 4, Tables 1 and 2, respectively. Firstly,
dynamic instability analyses for simply supported and fully clamped
shell configurations are carried out and the results are reported in terms
of normalised excitation frequency 𝛺̄ versus normalised critical axial
tress resultant 𝑲𝑐𝑟 in Fig. 12. The DIR boundaries retrieved with the

present approach, which achieved convergence with 𝑅𝑝 = 16, match
closely with the published results for both constraint configurations.
Then, similarly to Section 4.3, the same simply supported VS cylindrical
shell is modelled using multiple equally sized domains (𝑅𝑑 = 1, 2, 4)
nd constant 𝑅𝑝 = 16 to verify consistency and accuracy of the multi-
omain Ritz approach for this type of analysis. The boundaries of the
irst and second dynamic instability regions obtained from the multi-
omain models are reported in Fig. 13 where they show excellent
greement with the single domain solutions and the literature results
vailable.

Having verified the present method for dynamic instability analysis,
riginal DIR solutions for the variable curvature, doubly-curved, VS
tiffened shell of Section 4.1 are presented. In particular, the VS shell
tructure is reported in Fig. 5 and shares the same geometry, layup
nd material of the model defined in Section 4.1 through Tables 5
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Fig. 14. First and second dynamic instability regions of variable curvature doubly
curved VS stiffened shell.

and 4. The shell structure has clamped constraints on all of the outer
edges and undergoes uniform periodic end shortening u(t). Following
the same multi-domain approach described in Section 4.1, the analysis
is conducted considering the entire structure to be subdivided in to
five shell domains (𝑅𝑑 = 5). The boundaries of the primary and
secondary parametric resonance are reported in Fig. 14 in the plane of
normalised excitation frequency 𝛺∕𝜔 versus the dynamic load factor
𝛼1. It is interesting to note that the unstable regions of the VS doubly-
curved structure in Fig. 14 are significantly narrower than the Plate DIR
of Fig. 11, which is a consequence, as noted in [7], of the combined
higher buckling eigenvalues and eigenfrequencies of the VS structure.
In addition, as it was observed in [8], regardless of the fibre angle
configurations, the dynamic stability of a curved VS panel increases as
the radius of curvature decreases, thus this justifies the greater dynamic
stability of this model as compared to the shallow cylindrical shell
model of Fig. 13.

5. Conclusion

In this work, a Ritz analysis method for eigenfrequency, linear
transient and dynamic instability analysis of prestressed generally lam-
inated, variable stiffness, doubly-curved stiffened shell structures is
presented. Multi-part structural geometries are modelled as an as-
sembly of shell-like domains. The doubly-curved kinematics of the
orthogonal shell are based on a Sanders–Koiter type theory with no
further assumption made concerning shallowness or thinness of the
shell. The proposed formulation models general variable stiffness stack-
ing sequences, arbitrary loads and boundary conditions. In addition,
geometrical approximations are precluded by using a rational Bézier
surface representation for the description of shell structure geom-
etry. Legendre orthogonal polynomials, within a Ritz discretisation
technique, approximate the unknown displacement field and penalty
techniques are used to enforce the displacements continuity of the as-
sembled multi-domain structure and to apply the kinematical boundary
conditions. For the linear transient solution, classical Rayleigh damping
is considered and time integration is performed through the Newmark
integration scheme. In the dynamic instability analyses, Bolotin’s first-
order approximation is used. Thus, a linear analysis tool has been
implemented that models a wide range of configurations and load cases
for multi-component, variable stiffness composite structures, providing
the same levels of accuracy as FE analysis with a reduced number
of variables and simplified data preparation. The efficiency and ver-
satility of the analysis tool are shown along with original results for
linear transient, eigenfrequency and dynamic instability analyses of
prestressed variable stiffness, stiffened shell structure that, to the best
13
of the authors’ knowledge are presented here for the first time. An
order-of-magnitude reduction in the number of unknowns has been
achieved by exploiting Legendre orthogonal polynomials that, with
relatively few terms, can capture local responses without any significant
difference in the accuracy of the solution, when compared to finite
element procedures.
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ppendix A

In order to write the in-plane and out-of-plane strains of Section 2.2
n compact form in Eqs. (7), the matrices 𝒵𝒵𝒵

𝐿
and 𝒵𝒵𝒵

𝑆
which contains

curvature terms have been defined as

𝒵
𝐿
=

⎡

⎢

⎢

⎢

⎣

1
[1+𝑘1(𝜁+𝜁 )]

