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A recent asymptotics-based thermomechanical model is adapted and applied to the mould region in the
continuous casting of round steel billets, with a view to describing the complex interplay between air-
gap formation, mould taper, cooling channel width and cooling water velocity. Although the situation
is steady state, the analysis leads to what is mathematically a dual moving-boundary problem for the
solid—melt and solid—air interfaces, where the distance from the top of the mould region is the time-like
variable in the problem. Moreover, the two interfaces are initiated at different locations. In addition, the
thermal and mechanical problems are found to decouple and it is possible to solve the first ahead of the
second. The model equations are solved numerically using a finite-difference method, and the approach is
subsequently successfully validated against a previous finite-element model and experimental data from
temperature measurements taken within the mould.

Keywords: continuous casting; air-gap formation; mould taper; asymptotic analysis.

1. Introduction

Air-gap formation in the industrial continuous casting of steel has long been recognized as having an
adverse effect on process efficiency. A schematic of the situation for the casting of round billets is
given in Fig. 1, which shows molten metal passing vertically downwards through a mould that is cooled
by the flow of cold water in a surrounding sleeve, which will be henceforth referred to as a channel.
Subsequently, the metal solidifies against the cooled mould wall and is then drawn out of the mould at a
constant speed. The cooling of the steel inevitably causes thermal contraction of the shell, and when the
steel shell becomes thick enough to overcome the metallostatic pressure of the molten steel adjacent to it,
the shell detaches from the mould wall, allowing air to entrain into the intervening space (Schwerdtfeger
etal., 1998). The entrained air acts as an insulator and inhibits heat transfer to the cooling water channel,
to the detriment of the process; to counteract this, it is common that the mould is tapered inwards, i.e.
towards the melt, with a view to decreasing the width of the air layer.

Over the years, the continuous casting of steel has been the subject of extensive mathematical
modelling in order to explain the many phenomena that occur at different stages of the process. Even
restricting the discussion just to the topic of air-gap formation and taper in the mould region, there
have been many modelling attempts (Kelly er al., 1988; Schwerdtfeger et al., 1998; Lee et al., 1999;
Kim, 2003; Li & Thomas, 2004; Yao et al., 2004; Yin et al., 2006; Guo et al., 2007; Yin & Yao, 2007;
Zhu & Kumar, 2007; Wang et al., 2010), with more or less all involving the numerical solution to a
3D thermomechanical model. On a separate tack, Florio et al. (2015, 2017) recently used asymptotic
methods to derive a reduced model that accounted for solidification, air-gap formation and taper.

© The Author(s) 2021. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. This is an Open
Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which
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F1G. 1. Schematic of continuous casting with linearly tapered mould walls.

However, the model was not for the continuous casting of steel, assumed a fictitious cooling temperature
at the outer mould surface and was not validated either against experimental data or the results of any
other model; thus, the intention here is to apply those ideas, which were for an axisymmetric geometry,
to the continuous casting of steel, with a view to providing validation also. For this purpose, we will use
the experimental results of Dubendorff e al. (1983) and the finite-element results of Kelly ef al. (1988)
for the same round steel billet and copper mould geometry; although these are rather early references,
they contain considerably more detail about the geometry used and the experimental results obtained
than almost all newer ones (Lee et al., 1999; Yao et al., 2004; Yin et al., 2006; Guo et al., 2007; Yin &
Yao, 2007), and are therefore suitable for validation purposes. In addition, the model, as given here, is
an improvement on those in Florio et al. (2015, 2017) in that we provide a direct link between cooling-
related parameters and the interaction between solidification, air-gap formation and taper, we resolve
an issue concerning what should be the criterion for the onset of air-gap formation and the boundary
condition at the subsequent air-steel interface and we determine a criterion for how air-gap formation
can be avoided or delayed.

This paper has the following structure. In Section 2, we introduce the thermomechanical model,
which will account for the heat transfer in the solidified steel shell, the air gap, the tapered mould
and an outer cooling water channel, and the stress field in the solidified shell. We subsequently
nondimensionalize the model in Section 3 and then reduce it in Section 4. In Section 5, the numerical
procedure for solving the resulting equations is introduced. In Section 6, the model is validated via a
comparison with temperature measurements from Dubendorff ef al. (1983) and results from the earlier
finite-element model of Kelly ef al. (1988), and the effect of key model parameters is then examined.
Finally, in Section 7, conclusions are drawn.
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2. Thermomechanical model

We consider a radially symmetric model in a cylindrical mould region, as in Florio ez al. (2015) and as
presented in Fig. 1. Our model supposes that molten steel enters the mould region of length L atz = 0
at the liquidus temperature of steel, which we denote by T, ,; thus, we ignore superheat, although we
evaluate its effect in appendix A. Moreover, we assume that complete solidification also occurs at T,
hence, we ignore the fact that there is in practice a solidification interval, bounded below by the solidus
temperature, in which steel alloy would solidify. The schematic shows the molten steel, solid steel being
drawn out from the bottom of the mould region with constant velocity V., a linearly tapered mould,
the cooling water channel and an air gap forming at z = z,,,,. The distances from the axis of symmetry to
the steel solidification front, the solid steel surface, the tapered mould wall, and the outer surface of the
mould wall are given by r,,(z), r,(2), r,,(z) and W,,, respectively. The radius of the mould wall at z = 0,
or in the absence of a mould taper, is given by W and the width of the water channel is D. Unlike in the
axisymmetric models of Florio et al. (2015, 2017), we will not arbitrarily prescribe the temperature at
the outside of the mould wall; instead, we will prescribe the temperature of the incoming cooling water
and its flow rate in the surrounding flow channel, as this provides a closer link to quantities that can be
controlled in practice. Note also that Fig. 1 suggests that water flows upwards in this configuration; this
detail is not used explicitly in the model, but is consistent with the sketch given on page 103 of the book

by Fredriksson & Akerlind (2006).

2.1  Thermal model

For0 <z < Zgaps r,(@) <r<r,(x)andz,,, <z <L, r,(2) <r <r,(z), the temperature in the solid

steel is governed by

gap

r or

oT k.0 oT.
S = S (r—s) , 2.1
ar

PCps Vcasta_z -
where p is the density of solid steel, ¢, is its specific heat capacity and k; is the thermal conductivity.
Note that (2.1) implies that radial conduction dominates axial conduction, because of the slender
geometry that is being considered. For r < r,,(z), we assume that molten steel is at its melting
temperature, T,
For the boundary conditions, we have, at r = r,,(z),

Ty = Ty 2.2)
Also, a heat balance at the solid/liquid steel interface yields the Stefan condition, in the form
oT, dr
kg 8; = ,oAHSVwS,d—;", (2.3)

where AH is the latent heat of fusion of steel. As for the other solid steel boundary, which can be at
r = r,, (z) if there is no air gap or at r = r,, (z) if there is, the idea is to develop a boundary condition
which takes into account radial heat flow through the air and the mould, and then out into the water
channel. Although the details of most of this have been documented previously in Florio et al. (2015,
2017), there is a difference as regards the inclusion of the water channel, and we therefore recap the
derivation.
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Consider first when solid steel is touching the mould wall, i.e. before the air gap forms. Assuming
that heat flow in the mould wall is dominated by radial conduction, we have

1 T
_i ra_M =0, (2.4)
ror ar

for r,,(z) < r < W,,, where T), is the temperature in the mould wall and k,, is its thermal conductivity.
This is subject to, at r = 7,,(z) ,

aT ATy,
TSZTM’ kra_rs =kM ar

2.5)

i.e. continuity of temperature and heat flux, respectively. At r = W,,, we suppose that Newton’s law of
cooling describes heat exchange with the cooling water channel; thus,

aT
kMa—:” = —ho(Ty; —T,), (2.6)

where A is the heat transfer coefficient between the outer surface of the mould wall and the flowing
water in the channel, which has bulk temperature T,,. The value of A is to be prescribed and will be
discussed shortly. Making use of (2.4)—(2.6), we can eliminate T}, to obtain

L

e (e () - i)

consequently, the boundary condition for T at r = r,, (z) is directly related to A and T,,, as well as the
thermal conductivity and width of the mould. Thence, once T has been solved for, it is possible to find
the temperature in the mould, which is then

Ty =T, k
Ty =T, + [ —r=n@ - (log (WL) - ) 2.8)
log (rww_f,j)) ~ oW M cm

atr = r,,(2); 2.7

Once the air gap has formed, its effects must be included in the model. Analogous to (2.4), we now

also have, for r,(z) <r <r,(z) and 2 > z,,,,

10 aT
——(r—2) =0, 2.9)
ror ar

where T, is the temperature of the air, with boundary conditions

aT aT

T,=T, k, 8: = kSB—rS, atr =r,(2), (2.10)
aT aT

T, =Ty k,—%=ky,—2, atr=r,(2), (2.11)

a? ar
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where k, is the thermal conductivity of air. Omitting the intervening details, we obtain

T,
3 8; =—_h (TS — Tw) atr =r,(z), (2.12)

where h can be thought of as the effective heat transfer coefficient and is given by
kakM
wiZ w k, ’
0 e ) . (o ()~ )

Next, we need to prescribe the heat transfer coefficient, 4, that appears in (2.7) and (2.13). This can
be written as

h:

(2.13)

k
he = =2 Nu, (2.14)
DE

where k,, is the thermal conductivity of water and Nu is the dimensionless Nusselt number, for which
some known empirical correlation may be used. A suitable one is the Dittus—Boelter correlation for a
fluid being heated or cooled in turbulent flow in a pipe (Winterton, 1998), which takes the form

Nu = 0.023Re"®Pr04, (2.15)
where Re and Pr are Reynolds and Prandtl numbers, respectively, and are defined by

Re = PuDEVy , Pr= —C'DWMW,

(2.16)
Iy ki

where p,, is the density of water, V,, is its velocity, u,, is the viscosity and c,,, is the specific heat

capacity. In practice, however, it is not V|, that is controlled but the water flow rate, Q,, although the

two are related, in steady operation, by

w?

Vo= Qu 2.17)

Cor ) - W)

Since z can be considered a time-like variable, as (2.1) is a parabolic partial differential equation,
we will need initial-like conditions at z = O for T and r,,. These are given by

T,=T r,o=W. (2.18)

melt> m

Finally, we require a starting condition on the air gap, which we take as

(2.19)

r,=r,atz= Zeap»
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i.e. the air-gap width, a,, where

a,(2) =r, () —r, (),

is zero there. In general, the value of Zgap (> 0) is unknown a priori and must also be solved for as part
of the problem. This is discussed further in Section 2.2.

To summarize, our thermal model is described by (2.1) for r,,(z) < r < r,,(z). The inner boundary
condition at r = r,,(z) is given by the Stefan condition (2.3) for 0 < z < L. The outer boundary
condition at » = r,,(z) is given by (2.7) for z < Zgap and then by (2.12) for z > Zgaps and the initial
conditions are given by (2.18) and (2.19).

2.2 Structure mechanics model

‘We now move on to the structural model; this is in essence the same as in Florio ez al. (2015, 2017), and
assumes all deformations are small and linearly elastic. However, as the model has undergone correction,
and as there are further improvements and insights here, we present it in full. In cylindrical coordinates,
by balancing forces from the momentum equation, we have

ao‘rr 1 30ra aarz 9rr — %9 =0, (2.20)
or r 00 0z r
909, | 18099 | 00y  0p +0p, _ 0 2.21)
ar r 90 0z r ’ '
do, o, 100, do,
A =0, 222
or r r a6 * 0z o8 (222)
where 0,,, 049, 0,,, 0,9, 0,9, 0,., 0, are components of the Cauchy stress tensor, with
Org = Ogp» 04z = Ozp» Opz = Ogp> (2.23)

and g is gravity. By exploiting the slenderness of the solidified shell, we invoke the approximation
of generalized plane strain, allowing us to neglect derivatives in the z-direction. We exclude bending,
as do other continuous casting models (Schwerdtfeger et al., 1998), so that o,, = 0, and due to
the axisymmetry of the problem we can neglect derivatives in the 6-direction, so that equations
(2.20)—(2.22) reduce to

do n 0, — Ogg _o0,

rr
o - (2.24)
999 _ g, (2.25)
36
9
= (ro,) = 0. (2.26)

The reduction in (2.24)—(2.26) is consistent with that in Johnson & Cherukuri (1999), wherein the
process of simplification is formalized by the use of a small dimensionless parameter denoting the
geometrical aspect ratio, W/L. This reduction, which is given in detail in appendix B, also accounts for
why the term in o,, in equation (2.20) can be neglected in comparison with the other terms, leading
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to (2.24). Note that even though the axial stress, o, does not explicitly appear in (2.24)—(2.26), it is
accounted for in the model and is non-zero. However, in view of the fact that we are considering the
stresses in a translating shell, it is more convenient to work in terms of the z-derivative of the equations