0 0 0

0 1
[1+𝑘2(𝜁+𝜁 )]

0 0

0 0 1
[1+𝑘1(𝜁+𝜁 )]

1
[1+𝑘2(𝜁+𝜁 )]

⎤

⎥

⎥

⎥

⎦

(A.1a)

𝒵
𝑆
=

[ 1
[1+𝑘1(𝜁+𝜁 )]

0 0

0 1
[1+𝑘2(𝜁+𝜁 )]

0

]

(A.1b)

Hence, the generalised strains defined in Eqs. (7), are expressed
through strain–displacement relations as follows

𝜺 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜀11
𝜀22
𝜀12
𝜀21

⎫

⎪

⎪

⎬

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1
𝑎1

𝜕
𝜕𝜉1

1
𝑎1𝑎2

𝜕𝑎1
𝜕𝜉2

𝑘1
1

𝑎1𝑎2
𝜕𝑎2
𝜕𝜉1

1
𝑎2

𝜕
𝜕𝜉2

𝑘2
− 1
𝑎1𝑎2

𝜕𝑎1
𝜕𝜉2

1
𝑎1

𝜕
𝜕𝜉1

0
1
𝑎2

𝜕
𝜕𝜉2

− 1
𝑎1𝑎2

𝜕𝑎2
𝜕𝜉1

0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝑢1
𝑢2
𝑢3

⎫

⎪

⎬

⎪

⎭

=𝒟𝒟𝒟 𝑝𝑢𝒖 (A.2a)

𝜿 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜅11
𝜅22
𝜅12
𝜅21

⎫

⎪

⎪

⎬

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1
𝑎1

𝜕
𝜕𝜉1

1
𝑎1𝑎2

𝜕𝑎1
𝜕𝜉2

0
1

𝑎1𝑎2
𝜕𝑎2
𝜕𝜉1

1
𝑎2

𝜕
𝜕𝜉2

0

− 1
𝑎1𝑎2

𝜕𝑎1
𝜕𝜉2

1
𝑎1

𝜕
𝜕𝜉1

0
1
𝑎2

𝜕
𝜕𝜉2

− 1
𝑎1𝑎2

𝜕𝑎2
𝜕𝜉1

0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝜗1
𝜗2
𝜗3

⎫

⎪

⎬

⎪

⎭

=𝒟𝒟𝒟 𝑝𝜗𝝑 (A.2b)

𝜸 =

⎧

⎪

⎨

⎪

⎩

𝛾13
𝛾23
0

⎫

⎪

⎬

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎣

−𝑘1 0 1
𝑎1

𝜕
𝜕𝜉1

0 −𝑘2
1
𝑎2

𝜕
𝜕𝜉2

0 0 0

⎤

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝑢1
𝑢2
𝑢3

⎫

⎪

⎬

⎪

⎭

+

⎡

⎢

⎢

⎢

⎣

1 0 0
0 1 0
0 0 0

⎤

⎥

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝜗1
𝜗2
𝜗3

⎫

⎪

⎬

⎪

⎭

=𝒟𝒟𝒟 𝑛𝑢𝒖 +𝒟𝒟𝒟 𝑛𝜗𝝑

(A.2c)

where 𝒟𝒟𝒟 𝑝𝑢, 𝒟𝒟𝒟 𝑛𝑢 and 𝒟𝒟𝒟 𝑝𝜗 are matrix linear differential operators.

Appendix B

In this section, a detailed description of the matrices defined in
Section 2.3 is given.
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𝑲⟨𝑘⟩
𝑀 =

⎡

⎢

⎢

⎣

∫𝛺⟨𝑘⟩ (𝜱⟨𝑘⟩
𝒖

𝑇
𝑰 ⟨𝑘⟩
𝟎 𝜱⟨𝑘⟩

𝒖 ) 𝑑𝛺 ∫𝛺⟨𝑘⟩ (𝜱⟨𝑘⟩
𝒖

𝑇
𝑰𝟏𝜱

⟨𝑘⟩
𝝑 ) 𝑑𝛺

∫𝛺⟨𝑘⟩ (𝜱⟨𝑘⟩
𝝑

𝑇
𝑰 ⟨𝑘⟩
𝟏 𝜱⟨𝑘⟩

𝒖 ) 𝑑𝛺 ∫𝛺⟨𝑘⟩ (𝜱⟨𝑘⟩
𝝑

𝑇
𝑰 ⟨𝑘⟩
𝟐 𝜱⟨𝑘⟩

𝝑 ) 𝑑𝛺

⎤

⎥

⎥

⎦

(C.1a)