(Florio et al., 2015, 2017; Schwerdtfeger et al., 1998). Thus, we will consider

9y | Ow =% _ 2.27)
ar r
965
9%0 _ ¢ (2.28)
a0
o .
3 (rozr) =0, (2.29)
where the dot notation denotes differentiation with respect to z.
The stress components are related to elastic strain rates, &<, égle, sfé, by
sel
0, E I1—v v v Err
. sel
Ogp | = —————— 1—v v &g | » (2.30)
o 14+v)(1 —2v) v b 1—v el

Z

where E is Young’s modulus and v is the Poisson ratio, both of which are assumed constant. Neglecting
inelastic strains (Vynnycky, 2009a, 2010), we then assume that thermal and elastic strains occur
simultaneously and are additive, such that the total strain, ¢, is given by

£ = sfjl + sg’, i,j=r1,0,z (2.31)

where sfjl is the elastic strain and 85}1 is the thermal strain. We also assume that the steel is isotropic with

respect to thermal elastic effects, giving &7 = ég’g =&l = aT,, where o denotes the thermal expansion

coefficient; combining with equation (2.30), we have

iy E N T i T | (2.32)
090 = —V % 899 — s . .
.| (=2 |d+w voo1-v] | &, 1

The strain rate components are related to the radial and axial displacement rate in cylindrical coordinates,
u and v respectively, by

di Qoo

& = 5, é00 = ;, SZZ = 5, (233)

and thus the thermal and mechanical problems are coupled by thermal contraction. Then, in view of the
generalized plane strain approximation, the strain rate in the z-direction is independent of r, and so

£, =¢.(2) (2.34)
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356 K. M. DEVINE ET AL.

Since the location of the air-solid steel interface is dependent on the displacement of the outer surface
of the solid cast, we have

r,(@ =W+ W, forzy, <z<L, (2.35)

and hence the mechanical model couples back into the thermal problem via (2.12).

It will later become apparent that we need three conditions in order to fully specify the structure-
mechanical model. These consist of an inner boundary condition at r = r,,(z), outer boundary conditions
when r = r, (z) and r = r,(z) for z < Zgap and z > Zgap respectively, and a global constraint on the
stress in the z-direction (Schwerdtfeger ef al., 1998).

Atr =r,,(2), we have

0, = 0gg = 0,, = —p(2), (2.36)

where p(z) = p, + pgz, with p, being the atmospheric pressure and pgz representing the metallostatic
pressure from the molten metal, along with

o =0, 2.37)

where (2.37) is a shear-free boundary condition. We then differentiate the first equality in (2.36) and
(2.37) with respect to z to obtain

. . 00 )

O+ 1y a:r = —p(2), (2.38)
s 5 9%m g 239
Ol =0, (2.39)

respectively. Then, using both (2.24) and (2.36), (2.38) becomes
6, = —p2) = —pg, (2.40)
onr=r,(2).

The outer boundary will be at ¥ = r,,(z) for 0 < z < z
mould taper to be

eap> Where we set the displacement by the

u=—-W-=r,2)atr=r,(z), 2.41)
which leads to

i =,(2) (1 - %) atr =r,(2). (2.42)
ar

For z > Zgap» the outer boundary is now the surface between the steel shell and the air, i.e. at r = r,(2).
The choice of what condition to impose here has been the subject of much discussion in the literature;
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see Vynnycky (2010) and the references therein. Schwerdtfeger er al. (1998) state that the stress normal
to the mould is equal to the atmospheric pressure, i.e.

0, = —pgatr =r,(2). (2.43)

rr

Richmond & Tien (1971), however, state that there should be no lateral stress when there is an air gap,
ie.

0gp = 0atr =r,(2). (2.44)
Differences between the use of conditions (2.43) and (2.44) were investigated in Florio ef al. (2015);
there, it can be seen that both conditions lead to quite similar results. Here, however, we show that (2.43)

is indeed the appropriate condition; this is demonstrated in appendix C, and thus z,,, is defined as the
first value of z below the meniscus at which

0, = —p,atr =r,(2), (2.45)
ie.

Zgap = min {21 (0,,),,, ) = ~Pa - (2.46)

Moreover, the boundary at r = r,(z) is shear-free, so we also have

o,=0 atr=r,(2), 2.47)
which leads to
. . aarz
O'rz + raw =0. (248)

Then, on using equations (2.26), (2.37) and (2.39), we are simply left with o, = 0 throughout the steel
shell, which is consistent with Johnson & Cherukuri (1999).

Finally, in order to determine é_(z), we need to prescribe a global condition on the overall force
balance. For this, the vertical stress, 0,,, must be compensated by the total external force, F 2 acting on
the cross-sectional area of solid steel, that is to say

rm(z)

2 rf:((zz)) rodr ifz>z

F. =

Z

[ 27 i 7o 2 < 2 (2.49)
gap-

Schwerdtfeger et al. (1998) discuss the different assumptions that can be made to obtain F,. The

assumption we make, following Vynnycky (2010) and Florio et al. (2015), is that F, is equal to the

sum of the ambient pressure and the weight of the molten steel column above the cross-sectional area of

the shell; we therefore assume that there is no friction within the mould. So, we have, as demonstrated
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Melt Melt

Solid Solid

T =74(z)

() (b)

FiG. 2. Schematic showing how F; in equation (2.50) is calculated for (a) z < zggp and (b) z > zgqp. The grey areas denote the
regions of the liquid steel column that contribute to the integrals.

in Fig. 2,

—7(p, + 08z, (@) (2 () — r2(2)
o | s J2 o @) —zr,zn(z))jz/ if 2 < 24, .50
-7 (p, + pgz,(2))(r;(2) — r;,(2)

—7pg f;(z) (r2(2) — r2(2))d7 if 2> 24,

where z,,(z) = rml(rw(z)), 7,(2) = r,;l(ra (z)), with r,;l(r) being the inverse function of r,,(z); with
reference to Figs 1 and 2, we would expect r,;l (r) to be uniquely defined. We then differentiate with
respect to z and equate (2.49) and (2.50), along with using the condition (2.36), to arrive at

Ty (2)
/ " r/dzdr/ = —r1,@i, @ (pa + pgz,,(2) + Gzz|r:rw(z)) if0 <z <z, (2.51)
m(Z

ra(2)
/ r/dzdr/ = —1,(27,(2) (pa + pgza(z)) if Zgap <2 < L. (2.52)
rm(2)

3. Nondimensionalization

Now that we have specified the governing equations, we nondimensionalize via

r T T T z z z
R=—,R =2 R =4 R =X 7=27=2 7 =22
W m W a W w W L a L ‘W L
:L V= v @szelt_T zp_pa
Wa AT’ Lo AT’ AT ° Ea AT’
Y. = i, eu:i, fori,j=r,0,z, I,J=R,0,Z, 3.1
Y EaAT o AT
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where AT = T,,,;;, — T,,- We then implement our scaling to derive the dimensionless model. In what
follows, it will be convenient to set

R,(Z) =1-38%,2Z), R,2)=1-38R,2), (3.2)

where § = o AT is a small parameter, as we will see later on, and Z,(Z) and %,,(Z) are both O(1)
functions.

3.1 Thermal model

The heat equation in (2.1) now becomes

0, 19 06
Pe_y = —— R > > (33)
0Z ROR oR
V

where Pe;, = pc,, ast W2 /k L is the reduced Péclet number. The Stefan condition (2.3) is now at
R =R,,(Z) and is given by

00,  Pe dR,

N

- , (3.4)
R St dzZ

where the Stefan number is St = ¢, AT/AH,. We also have at the liquid-solid steel interface that
0, =0. (3.5)

At the mould wall, R = R, (Z), and before the air gap has formed, i.e. for 0 < Z < Z, ., where

gap’
Zgap = zgap/L, we have, from (2.7),

06, _ ky(®;, —1) (3.6)

R kst(Z) (log (WI‘;I/;;Z)) - th%M)

Also, for Z > Zgqp ON the solid steel-air interface R = R, (Z), we have, from (2.12),

90 ko kpy (O, — 1)

N

IR kR, (v, (02 (R, @) + 10g () — i) — ko (53))

3.7

We now take advantage of the anticipated smallness of § by performing a first-order Taylor expansion
of the logarithm in equations (3.6) and (3.7) about § = 0, to obtain

— ks(Os—1)
% — (1-82w(2))(1+B+x %w(2))’ 0<Z< Zeap

oR - _ yks(Os—1) 7
(=37 D) [y (FB+1 0 D)+ Ta DT D] “3

, 3.8
<Z <L (3-8)
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where

_k B k ok tog () AT

At Z = 0, we have

0, =0, (3.9)
Ry =1, (3.10)

and the condition at the start of the air gap is
Ky =R, AZ=LZy, (3.11)

3.2 Structure mechanics model

In dimensionless form, (2.27) is now

0Xrr | Zrr — Yo

=0. 3.12
oR R ( )
The stress-strain relationship, (2.32), becomes
§RR ! ! n 1 ’ , fi +6 i (3.13)
~00 | = -V v N s ’ :
X, (1=2v) | d+v) v v o 1—v||éy 1

where the dot notation now denotes differentiation with respect to Z, and the dimensionless strain rate
components are related to the radial and vertical displacement rate, U and V, by

. v, U, v
GRR = 8—R, 699 = E, GZZ = 8_R (314)

The boundary condition on R = R,,(Z) is now
S = —P2), (3.15)

with P(Z) = I1Z, where I1 = pgL/EaAT. AtR = 1 — §%,,(Z), we have

. . oUu
U=-%,2) (1 — 85) , (3.16)
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for0 < Z < Zgap and

2RR =0, (3.17)
for Z > Z,,,, with (2.46) becoming
Zgqp = Min {Z| (ERR)R=]78%W(Z) = O} . (3.18)
The dimensionless global condition given by (2.51) and (2.52) is then, if 0 < Z < Zgap,
(1-62(2)) )
/R o R'Y,,dR =6 (1 - 8%,,(2)) %,,2) (Pa +1Z,2) + Ez)p_g. (Z)), (3.19)

and, ifZgap <Z <1,

(1-8%a2)) | .
/ R'Y,,dR =5 (1 — 8%,2)) #,(2) (P, + 1Z,(2)), (3.20)
R (2)

respectively.

4. Model simplifications

The model given above can now be simplified: first, through asymptotic reduction, based on the sizes
of dimensionless parameters; second, through the decoupling of the thermal and mechanical models.
These simplifications are outlined here.

4.1 Asymptotic reduction

We determine the values of the dimensionless parameters using, for the most part, data taken from
Kelly et al. (1988); we will later compare our results against the model results from there also, along
with experimental results from Dubendorff er al. (1983). The data is given in Table 1 and leads to the
following values for the various dimensionless parameters:

P,~12x 1075, Pe, =358, Sr=334, B=165 &~004,

y=59x107% «, =77, x=0334, IT~66x1075 @D

We observe that § < 1, as was assumed earlier. Thus, first of all, we can make simplifications to the
model by setting § = 0 in the places where it is evident that it is correct to do so; more precisely, this
means that:

o the boundary conditions at R = 1 — §%,,(Z) is now taken to be at R = 1;

e equations (3.16) and (3.17) reduce to

U= —2%,(2), forZ < Zy,, (4.2)
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TABLE 1  Values for the model parameters, most of which are taken from Kelly et al. (1988). * denotes
values taken directly; © denotes estimated values; and ** denotes two alternative values that were given.
Otherwise, the data was taken from elsewhere (Fredriksson & Akerlind, 2006; Meng & Thomas, 2003).

Symbol Value Unit

Cs 620" Jkg~'K-!

Dg 0.05 m

E 2% 10T Pa

ks 40T W mfl K71

Ky 380* W m-'K-!

kq 0.075" W m-1K-!

L 0.705* m

?melt ;Z);g E

w

Vcast 0.025, 0.05** m S_i

\% 8* ms—

W 0.0914* m

Wy 0.1034* m

o 2.8x10757 K-!