𝑲⟨𝑘⟩
𝐶 =

⎡

⎢

⎢

⎣

∫𝛺⟨𝑘⟩ (𝜱⟨𝑘⟩
𝒖

𝑇
𝑪⟨𝑘⟩

𝟎 𝜱⟨𝑘⟩
𝒖 ) 𝑑𝛺 ∫𝛺⟨𝑘⟩ (𝜱⟨𝑘⟩

𝒖
𝑇
𝑪𝟏𝜱

⟨𝑘⟩
𝝑 ) 𝑑𝛺

∫𝛺⟨𝑘⟩ (𝜱⟨𝑘⟩
𝝑

𝑇
𝑪𝑇

𝟏
⟨𝑘⟩𝜱⟨𝑘⟩

𝒖 ) 𝑑𝛺 ∫𝛺⟨𝑘⟩ (𝜱⟨𝑘⟩
𝝑

𝑇
𝑪⟨𝑘⟩

𝟐 𝜱⟨𝑘⟩
𝝑 ) 𝑑𝛺

⎤

⎥

⎥

⎦

(C.1b)

𝑲⟨𝑘⟩
0 =

⎡

⎢

⎢

⎣

∫𝛺⟨𝑘⟩

(

ℬℬℬ𝑝
⟨𝑘⟩
𝑈

𝑇
𝑨⟨𝑘⟩ℬℬℬ𝑝

⟨𝑘⟩
𝑈 +ℬℬℬ𝑛

⟨𝑘⟩
𝑈

𝑇
𝑨
𝑆
⟨𝑘⟩ℬℬℬ𝑛

⟨𝑘⟩
𝑈

)

𝑑𝛺 ∫𝛺⟨𝑘⟩

(

ℬℬℬ𝑝
⟨𝑘⟩
𝑈

𝑇
𝑩⟨𝑘⟩ℬℬℬ𝑝

⟨𝑘⟩
𝛩 +ℬℬℬ𝑛

⟨𝑘⟩
𝑈

𝑇
𝑨
𝑆
⟨𝑘⟩ℬℬℬ𝑛

⟨𝑘⟩
𝛩

)

𝑑𝛺

∫𝛺⟨𝑘⟩

(

ℬℬℬ𝑝
⟨𝑘⟩
𝛩

𝑇
𝑩⟨𝑘⟩𝑇ℬℬℬ𝑝

⟨𝑘⟩
𝑈 +ℬℬℬ𝑛

⟨𝑘⟩
𝛩

𝑇
𝑨
𝑆
⟨𝑘⟩ℬℬℬ𝑛

⟨𝑘⟩
𝑈

)

𝑑𝛺 ∫𝛺⟨𝑘⟩

(

ℬℬℬ𝑝
⟨𝑘⟩
𝛩

𝑇
𝑫⟨𝑘⟩ℬℬℬ𝑝

⟨𝑘⟩
𝛩 +ℬℬℬ𝑛

⟨𝑘⟩
𝛩

𝑇
𝑨
𝑆
⟨𝑘⟩ℬℬℬ𝑛

⟨𝑘⟩
𝛩

)

𝑑𝛺

⎤

⎥

⎥

⎦

(C.1c)

𝑲⟨𝑘⟩
𝐺 =

[

∫𝛺⟨𝑘⟩

(

ℬℬℬ𝑛
⟨𝑘⟩
𝑈
𝑇
𝑵̂ ⟨𝑘⟩ℬℬℬ𝑛

⟨𝑘⟩
𝑈

)

𝑑𝛺 𝟎
𝟎 𝟎

]

(C.1d)

𝑹⟨𝑘⟩ =
⎡

⎢

⎢

⎣

∫
𝜕𝛺⟨𝑘⟩

𝑐

(

𝜱⟨𝑘⟩
𝑢

𝑇
𝜩⟨𝑘⟩
𝑢

𝑇
𝝎⟨𝑘⟩
𝑢 𝜩⟨𝑘⟩

𝑢 𝜱𝑢

)

𝑑𝜕𝛺 𝟎

𝟎 ∫
𝜕𝛺⟨𝑘⟩

𝑐

(

𝜱⟨𝑘⟩
𝜗

𝑇
𝜩⟨𝑘⟩
𝜗

𝑇
𝝎⟨𝑘⟩
𝜗 𝜩⟨𝑘⟩

𝜗 𝜱⟨𝑘⟩
𝜗

)

𝑑𝜕𝛺

⎤

⎥

⎥

⎦

(C.1e)