AHS 273,000* ] kg—l

My 8 Xolg_4 Pas

) _ i

Py 7800 kg m—3

§ 1.7* % m—1
Spe=0, forZ>2Z,, (4.3)

respectively;

e equations (3.19) and (3.20) both reduce to
1 .
/ R/EzzdR/ = O. (4.4)
Rn(2)

We also note that y <y« < I, which might suggest that (3.8) for Z,,, < Z < L should just be
replaced by

90,
“Sx~0 atR=1. 4.5)
IR

However, it would be too hasty to make this simplification. In (3.8), observe also that, although y < 1
and

(L+ B+ x%,2), %(2), Z,(Z) ~ O(1),

we cannot neglect the term containing y in the denominator for a number of reasons:
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o atZ = Zgap, £, = %, and indeed there can clearly exist a Z-interval in the vicinity of
Z = Z,,, for which Z, — Z,, ~ O (y);

e after that, when %a — %W >> y, there can be a further interval where %a — %W ~ 0 (y /cs), and
it is only after this, when Z, — %Z,, > vk, that (4.5) would be justified.

Thus, for these reasons, we reduce the thermal boundary condition (3.8) to

Ks(@Avfl)
-] _ YKs(Os— - .
IR TPt )T D -T2y * Laap <2 <L

but no further.

4.2 Decoupling of the thermal and mechanical models

Using (3.13) in (3.12) gives

0 1-2v . .

Recalling equation (3.14), and that €, is a function of Z alone, equation (4.7) becomes

1
l—vy)— 1= — @R = 4.8
( V) [ R3 R( )] 4.8)
We now integrate (4.8) twice with respect to R and use (3.3) to obtain
: 1+v) 00,  f (Z) fz(Z)
1—v)U=-— = 4.9
(1=v) ( Pe. ) 3R 2 > R+ 4.9)

where f (Z) and f,(Z) are functions to be determined from the boundary conditions. Using equations
(3.14) and (4.9) , we can write

1 92 O, V4
(1—v>éRR=—(§) ot gh0 -2, (4.10)
1 1060,
(1—v>é99=—( ;U)E Oy @+ 22, @11
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which leads to, on substituting back into (3.13),

iRR 1 1/2 —(1—2v) vl —v) fi .
(1=v) |2y | = —————|1/2 A1=2v) vA—V)||f/R
ZZZ (I =2v)(1+v) v 0 (1- \1)2 éZZ

196,

R oR

P Y (4.12)
Pe, R '
Pes@s

We now use equations (3.15) and (4.2)—(4.4) to find that

. 2(1 —v?)
fl()_(1—R,%1)((1+u)R51+1—u)X
3w—1\ L\ (Vi . R.R,
A0+ (G=)m) e+ ")
2 X,,(Z)
—(l—v)(l— )(R P+1+v)],
B R, (1 —1v?) 0 o
fz(z)_(1—R,%,>(<1+V)R,%,+1—v)lRm(1 R’")[(l VP-4, @)

() e (0 () ) &)

: 2(1+v) 25, VRNZ)  1HRL (v R,R
7y — RLP w _ m{ L, _mm s 4.13
6ZZ( ) (1+V)R3n+1_v [U mn + 1+v I—R%n Pes+ St ( )

00, . .
forZ < Zgap, where v, = % ‘R:l. We note, in particular,
2 2RmRm ; :
P+ ~ %, — 2P - %,) R, @1
(1 +V)R2 —v+1 ’ '

2RR|R:1

as this will be used later to determine Z,,,. For Z > Z,, ,, we have

7= 2 R2P (1 1— 3 RuRy 01 415
fl()—@( (1—v)?— (- )( 7 +P_es))’ (4.15)

1202 9UNP g UO JOSN >oLaw Jo AUSISAIUN AG G L81.29/61E/2/98/0101HEeWEWI/Woo° dNo0|Wapese//:Sd)y WOl papeojumod



AIR GAPS AND MOULD TAPER IN CONTINUOUS CASTING 365

R, (1+v) . WwR, R
Zy=-2—""(a1-vR Pp— L _"m}) 4.16
h@ == (( D RyP = St) (4.16)
. v R R
& (Z) = — (PR2U+—1+M). (4.17)
2 1—R2 "™ " Pe, St

Then, forZ > Z

<ap> the surface displacement at R = 1 is described by

Peg St
2
1 - R,

2 (R g )

Ul = (4.18)

Equation (4.6) is then given by

GICH _ i, (O, —1) 4.19)
IR y (14 B+ x%,(2)) — fziap(U)Rzle/ + By Zgop) — B2 '

at R = 1. Consequently, (4.19) can be written entirely in terms of @, and may therefore be found ahead
of solving for displacements, stresses and strains; in this sense, there is one-way coupling between the
thermal and mechanical models.

5. Numerical implementation
To solve the governing equations, it proves convenient to introduce a boundary-immobilization
transformation. Setting

1-R

O = (=R, @FZ ). n=1"p 7

5.1

the heat equation in the solid metal, (3.3), transformed to the new fixed domain for which 0 < n < 1, is

[(1 —n(1—R,)) F,]]’7

(1 - Rm)Pes (RmnFn + (1 - Rm)FZ - RmF) = 1— 77(1 _ Rm) s (52)
subject to
Pe_ .

F=0, Fn:?;Rm atn =1, (5.3)

and, at n = 0,

ks(A=R)F—1)

P T 1+B+x%w(2) forZ < Zgap 5.4
N v (=R F—1) for Z > Zgap ’ 5.4)

Y (B4 xR D)~ [, DR A7+ P Zaa)~ o D)

To go further, however, we need to consider the behaviour of this set of equations for small Z.

1202 9UNP g UO JOSN >oLaw Jo AUSISAIUN AG G L81.29/61E/2/98/0101HEeWEWI/Woo° dNo0|Wapese//:Sd)y WOl papeojumod



366 K. M. DEVINE ET AL.

5.1 Small Z behaviour
The initial condition at Z = 0, (3.9), is automatically satisfied due to (3.10) and (5.1), meaning that
the resulting equations appear to be degenerate. However, an initial condition for F can still be found
by analysing equations (5.2)—(5.4) in the limit as Z — 0. Following Vynnycky (2010), we consider the
asymptotic expansion
F=Fym)+ZF,(n) + -, (5.5)
R,(Z)=1—MZ— 17>+ -, (5.6)

where A; > 0 and X, are constants to be determined. At 0(Z°), (5.2) becomes,

Fopy =0, (5.7)
subject to
P
F, =0, F0n=—§A1 aty =1, (5.8)
K
Fy, = —— tn=0. 5.9
On 1+,3 an (5.9

We find that A; = ﬁsfrﬂ), which we note is positive as expected, to give
S

K
Fo=—2-(1-n). 5.10
0= T3 ﬁ( m) (5.10)

Thus, the initial condition for F is
F=-5_(1-yp) (5.11)

atZ =0.
However, there is merit in also finding F';, as this will help to give an asymptotic approximation for

Zoap which can then be used to interpret the later numerical results. At O(Z), equation (5.2) gives

M (1= 2 Pegn) Fo, + 2yPe,Fy) = Fyy (5.12)
subject to
2Pe
Fy=0, F =" atn=1, (5.13)
A F,
Fp, = 28170 aip=o. (5.14)
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Using the solution to the 0% problem, (5.12) gives

2
St St
S ( 2 1) = Fipp (5.15)
Pe(1+pB)-\1+58 m
and (5.14) becomes
Kk3St

Fl’l:m atr;:(). (516)
N

Thence, we find that

2
0= s (1255 =) (P =1) + i -0 )

214 B)2Pe, \1+8 Pe,(1+
and
2¢.2
St St
)\zz%(l— 8 K ) (5.18)
2Pez(1+ B) 1+8 148
Next, we note from (4.14) that
F
. A 0nl,—o
by =—|m+Zt4y =
RRIR=1 + St + Pe
Fop| _ (A + F | )
+((ma-vy -2 (0)),\1—( 20 L o
I Pe,
Vi 2 42
_ (‘—2))2 +o0 (ZZ) . (5.19)
St
which contains 2, and F, |17:0’ and which simplifies to
Sl 4 S Stk R.(0)—M(v—1))Z+ 0z (5.20)
=— — —IT(v— . .
RRIR=1 Pe(1+ ) \Pe,(1+p)2 "
Then, due to the fact that Zp| ey =0atZ=0andZ = Z,,, from the nondimensional form of the

first equality in (2.36) and (2.43), respectively, we find that

Zgal’ .
/0 2erlp_dZ =0, (5.21)
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which leads to

_2TPe(1+B) [ Sik? : -
Zip ™ g (Pes(l o O - 1)) . (5.22)

From this expression, it is evident that there is a consistency criterion for this analysis to be valid: since
itis pre-supposed that Z,,, > 0, we require

S t/cx2

Pe (1+ B)? >%,0)+@v-1), (5.23)
which is analogous to the criterion derived in Vynnycky (2009a, 2010), albeit for an untapered mould
and an arbitrary temperature profile imposed on the outer surface of the mould. It is now evident that
for an untapered mould, for which Qw (0) = 0, (5.23) would be satisfied automatically, since IT > 0
and v < 1. On the other hand, as the mould taper is increased, it is clear that it is more likely that (5.23)
is not satisfied. For example, for a linearly tapered mould such as the one we consider in Section 6, we
would have

r,(2) =W (1 — %) , (5.24)
where £ is the mould taper in % m~!, where
£ = % (%) . (5.25)
In dimensionless form, (5.24) becomes
R, (Z)=1—-686MZ, (5.26)
where M = £L/1006; thus, we have
R,,(Z) = MZ, (5.27)
so that (5.23) becomes
—Pes(slﬂfﬂ)? >SM+I(v-—1). (5.28)

Using the data from Table 1, we find that

St
2 x79, MAT(v—1)~029,
Pe,(1+ B)
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and hence that (5.28) is easily satisfied in this case. Thence, we find from (5.22) that Zgap ~6.15x 1078,
which would correspond to a value of z,,, that is just a fraction of a millimetre.

Now, since Z,,, < 1, it is tempting to simply set Z,,, = 0 in the model, Interestingly, however,
this temptation should be resisted, since it would mean that U | g In (4.18) has a Z~! singularity at
Z = 0, whence U|,_, would have an unphysical log Z singularity. On the other hand, by not making
this simplification, we have that U ’ R—1 is finite for 0 < Z < Zgup -in fact, U | Rl = —MZ when using
(5.24) - and

Z dz’
-t [[ w2

Zgap

so that U|R=1 will be continuous at Z = Z, .

5.2 Summary of the reduced model equations

In summary, the equations that are to be solved numerically are (5.2), subject to (5.3), (5.4) and (5.11).
In addition, Zoap in (5.4) is calculated from (5.21); this equation contains Z‘RR| r—1> Which itself is
given in equation (4.14) and contains quantities that are obtained from the solution of (5.2). Details of
the numerical method used for all of the computations, which involve a semi-implicit finite-difference
method, can be found in the thesis by Devine (2020).

6. Results

We now present the numerical solutions to the reduced model, in the following order. In Section 6.1,
the results are compared to experimental data from Dubendorff et al. (1983) for the temperature in the
copper mould and to the results of the finite-element simulations in Kelly et al. (1988). In Section 6.2,
a parameter study is carried out to investigate the effect of water velocity and water channel width.
In Section 6.3, the effect of mould-taper size is considered and the model is used to compute an ideal
mould taper, which would remove air-gap formation altogether. Unless otherwise stated, we use the
model parameters given in Table 1.

There are a few caveats concerning the data in Table 1. Many of the casting and material parameters
were taken directly from Kelly er al. (1988) and are denoted by *; the one exception is the casting
velocity, V., where two values were given, but it was not made clear which one was used to produce
the figures presented in Kelly e al. (1988). Other parameters in Kelly er al. (1988) were taken to be
temperature-dependent, but we have simply assumed them to be constant; we estimate their values
based on the data given in Kelly ez al. (1988), and denote them with . Also, the model in Kelly ez al.
(1988) was for 0.7 %wt carbon steel, i.e. an alloy with distinct liquidus and solidus temperatures, and at a
superheat of 45 K, whereas we simply assume a melt having just a distinct solidification temperature and
at zero superheat. As for the width of the water channel, D, there is very little data for it in the literature
and its size is also absent in Dubendorff er al. (1983), who first described this mould geometry; thus,
we vary this parameter to investigate its effect on the results, using a range of values from Fredriksson
& Akerlind (2006) and Meng & Thomas (2003) that seemed reasonable.

We also mention that the model is not computationally expensive, with each run taking only a few
minutes on a machine with moderate specifications (Intel Core i5-8500 CPU @ 3 GHz, 15.8 GB usable
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0.08 T T T T T T T

VN bttt Vit = 0025 m s |
' . — — Vot =0.05 m s7*

0 \ \ \ \ \ \ \
0 100 200 300 400 500 600 700

z [mm]

F1G. 3. Computed air-gap profile for V45 = 0.025, 0.05 m s compared to the air gap computed by the finite element model in
Kelly et al. (1988) shown by the solid line.