𝑷 ⟨𝑟,𝑠⟩
𝑝𝑞 =

⎡

⎢

⎢

⎣

∫𝛤𝑝𝑞
(

𝜱⟨𝑟⟩
𝑢
𝑇
Λ

⟨𝑟⟩
𝑢
𝑇
𝝎⟨𝑝𝑞⟩
𝑢 Λ

⟨𝑠⟩
𝑢 𝜱⟨𝑠⟩

𝑢

)

𝑑𝛤 𝟎

𝟎 ∫𝛤𝑝𝑞
(

𝜱⟨𝑟⟩
𝜗
𝑇
Λ

⟨𝑟⟩
𝜗
𝑇
𝝎⟨𝑝𝑞⟩
𝜗 Λ

⟨𝑠⟩
𝜗 𝜱⟨𝑠⟩

𝜗

)

𝑑𝛤

⎤

⎥

⎥

⎦

(C.1f)

𝑭 ⟨𝑘⟩
𝐷 =

⎧

⎪

⎨

⎪

⎩

∫𝛺⟨𝑘⟩

(

𝜱⟨𝑘⟩
𝑢

𝑇
𝒒⟨𝑘⟩

)

𝑑𝛺

∫𝛺⟨𝑘⟩

(

𝜱⟨𝑘⟩
𝜗

𝑇
𝒎⟨𝑘⟩

)

𝑑𝛺

⎫

⎪

⎬

⎪

⎭

(C.1g)

𝑭 ⟨𝑘⟩
𝐿 =

⎧

⎪

⎨

⎪

⎩

∫
𝜕𝛺⟨𝑘⟩

𝑐
𝜱⟨𝑘⟩
𝑢

𝑇
Ξ

⟨𝑘⟩
𝑢 𝒖̄⟨𝑘⟩ + ∫

𝜕𝛺⟨𝑘⟩
𝑙

𝜱⟨𝑘⟩
𝑢

𝑇
𝑵̄ ⟨𝑘⟩

∫
𝜕𝛺⟨𝑘⟩

𝑐
𝜱⟨𝑘⟩
𝜗

𝑇
Ξ

⟨𝑘⟩
𝜗 𝝑̄⟨𝑘⟩ + ∫

𝜕𝛺⟨𝑘⟩
𝑙

𝜱⟨𝑘⟩
𝜗

𝑇
𝑴̄ ⟨𝑘⟩

⎫

⎪

⎬

⎪

⎭

(C.1h)

Box II.
𝒵𝒵

𝒵𝒵
B.1.
The 𝑰𝟎, 𝑰𝟏, 𝑰𝟐 inertia matrices employed in the definition of the

kinetic energy of the 𝑘th shell-like domain from Eq. (9), read as

𝑰𝟎 =∫𝜁

(

𝑰3𝜌
) [

1 + 𝑘1(𝜁 + 𝜁 )
] [

1 + 𝑘2(𝜁 + 𝜁 )
]

𝑑𝜁

𝑰𝟏 =∫𝜁

(

𝑰3𝜌
)

L(𝜁 + 𝜁 )
[

1 + 𝑘1(𝜁 + 𝜁 )
] [

1 + 𝑘2(𝜁 + 𝜁 )
]

𝑑𝜁

𝑰𝟐 =∫𝜁
L𝑇

(

𝑰3𝜌
)

L(𝜁 + 𝜁 )2
[

1 + 𝑘1(𝜁 + 𝜁 )
] [

1 + 𝑘2(𝜁 + 𝜁 )
]

𝑑𝜁

(B.1)

where 𝜌 is the material density, 𝑰3 is a (3 × 3) identity matrix.

B.2.
Referring to the expression of the internal energy of the 𝑘th domain,

i.e. Eq. (10), resultant forces and moments acting over the shell’s
modelling surface are expressed as

𝑵 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑁11
𝑁22
𝑁12
𝑁21

⎫

⎪

⎪

⎬

⎪

⎪

⎭

= ∫

ℎ∕2

−ℎ∕2
𝒵̃𝒵𝒵

𝐿
𝝈𝑝𝑑𝜁

=

[ 𝑛𝑝
∑

𝑘=1
∫

ℎ𝑘

ℎ𝑘−1
𝒵̃𝒵𝒵

𝐿
𝑸𝑝𝒵𝒵𝒵𝐿

𝑑𝜁

]

𝜺

+

[ 𝑛𝑝
∑

∫

ℎ𝑘
𝒵̃𝒵𝒵

𝐿
𝑸𝑝𝒵𝒵𝒵𝐿

(𝜁 + 𝜁 ) 𝑑𝜁

]