RAM), and clearly showing the effect of water channel width and velocity on the size of the air gap
produced and the temperature within the mould.

6.1 Comparison with measurements from Dubendorff et al. (1983) and the finite-element model from
Kelly et al. (1988)

We compare our calculated air gap to that computed via finite-element methods by Kelly ez al. (1988) in
Fig. 3, where a value of 50 mm was used for the width of the cooling water channel. Here, the result for
the air gap from Kelly et al. (1988) is shifted 51 mm along the left of the z-axis from its position, so that
the air gaps begin at the same point in z; this is in part due to our assumption of no superheat. We see
excellent agreement between the air-gap profiles for V., = 0.025m s~!, where the difference between
the maximum air-gap width is just a couple of micrometres. When the casting velocity is 0.05 m s~ !,
we obtain good qualitative agreement. For both air-gap profiles produced by our model, we see a sharp
initial increase in air-gap width, before a steady reduction in size. This is consistent with the results of
the finite-element model, which are shown by the solid line. An increase in casting speed decreases the
width of the air gap formed, which is consistent with Zhu & Kumar (2007). When we vary D, the width
of the air gap does not change significantly, so we do not present this result.

Next, we determine temperature profiles at two positions in the mould, one at 2.75 mm from the
inner surface of the mould and the other at 8.75 mm. Figure 4 compares the result of our model with
that of the finite-element model from Kelly ez al. (1988) and the experimentally measured maximum
and minimum temperature values from Dubendorff et al. (1983), where once again we have shifted the
data from Kelly ef al. (1988) to the left of the z-axis by 51 mm, so that the air-gap profiles begin at
the same point. Note here that although our model and that in Kelly ez al. (1988) are both steady-state,
the experimental data from Dubendorff ez al. (1983) is time-dependent, which explains why maximum
and minimum temperatures are measured. In fact, although continuous casting is essentially intended

to be a steady process, in the sense that V_,, does not vary in time, there are likely to be transient

1202 9UNP g UO JOSN >oLaw Jo AUSISAIUN AG G L81.29/61E/2/98/0101HEeWEWI/Woo° dNo0|Wapese//:Sd)y WOl papeojumod



AIR GAPS AND MOULD TAPER IN CONTINUOUS CASTING 371

| |
esop [ Viast = 0.025 m 57! esop [ Vst = 0.025 m s !
600 _i — = Vst =0.05m st 600 _i — = Vst =0.05m st
N 550 > 4 550 I
54,550 4, 5507
o) 1 ) |
2 500 M - 2 500 1
= Ax == b5 !
2 450 2 450 A
= = i
g g )
£ 400 &
350
300 300
0 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700
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Fi1G. 4. Temperature profiles 2.75 mm (a) and 8.75 mm (b) from the inner mould wall, with the solid line showing results from
the finite element model from Kelly et al. (1988), and the crosses denoting maximum and minimum experimental measurements
from Dubendorff e al. (1983). Our results are given for two values of V,4s; and are shown with dashed and dotted-dashed lines

effects, particularly in the mould region as a result of the mould oscillations and mould flux, a lubricant
that is made to pass between the mould and the solidified steel, that are employed to facilitate the
process; for more details of these, see early work by King er al. (1993), and more recent work by
Vynnycky et al. (2017) and Devine et al. (2020). For V., = 0.025m s~ in both Figs 4(a) and (b), we
see good agreement between our model and both the finite-element model and the experimental data.
After z = 400mm, the temperature data from Dubendorff et al. (1983) begins to increase, which is also
captured by our model. When V_,; = 0.05m s~ the profiles do not agree quantitatively, but do take
the same qualitative shape.

6.2 The effect of water channel width, Dy, and water velocity V,,

Figure 5 shows the effect of the width of the water channel on the temperature in the mould for V., =
0.025 m s~ ! at the same locations as in Fig. 4. We see that, as the width of the water channel increases,
the temperature in the mould increases. We have included the experimental data from Fig. 4 in order to
demonstrate that we still observe good agreement between the model and experiment.

Likewise, the speed of the water in the cooling channel is an important parameter to understand,
as it can be varied by operators whilst continuous casting is in operation. We set V., = 0.025 m s7!
and vary V,, in our model. Figure 6(a) and (b) show an increase in temperature in the copper mould
as V,, is decreased. This is as a result of a decrease in A, which leads to less cooling from the mould
and therefore a higher temperature in the mould. In Fig. 7, we see that air-gap width can be reduced
by decreasing the speed of the flowing water. This is again due to a decrease in cooling causing less
thermal contraction of the steel shell. There is no significant change to the rest of the model by varying

the water speed and so results are not presented.

6.3 The effect of mould tapering and the ideal taper

We now look to investigate the effect of tapering for the mould considered in Dubendorff et al. (1983),
i.e. we use the parameter values in Table 1 with Dy = 50 mm and V_,, = 0.025 m s~!, while varying
the slope of the taper, £. In Fig. 8, the maximum width of the air gap has roughly decreased by a factor
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Fi1G. 5. Temperature profiles 2.75 mm (a) and 8.75 mm (b) from the mould wall, with the solid line showing results from the
finite element model from Kelly et al. (1988), and the crosses denoting maximum and minimum experimental measurements
from Dubendorff et al. (1983). Our results are given for three values of Dg and are shown with dotted, dashed and dotted-dashed
lines
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F1G. 6. Temperature profiles, with varying water speed, V,y, 2.75 mm (a) and 8.75 mm (b) from the mould wall.

of four going from the no-taper case to £ = 1.7 % m~!. We also see from Fig. 8 that, when there is no
mould taper, the width of the air gap continuously increases down the mould. When & = 0.85 % m™!,
the air gap forms and rapidly reaches a near constant width. Then, as & increases to 1.7 % m™!, we see
the air gap decrease in size after its initial rapid increase. This is consistent with the model results from
Kelly et al. (1988).