𝜿 = 𝑨𝜺 + 𝑩𝜿

(B.2a)
𝑘=1 ℎ𝑘−1

14
𝑴 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑀11
𝑀22
𝑀12
𝑀21

⎫

⎪

⎪

⎬

⎪

⎪

⎭

= ∫

ℎ∕2

−ℎ∕2
𝒵̃𝒵𝒵

𝐿
𝝈𝑝(𝜁 + 𝜁 ) 𝑑𝜁

=

[ 𝑛𝑝
∑

𝑘=1
∫

ℎ𝑘

ℎ𝑘−1
𝒵̃𝒵𝒵

𝐿
𝑸𝑝𝒵𝒵𝒵𝐿

(𝜁 + 𝜁 ) 𝑑𝜁

]

𝜺

+

[ 𝑛𝑝
∑

𝑘=1
∫

ℎ𝑘

ℎ𝑘−1
𝒵̃𝒵𝒵

𝐿
𝑸𝑝𝒵𝒵𝒵𝐿

(𝜁 + 𝜁 )2 𝑑𝜁

]

𝜿 = 𝑩𝜺 +𝑫𝜿

(B.2b)

𝑻 =

⎧

⎪

⎨

⎪

⎩

𝑇13
𝑇23
0

⎫

⎪

⎬

⎪

⎭

= ∫

ℎ∕2

−ℎ∕2
𝐾𝑆𝒵̃𝒵𝒵𝑆

𝝈𝑛𝑑𝜁 =

[ 𝑛𝑝
∑

𝑘=1
∫

ℎ𝑘

ℎ𝑘−1
𝐾𝑆𝒵̃𝒵𝒵𝑆

𝑸𝑛𝒵𝒵𝒵𝑆
𝑑𝜁

]

𝜸 = 𝑨
𝑆
𝜸

(B.2c)

where, matrices 𝒵̃𝒵𝒵
𝐿

and 𝒵̃𝒵𝒵
𝑆

have been defined as

𝒵̃
𝐿
=
[

1 + 𝑘1(𝜁 + 𝜁 )
] [

1 + 𝑘2(𝜁 + 𝜁 )
]

𝒵𝒵𝒵 𝑇
𝐿

(B.3a)

𝒵̃
𝑆
=
[

1 + 𝑘1(𝜁 + 𝜁 )
] [

1 + 𝑘2(𝜁 + 𝜁 )
]

𝒵𝒵𝒵 𝑇
𝑆

(B.3b)

In Eqs. (B.2), 𝑛𝑝 is the total number of plies within the laminate,
whereas ℎ𝑘−1 and ℎ𝑘 are the bottom and top face 𝜁 coordinates of the
𝑘th ply, respectively. Also, in Eq. (B.2c), the shear correction factor 𝐾
𝑆
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𝑪

𝑪
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R

has been introduced. Hence, Eqs. (B.2) can be compactly written as
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=
⎡
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𝑨 𝑩 0
𝑩 𝑫 0
0 0 𝑨

𝑆

⎤

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝜺
𝜿
𝜸

⎫

⎪

⎬

⎪

⎭

(B.4)

.3.

The damping matrices associated with the work done by dissipative
orces of Eq. (16) are expressed as

𝟎 =∫𝜁
𝑪
[

1 + 𝑘1
(

𝜁 + 𝜁
)] [

1 + 𝑘2
(

𝜁 + 𝜁
)]

𝑑𝜁

𝟏 =∫𝜁
𝑪L

(

𝜁 + 𝜁
) [

1 + 𝑘1
(

𝜁 + 𝜁
)] [

1 + 𝑘2
(

𝜁 + 𝜁
)]

𝑑𝜁

𝟐 =∫𝜁
L𝑇𝑪L

(

𝜁 + 𝜁
)2 [1 + 𝑘1

(

𝜁 + 𝜁
)] [

1 + 𝑘2
(

𝜁 + 𝜁
)]

𝑑𝜁

(B.5)

ppendix C

Considering the 𝑘th domain of the assembled structure, the matrices
ntroduced in Eq. (20) are expressed as in Box II, where 𝜱𝒖 and 𝜱𝜗

are 3 × 3(𝑁𝜏𝑀𝜏 ) matrices which contain trial function components
nd ℬℬℬ𝑝𝑈 , ℬℬℬ𝑛𝑈 , ℬℬℬ𝑝𝛩, ℬℬℬ𝑛𝛩 are the discretised version of the matrix
perators of Eqs. (A.2).
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