We can also determine the theoretically ideal taper, i.e. a possibly non-linear taper such that an air
gap does not form at all. To compute this ideal taper, we simply set R, (Z) = R, (Z) , which then means
that we use the first option in (4.6) for 0 < Z < 1, with (4.14) being used in (4.3) for Z > Zoap in order
to determine R,, (Z); for Z < Z,,,, any R,, -profile may be considered theoretically ideal, in the sense
that there is no air gap there. In Fig. 9(a), we compare the ideal taper with two small linear mould tapers,
one used in Kelly ez al. (1988) and the other half that size. In Fig. 9(b), we compare the ideal taper size
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with the width of the air gap when there is no mould tapering. We see that the mould taper is greater
than the maximum width of the air gap by roughly a factor of ten, implying that a mould taper would
need to be much larger than the size of an air gap with no taper in order to mitigate air-gap formation.
We also note that a large initial gradient in W — r, (z) is required to prevent air-gap formation. Thus, in
the case of a piecewise linear mould taper, a large initial mould taper is conducive to reducing air-gap
width.

Further results concerning the effects of tapering on the solidified shell thickness, the temperature
in the mould and the heat flux to the cooling channel can be found in the thesis by Devine (2020).
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F1G. 9. The ideal taper, W — 7y, along with: (a) two linear tapers; (b) the width of the air gap when there is no taper.

7. Conclusions

In this paper, we have extended earlier asymptotic thermomechanical models for air-gap formation in
vertical continuous casting in cylindrical moulds by including the details of the cooling water channel,
thereby replacing an arbitrarily prescribed temperature profile at the exterior of the mould from earlier
work (Florio ef al., 2015, 2017; Vynnycky, 2009a,b, 2010).

We have applied our model to the casting of steel and have compared our results with experimental
measurements and an earlier finite-element model for a particular mould geometry (Dubendorff et al.,
1983; Kelly et al., 1988). This comparison shows good validation of the model, both in a qualitative and
a quantitative sense.

We have investigated the effect of certain parameters on the formation and propagation of air gaps,
namely, the width of the cooling water channel, the velocity of the cooling water and the gradient of
a linear mould taper. We have also computed a theoretical ideal taper, for which no air gap forms; this
could aid mould designers in constructing non-linear and piecewise-linear tapers.

There are several obvious extensions to this work. Molten steel superheat was not considered here,
but its inclusion would lead to an extra model parameter: the inlet temperature of the molten steel
(Florio et al., 2017; Vynnycky, 2009b). Also, just as the solid steel undergoes thermal contraction, so
the mould wall will undergo deformation due to thermal effects, which will affect the size of the air gap.
Furthermore, there are next to no studies that simultaneously take account of the air gap, the taper, the
oscillation of the mould and the mould flux, although recent work has tried to account for some of these
concurrently (Wang et al., 2017).

A further direction is to apply asymptotic methods to the bloom, billet and slab geometries that are
also common in the continuous casting of steel. For these, the principal issue is what happens in the
corners of the mould, where the cooling will be fastest. For these geometries also, one could apply a
generalized plane strain approximation, implying that any resulting computations must be carried out
over a 2D cross-sectional slice. Needless to say, the results produced by a code that is developed for
these 2D geometries could first be validated with the axisymmetric solutions presented in this paper.
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Appendix A: The effect of superheat

In the current model, the effect of superheat was neglected, so that the temperature of the molten phase
could simply be taken as T, ;,. To give an idea of how the model would change and why the no-superheat
model gave reasonable agreement with experimental data that were obtained in a casting process carried
out with superheat, we consider the model in dimensionless terms. Introducing 7 as the temperature of
the molten phase, we define @, := (Tmelt - Tl) /AT as the nondimensional temperature for this phase.
With T, as the temperature of the incoming melt at z = 0, so that the superheat is T, — T,

cast?
equation (3.5) would now be replaced by

@l = @cast’ (A.1)
where O, = (Tt — Toas) /AT. With T,,,,;, — T.,., = —45 K, and using the data in Table 1, we
obtain ®_,, ~ —0.03. Consequently, @cast’ <« 1, which then suggests simply taking ® ., = 0,
neglecting temperature differences in the molten phase and using (3.5) as a first approximation.
Appendix B: Reduction from (2.20)-(2.22) to (2.24)-(2.26)

On applying (3.1), equations (2.20)-(2.22) become, in dimensionless form,
D) 1% D) Zep— X
RR , _9%Ro |  O%RZ RR 00 _ 0, (B.1)
oR R 96 0z R
dgp 192y, wazez " o ) 0. (B.2)
oR R 96 0z R
00X, X 10X, 0X,,
—_ 7z —Z2 4 =0, B.3
R " R "Roo “Toz T B3

where w = W/L and 2 = Wg/EaAT. Using the data in Table 1, we find that  ~ 0.1, 2 ~ 1077,
which suggests taking w, £2 < 1. By excluding any bending, we set X', = Xyr = 0; then, by invoking
axisymmetry, we can neglect derivatives in the 6-direction, which leads to
ke Xrr — 200
oR R
a6

=0, (B.4)

—0, (B.5)
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0Xzr | Tz
oR + R
i.e. the nondimensional form of (2.24)-(2.26), after a trivial rearrangement of the left-hand side of (B.6)

=0, (B.6)

Appendix C: Boundary conditions at r = r, (z)

At the air-steel interface at r = r, (z), it is natural to expect the normal and tangential stresses to be
continuous; thus,

[a,-jninj]: =0, (C.1)
[om1,] =0, (C2)

respectively, where n; and ¢; denote the components of the unit normal and tangential vectors at r =
r, (z), and are given by

(n,,n,) = ;(1, —dr,/dz), (1) = ;(dra/dz, 1).
1+ (dr,/d2)’? 1+ (dr,/d2)?

Moreover, []¢ in (C.1) and (C.2) denotes the difference in the value of the bracketed function in going
from the air, a, to the solid, s.

Treating the air as inviscid fluid that is at atmospheric pressure, we have, o, = o, = —p,,0,, =
o, = 0, so that (C.1) and (C.2) reduce to

o,nn,+20,nn +o,nn =-—p, (C.3)
ot + 0, (nt. +nt)+o,nt =0, (C4)

respectively, where the left-hand sides in (C.3) and (C.4) are associated with the solid steel.
Since the air gap is slender, we have that dr,/dz < 1,sothatn, = 1,1, = 1,n_,t, < 1, leading to

stz by

G, = —p,, (C.5)

o,, = 0. (C.6)

Hence, in view of the appearance of (C.5) as the appropriate boundary condition at r = r, (z) , it seems
more natural to use this, which is identical to (2.43), as the criterion for the onset of air-gap formation

at z = Zggps rather than (2.44).
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